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1 Introduction

Soft theorems are equations that describe how scattering amplitudes in Minkowski space-
time involving one or many low energy, or soft, massless particles factorizes into a term
involving the soft gauge particles (known as the soft factor) and one involving the amplitude
without the soft particles, i.e.

m soft particles
%

An Sm-An—ma (11)

where Sy, is the soft factor involving m soft particles. Such theorems were established over
half a century ago in the works of Bloch, Nordseick, Low, Yennie, Frautschi, Suura [1-6]
and in a more modern language by Weinberg [7, 8]. A particularly interesting feature



of all the soft theorems is that the soft factor is universal, i.e. it does not depend on the
details of the theory under consideration. Rather, it depends only on the quantum numbers
(linear momenta, angular momenta and charges) of the external particles involved in the
scattering amplitude. Such universality naturally suggests that perhaps the soft theorems
arise from some underlying symmetry, and indeed, it was relatively recently discovered that
these theorems are precisely the Ward identities associated to the asymptotic symmetries
of scattering amplitudes (see [9] for a review and a comprehensive list of references).

Largely in part due to this discovery, in the last several years, there has been a resur-
gence of activity in the study of soft theorems, and many interesting directions have been
explored. The equivalence was originally conceived for four-dimensional theories where it
has been established to hold for gauge theories [10-16], gravity [17-19], as well as their
supersymmetric counterparts [20]. The equivalence has proved useful in the exploration
of not just the original soft theorems, but also new subleading and sub-subleading soft
theorems [21-28]. Some of these were discovered by studying known asymptotic sym-
metries [29-31] while others led to the discovery of new asymptotic symmetries [32-38].
Finally, this equivalence has also been extended to theories living in higher even dimen-
sions [39-41], which is certainly relevant in the context of string theory.!

The plethora of successes in these endeavors has given confidence that perhaps every
soft theorem in Minkowski spacetime can be interpreted as the Ward identity for some
asymptotic symmetry. However, there is a noticeable class of theories in which the bridge
between soft theorems and asymptotic symmetries is missing — these are theories in odd
spacetime dimensions. Soft theorems are true and have the same universal form in both
even and odd dimensions.? Yet, to our knowledge, there has been no successful attempt in
showing the equivalence of soft theorems and asymptotic symmetries in odd dimensional
theories. The fundamental issue lies in the qualitatively different properties of massless
waves in even and odd dimensions. For instance, the massless Green’s function is supported
entirely on the light cone in even dimensions, whereas in odd dimensions it is supported
everywhere inside the lightcone [52, 53]. This implies that for a complete understanding of
waves in odd dimensions, one needs to study timelike infinity i* as well as null infinity #*.
Another symptom of the same feature is that the near .#* expansions of massless fields
is analytic in even dimensions (i.e. admits a Taylor series expansion in r~! where r is the
radius of the transverse sphere) and non-analytic in odd dimensions. These issues make
the discussion of asymptotic symmetries particularly difficult in odd dimensions. Despite
this, it would be very strange if no such relationship exists, implying that soft theorems in
odd dimensions have a wholly different origin than those in even dimensions.

In this paper, we resolve the issues discussed in the previous paragraph and show that,
at least in the simple example of a U(1) gauge theory with massless charged matter, the
leading soft photon theorem is the Ward identity associated to large gauge symmetry in
all dimensions, thereby unifying and generalizing the previous discussions from four and

'More generally, soft theorems and asymptotic symmetries are also equivalent to memory effects which
have been explored in [42-51], but this will be beyond the scope of this paper (see [9] for a review).

2The standard derivation of these theorems in perturbation theory relies largely on the fact that the free
field propagator has the form p~2, which is true in any dimension.



higher even dimensions to all dimensions. We organize the paper so that in section 2, we
study U(1) gauge theories in d + 2 dimensions and discuss asymptotic fall-offs of both free
and interacting gauge fields. In section 3, we impose a matching condition across spatial
infinity i and demonstrate that the resulting Ward identity implies the leading soft photon
theorem. Finally, in section 4, we show that the matching condition implies conservation
of a charge which generates large gauge transformations on the fields at #*.

2 U(1) gauge theories in d + 2 dimensions

In this section, we introduce the conventions used in this paper and discuss the necessary
background information regarding the equations of motion and the asymptotics of the U(1)
gauge field.

2.1 Classical equations

We work in flat null coordinates z# = (u,r,2%), a = 1,...,d which are related to Cartesian
coordinates X4 by

XA:T<1—|—x2+u,2xa,1—:1:2—u>, 2% = §paal. (2.1)
2 r r
Lowercase Latin indices are raised and lowered by the Kronecker delta §*° and 4,4, respec-

tively. Using these coordinates, the metric of Minkowski spacetime becomes
ds? = napdXAdXP = —dudr + 1?5, dzdz?, (2.2)

where nap = (—1,1,...,1) is the standard Minkowski metric in Cartesian coordinates.
The null boundaries .#* are located at r — 4oco while keeping (u,x?) fixed. On this
hypersurface, ¢ is the stereographic coordinate on the celestial sphere. The point labeled
by 2% on .# T is antipodal to the point with the same label on .# ~. The boundaries of .#
(#7) are at u — Foo and are denoted by .#; (#7). In appendix A.1, we provide more
details about this coordinate system.

A U(1) gauge theory is described by a field strength F),, and matter fields ¥;. The
matter fields couple to the field strength via a conserved U(1) current J,. Dynamics
of the field strength is described by Maxwell’s equations and the Bianchi identity, given
respectively by

e*J, = VFE,, (2.3)
0= 00 Fu + 0, Fap + 0,Fq.

In flat null coordinates, (2.3) takes the form

1
*Ju = 20uFur — —0Fua
r

1 2d
e’ J, = —20,F,, — 50"Fra = —Fur (2.5)
2(d — 2 1
€2Ja - —2&«Fua - 28uFra - (T)Fua — ﬁabFab

3These coordinates were utilized in the case of four dimensions in [20] and in [54] in higher dimensions.



Furthermore, the Bianchi identity (2.4) is solved by
F, =0,A, — 0,A,, Ay~ Ay O, €~ e+ 2m. (2.6)
Note that the theory is invariant under gauge transformations
Ay = A e,V — £9Eg, (2.7)

where ; € Z is the U(1) charge of the field ¥;. Gauge transformations that vanish
at infinity correspond to redundant descriptions of the same physical state and can be
eliminated by a choice of gauge.

2.2 Asymptotics
In this section, we study the structure of the field strength near .#*. The general solution
0 (2.3) and (2.4) has the form
Fu =F& + FO. (2.8)

The radiative field F, ls,},z) satisfies the homogeneous Maxwell’s equations (J, = 0) and F, ;Eg)
satisfies (2.3). The separation of the field strength into a radiative part and a Coulombic
part is fixed by either choosing a Green’s function or by imposing boundary conditions on
the fields. We will be interested in incoming (—) and outgoing (+) solutions to Maxwell’s

equations, whose radiative and Coulombic parts are denoted respectively by F,SRi) and
ngi). These fields have the following large r fall-offs near .#*:%
FF =0 (Ir|571) + 0 (1) , =0 (1)
FE9 =0 (Ir|7%) + 0 (Ir| ™). Fi&H =0 (™)
(2.9)
F(Ri <\7”7H) L0 (\7“’ d+1) F(Ci <| - d+1)

Féfi) _ <|T|—5+1) ) <|T’—d+1) , FébCi) _ (|T‘—d+1) ‘

The leading fall-offs for the radiative part are determined by noting that the electromagnetic
stress tensor components Ty, and T, must fall off as |r\_d in order to have finite energy-
momentum and angular-momentum flux through #*. Then, using the fact that T, ~
r2F, F,* and T, ~ 1 2F,F, we can determine the fall-offs for F,, and F,;. The
remaining ones are then determined by Lorentz invariance. Similarly, the fall-offs for the
Coulombic part are determined by Gauss’s law, which also determines the fall-offs for the
matter current

Ju=0(rI™),  J=0(r™), J. =0(r"?). (2.10)

We would now like to determine the precise large r expansion for both the radiative and
the Coulombic fields.

4As we shall see in (2.23), in odd dimensions, the radiative field has an expansion in both integer and

half-integer powers of |r|, as indicated in the first column of (2.9). In even dimensions, we obtain later
in (2.27) that the radiative field has an expansion in integer powers of |r|, though non-analytic terms of the
form log r are also present (not shown in (2.9)).



2.2.1 Radiative field

The radiative gauge field can be decomposed into creation and annihilation operators Ogi)T

and Ogi) as follows:

R+ dd+1q 1 a — -\ _1q- a =\ * =\ _—iq-
F/(xB )(X) = 6/(27r)d+12q0 [%B(WOgi)(Q)@qX +e4s(7) Ogi)T(Q)e qX] ;o (2.11)

where ¢° = |¢'| and €% 5(¢) are the d polarization tensors labeled by a and defined via
ehp(@) = ilaach(@) — aped(@)],  ¢*eh(@) =0,  n*Pei(@)ep (@) =7 (2.12)

In a quantum theory, the creation and annihilation modes satisfy the canonical commuta-
tion relation

O (), O51(@")] = (26°) b (2m) 181 D(7 - 7). (2.13)

The equations in (2.12) remain invariant under €% (¢) — €%(¢) + f*(¢)qa for any arbitrary

functions f®. We use this to parameterize the on-shell photon momentum and polariza-

tion as®

. . 1492 1—1g? . .
q* = wi, qA:( 5V T ) (@) = 9%a = (=" 0 —y) . (214)

Substituting (2.14) into (2.11) and writing the integral over flat null coordinates, we obtain®

Féfi) (u,r,x) = / dw/ddy w1 [8“(9(9[)(%:17 + y)e_%w“_%wy2 + c.c.] .
0

(2.15)

_c
4(2m)d+1y

To determine the asymptotic expansion of (2.15) at large |u| and |r|, we assume that
the creation and annihilation modes admit a soft expansion of the form

0H (w,z+y) =Y " 1IOFN @ +y)  as  w—0" (2.16)

n=0

This soft expansion allows for a simple pole in w which is consistent with Weinberg’s soft
photon theorem. The corresponding “soft photon operator” is Og,i’o) (x).” It will play a
central role in the following section.

We further assume that the coefficients admit a Fourier transform

dk
ay(E.mn) — ik-(z+y) s7(£)
O™ (x + y) / (QW)de 0y (k)

(2.17)

n a

o) = [ atye Fronoiny),

SWe discuss a more general parameterization of off-shell momenta in appendix A.2.

5Similar mode expansions exist for the other components of the field strength, but we won’t need
them here.

"This operator was denoted by S, (z) in [54].



Substituting (2.16) and (2.17) into (2.15), we find

ik-x
(Rj:) 2vn ie (£) —un,
F 7 (u,r, x) Sy E / [ iy 0,7 (k) (kz) " K,, (kz) +c.c.| .

(2.18)

where

Viu d
, Vn — — — 1 _|_ n, 219
Vir 2 ( )

A

and K, is the modified Bessel function of the second kind. We now consider the large
|r| expansion of the field strength, or equivalently the small z limit. This takes a qual-
itatively different form depending on whether d is odd or even, so we consider the two
cases separately.

Odd dimensions. When d € 2Z+1, the order of the Bessel function is v, = g—l—i—n A
For non-integer order, the asymptotic expansion near z = 0 of the Bessel function is

(2/2)25—1/ (2/2)25-1-1/

'Ml+s—-v) T(1+4+s+v)

K,(z) = gcsc(m/) 2) I‘(sl—i— D as z— 0. (2.20)

s=

Substituting (2.20) into (2.18), we find

csc(mvy,)
22— (s + DI'(1+ s — vp)

i(iu)s~vn . () ik
% [(‘ )d+1+s/(27r)dk Oy (k)e"™™ +c.c.

FUEE) (u,r, 3)

ur

nOsO

Z Z CSC ﬂ'l/n)
225t (s + DI'(1 + s + vp)

n=0 s=0
i(iu) Ak astim) (&) 1 ik
) 66 () 4 c.c. |
X |:(Z'7«)d+n+s / (QW)dk (ke c.c

(2.21)

We can now use the inverse Fourier transform (2.17) to go back to the momentum space
variables. Evaluating

" (—02) 920 (z) ke
2k (£ ik-x __
G A0 = (g [, 08y B
mi0(r) S (@ — )



where 92 = 9%0,, and substituting into (2.21), we obtain

o0 o
2”” 2s csc(m/ )
F(Ri)ur:ﬁ =
ra) = g S

n=0 s

i(iu)s_yn _a2\sqam(E,n)
X [( )4+1+s( 07)°0°O5 " () + c.c.

—i—l/n—i—s)

e dHZZ m

n=0 s=0
.. (£,n)
i(iu)® . 00 (y)
X [(ir)dJr"Jrs /d y[( 2% +vn+s tee|.

T —y)?]
(2.23)

Even dimensions. When d € 2Z, the order of the Bessel function is v,, = g —14+n€Z.

For integer order, the asymptotic expansion near z = 0 of the Bessel function is given by

v 1 SF V*S) (%)QS—V

Z 2Fs+1)

~ flog (5¢7%) — § (Hy + How)] (5)™

0
+;} s+ 1)I'(s+v+1)

(2.24)

vl

9

where g is the Euler-Mascheroni constant and H,, is the n-th harmonic number (we define

Hy = 0). Substituting (2.24) into (2.18), we find

= iyn_l (=T (v — 5)
N g1 22s—vnt1D(s + 1)

e © 272571/”(_1)1/”71 ddk )
k (s+vn)
* T2 Z T(s + 1)I‘(3 Tt ) / (2n)d

(50 \S—Vn d )
Z(Zu) d°k k,QSﬁ(ﬂ:)(k,)ezk"l’ +ecoc.
(iryfries ) mit

OB (k)™ + c.c.

(Z,r.)d+n+s
(2.25)

Again, we want to use the inverse Fourier transform (2.17) to go back to the momentum

space variables. Evaluating for x € Z

L ww  (AT)ST(k+ DT (2 + k) 0L (y)
/(2 ja k2 log k 63 (k)eit® = (_1)“12172?{ /ddyW (2.26)



we get upon substituting (2.22) and (2.26) into (2.25)

F&fi) (u,r, )

o0 Un—1 S)
- g+1 Z Z 92s— un+1p (s +1)

i(iu)svn

2\s qa y(E,n)
(i) +1+s( 0%)°0°0 " (z) + c.c.

n=0 s=0
Syt e[, 00 )
— — | 4y + c.c.
8 ;:o; S—i-l) ( )d+ + [(w_y)g]%+un+s

92— 25— l/n 1)1/n 1

241 Zogl“ s+ 1)I(s+ v, +1)

n=

(zu)s [log (1 Jﬁe”) -5 (Hs + Hs+un)]

X (Zr)d+n+5 (_82)8“1‘1/71 8aOC(L:I:,n) (SC) +ece.

(2.27)

2.2.2 Coulombic field

Having performed the asymptotic expansion for the radiative field, we now turn to the
Coulombic field. The large r expansion for this can be performed in two ways. First, we
could follow strategy used in the previous section and start by writing the explicit solution
for the Coulombic field using the massless scalar Green’s function as

FOH(x) = ¢e? / A2y SE (X — V) [04T5(Y) — 0pJa(Y)], (2.28)

where &) (X) is the retarded (—) or advanced (+) massless scalar Green’s function sat-
isfying 026 (X) = 6(4+2)(X). Explicitly,

(_Z-)d—i-ll-\ (%)

A s [(XO)2 X2 ie}

6 (X) = 20(FX")Re [fa(X)],  fu(X) = - (2.29)

Then, assuming an appropriate asymptotic expansion (near .& +) for the conserved current
(along with some other assumptions regarding the behaviour of the current near i*), we
can use (2.28) and (2.29) to determine the large r expansion of the Coulombic field.
While possible, this is a tedious exercise and it is more convenient to determine the large
r expansion of the Coulombic field as follows. We start by assuming that the Coulombic

field admits a Taylor expansion of the following form near .#* (consistent with (2.9)):

00 (C+,d+n) (9] (Cx,d—14n)
F, (u, ) F, (
Féfi)(u,r,x) = Z - |7"|d+n ) FéaCi)(uvrvx) = Z =
n=0 n=0
00 (C+,d+n) 00 (C+,d—14n)
F, (U, 11?) C+ F, (
Frgacj:)(u7rv$) = Z = ’r|d+n ) F(Eb )(U,T,:L') = Z ab
n=0

U, )

|T|d71+n
(2.30)

u, )

|r‘d—1+n



Similarly, consistent with (2.10), we also assume the expansion
+,d
I ()

Ju(u7r7x) = |T|d+n

n=0
00 (&,d+n)

Jalu,r) = 3 T
n=0
00 J£i7d+2+n)(

e (2.31)

U, T)
‘T.’d—l—Q—l—n

Jr(u,ryx) =

n=0

Substituting (2.30) and (2.31) into (2.5), we can obtain equations order by order in the

large r expansion. Solving these yields the full asymptotic expansion for the Coulombic

field strength, though for our purposes, it suffices to obtain just the following leading order
constraint equation (obtained from the u component of Maxwell’s equations):

20, F{CHA) = ¢2 j(*:d) (2.32)

3 Weinberg’s soft photon theorem

3.1 Matching condition

As in four dimensions, we impose a matching condition on the radial electric field®

F(+7d) — F(fvd) (31)

ur + ur _
7 I

Recall that coordinate z labels antipodal points on the celestial spheres on .#* and .,
so the above condition is an antipodal matching condition. To massage this matching
condition into a more useful form, we define the “charge”

Qf = :I:% o, dlz e F(ED (3.2)
T

where € = ¢(z) is a function defined on the d-dimensional celestial sphere at .#*. As we
will show in section 4 using the covariant phase space formalism, QF is the charge that
generates large gauge transformations on .#*. We can therefore think of QF as measuring
the local U(1) charge of the in and out state respectively. For ¢ = 1, this measures the
total global U(1) charge. These charges can be determined in experiment by measuring
the electromagnetic memory [44, 46, 57].

8The unusual sign is due to the coordinate choice. To see that this is correct, one can verify it for the
Liénard-Wiechert potential for a static charge, given by Ao(X) = ¢|X['™¢ and A(X) = 0. Moving to flat
null coordinates, we find
297 e(d — 1)(r + ra® —w)

d+1

[u? — 2ur(l — x2) +r2(1 + 22)?] 2

Fur = £ [(1+2%)0, — 0] [ K] =

This implies lirin (|7|*Fur) = £2%7"e(d — 1)(1 + 2*) . For more extensive discussions on the antipodal
T—r 100

matching condition, we refer the reader to [55, 56].



The antipodal matching condition (3.1) immediately implies

Qf =Q:. (33)
Breaking up the field strength into radiative and Coulombic pieces, we can write the
charges as
+ +S +H
Q =Q77 + Q77 (3.4)
where
2 2
+5 d R+.d +H _ d C+,d
e /ﬂd z e P =t /ﬂd zeF{CHD), (3.5)
“F “F
iS

are the incoming and outgoing soft charges and QX! are the incoming and outgoing
hard charges. Using (2.32), the hard charges can be written as

2
H— / dud'z ] + 5 / dlz e F{CHD, (3.6)
TE st

The second term above is the Coulombic field in the far past or far future and only re-
ceives contributions from stable massive particles. In this paper, we assume that our
theory contains only stable massless states so this contribution vanishes. Thus, the hard
charges become

- / dud?z e JED. (3.7)
SE

To determine the soft charge in odd and even dimensions, we extract the coefficient of
7|~ in (2.23) and (2.27), respectively. In odd dimensions, we get

a1 a j:7 a j:’
prra) _ (=) FTd-1) / 42,708 ) + 00 () (3.8)
" 16m 1 @—y™
and for even dimensions, we get
(Rt,d) — _ 2\4—1 g9a . (£,n)
FB =y +1r Z:: [ —n(—92)51ge0EM (4 )+c.c.}
ie(~1 >zr<d— b [ 0705 (y) — 970 ()
+ id d%y d—1
2 [(z = y)?]
(3.9)

: {logél:%iﬁr) (_d)H ] (-07)5 7" |90 (@) — O ()|
m 2

~e[Ow) —O(M)] 9191 [0 m(+0) @ (+,0)f
p (=07)27 |0°07 () + 90O (2) ] -
8(4m)21 (5) | |

~10 -



Notice that in even dimensions this coefficient has a logarithmic divergence, which means
the soft charge is potentially ill-defined in even dimensions. To cancel this divergence,

we impose”
9" 0F (z) = 0°OFV (). (3.10)
We remark that this constraint implies that in even dimensions Féﬁi’d)‘( st = 0, an as-
sumption that was made previously in [10]. The soft charge now takes the form
1
_ / Bz e(z)(~02)51°0EN @) de 2z
(4m)=2T (%l) e
Q=4 L o (311)
(- =Tl{d-1) [ 4 a 0°0q " (y)
47rd+1€ dl‘E(.’L‘) dym dE2Z+1

We conclude this section by bringing the soft charge into the same form for both odd
and even dimensions by judiciously choosing ¢ for the remainder of the paper to be

£(2) = fo(2) = (—0%)log [(z — z)2] : (3.12)

Then, using the fact that in even dimensions
ond_1 2y d 2 do (A <)
(=0%)27 fa(z) = (=0°)2 log [(w = 2)°] = —(4m)2T' | 5 ) 6V (2 — 2), (3.13)

and in odd dimensions

ddzfxi(z):—2 d—2) [ d*z L
/ [(z —y)2) ( ) / [(z = )27 (2 — 2)?

3.14)
=l 41 (
— _Mg(d)($ —y),
I'(d-1)
the soft charge becomes for all spacetime dimensions!”
+S L nam(+,0) an(+,0)t L D n(+,0)
Q1. =5 <5 O; 7 (x) + 00" (m)) = ——0"0[""(x). (3.15)

3.2 Ward identity

Thus far, our discussion of fields, matching conditions, and charges has been entirely clas-
sical. We now extend the discussion to a semi-classical theory and derive a Ward identity.

9Note that (3.10) also implies that we can no longer think of Oéi’oﬁ as a creation operator. Rather, it is
an operator that shifts the vacuum. From the perspective of the path integral, this condition is equivalent
to continuity of the S-matrix at w = 0, i.e. the zero energy limit of the operators does not depend on
whether we approach zero from the positive or negative real axis (see [12]).

10 Although we picked e = f, in (3.12), we can recover the soft charge Q' for general ¢ from (3.15) by
using (3.11) to write Q*% as an appropriate linear combination of Qis ~ 9*OF . This means we didn’t
lose any generality by choosing ¢ = f,, and the Ward identity we derive below is also completely general.

- 11 -



In such a theory, the quantity of interest is the scattering amplitude, which is the overlap
between the in state (living on i~ U .#~) and the out state (living on i U .# ), i.e.

A, = (out |in), (3.16)

where n is the total number of particles in the in and out state. The classical matching
condition (3.3) then translates to

(out] (QF — Q) |in) = 0. (3.17)

Using (3.4), we can rewrite this as

(out | (QF% = Q%) |in) = —(out | (QF" — Q") |in). (3.18)

To simplify this, we evaluate the action of the hard charge on one-particle states, i.e.
the right-hand-side of (3.18). Let | ¥;, pi, s; ) be a massless one-particle state with charge
Q;, momentum p;, and spin s;. We may parameterize the momentum as

1 2 1 — 2
pf:%( T x’). (3.19)

2 Y2

The action of the conserved current on the bra and ket states is (see appendix B for an
explicit calculation for scalar fields)

/ - dUJigi’d) (uy $)| \Ijiuﬁ‘lﬁ Si> = | lIli)ﬁ%7 54 >Q16(d) (J? - :U’L)

o (3.20)

(Uy, i, 54 | / w0 (u,2) = Qi (0 — i) | i, 7,5 ).
B

It follows using (3.7) that
Q;H‘\I]27@73Z> — _Qze(xz)|\ll’uﬁ;asl>’ <\P17]5:L|Q:H: —Q15($2)<\1]1,]71,81| (321)

Note that this is simply an infinitesimal large gauge transformation of the state. Setting
e = fp in (3.18) and using (3.15) and (3.21), we derive the Ward identity

(out | [8“(’)((1+70) (x) — 0“(9‘(1_’0)(56)] |in) = eZmQZBQ log [(z — ;)] (out |in).  (3.22)
i=1
Here, n; = +1 for outgoing particles and 7; = —1 for incoming particles.

3.3 Soft theorem

Finally, in this section we will show that the Ward identity (3.22) is implied by Weinberg’s
leading soft photon theorem, which in standard momentum space variables reads

out [~ Z" pi - €a(p
Anﬁl(p"/aga;pla e 7pn) =e€ nZQ’L Di ]() ’Y)An(pla Tt 7pn) + O((p'y)o), (323)
i=1 v
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where ¢, is the polarization vector (not to be confused with the function £(z) in (3.12)).
Note that the leading order term in the soft expansion is a simple pole in photon momentum
p, and this is known as the Weinberg pole.!! We want to parametrize (3.23) using the
momentum space parameterization employed in the previous sections (see section A.2 for

details), i.e
1+a2° , 1—a?
A _
(15 1)

2 _ 2
piA:wi<1+fEi go L %) (3.24)

2 7Y 2
EaA(p’Y) = (xa752,7 _l‘a> .

In this parametrization, the soft factor corresponding to polarization a is

ez zsznga py) _ Zm@ﬁ log [(z — 24)?] . (3.25)

(3

The last step is to recast the scattering amplitudes in (3.23) in terms of the in and
out states. The m-point amplitude on the right-hand-side is simply (out|in). On the
other hand, an outgoing photon corresponds to the insertion of the operator oyt (w,z) —
ol (w, z) (see appendix C for details). The coefficient of w™! in (3.25) is extracted by first
multiplying by w and then taking a w — 0 limit. Using (2.16), we find that this operator is

hn% {w(’)(‘”(w z) — wO ) (w, 1:)} = 00 () — 00 (a). (3.26)
w—r
Substituting this into an S-matrix element gives precisely the left-hand-side of (3.23), and
using (3.25), we see that the soft theorem can be written as

(out | ((’)Ef’o)(x) — 00 (w)) |in) = ez Qi log [(x — x;)?] (out|in). (3.27)
i=1

Acting on both sides with 9% and using (3.10), we immediately reproduce the Ward iden-
tity (3.22), completing our demonstration that Weinberg’s leading soft photon theorem
implies the Ward identity.

We conclude this section with a few comments.

e We have shown above that Weinberg’s leading soft photon theorem for an outgoing
soft photon implies the Ward identity. However, we could have just as well chosen to
work with an incoming soft photon, in which case the soft theorem reads

n

A1 Py, €aip1s -+ on) = —eZini’p, f]g 7)An(pl, o) +0((p1)Y), (3.28)
i=1 vy
and differs from (3.23) by only a relative sign. The left-hand-side of the above equa-
tion corresponds to the insertion of Og_)T(w,x) - OC(LJF)T(w,x). Multiplying by w,
taking the w — 0 limit, and using (3.10), we immediately find that the outgoing soft
photon theorem (3.23) implies the incoming soft photon theorem, and vice versa.

HThe first subleading term in the soft expansion is also universal and is related to an asymptotic sym-
metry, but this is beyond the scope of this paper.
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e We have not yet demonstrated the equivalence between the Ward identity and Wein-
berg’s leading soft photon theorem. Instead, we have only established the fact that
the soft theorem implies the Ward identity. To prove the converse, we need to use
the additional constraint that

8,050 (z) — 8,089 () = 0. (3.29)

This constraint is obviously true from the standpoint of the soft theorem (3.27),
and is solved by

OFEV(z) = 8,8 (). (3.30)

We can then derive the Ward identity for the insertion of S(*)(z), which is given by'3

(out| [SH)(z) — S(’)(x)} lin) = e3> mQilog [(x — )] (out|in).  (3.31)
=1

Acting on both sides with J, and using (3.30), we immediately reproduce the soft
theorem (3.27).

4 Large gauge symmetry

In the previous section, we have shown that the Ward identity corresponding to the charge
QZF is equivalent Weinberg’s soft photon theorem. We now show that this charge generates
large gauge transformations on .#* using the covariant phase space formalism [58].'4 We
have already done this for the hard charge, so it remains to show that the soft charge (i.e.
the radiative field) acts on the gauge field to generate large gauge transformations. For this
purpose, we can focus simply on pure U(1) gauge theory. This is described by the action

S[A]:—l/ FAF, F=dA, A~A+de (4.1)
262 M
Varying this, we find
1 1
0S=—= [ 0AN(d*F)— = dA N *F. (4.2)
e Ju e? Jou

The bulk term gives us the equations of motion d * F' = 0. From the boundary term we
can read off the canonical one-form on a Cauchy surface ¥ as

O5(6) = / SAN+F. (4.3)
e Jx

12This can be derived from a careful study of the symplectic form, which will be done in detail in
forthcoming work. This constraint was also discussed in [9].

'*To do this, we choose £(z) = log [(z — z)*] in the Ward identity (3.18).

14 A recent analysis of the charge generating large gauge transformations at spatial infinity in all dimen-
sions d > 4 is given in [59)].
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If we restrict A to satisfy the equations of motion and d A to satisfy the linearized equations
of motion, then Oy can be understood as a one-form at the point A in the phase space I'.
The presymplectic form on 3 is

05 (5, 8) = 605(5') — 'O (5) = = / [0/ AN %6F — AN #6'F) . (4.4)
b

e2

At this point, we recall that the gauge field A is determined only up to a gauge
choice (4.1). To keep track of this, we separate the gauge field into two pieces

A=A+ diy, (4.5)

where A satisfies a chosen gauge-fixing condition,'®

fl4] =0, (4.6)
and gauge transformations simply involve
Y=Y +e. (4.7)

It follows that the symplectic form is
1 ~ ~ ~ - 1
Ox(6,8) = 2/ [(5’A AN*OF — AN *5’F} + 2/ (6" % 6F — 6y % 0'F] . (4.8)
€ Jx €” Jox

We note that modes for which 1|gs;, = 0 cannot appear in the symplectic form and need to
be fixed in order to have a non-degenerate symplectic form. We assume that this has been
done, and so the remaining boundary value of ¥ symplectically couples to the boundary
field strength.

The charge that generates a particular transformation A on the phase space satisfies

5Q% = Qx(6,A). (4.9)

In particular, for gauge transformations 0.4 = 6.F = 0 and 6. = ¢, we get

1
Qr = 2/ ex F. (4.10)
e” Jox

Note that the charge is non-zero only if ¢|gx # 0, so this means QF is the generator of
large gauge transformations. To determine its form on .#*, we note that the directed area
element on ﬂf is

+ d dsr
The + sign arises from the outward-pointing null vector, which on .#* is F0,r. Thus,
we have
2
+_ 2 d (+,d)
Q=+ fid zeF(ED, (4.12)
:F

which is precisely the charge (3.2).

In our work, it is often convenient to choose f[A] = A,.
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A Coordinate conventions

A.1 Position space

In this subsection, we will gain some intuition regarding the flat null coordinates utilized
throughout this paper by collecting miscellaneous facts about them. Flat null coordinates
a# = (u,z% 1) are related to Cartesian coordinates X4 via

o_"T 2 u _ d+1 T 9 U
X0=Z(1+2%)+5,  X'=mt X =g(1-2") -3 (A1)
The inverse relation is
0\2 _ _ d+1)2
. (X9 — XX, — (X4 e Xa L = X0+ x¢ (A2)
X0 + Xd+1 X0 + Xd+1

Though the coordinates are ill-defined on the hypersurface X0 + X9+ = 0 where r = 0,
away from this point, the metric is well defined and takes the form

ds? = napdX X" = —(dX")° 4 dX7dX, + (dX)’

) (A.3)
= —dudr + r°dz*dz,,
where nap = (—1,1,...,1) is the usual Minkowski metric in Cartesian coordinates. The
range of the coordinates is
u € R, z® € RY, re R\ {0}. (A.4)
We note
1
au = 5 [axo - 8xd+1]
Oy = TZg [8Xo — 8Xd+1] + rdxe (A5)
1 1
O =5 (1+ 2?) Oxo + 2%Oxa + 5 (1= 2?) Oxas1,
and
0 1 2 1 a
dX" = 3 (1+a: )dr+§du+rasadx
dX® = z%dr + rdx® (A.6)

1 1
dX = 3 (1 — m2) dr — idu — rag,dx?.
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The volume form is
1
e=dX ' NdX' A AdXIAdXT! = irddu/\ dz' A+ Adz? A dr. (A7)

The nonvanishing metric components and its inverse are
1

Gur = _57 Gab = r25ab7 gur = -2, gab = ﬁéab' (AS)
The nonvanishing Christoffel symbols are
1
ablg] = 2rdap, mlo] = ;51?- (A.9)

A.1.1 Boundaries of Minkowski spacetime

To determine the location of the boundaries of Minkowski spacetime in flat null coordinates,
we relate them to Eddington-Finkelstein coordinates (U, V, A\, ©), which are

XO _ V—;—U’ Xa _ V;U /1 _ )\2ﬁa(@), Xd+l — %A (Alo)

Note that the radial distance is simply expressed as R = \/X“Xa + (Xdﬂ)2 = % The
coordinate ranges are

V>U  Ae(-1,1), ©esit (A.11)

Together, the coordinates (\, ©) parametrize S?. A € (0, 1) is the northern hemisphere and
A € (—1,0) is the southern hemisphere. A = 0 is the equator, A = +1 is the north pole and
A = —1 is the south pole. Let ()\ap, @ap) be the antipodal point to (A, ©). Then

A(Oap) = —1(O),  Aap = —A\. (A.12)

Furthermore, in terms of the flat null coordinates, we have

2TV (X0)? — R?

VA+MN+U1-N) X0+ AR
2 (V —U)V1I-A20%0) RV1—A\a%O) (A.13)

VA+MN+U1-X) X9+ AR
v
r:§(1+)\)—|—%(1—)\):X0+)\R.

We can now determine the boundaries of Minkowski spacetime in flat null coordinates.

1. Future null infinity . : this is located at V' — +oo while keeping (U, \, ©) fixed. In
this limit,
1—X,

2U ), o, (A

- — —
R T U 1+

Thus, we find that . is located at r — oo. At this point, 2% are the stereographic
coordinates on S¢. The north pole (A = 1) is at |2%| = 0, the south pole (A = —1)
(Z‘ —

is at |z 00, and the equator (A = 0) is on the unit circle %z, = 1. u is the null

generator of this surface.
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2. Past null infinity %~ : this is located at U — —oo while keeping (V, A, ©) fixed. In
this limit,

1— Aap
1+ Aap

U
A (Oap), r— —‘2| (14 Xap) - (A.15)

Thus, we find that .#~ is located at r — —oo. Again, x% are the stereographic
coordinates on S¢, but now with an antipodal identification. The north pole (A = 1)
is at |z = oo, the south pole (A = —1) is at |z%| = 0, and the equator (A = 0) is on
the unit circle %z, = 1. w is the null generator of this surface.

3. Future timelike infinity i 7 : this is located at X° — +o0o while keeping (R, \, ©) fixed.
In this limit,

1 — \2
R;(ioAﬁa(e), r— X%+ AR. (A.16)

u— X AR, 2% —
Thus, we find that iT located at u,r — oo and 2* — 0 while keeping u — r and
rz® fixed.

4. Past timelike infinity i~ : this is located at X° — —oco while keeping (R, ), ©) fixed.
In this limit,

Ry/1— 22
u— — (|X°| = AapR), a° \/71)“”(@@), r— —| X = AR (A.17)

— |X0| n

Thus, we find that ¢~ located at u,7 — —oo and 2% — 0 while keeping u — r and
rz® fixed.

5. Spatial infinity i°: this is located at R — +oco while keeping (X%, A\, ©) fixed. In
this limit,
XO

RSV

a

T *)% 1-A22%0), r=AR+ X" (A.18)

This limit corresponds to ur — —oo while keeping {* and z“ fixed. In particular, on
the northern hemisphere, we take u — —oo and r — +00, whereas on the southern
hemisphere, we take u — 400 and r — —oc.

A.1.2 Isometries

The isometries of R¥*1 are the d + 2 translations and the O(1,d + 1) rotations. The
corresponding Killing vectors in flat null coordinates are

& = f(2)0u — 2%3@ F(@)0a + %aQ £(@)d,

. (A.19)
G = (@) (ud = 10,) + |V (@) = 3 0"(a)| O
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where 1(z) = 29,Y*(x), and f(z) and Y*(x) satisfy the equations
Duhf () = 2%02 F@), V(@) + Ya(x) = Eaabacy;(x). (A.20)

This implies that Y%(z) is the conformal Killing vector of R? (which manifests the isomor-
phism €(1,d + 1) = conf(R?%)). The explicit solutions to this are

f(@) = fo+ far® + fip17%, Y x) = x* + wha? + Az + Ca? — 22°¢C -z (A21)

Thus, ¢¥(z) = A —2¢ - x. The O(d) rotations have 9(x) = 0 (generated by x* and w%,),
whereas the boosts in 0(1,d + 1) have ¢ (z) # 0 (generated by A and ¢%). Finally, we
remark that the Lie algebra of the Killing vectors (the Poincaré algebra) takes the form

[&r.&] =0, Gy &r] = Evanf—fu [Cys Cyr] = Qyy- (A.22)

A.2 Momentum space

In this subsection, we observe a general parameterization of off-shell momenta and list
some useful formulae.

A.2.1 Off-shell momentum

Following closely the relationship between flat null coordinates and Cartesian coordinates,
we parameterize an off-shell momentum as

0o_ W 2 H a a d+1 _ @ 2 K
S )+ — Wy, S ST A2
q 5 (1+y°) % ¢ =wy q 5 (1—-97) % (A.23)
Inversely, 1 = —q?qa, ¥* = ¢*(¢° + ¢!, and w = ¢° + ¢?*!. This parameterization is

d+1

valid everywhere except when w = ¢° + ¢ = 0. The range of these coordinates is u € R,

y® € R? and w € R\ {0}. The momentum space volume form is
1
e=d® Adg' A Ndg? A dgTt = §wd_1d,u Adyt A A dy? A dw. (A.24)
This implies that the off-shell integration measure and Dirac delta function are

/ % ! /OO d /oo d / a4 | |d
@2m)dt2 202m)2 | ) Jpa (A.25)

612 (q = ¢') = 20w (n = 1) 6 (w =) 6D (y — ).

A.2.2 On-shell momentum and polarization vectors
The on-shell condition on a momentum implies

aa=-m? >0 — pu=m?>0, w>0 (A.26)

The on-shell integration measure and Dirac delta function are

d*2q 2 2\ (0 d*lq 1 1 > 4, d-1
| mtstemit ) = [ oot = g |, o [ 2
(2q0)5(d+1) (q_’— (j") = 2w~ (w — w’) 5 (y - y’) .
(A.27)
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The d + 1 polarizations of a massive particle are taken to be
A b A 1 o m o m?
€a(y) = (yaaéaa *ya) ) ey (w,y) = B I+y* — 2 2%, 1 —y" + 2 ) (A.28)

In the massless limit ef — w~lgA. Thus, in this limit, this is the pure gauge mode and
does not contribute to physical amplitudes. For future reference, we collect the formulae

1 m2  m2
q(w,y) - q(W'y) = —gwe [(y —y)+ 5+ w’Q]
Q(wa y) . Ea(yl) = Lc)(y — y,)a
2 12
w 9, M m
q(w,y) v (@sy) = =5 [(y —Y)+ 5 - wz]
€aly) - Eb(y/) = Oap
a(y) e (W, y) = =¥ —¥)a (A.29)
1 ) m2  m?
fu(w,y) - ew (W y) = =3 [(y Y- w/2]
wu  wr 2
X(u,ra) qwy)=-7 -~ [(a: -y’ + wQ]

X(ure) eufor) = =5 e -u? - 2.

We also require the components of the momentum and polarization vectors in flat null

coordinates

€

&
I
|

qu(

Y

QT(way) = -

NE | E

—
—
8

|

<

SN—
[\
+

ol 3,
| I

Q(l(wvy) = _TW('T - y)a
(€a)u(w,y) =
(€a)r(w,y) = (= Y)a (A.30)

(5a)b(w7 y) = 1rdqb

Coulw9) =~
mQ
o) = 5 (@ = 0 = 7 |

(gw)ll((*)?y) - —T(l’ - y)a-
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For massless vectors, we note from the formulae above that our polarization choice is
equivalent to the gauge choice A, = 0. The polarization tensors for the massless field
strength then has the following components in flat null coordinates

1

(ga)ur(w’y) = _iw(l‘ - y)a
= (e — T —
(Ea)rb(w7 y) - 20)7“(.%' y) Iab(x y) (A.31)
i
(5a)ub(w’y) = _iwr(;ab
(ec)ab(w,y) = —iwr? [(z = y)adbe — (= — Y)bbac]
where Z,,(z — y) is the conformally invariant tensor
2(x — y)g(x —
Lap(z —y) = Oap — & = 1) 5 b (A.32)

(z—y)
B Action of the hard charge

In this section, we show that the hard charge generates large gauge transformations on the
matter states by an explicit computation for a minimally coupled scalar field ® with U(1)
charge Q € Z. The corresponding conserved current is

J, = iQ (9*D,® — (D,®)*®),  D,®=,® —iQA,d. (B.1)

The product of fields is defined via normal ordering.
The mode expansion for the outgoing/incoming scalar field is

A 1T (@) g £)f oy —ig-
<I><i><X>—/W2qo[Oé><q>eqX+o;><q>e @], (B.2)

where

£) o (B~ £) o (B~ S
o5 (@),057(@)] = [0 @), 0571(@)] = @) em e (7-7"). (B3)
Moving to flat null coordinates and using (2.14), we find

2

1 o [ i
é(i)(uﬂ“ax) = 2<27T>d+1/Rd ddy/o dw w1 [Oé)i)(w,x +y)e WU WY
(B.4)
where

(037 w.2), 0571 a")] = |05 . 0). 05 (')

(B.5)
= 2w 2m) (W — W')6 @ (z—2a').
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The leading order term in the large r expansion of the scalar field is (this is determined
following precisely the method of section 2.2.1)

oF 1(1/ dwwgfl e 2 d (’)C(I’i)(W,@‘FLdOgﬁ(w,x) +---. (B.6)
2(2m)2tt Jo (ir)2 (—ir)z

We then determine that

/du JEd = Q dw w1 [O((Di)T(w,m)Og) (w,z) — Ogﬁ(wjx)o(fi) (w,az)] .
0

(2m)d+2 3
(B.7)
An outgoing or incoming scalar state of charge @ is
(®.w,2|= (01057 w,2), |®wz)=05"(w2)0). (B8)
Using these definitions, we find
(P, w, 2| /d“ TEHD (u, ) = Q5D (@ — ') (@, w, ' |
(B.9)
/du JED (0, 2)| @, w, 2" ) = QD (x — /)| ®,w, 2" ).
The action of the hard charge (3.7) is then
(®,w,2]QF" = —Qe(x)(®,w,z|, Q| ®,w x)=—Qe(z)|®,w,z). (B.10)

C Soft photon operator

We describe how to obtain the soft photon insertion operator in an S-matrix using the
path integral approach. First, the n-point amplitude is

An(p1,--+ ,pn) = (out|in). (C.1)

This is computed in the path integral formalism by computing off-shell momentum space
correlators and taking an appropriate on-shell limit. For instance, for an outgoing scalar

particle with momentum p, we insert

iZg lim (p® — ie) / A2 X e X P(X). C.2
Y= (€2)

Here, ®(X) is an operator that creates (among other things) a scalar one-particle state,
and Zg is the corresponding wave-function renormalization factor.
The amplitude involving an extra outgoing photon, i.e. A?Jj_tl from (3.23), similarly

corresponds to the insertion of the operator

v ‘
2 lim (p?Y — ie) e p,)* /dd+2X e PrX A (X). (C.3)

e pO— || —ie
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To understand what this operator is in terms of the in and out creation/annihilation
operators, we expand the gauge field A4(z) in terms of time-dependent mode coefficients:

dlq 1 1, .. 0 i X | a (At 30 =\ —igX
AxX) =e [ Gt [S@0X0 T + 4@ 0L, Qe ] (C)

Using this, we find

17 . . vk ipe - Vo
2 dm (i) d@m) [ ax e N a0 = o) - 00F). (o)

€ p§—|py|—ie

where lim yo_,4 o, Oq(X%, 5y) = Z_l(’)C(LjE)(ﬁV).l6 For photons with non-zero energy, the op-
erator Og_)(ﬁv) annihilates the in vacuum (assuming there are no other incoming photons
with the same momentum, i.e. assuming no forward scattering) so that S-matrices with
energetic outgoing photons correspond to insertions of (’)((;L) (pYy). On the other hand, owing
to (3.10), oY () no longer annihilates the vacuum; rather, it creates an incoming soft
photon (to be more precise, it produces a new vacuum state). Therefore, it follows that
the operator generating the soft limit must include both terms from (C.5) and is given by

lim WO (w, ) —wO{ ) (w,2)| = O (z) - O (x). (C.6)
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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