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Introduction

In this work we present a series of known results about the study of geometric and topological
properties of the punctual Hilbert schemes and punctual Quot schemes. Furthermore in the
case of the punctual Quot schemes we improve some results given by G. Ellingsrud and
M. Lenh in |[EL99] about smoothness, irreducibility and dimension of this kind of spaces.
Following the techniques presented in |[ES87| by G.Ellingsrud and S. Stromme, we gave a
new formula to compute the Euler characteristic of some Quot schemes, see Theorem [3.8]
which is a generalization of 2.12] Finally we introduce the enough theory about virtual classes

to calculate as in [Sch12| the virtual Euler characteristic for a particular Quot scheme.

The thesis is divided in three parts. First background, then study of punctual Hilbert

and Quot schemes and finally study of virtual classes to compute the final example.

The moduli problems can be classified in three standard types, such as Hartshorne says in
|[Har09]. These are: A) Subschemes of a fixed schemes X; B) Line bundle on a fixed scheme X,
and C) Coherent sheaves, on a fixed scheme X. The moduli spaces that we study here are of
the type A and C. Naturally the Hilbert schemes are of type A since they parametrize closed
subschemes of a given scheme X. The existence of these schemes was presented originally
by Grothendieck in|Gro60]. This proof was improved by Mumford [Fan05|. It was based in
the notions of k—regular sheaf and Mumford-Casltenuovo’s Theorem Here we present
Mumford’s version following Stromme, [Str96].

The Quot schemes are a natural generalization of the Hilbert schemes, by its definition
(see. they belong to type C' of modulli spaces. The general study of these spaces is not
easy, but using toric actions over them we can get results in some particular cases, thanks to
Bialynicki-Birula’s theorem presented in [BB73a|. Other techniques used to describe tangent

spaces proceed from basic elementary deformation theory.

The simplest moduli spaces are the n—punctual Hilbert schemes of a given scheme X,



denoted by X, This schemes parametrized 0—dimensional subschemes of length n. When
X is a projective and smooth curve C it is not difficult to see that C!" = Sym™(C), so the
properties as smoothness, irreducbility and dimension are completely determined. The next
step is the understanding of these schemes, where X = S is any smooth and projective surface.
Fogarty in [Fog68| shows that S is smooth, projective and irreducible with dimension 2n.
On the other hand G.Ellingsrud and S.Stromme in [ES87| find a formula to compute the
Betty’s numbers and the Euler characteristic of the Hilbert scheme (IP?)["! based on Byalinicki-
Birula’s theorem, along with the decomposition of the tangent space presented in of a
similar way to Nakayima in [Nak99, cap.V, Proposition 5.7].

The Quot schemes are more complicated and so we have to give various restrictions to
work. Here we present these in and we denoted by Mg¢)(n,q,d), where S is a smooth
and projective surface and £ is a coherent sheaf over S.

for schemes of the type Mg ¢)(n,0,d) G.Ellingsrud and M.Lenh on [EL99| find its dimen-
sions d(n+1) and they prove its irreducibility [EL99, Proposition 5|. In this thesis we present
a generalization of this theorem in corollar where we prove in general that Mg g)(n, ¢, d)
is irreducible with dimension (d 4 ¢)(n — ¢) +d. We also prove that Mp2 oy(n,n — 1,d) is
smooth and show that in general these spaces aren’t smooth. For example we show that
Mp2,0y(2,0,2) is singular. For general spaces Mp2 0y(n, ¢, d) we find a formula to compute
its Euler characteristic [3.8 that’s not as clean as the formula for Hilbert schemes but is

computable.

Finally, we present the Atiyah-Bott’s classic and virtual formulas and4.24], respec-
tively |[GP99|. For that was necessary give a short introduction about virtual classes. With
Atiyah-Bott’s formulas we compute the Euler virtual characteristic of the scheme M (3,2,2).
To see more of these kinds of examples the reader can consult the work done by D.Schulthesis
in his doctoral thesis [Sch12|. For that computations we again use the decomposition of the
tangent space, and is necessary do many small computations about Chern classes and use the

Grothendieck — Hirezebruch — Riemann — Roch’ theorem. This shows that, in general, the



use of the theory is not easy, but it can be used to compute some invariants in enumerative

geometry such, as present Andre L. Meireles And Israel Vainsencher in [MVO01].



1 Background

1.1 Hilbert Polynomials

Definition 1.1. A polynomial P(z) € Q[z] is called numerical polynomial if , P(n) € Z for
all n >0

The next proposition give a characterization of these kind of function.

Proposition 1.2. 1. If P € Qlz] is a numerical polynomial, then there are integers

Coy C1, -+, Cpysuch that
z z
P(z):co()+cl( )—i—n-—i—cn,
n n—1

(Z) N FUPY P

where

n n!
2. If f 1 Z — Z is any function, and if there exists a numerical polynomial q(z) such that

the difference function Af = f(n+1) — f(n) is equal to g(n) for all n > 0, then there
exists a numerical polynomial P(z) such that for all f(n) = P(n), n > 0.

Proof. See |[Har77, Ch.1,sec 7, pag 49| ]

Let k be a field, and let M be a graded module over the polynomial ring k[zo, ..., z,],
we can define the function, ¢y, (l) = dimy M;, where M, denotes the homogeneous part of M

of degree |.

Example 1.3. Let M = C[z,y|/(xy — 1), with the grading induces by the canonical grading
in C[z,y]. So M; = Cx' @ Cy!, then ¢y (1) = 2, for any .

Theorem 1.4 (Hilbert-Serre). Let M be a finitely generated graded S = k[zo, . . ., x,]—module.
Then there is a unique polynomial Py (z) € Q[z] such that oy (1) = Puy(l) for all 1 > 0.
Furthermore, deg Py (2) = dim (Z(Ann (M))), where Z denotes the zero set in P™ of a ho-

mogeneous ideal.



Sketch of proof. By the Proposition 7.4 on [Har77| we reduce to the case M = (S/p) where
p is a homogeneous prime ideal of S. If p = (zy,...,z,) there is nothing to do. Now if

p # (zo,...,x,), there exists z; ¢ p for some i. Then we consider the exact sequence
0 M3 M— M -0,

where M" = M/x;M, so oyn(l) = om(l) —opm(l — 1) = Appy (I — 1) and Z(Ann(M")) =
Z(p) N H where H = {x; = 0}. Then dim(Z(Ann(M"))) = dim(Z(p)) — 1. Then by the
Proposition [1.2)if ¢y~ is a polynomial function there exists a numerical polynomial Py; such

that @ (1) = Py (1) for all I > 0 and deg(Py) = dim(Z(p)). O

Definition 1.5. The polynomial given by last theorem is called the Hilbert Polynomial of M.

We know that for any subscheme Y of the projective space P", we can assign a homo-
geneous ring S(Y') the ring of coordinates, and this ring has an unique Hilbert polynomial
by then we can assign to Y the polynomial Py = P,; of M, which is to be called the
the Hilbert Polynomial of Y.

Example 1.6. Let Y = P}. Then the coordinate ring is M = klzo,...,z,], so ou(l) =
ity (klzos -, 2]t = () = Pr().

n

1.2 Flat Morphisms.

The notion of flatness allows us to algebraically define a ” continuous variation of a fibers ”.
This is important for giving the right definition of a family in algebraic geometry. Thanks
to Theorem we can decompose the Hilbert functor as a coproduct of functor indexed
by Hilbert Polynomials. The notion of flat morphisms is locally given by the notion of flat
modules. Here we present some theorems without proof but the reader can be find complete

information in [Har77, , chapter III, section 9.|

Definition 1.7. Let A be a ring, and let M be an A—module, M is said to be flat if and only
if for every finitely generated ideal a of A, the map a ® 4 M — M is injective, equivalently if
the functor () ®4 M is an exact functor. See |Eis13|.
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Proposition 1.8. 1. Base extension: If M is a flat A—module, and A — B is a homo-
morphism, then M ® 4 B is a flat B—module.

2. Transitivity: If B is a flat A-algebra, and N is a flat B-module, then N is also flat as

an A-module.

3. Localization: M is flat over A if and only if for all p prime ideal of A the localization
M, is flat over A,.

4. Let 0 - M' — M — M" — 0 be an exact sequence of A-modules. If M’ and M" are
both flat then M is flat; if M and M" are both flat, then M’ is flat.

5. A finitely generated module M over a local noetherian ring A is flat if and only if is

free.

The last algebraic statement makes sense immediately with the following definition and
proposition.
Definition 1.9. Let f: X — Y be a morphism of schemes, and let F be an Ox-module. We
say that F is flat over Y at point z € X, if the stalk F, is a flat Oy(,)y—module. Consider

Fz as an Oy, y—module via the map f#*: Of(z),y — Oy x, we say that F is flat if it is flat

for every point x € X, and we say X is flat over YV if Oy is.

Proposition 1.10. 1. An open inmmersion is flat.

2. Base change: let f: X — Y be a morphism, let F be an Ox—module which is flat over
Y, and let g: Y — Y be any morphism. Let X' = X Xy Y', and f': X' — Y’ be the
second projection, and F' = pi(F). Then F' is flat over Y.

3. Transitivity: let f: X — Y and g:' Y — Z be morphism. Let F be an Ox—module
which is flat over Y, and assume also that Y is flat over Z. Then Fis flat over Z.

4. Let A — B be a ring homomorphism, and let M be a B-module. Let f: X = Spec(B) —
Y = Spec(A) be the corresponding morphism of affine schemes, and let F = M. Then
F s flat over'Y if and only if M is flat over A.

8



5. Let X be a noetherian scheme, and F a coherent Ox-module. Then F is flat over X

if and only if it 1s locally free.

Proof. Use O

Proposition 1.11. Let f: X — Y be a separated morphism of finite type of noetherian
schemes, F a quasi-coherent sheaf on X, and w:Y' — Y a flat morphim of noetherian

schemes, such that the following diagram commutes:

X —— X
9 f
Y’ Y

Then for all i > 0 there are natural isomorphims
w R f.(F) 2 Rg.(v*F).

Corollary 1.12. Let f: X — Y and F be as and assume Y affine. For any point
y €Y, let X, be the fiber over y, and F, the induced sheaf. On the other hand, let k(y)
denote the constant sheaf k(y) on the closed subset {y} of Y. Then for all i > 0 there are

natural isomorphisms

H'(X,, F,) = H(X,F ®k(y)).

Flat families

A family X over Y is a morphism of schemes (varieties). As is customary given any element
y € Y the fiber (pre-image) of y is denoted by X, as above. We say that the family X Ly
is flat if the morphism f is flat.

Proposition 1.13. Let f: X — Y be a flat morphism of schemes of finite type over a field
k. For any point x € X, let y = f(z). Then

dim,(X,) = dim,(X) — dim, (V).

9



Here for any scheme X and any point x € X. We denote by dim,(X) the dimension of the

local ring Oy x.

Corollary 1.14. Let f: X — Y be a flat morphism of schemes of finite type over a field k,

and assume that 'Y is irreducible. Then the followings conditions are equivalent:

1. every irreducible component of X has dimension dim(Y') + n;

2. for any point y € Y (closed or not), every irreducible component of the fiber X, has

dimension n.

Example 1.15. 1. Aneasy example is given by X = Spec(Clz, y|/(z—y)) EN Spec(Cly]) =
Y, where f is induced by the natural map from Cly| to C[z,y|/(x —y), the fiber in any
point of Y is a point on X. (See figure ).

AQ

R e )

Al=Y

Y (1)

2. Let X = Spec(Clz,y,t]/(zy — 1)) EN Spec(C[t]), and f the induced map by C[t] —
Clz,y,t]/(zy — t). It is a flat family although the fiber X is singular.

3. (Non example) Let X = P? and let X = Bl,(P?) be the bow-up of P? at point . The
family X — X is not a flat family. Because the dimension of the exceptional divisor

(curve) is one and for any other point p € P? the dimension of X, = 0 (point), then

Proposition [1.13] does not hold.

Finally we present the most important theorem of flatness for construction of the moduli

spaces presented in this work.
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Theorem 1.16. Let T' be an integral noetherian scheme. And X C P%. a closed subscheme.
For each point t € T, we consider the Hilbert polynomial Py € Q[z] of the fiber X; considered
as subscheme of ]P’Z(t). Then X is flat over T if and only if the Hilbert polynomial P; is
independent of t.

1.3 Representable Functors

In this section we present the necessary theory about representable functors to define and
prove the existence of some moduli spaces, e.g. Hilbert schemes. For more information about

these topics see [ML78| , [Str96] and |[GW10).

Definition 1.17. Let D be a category and denote by Set the category of sets as is usual.
A functor H: D — Set is said to be representable if there exist an object d € D, such
that the functor of points hy(—) = Homp(—, d) is naturally isomorphic to F. d is called the

representing object of F.

Definition 1.18. Now suppose H: D — Set is a representable functor, and let ¢ be the
natural isomorphism between H and hg, and let ¢4 be the isomorphism between hy(d) and
H(d). Then we write by £ the image of the identity map 1,4 via ¢4, this element is called the

universal famaily.

Example 1.19. (co-representable) Let Top be the category of topological spaces and contin-
uous functions. Define H((X, 7)) = X to be the forgetful functor. Then the punctual space
{x} is a representing object of H, since h,(X) = {continuous functions X — {z}} = X,

and the universal family is x.

Example 1.20 (Geometric example). Let schy be the category of k-schemes. Define the
global section functor by sending any k-scheme S to I'(S, Og). This functor is represented
by A, and this can be checked locally: for any unitary commutativek—algebra R the set of

k—algebras homomorphism ¢ : k[x] — R is isomorphic to R.

Henceforth we will work on the category D of S- schemes, denoted by schg, and these kind

of functors have as codomain the category of sets. We can define the concept of subfunctor

11



using topological properties of the category schg. So we may use notions of open and closed
subfunctor, open coverings, closed covering of a given functor by a subfunctor and Zariski

functors, which will be given below.

Definition 1.21. Let F, H: schg — Set. We say that F' is a subfunctor of H if for every
T € schg F(T) C H(T) and given t: R — T, the map F(t): F(T) — F(R) is the restriction
of H(t). F is said to be a closed subfunctor (resp.open) of H if for any T'— S and £ € H(T),

there exist a closed subscheme (resp.open), UgF C T, such that for any f: R — T, we have
H(f)(€) = f*¢ € H(R) belongs to F(R) <= f factors through U{ C T.

Proposition 1.22. Consider the next diagram:

hT XHF7T1—>F

7

hp y H

Where & € H(T) and ¢¢ is given by sending any f : R — T to f*¢{. Then F is a closed
subfunctor of H if and only if the functor hy x g F' is represented by a closed subscheme of
T. Moreover if H is representable and F is a closed subfunctor, then F is represented by a

closed subcheme of the scheme representing H.

Proof. Suppose F'is a closed subscheme of H, and let £ € H(T'), then there exist U&F closed
subscheme of T with the properties given in [I.2I} Now let R be any S-scheme, then

hr(R) xur) F(R) ={(¢: R — T,z)|¢"¢ =z € F(R)} ¢ {f: R—> UL} = hur (R).
Now if H is represented by 7', let £ be the universal family, then for every s-scheme R
F(R) ¢ {f: R—UF} = hur (R),

therefore UgF represents F, which proves the second part. ]

12



Definition 1.23. Let H: schg — Set be a functor, this is called a Zariski functor if for any
scheme T and any open covering {7, }, of T, the sequence
0 H(T) L [[HT) 2 [[H(T. uTs)
> g1 .8

is exact; i.e. f is inyective and Im(f) = {z|g1(x) = g2(x)}.

Definition 1.24. Let H: schg — Set be a functor and let {F;} be a collection of open
subfunctors of H. This collection is an open covering if for all T — S and £ € H(T), the

collection U, gF ‘ is an open covering of 7T

Proposition 1.25 (Zariski representable). For any Zariski functor H: schg — Set, with

open covering {H;}, where every H; is representable, then H is representable.

Proof. Let H be a Zariski functor with {H;} an open covering by representable functors,
and let X; be the scheme that represent to H;. The functor H; Xy H; is a subscheme of
H; and Hj, in fact For any T — S, H;(T) x gy H;(T) = H;,(T) N H;(T). Moreover, let
f: R — T and £ € H{(T), then f*¢ € H;(T) N H;(T) if and only if f factors through
UgHi N Uij. Then H; x g H; is an open subfunctor of H; and H;, therefore X; N X is an open
subscheme of X; and X;. so we can glue together to a scheme X. But for any 7" — S and
¢ € H(T), the collection {USH *1 is an open covering of T, and it is easy to see that for all
k, H(UgH’“) = Hk(UgH’“) = hxk(UgH’“). Finally since H and hy are Zariski functors we get the

next exact sequences:

H(T) — [1, HUM) — [T, HUM uu)

|

I (T) — [T b (US) = T1, , he (U2 0 UMY

So H(T) — hx(T) is an isomorphism. O

13



1.4 Moduli spaces

A moduli problem is a problem of classification of some kind of objects (schemes) modulo
some equivalence relation between these objects.

Given any base B, a family of objects over B is a pair (X, 7) where 7 is a morphism
from X to B, X = B, such that for all b in B, the fiber 7~(b) = X is an object of the type

we are classifying.

A moduli space for a moduli problem is an scheme (in general some space) M such that for
all elements m of M there exists a unique element corresponding to the type that we are
classifying.

Suppose that M is a moduli space for some moduli problem, we say that M is a fine
moduli space if there is a universal family & over M, i.e, exists a morphism & = M such
that any other family over a scheme B is obtained, up equivalence, pulling back £ by unique
morphism ¢: B — M.

These terminology can be formalized using category theory as follow.

Let F': sch — Set be a contravariant functor, and given any X € sch the image via
F(X) is the set of equivalence class of families (these families generally are flat families) over

X.

Definition 1.26. Let F': sch — Set be a contravariant functor. we say that F' is a fine
moduli functor if F' is a representable functor by an scheme M, and the scheme M is called

the moduli space associated to F.

14



Remark 1.27. By representability we know that there exist a natural isomorphism which
means ¢ : hom(e, M) — F'(e), it say that for any morphism 7' T of schemes the following

diagram commute

Hom (7", M) @ F(T)

Hom(f, M) | F(f)

Hom(T', M) ﬁ F(T),

and ¢, ¢r are isomorphisms.

In particular if there exists some morphism 7' s M we have the diagram
om
Hom(M, M) — F(M)
Hom(f, M) | F(f)
or
Hom(T, M) — F(T),

Let 157 : M — M be the identity map of M, we denote by & = ¢ (1) € F(M), this element
is called the Universal family of F\, this because ¢r(Hom(f, M)(1x)) = F(f)(&) = f*E, so
f =7 (f*€), then any family T s M can be recovered as a pullback of €.

In this work we are interested in three classical moduli spaces which are the Grasmman
scheme, the Hilbert scheme and the Quot scheme. Here we prove the existence of these spaces

and in the next chapter we show some properties of Hilbert and Quot schemes.

1.5 Grasmman Schemes

The Grassmanian scheme is the generalization of the Grassmanian space Gry(r,n) that
parameterises the vector subspaces of dimension r for a given vector space V' of dimension

n. e.g. Grea(1,n) 2 PE 1

15



Definition 1.28. Let S be a scheme and £ a locally free sheaf on S. The functor
Grassg(r, €) : schg — Set

given by
T — {V|V C &7 is a subbundle of rank r}

where Erdenotes the pull-back of £ via T'— S, and for any map T’ Ry ,
Grassg(r,£)(¢): Grassg(r,&)(T") — Grassg(r,E)(T)

V5V i= V=65 (V)

is called the r-Grassmannian funtor of & over S.

We can reformulate the functor Grassg(r,€) changing V by its quotients, i.e.
Grassg(r, E)(T) = {[Er & Q — 0]|such that Q is a sheaf on T' with rank rank(Er) — .}

Theorem 1.29. The functor Grasss(r, £) is represented by a projective S-scheme Grassg(r, £)

and a universal subbundle (quotient) U C Egrass(re) of rank r.

Definition 1.30. For any r € N, locally free sheaf £ on S, the scheme Grassg(r,£) is called

the r-Grassmannian scheme of £ over S. When £ = O¢ we write Grassg(r,n).
We present the proof of a particular case of Theorem [1.29]

Proposition 1.31. Let S = Spec(Z). Then the fucntor Grassz(r,n) is represented by a

projective scheme.

Proof. The idea is to find an open covering of functor {H;} for Grassz(r,n) and show that

cach of these functors is representable; to conclude we use the Theorem [1.25]

Let I be the set of subsets of cardinality n—r of {1,2,...,n}. Denote by e; = (0, ...,0, 41th, e qh)
J- n-
for1 <j<nandf; =(0,...,0, '1h, o, 0 h) for 1 < j < n—r, the canonical global section
J-t n—r-t

for O% and O§™" respectively.

For any set i = {i; <iy <--- <ip_,} define s;: O"™" — O" by s;(f;) = e;;.

16



Now define H;(T) = {q: O" — Q € Grass(r,n)|q o s;is surjective } C Grass(r,n). By
the right exactness of the pullback every H; is a subfunctor of Grass(r,n).

Suppose now that ¢ = {1,2,...,n —r}, then the map s; is the inclusion map on the first
n — r-coordinates, so q o s; is an isomorphism for any ¢: O™ — Q — 0. Therefore we can
think ¢: O™ — O™ " such that g(e;) = f;, for any 1 < j < n —r, and let {g(en—rix)}r_;

the subset of I'(S, O"") the set that finish to determine q. Then H;(S) = H r's,om ).
j=nr+1
By the example the global section functor is represented by Al so H; is represented by

A;(YHQ). Finally Grass(r,n) is represented by the (’:) coproducts of A”"~") affine spaces. [

Corollary 1.32. For any n > 1, the scheme Grass(n,n + 1) = Py,

1.6 Hilbert Schemes

Given any projective scheme X its Hilbert scheme parametrizes its closed subschemes. This
scheme will be defined in a similar way to the Grassmannian scheme, i.e it will be defined as
the object that represent some functor. The proof of its existence is nontrivial and here we

show this using [Str96| as main reference.

Definition 1.33. Let X be a projective k-scheme, where k is any algebraically closed field.
An algebraic family parametrized by T is a closed subscheme Z C X x, T = Xy. This family

is called flat if the morphism ¢ o 7wy : Z — T is flat.

Definition 1.34. Let X be a projective k-scheme. The Hilbert functor of X is defined as

follows:

Hilby/: schy — Set

T — {Z C Xr|Z is a flat family parametrized by T'}
and given any morphism ¢ : T — S,
Hilby () : Hilby ,(S) — Hilby (7).
Z— 7' = (1x x ¢)*Z.

17



The goal of this section is to show that the functor defined above is representable. With

this in mind, we have the next definition:

Definition 1.35. Let X be a projective k-scheme, and Hilby/, its Hilbert functor, the k-

scheme representing this functor is called the Hilbert scheme of X and is denoted by Hilbx .

From the flat properties of the subschemes Z of X, and the use of Theorem [1.16, the
Hilbert scheme can be written as a disjoint union of subschemes, each of these indexed by

numerical polynomials P(z) € Q[z]. In fact we define the next subfunctor of Hilbx .

Definition 1.36. Let P(z) € Q[z] be a numerical polynomial. Define the functor Hilbi(/z) (T)

given by the flat families Z C X7 with Hilbert polynomial P(z) in all geometric fibers.

Proposition 1.37. For any numerical polynomial p, the functor Hilbi(/zk) 15 a closed and

open subfunctor of Hilbx/, and
Hilby, = | ] Hilby';) -
P
Furthermore if every functor Hilbi(/'? is a representable functor represented by the scheme
Xp then HP Xp = HZle/k

Our objective is to prove that for every numerical polynomial P(z) € Qlz], the functor
H ilbi(/zk) is a representable functor.

Here we recall two important theorems of Serre. Their proof can be found in [Har77].

Theorem 1.38 (Serre 1). Let X be a projective scheme over a noetherian ring A, O(1) a
very ample invertible sheaf on X, and let F be a coherent Ox-module. Then there is an
integer ng such that for all n > nyg, the sheaf F(n) can be generated by a finite number of

global sections.

Theorem 1.39 (Serre 2). Let X be a projective scheme over a noetherian ring A, and let

Ox(1) be a very ample sheaf on X over Spec(A). Let F be a coherent sheaf on X .Then:
e for each i >0, H (X, F) is a finitely generated A-module;
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e there is an integer ng, depending on F, such that for each © > 0 and each n > ny,

Hi(X, F(n)) = 0.

The following is the most important theorem of this section.

Theorem 1.40 (Grothendieck). Let X be a projective scheme over S and let P € Q[z] be a

numerical polynomial. Then Hilb, /s 15 representable.

Before giving a proof of this theorem we need some previous results; we give the same

presentation of these results as in [Str96].

Boundesness.
Let k be a field, denote the projective n- space over k by P".
Definition 1.41. A coherent sheaf F on P" is m-regular if H(F(m —i)) = 0 for all i > 0.
Proposition 1.42 (Mumford-Castelnuovo). Let F be an m-regular sheaf on P". Then
1. H(F(k)) @ H*(Opn(1)) — HY(F(k + 1)) is surjective for k > m.

2. H(F(k)) = 0 whenever k+1i > m and i > 0. Equivalently, F is n-reqular for all

n>m.
3. F(k) is generated by global sections if k > m.

Proof. We use induction on n and prove at the same time (1) and (2). If n = 0 there is
nothing to prove. Now suppose that for any £ < n, (1) and (2) hold. Let H C P" be a

hyperplane. Then there exists an exact sequence
0— F(k—-1) = F(k) = Fu(k) — 0.
Taking a long exact sequence of cohomology we get:
coo = HY(F(m —1)) = H(Fg(m — 1)) = HT(F(m—1-1i)) — ...
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by hypothesis the right and the left groups are zero, hence Fy is m-regular, so by induction,

(1) and (2) are valid for Fp. Consider the next sequence of cohomology
v H(F(m —4)) = H(F(m —i+1)) = H"Y(Fuy(m — (i +1)))

If i > 0, by (2) for Fy, the last group is zero, then F is m + l-regular and iterating the

process we get (2) for F. Now consider the exact sequences
0—Fk—-1)— F(k) = Fu(k) =0

and

Then taking long sequence of cohomology and tensoring we get the morphism
H(F(k)) ® H*(Opn) = H*(Fu(k)) ® H(On(1))
which is surjective for k > m since H'(F(k — 1)) = 0. Consider the next diagram:
HO(F(k)) @ H(Opa(1)) & HO(Fp(k)) © H(On(1))
0 T

HY(F(k+1))

HY(Fg(k+1))

7 and o are surjetcive if k > m. Therefore v o is surjective. Since Ker(v) C im(u), it follows
that p is surjective which prove (1) for F.

For (3), we know by Theorem that F(k) is generated by its global sections for all
k > 0, but (1) says that these global sections can be expressed using global sections of
F(m). O

We want to relate the regularity of the ideal sheaf associated to some closed subscheme
Z of P™, to its numerical polynomial. The next proposition says that there is an integer
number myg such that the ideal sheaf of Z is mg-regular. This will be very useful for finding

an embedding of the Hilbert scheme of P to some Grassmannian Scheme.
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Proposition 1.43. Let P be a numerical polynomial. Then there exist an integer my =
mo(P) (depending on P) such that for any closed subscheme Z C P™ with Hilbert polynomial

P, the ideal sheaf Ly is mg-reqular.

Proof. We use induction on n. If n = 0 there is nothing to prove. Now suppose n > 0, and

let H be an hyperplane, and consider the exact sequence
0—-2Z(-1) 7T - Iy — 0,

where Z C Op is an ideal sheaf. By induction on Zy, there is an integer mq(P) = my, such

that Zy is mq-regular. If ¢ > 2 we have the next sequence
oo = HY Ty ((mi—1)—(i—1))) = H(T(my—i—1)) = H(Z(m1—1)) = H (Zg(mi—i)) — ...

where H™(Zy((my; — 1) — (i — 1))) = H(Zg(my —i)) = 0. Then for all k > m; — i and
i > 2 we get that H(Z(k — 1)) = H'(Z(k)), so I is almost m;-regular except posibly for the

vanishing of H'(Z), but we use the following lemma.

Lemma 1.44. The sequence {dimg(H(Z(m)))}m>m,_1 decreases strictly to zero.
Proof. We use the next following exact sequence if m > m; — 1
HY(Z(m+1)) 2 HY(Zy(m + 1)) = HY(Z(m)) — H(Z(m + 1)) — 0,

then 0 < AY(Z(m + 1)) < WY (Z(m)). If we suppose that for some natural number m we
have h!'(Z(m)) = h'(Z(m + 1)), then p,, is suryective and using the following commutative

diagraman.
HYZ(m + 1)) —2" HO(Zy(m + 1))

HO(T(m +2)) 2™ BO(Z(m +2)

We conclude that the morphism p,,. is surjective. This implies that for all £ > 1 we have

hY(Z(m + 1)) = h*(Z(m + k)) but by Theorem [1.39, these are all zero. O
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The last lemma says that for all & > my — 1+ h'(Z(m; — 1)) the first homology H*(Z(k))
is zero and so Z is mg-regular for all mg > my + h'(Z(m; —1)). Now if we consider the exact
sequence

0—=>Z(m;—1)—= Oz(my —1) = Oz(my —1)/Z(m; — 1) = 0

and the large sequence of cohomology, we get that the morphism H°(Oz(m; — 1)) —
HY(Z(my — 1)) is surjective, i.e, h%(Oz(m; — 1)) > KN (Z(my — 1)).

Therefore P(m; — 1) = x(Oz(my — 1)) + x(Z(my — 1)) > hY(Z(m; — 1)) — 1 and so
my + P(my — 1) > my — 1+ hY(Z(my — 1)), then my = m; + P(my — 1) that is the integer
wanted to find. O

Base Change.

In section [1.16| we talked about some properties of flat families. We showed that given the

following diagram is commutative:

h g 1 n X
P2 29 Py
P q
g
T S
Base change diagram. (2)

If F is coherent sheaf on P" x S by Theorem [I.11] there exist base change maps
bi: ¢*R'p,F — R'q.h*F,

which are natural isomorphism if F is flat over S. But if we replace this for twists by a large
integer m, F(m) the b; with ¢ > 1 are isomorphism. In fact by [Har77, cap.IlI, Theorem 8.8|,

the higher direct images are zero, so we only are interested in the case i = 0.
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Proposition 1.45. Let T % S be a morphism of noetherian schemes on the base change
diagram. Suppose F is a coherent sheaf over P& and consider the diagram as above. There
exists mo € N such that for all m > my, the base change map by : g*p.F(m) — q.h*F(m) is

an isomorphism.

Proof. By the noetherian hypothesis it is possible cover S by finite affine open sets U;and
for any ¢~'(U;) find a finite cover by affine open sets V; ;, then is enough consider the case

where S and T are affine.

We know that for any i € Z, the map g*qs, Opr (i) — p«(1 X 9)*Opn (i) = p.Opz (i), is an

isomorphism, these maps are called base change maps.

Given a,b € Z and f : Opna) — Opzy and denoting fr = (1 x g)*f the pull-back of f

via (1 x g), we have the following commutative diagram:

g*7s,Ops(a + 1) 9611 9" s, Ops (b + i)
1 2
St
7z, Opr (a + 1) Pufrld) 77, Opr (b + 1),

where the maps 1 and 2 are the base change ismomoprhism. By the noetherian property of
S and [Har77, cap.Il, Corollary 5.18|, exist some positive integers a, b, 1,79 such that the

following sequence is exact:
or1 U Dro2 v
Opg (a) — OP@ (b) = F =0

and pulling-back by (1 x g) we obtain

br1 w bra v
Call G = Ker(v) and H = Ker(vr), so for any m € Z, we get the following exact sequences:

*U

w05 (a+m) "% .08 (b + m) Y 0. F - R'q.G(m) — 0
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and

p*OEBrl (a + m) p*ﬂm) p*OEBrz (b + m) p*ﬂm) p*}_T — Rlp*H(m) — 0,

where R'q,G(m) and R'p,H(m) denote the image of the first higher direct image functor of
¢:G(m) and p,H(m). Applying [Har77, cap.III, Theorem 8.8] , there exist mq € Z such that

R'q.G(m) = R'p,H(m) for all m > myg, then we have the following exact sequences:
q*OE?gl(a +m) et q*(’)]i?,g?(b +m) a-o) ¢ F — 0
and
p*O%fl (a+m) pruryn) OI?IQ(b +m) prrrign) pFr — 0.

Now we pull-back these exact sequences by ¢g and obtain:
g q*(”)@”(a +m) g g-um) q*(’)em(b +m) g7g-v(m) ¢ F —0

and

g pxur(m) *pavr(

PO (a+m) T g p. 0% b+ m) T gt p. Fr - 0,

Finally connecting these exact sequences with base change maps and using the five lemma

on the resulting diagram

g q*Oea”(a +m) —sg q*(’)@”(b +m)

9 pFr —— 0

|

g pFr —— 0

g p*C’)@T1 (a+m) —g p*(’)@”(b +m)

we get that the third row is an isomorphism. O]

In the next proposition we present a criterion for flatness if the base S on the base change

diagram [2] is noetherian.

Proposition 1.46. A coherent sheaf F on P% is flat if and only if there exist an mg such
that q.F(m) is locally free for all m > my.
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Proof. The first implication is given by part 2. ¢.F(m) is flat and then by part 5. of
[1.10] again, this is locally free.
Conversely, Let M, = ¢.F(r) and denote by M = @ M,. Then the sheaf F over

r>mo

P = Projg Og[xo, . . ., £, is isomorphic to M since [.(Opy) = S. Since by Hypothesis every
M, is flat then M it is. By part 3. for any variable z; the localization M, is flat over

q

v
Os. We can give a Z—graduation on M,, such that for any § = —% its degree is p,. On
x

)

M,, = @ M, ., the part (M,,)o of degree 0 is flat over Og. And we know that any affine

[

r>mo
piece U; = SpecS(S[@, ce &]) of P% we have that T'(U;) = M(U;), then ]:’P’z} is flat over
U;, therefore as {U;} form an open covering of P% we get that F is flat over S. O

Fitting ideals.

If F is a coherent sheaf on S there exist sheaves &, £; such that F = &;/& where &, & are
locally free sheaves of finite rank ey, e; respectuvely. Given any morphism f: & — & and
any r € Z we define the r-th fitting ideal of f and more generally the r-th fitting ideal of F

as follow.

Definition 1.47. The sheaves &y, &1 are called a local presentation of the sheaf F if F &
Eo/E1.
Let r be an integer. The r-th Fitting ideal F,.(f) is the image of the map

/\eo—rgl ® /\60—7”88/ R (’)37

induced by the map A" f: A®"E — A©OTE,. We agree that F.(f) = Og if r > ¢y and if
r < 0 then F,.(f) =0. If F is a coherent sheaf on S, we define the r-th Fitting ideal F,(F)
of F to be the r-th Fitting ideal of a locally free presentation of F.

Remark 1.48. The last definition is well defined. It says for any local presentation & EN &o
of F the r-th ideal F,.(f) is the same. In fact, suppose f is any local presentation of F,
and as this is local, let S = Spec(A) where A is a local ring, and E; free A—modules. Let
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g : A" — A™be a minimal presentation of F. Then there exist a commutative diagram of

A—modules:

Ey ! Ey F 0
i1,
A" J Am F 0

Where 7 and j are split monomorphisms. Then we have a monomorphism ¢ : A"7"A" ®
AT (A™)Y = AOTTE @ ATTEY then Im(g) = Im(f o ¢), but since ¢ is monomorphism
Im(f) = Im(f o ¢) and therefore F,.(g) = F.(f).

Proposition 1.49. Let F be a coherent sheaf on S, and let v be an integer. Then F is
locally free of rank r if and only if F._1(F) =0 and F.(F) = Os.

Proof. =] Clear.

<] Assume that S = Spec(A) for a local ring A. Let f: A™ — A™ be a local representation
of F. Let My the matrix of f. Since F,(F) = A, there exists an invertable minor of M; of
(m — r) x (m — r). For this invertible submatrix we obtain a new presentation of F say

g: A" — A" but F._1(F) =0, so g =0 and therefore F = A" /A"~™*" = A", O

Corollary 1.50. Let F be a coherent sheaf on S, and let r be an integer Let S.(F) be the
locally closed subscheme V(F,_1(F)) — V(F.(F)) of S. Then for any morphism g: T — S,

the pullback Fr = g*(F) is locally free of rank r if and only if g factors through the inclusion
S.(F)Cs.

Proof. Apply to the coherent sheaf Fr = g*(F). O

Flattening stratification.

In the last part we see under which conditions a coherent sheaf F over S and a morphism
g: T — S are such that the pullback sheaf ¢g*(F) is locally free over T. Here we come back
to the situation of Base change diagram, and want to know when a sheaf F over P¢ not

necessarily flat over S, is such that the pullback sheaf (1 x ¢)*F on P4 is flat over 7.
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A beautiful result of the section says that for any coherent sheaf F over P¢ there
exists only a finite number of Hilbert polynomials for the various geometric fibers F; for s € S.
Comparing this with theorem says that we can find a finite disjoint descomposition of
S, {S;} such that over any S; the sheaf F is flat. In fact this will be proved using the concept

of flattening stratification for a sheaf.

Remember the diagram in question

h - 1 n X
P2 P g Py
p q
g
T S

Base change diagram.

Definition 1.51. A flattening stratification for F over S depending of Base change diagram
is a finite disjoint collection {S;} of locally closed subeschemes of S, such that S =, S; as
a set, with the following property:

(1 x g)*F is flat < each ¢g~'(S;) is open and closed in T.
the theorem we need the followings results:

Lemma 1.52. Let f: T — S be a morphism of finite type of noetherian schemes, and let F
be a coherent sheaf on X. Then there is a non-empty open set U C Sieq Such that Fy is flat

over U.

Proposition 1.53 (Generic flatness). Let A an integral domain with field of fractions F,
and let B be a finitely generated A—algebra contained in F ®4 B. Then for some nonzero

elements a of A and b of B, the homomorphism A, — By is flat.

Proof. As F ®4 B is finitely generated as F—algebra, by Noether normalization’s lemma

there exists elements x1, ..., 2, € F'®4 B such that F[zy,...,x,] is a polynomial ring over
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F and F® 4 B is finite F[x; . .., xz,]—algebra. After multiplying each element z; by an element
of A, we may suppose that it lies in B. Let by...,b, generated B as an A—algebra. Each
b; satisfies a monic polynomial equation with coefficients in Fxy,...,z,]. Let a € A be a
common denominator for the coefficients of these polynomials. Then each b; is integral over
A,. As the b; generate as a A,—algebra, this shows that B, is a finite A,[z1, ..., x,]—algebra.
Therefore, after replacing A with A, and B with B,, we may suppose that B is a finite

Alxy, ..., x,|—algebra.
injective
F X4 B E ®A[z1,...,xn} B
finite finite finite
Alzy, ... 2, — Flay,...,2,) > g% F(xy,...,x,)
A F

Let E = F(x1,...,x,) be the field of fraction of A[zy, ..., x,], and let by, ..., b, be elements of
B that their form a basis for £ ® 4y, ... 2,] B as a E vectorial space. Each element of B can be

expressed as a linear combination of b; with coefficients on E. Let ¢ be a common denominator

for the coefficient arising from a set of generators for B as an Alxy,...,z,|]—module. Then
bi,...,b, generate B, as an Az, ..., x,|,—module is equivalent to the fact that the map
Alxy, ... 2], = By

r
(Cl7 s 7C7') = chbl
i=1

is surjective. This map becomes is an isomorphism when tensored with E over Afzq, ..., T4,
which implies that each element of its kernel that is killed by a nonzero element of A[zy, ..., 2],
is zero. This because A[zy,...,2,], is an integral domain. Hence the last map is an isomor-
phism, and so B, is free of of finite rank over A[zy,...,x,],. Let a be a nonzero coefficient

of the polynomial ¢, and consider the composition map
Ay = Adlzr, ] = Adr, -, 2]y = Bag
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The first and third arrows realize their targets as nonzero free modules over their sources,

and so are faithfully flat,and the middle is flat because is the canonical map of localization.

Let m be the maximal ideal of A,. Then mA,[z1,...,z,] does not contain the polynomial ¢
because the coefficient a of ¢ is invertible in A,. Hence mA,[z1,...,2,], is a propper ideal
of Ajx1, ..., 2], and so the map A, — A,[z1 ..., x,], is flat. ]

Corollary 1.54. There is a finite set of locally closed reduced subschemes Y; of S such that
their set-theoretic union is S and such that Fy, is flat overY; for alli. In particular, there is
only a finite number of Hilbert polynomaials for the various geometric fibers Fy for s € S, and
we may, if is necessary after collecting all Y; with the same Hilbert polynomial in the fibers,

index Y; by Hilbert polynomilas and write Yp instead.

Theorem 1.55. Let F be a coherent sheaf on P§. Then there exist a flattening stratification

{Sp} for F, indexed by numerical polynomials P, such that for all g: T — S, we have
Fr is T — flat with Hilbert polynomial P < g factors asT'— Sp — S.

Sketch of proof. In the case n = 0, say that F is a coherent sheaf on S and by we know
that the set {S,.(F)} forms a flattening stratification. For the general case with n > 1, let
F be a coherent sheaf on P¢ and ¢ : P¢ — S the natural projection. By [1.54] there is only
a finite numbers of locally closed subschemes of S, Y}, such that Fy, is flat over Yp. Then
applying for every sheaf Fy, we get a number mgy(P) (depending of P) such that the
fibers over points of Yp are mg(P)—regular. Taking the maximum of this number we find a
number myg such that F; is mg—regular for all s € S.

Therefore given any s € S the Hilbert polynomial of F; is determined by the number
hO(Fy(m)) for mg < m < mg + n (see the proof of [[.43). Then

{g"q.F (i) is flat over T Vi > my} < {g*F is flat over T'}

For each m > mq+mn, put M,, = @ ¢.F (7). Every M,, is a sheaf on S, and if m > mq+n,
1=myg
given any flattening stratification for it, this is such that the Hilbert polynomial is constant
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over fibers on each stratum, then as m grow, the flattening stratification for the M,, form a
locally sequence of locally closed subschemes of S with support on Yp. Then for large m by
the flattening strata for M,, is an strata for F. For a complete proof of this important
theorem see |[Fan05| O

Remark 1.56. The last theorem says that if we have a family 7" — S, then the base change
of F is flat with Hilbert polynomial P if and only if the family was actually T"— Yp C S. So
there is a subscheme Yp depending only on the Hilbert polynomial P for which Fy, is flat

over Yp.

1.7 Existence of the Hilbert scheme

Proof of[1.40. The proof is divided by steps. The idea is reduced to the case X = P% and
prove for that case there exist a natural map Hilbﬁ,g /s~ Grassg(r, ) of functors that induce
a closed immersion between some scheme H, and Grassg(r,£) and finally show that H, is

in fact the representing scheme of Hilbﬁg /s

1. Reduce to the case Pg.

Let X be a scheme, and let X - P% be a closed immersion for some natural number

n.

Suppose that Hilb%_;g /s is representable by a projective scheme H, and denote as V), its

universal family.

Let U, = V,N(X X, H,) the schematic theory intersection inside P} x g H,. Now by
there exist a closed subcheme ﬁp EN H, such that for any g : Z — H, the pull-back
g*(Up xm, Z) C X xg Z is flatt over Z with Hilbert polynomial p if and only if g factor
through j.

We claim that }NIp is the representing scheme of Hilbg(/s and U, is its the universal

family.
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In fact; let W € HilbY ((Z) C Hilbf;g 15(Z). There exist a classifying morphism ¢ :
Z — H, corresponding to W, such that W = (1pr x ¢)*V,. Finally we have:

(1py X ¢) 7'V, = (Ipg X )7 (V, N (X x5 Hp)) = (1py X ¢) 7T,

Since (1py x ¢)~'U, is flat over Z with Hilbert polynomial p, then we can factor (1py x ¢)
through 7 : I:Ip — Hp.

. Morphism of funtors.

Let Z % S be any S—scheme. We want to define a natural map
bz Hilbgg/S(Z) — Grassg(Q,E)(Z),

for some parameters € N and £ locally free sheaf on S only depending of the Hilbert

polynomial p.

Consider the diagram

Yy 4 PixgZ —— P

5 (3)

For some Y € Hilbﬁ;g (7). Let Spec(k) — Z any geometric point, pulling back we get
Yi g IP7. Denoted by Zj, the ideal sheaf of Zj, then :

X(Zi(m)) = x(BF, O(m)) — x(Yi, O(m)) = (m;f ”) — p(m) = Q(m).

The polynomial @ only depend of n and p, and by there exist a natural number
N such that Zy is N—regular.
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Now using the sequence 0 — Zy(N) — Opr(N) — Oy (N) — 0, we obtain by pushing

forward:

0= (¢'P)+Zy (N) = (¢°p)«Orz(N) = (¢"p)+Oy (N) = R'(g"p).Iy (N).

The last term is zero by the flatness of Zy and since H* (P}, Z) = 0 for ¢ > 1 and for any
fiber. By the N—regularity, we know that h°(Y;, O(N)) = p(N) and h*(Yy, O(N)) =0
for i > 1. Then we obtain gy = [(¢"p)«Opz — (9"p):Oy (N) — 0], where (g*p).Opn is
a locally free sheaf of rank p(IN). So we define

Oz Hilb{;g(Z) — Grasss(Q(N), p*Opr ) (Z)

by
Y — qgy.

Since the number N and the polynomial () depend only of the Hilbert polynomial p,
¢z is well defined.

3. Existence of Hilbﬁ,g.

Call £ = p*Opy(N), and denote by Grass := Grasss(Q(N),E). Consider the following

diagram:

Grass x g P¢ A Pt
™ p
Grass —— S (4)
Let Q be the universal rank d quotient of f*€ and K := Ker(f*€ — Q). consider the

map

K = 7 fp" Opy (N) = m3p"puOpy (N) = w30 (N),
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and call & its kernel.

By m, there is a flattening strata of Grass for (—N). Let H, % Grass the locally
closed subscheme corresponding to the Hilbert polynomial p. i.e. For any sheaf on
H, XGrass Grass xg Pé = H, xg P% is such that :*&(—N) is flat over H, and all its

fibers have Hilbert polynomial p.

Since & = 7m;0ps(N)/image, then i*&(—N) is a quotient on *750p:(N)(=N) =
i*wg(’)pg = OHpXSPg'

Then we can consider the exact sequence [0 — Z — Op,xgpn — ©*&(=N) — 0],

therefore exist a closed subscheme V, of Hp x g IP§ associated to the sheaf 7.

We claim that (H,,V),) represents Hilbf p. In fact; Let Y € Hilbgg (Z), by the second
step there is an element ¢y € Grasss(Q(N),E)(Z), so using the representability of
Grasss(Q(N), ) there exist a map ¢ : Z — Grass such that o*(f*€ — Q) = ¢*€ —
(9*p)«Oy (N). Since Q is universal then ¢*Q = (¢*p).Oy(N) as quotients of g*&, so
(Ipr X ¢)*& = Oy (N). Then (1pz x ¢)*&(—N) is flat over Z with Hilbert polynomial
p, but H, is such that ¢ factor through ¢: H, — Grass, then Y +— ¢|; : Z — H, is a
functorial map from Hilbpg(Z) to hom(Z, H,). .. H, represents Hilbpg.

1.8 Quot Schemes

Definition 1.57. Let S be a noetherian scheme, X be a projective S—scheme and £ a

coherent sheaf on X. We define the Quot scheme associated to X,& as the representing

object of the following functor:

Quote x/s : schg — Set
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Q sheaf on X7 = X xg T flat over T,
T[0T & 5 Q—0]| & is the pullback of £ over the projection / isomorph.
p: XT — X.

Where two sequences [0 = Z — & - Q — 0] and [0 = 7' — &p KINyo N 0] are isomorphic

if Z =7’ as submodules sheaves of &Er.
Theorem 1.58. The functor Quote x/s is a representable functor by a projective scheme.

Remark 1.59. When £ = Oy, the Quot functor (scheme) is the Hilbert functor (scheme),
it £ = O% the Quot scheme is the natural generalization for the Hilbert scheme and its
closed points are in correspondence with quotients sheaves of O . Furthermore the Grassman
functor (scheme) is a particular of some Quot functor (scheme). In fact for any 1 < d < r

the Grassmannian scheme Grass(r, d) is the representing object of Quoté%fz = Grass(r,d).

1.9 Bialynicki-Birula’s Theorem

The Bialynicki-Birula Theorem is an important tool in algebraic geometry which give a de-
composition of a smooth projective variety X over C with some G,,—action or an C*—action.
In the especial case where the set of fixed points of the action is finite this decomposition
it allows us to calculate the Betti number and the topological Euler characteristic of X.
For some similar results on these topics and the proof of the Bialynicki-Birula’s theorem see

[BB73b],[BB76).

Definition 1.60. Let x; be a fixed point of the G,,—action on X, then set
XM ={z € X|limt.x = x;}
t—0

the Plus cell associated to x;, and denote by T;“ the G,,—submodule where G,, acts with

positive weights.
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Remark 1.61. Let x be an element of X, and suppose that there exist some C*—action on X.
Define the map (—).z : C* — X, ¢ +— t.z. By the evaluation criterion there exist a morphism

¢ : P! — X such that, for any t € C*, ¢(t) = t, ¢(0) := limy_,ot.z and @(00) := lim; o t.7.

Theorem 1.62 (Bialynicki-Birula). Let X be an smooth projective variety over C with a
G,,—action, and suppose that the set of fized point X®m := {xy,...,x,} is finite.

1. The collection { X"} form a locally closed filtrable decomposition of X, i.e., X is filtered
by closed subsets ) = F1 C F}, C--- C F, 1 C F, =X such that F; —F;_y =X, for

some 1.

2. Fach X; is isomorphic to A" for some ny € {0,1...,dim(X)}, and T,,(X;) = T;*
as subspace of Ty, (X). In particular X equal to some union of affine spaces, so X is

rational.

3. The Chow ring A(X) is the free abelian group generated by the classes of X_;“, and

numerical and rational equivalence of cycles on X coincide.

Definition 1.63. Let k£ € {0,1...,dim(X)}, the 2k—Betti number of X denoted by bay(X) =
dim(H?(X;Q)), these numbers here match with the number of i € {1,...,p} such that

dimc T;" = k. In particular this counts the numbers of Plus cells of dimension k on the

decomposition.
As corollary we get the following important result for our work.
Corollary 1.64. 1. by (X) = rankg A*(X).
2. Xtop(X) = zi:né(x) bor(X) = number of fized points.
The second part of the last corollary is given by the equality over C,
AMX) = H* (X", 7),

and the odd cohomology are zero. X" denote the complex manifold associated to the algebraic

variety over C.
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Remark 1.65. The second statement of the last corollary still happens if X is not necessarily

a smooth variety, this is proved by A. Bialynicky-Birula on [BB73a] Corollary 2.

1.10 Some topics on Deformation theory

Deformation theory typically studies the "infinitesimal" changes of flat families X ENNyS
around neighborhoods of any point b € B. These infinitesimal changes are given by extensions

over rings of the type D, := k[t]/t"".

Here we are only interested in the basic case of deformations as say Hartshorne in his
book |[Har09|. It is : Deformations of some kind of subschemes of a given scheme X. (The

notation in this book say case type A.)

Tangent space of Hilbert schemes.

Definition 1.66. e Given any field k, we define the ring of dual numbers as the quotient

D := Dy = k[t]/t2.

e If X is any closed scheme over k and Y C X is a closed subcheme flat over k, we define
the first order deformation of Y as a closed subscheme Y’ C X’ := X x; D such that
is flat over D and Y/ xp k=Y.

We want to classify the first order deformation as above, this is basically because this
describes the first order deformation of any subscheme inside the Hilbert scheme. We study

the affine case.

Let B be a k—algebra and X = Spec(B), then give some subscheme Y C X is equivalent to
taking some ideal I C B. So we are looking for giving ideals I' C B®y k[t]/t* = B[t]/t* := B’
such that I’ inside B’/tB’ = B is exactly I and is flat over K[t]/t?. By the flatness condition
of B'/I' over D we get the exact sequence

0— B/I -5 B/I' > B/I -0,
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now suppose I’ is one of these ideals and consider the following diagram

0O—B—B —B—0

0—B/ILB/I'>B/T—0

Since the last two rows are exact then the top row is exact.

Proposition 1.67. To give some ideal I' C B" with all the properties required is equivalent
to giving some ¢ € Hompg(I, B/I). In particular if ¢ = 0 this correspond to the trivial
deformation given by I' = I & tI inside B' = B & tB.

Proof. Let w: B @& tB — B be the usual projection to B and let 0 : B — B’ be the section
map o(b) = b+ t.0, so B’ is a B—module with the product induce by o. Let I’ C B’ be
some ideal with all the properties required. Given an element = € I, let 2/ = x + ty for
some y € B be an element lifting x. If 2 has another lifting 2" = x + ¢y’ with 3y € B, then
¥’ — 1" = (y —y')t = 2t € t1, therefore we can define a map ¢ : I — B/I by ¢(z) = ymodl/,
where 2’ = x +ty € B’; so ¢ € Homg(I, B/I).

For the other side, let ©» € Hompg (I, B/I) be a morphism and define the set

I':'={zx+tylz € I,y € B,¢(x) = ymodI}.

Consider the diagram
0—’_[*’]XB/IB*>I—’0

|, I

0 I B—— B/ —— 0
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where 7 is the projection, so I’ = I x g, B, then given (z+ty) € I and (2’ +ty') € B', then
(x+ty) (2’ +ty') = 2'z+t(x'y+xy’), and the difference p(2'x)—(2'y+xy') = 2/ (p(z)—y)+xy’ €
I’ since p(x) —y € I’ and x € I, therefore I’ is an ideal.

If  denotes the usual projection from B’ to B, we have that w(I") = I C B, so the image

of I" inside B is I and then . (I') = I with Ker(,) = I therefore the next sequence is exact
0151 =10,

so considering the diagram above we get the exact sequence
0— B/I % B/I' = B/I — 0,

then B’/I’ is flat over D by the local criterion of flatness, [Har09, cap.l, Proposition 2.2].
Finally note that given any ideal I’ as before the map ¢ : I — B/I is exactly ; then

these constructions are inverse, and the case ¢ = 0 implies I’ = [. O

Now remembering that any ¥ C X which is closed and flat over k, define an exact
sequence

0—=1—0x —0Ox/I—0,

then locally we have that any morphism ¢ € Hom(/, Ox/I) correspond to some deformation
I' of I over the dual numbers D.i.e a deformation of first order Y’ of Y. Then by the last

discussion and |[Har77, cap.II, Theorem 2.8] we get the following important proposition.

Proposition 1.68. Let X be any projective scheme over a field k, and let [Y] € Hilbx/y, .
Then the Zariski tangent space of Hilbx i, at a point [Y] is isomorphic to Home (I, Ox /1) =
['(Ny, X) where I is the ideal sheaf defined by Y,
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2 Hilbert scheme of points

Given any projective scheme X and for any constant numerical polynomial P of value n, the
Hilbert scheme Hilb™(X) is called the Hilbert scheme of n points of X. This name make
sense because every [z] € Hilb"(X) is a collection of n points of X, formally;

Let Hilb™ : Schg — Set be the functor that associates to every S—scheme T' the set of
all closed flat families Z C X7 with a Hilbert polynomial constant equal n. If we denoted
Hilb"(X) by X" as the representing scheme of the last functor, we get a one-to-one corre-
spondence between the geometric points of X[ and the closed subschemes of X with Hilbert
polynomial n. Let Z be one of these closed subschemes, then its Hilbert polynomial is the
same as the Hilbert polynomial of its sheaf of ideal 7, and therefore Pr, (k) = n. This says
that SuppZy = {z1 ..., 2} is such that n = ). length(Z;) and so Z can be thought as a set
of n points of X with multiplicities.

The study of the Hilbert scheme, X" which parametrizes the 0—dimensional subschemes
of X is difficult in general. Here we focus on the cases X is a smooth curve or a smooth
surface using the methods in [ES87].

Now we turn to study the general case with base S for varieties over the complex number.

These cases motivated by the use of Bialynicki-Birula’s theorem.

2.1 Hilbert scheme of points over smooth curves and smooth sur-

faces.

The easiest case of study is when X is a smooth projective curve C. In this case it is not
difficult to see that C" = Sym™(C) = C x --- x O/%,,, where ¥,, is the symmetric group
in n letters. In particular (P')["l = P The case of projective smooth surface S is more
complicated and we show some properties of S following the treatment of Fogarty presented
in [Fog68].

To give some results it is necessary to define unipotent algebraic groups G and look at

how the fixed locus of X by some G—actions can be.
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For more information about unipotent affine groups see |Mill.

Definition 2.1. 1. A group G is said unipotent if it is a subgroup of a unitary ring and

for any element g € G, there is some n € N such that (r — 1)" = 1.

2. A group G is called an unipotent affine group if every nonzero representation of G' has

a nonzero fixed vector.

If we denote by U(n) the set of all upper triangular matrices of dimension n? with diagonal
entries equal to 1, then U(n) C PGL(n). There exist a characterization of unipotent affine

groups given by the next theorem.

Theorem 2.2. A group G is unipotent if and only if G is isomorphic to an algebraic subgroup

of U(n) for some n.
Remark 2.3. For any unipotent group G there is a morphism o : G — PGL(n).
Corollary 2.4. Subgroups, quotients and extension of unipotent group are unipotent.

With the last description of unipotent groups we can start to work in geometry.
Given any closed connected subscheme X of P™ over a closed algebraic field k, and given

a unipotent algebraic group G, if f: G — PGL,, is any k—homorphism, it induces a natural

/

'], where

action of G in P" given by g.[zo,...,%a] = [f(9)i]}j=0-[T0s - Tn] = [25..., 2
x, = Z?:o f(g)i—1jz;. Then if X is stable under this action, f induces an action of G on X,

and we have the following result.

Proposition 2.5. Let G be a unipotent group acting on X. If X¢ denote the set of fived

points of X under this action, then X is connected.

Proof. The proof is given by induction on the dimension of X. If dim(X) = 0, then there is
nothing to prove because X = X¢.
If X is a curve C, we use induction on the numbers of irreducible components. If C' is

irreducible then the G—action is trivial or C' only have one fixed point, this because every
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n

simple G—module is trivial. Let C' be a reducible curve and write C' = U C;, where every
i=1

C; is an irreducible component of C, and denote by C’ = U C;, (see the picture .

@m\\/ 5)

The intersection Cy N C” has only fixed points, let C¢ be the fixed locus of C;, by induction
this is connected, so if Cy has some point ¢ ¢ C§, then Cy only has one fixed point and
therefore the fixed locus of Cy intersect the fixed locus of C” which is connected and therefore
so is CY.

Let X be a projective scheme with dim(X) > 2. Suppose that X is disconnected. Then
there exist two points xg, £ living in different components of X, since X is projective there
exists a curve C' intersecting xy and x;. Denote by ) the Hilbert polynomial of C', and call
G’ the action on Hilb?( induced by f. Let z € Hilb?( be the point corresponding to the curve
C, denote by U the isotropy group of z, then U = G or U = {z}. In the first case, there is
a point 2y € U, and then 2 is a fixed point. Let Cy be the curve associated to z,. For any
point 2z’ € U, its corresponding curve C” is connected (Hilbert polynomial @) and intersect
the points zg, x1. Then Cj is a limit of connected curves intersecting xy and x; so this is
connected and intersect xy and w1, but these points are fixed, then C§ is not connected.

This finished the proof. O

Proposition 2.6. For any finite dimensional local k—algebra A, the Hilbert scheme Hilbg(/k
is connected where X = Spec(A).

Proof. Let G be the Grassmanian scheme Grassai(d,d —n) where d = dim; A. By con-
struction Hilb  is a closed subscheme of G. If M is the maximal ideal of A, we will induce
a (14 M)—action on G using Pliicker coordinates as follows. We consider the multiplicative
action of (1 + M) by multiplication on A, which give us a representation p : (1 + M) — S¢,

similarly (1 4+ M) act on the exterior product A" A, for that reason we find a representation
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ANp:(14+ M) — S(%). We know that G is a closed subscheme of P(A"A) by the Pliicker
embedding, and moving the columns of the matrices on IP’G]L((Z) — 1) by elements of S<Z),
we induce a (1 + M)—action on P(A"A) such that G is invariant. So (1 + M) act on
G. Then any quotient A/V on G is invariant if (1 + M)V = V therefore by Nakayama’s
Lemma V' is an ideal of A, then any invariant element by the action induce an exact se-
quence 0 =V — A — A/V — 0. Therefore the fixed locus of this action on G is Hilbx/
then by Hilbx/; is connected. O

In what follows, we will see some results in the case X = S is a smooth projective surface.
Proposition 2.7. S is irreducible

Proof. Consider the Chow morphism

ch : S — Sym™(9),

k
given by ch(Z = {zy,...,x,}) = Z length(O,,)z;. It is enough to show that every fiber of
i=1

this morphism is irreducible. Any point on Sym"(S) has the form Z n;x;, where > . n; =n
i=1
and z; € S. Then ch (> M%) H Hlle Ik where X; = Spec(Ox o,/ MY ,.) with Mx .,

ng
X,z

for any n; the Hilbert scheme Hilb’y Ik 18 connected by w Then S is irreducible. O

the maximal ideal of the local ring O xz;-But the algebra A = Ox ,,/ is local therefore

The following important propositions will be presented without proof but the idea of these
are to use Proposition and compare the dimension using Proposition to express the
tangent space as Hom(/,O/I) where O is a two dimensional local ring and [ is an ideal of

O, and finally use the following algebraic lemma:

Lemma 2.8. Let O be a two dimensional reqular local ring and let I be an O ideal primary
for the mazimal ideal, M. If the length of O/I is n, then length(O/A) < 2n. (Geometrically
this says that dim(T,Hilb™) is lest than or equal to 2n.)
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Proof. See [Fog68| or |Eis13]. O
Proposition 2.9. S is a smooth and projective variety.

Proposition 2.10. dim(S¥) = 2d

2.2 Euler characteristic and Betti numbers of Hilb?(P?)

At first we described a C* action on Hilb%(P?) and the following step is to show that this
action only has finitely many fixed points morder to use Bialynicki-Birula[I.62] and then use
the Young tableaux to count the number of fixed point and get the Euler characteristic of
(P?)[], Finally, using the cellular decomposition we find its Betti numbers. For this we follow
|[ES87].

Let G C SL(3,C) be the subgroup of diagonal matrices, and let wy, wy, wy be integers such
that wy < w; < wy and wy + wy + wy = 0. For any element ¢t € C* denote by A(t™v°, "1 t*2)
the diagonal matrix with entries nonzero ¢t*°, t“, t“2. Denoted by x, 1, zo the homogeneous
coordinates of P2. Given any element g € G, it acts on the point [z : x1 : 5] by multiplication
that is g.[wg : 71 : Ta] = [g11T0 : g22T1 : g33T2], and then C* acts on P? with weights wg, wy, wy
by t.[zo @ z1 : wo] = [tYOmg 1 tWlxy : t¥2x5], this action only has as a set of fixed points the
set of "corners’ [1:0:0] =p,[0:1:0] =p;,[0:0: 1] = py of P? and this induce a cellular
decomposition of P? given by Fy = py, Fi = L — pg and Fy, = P? — L, where L is the line
29 = 0. Then F; = A’ See@

b1 p1

I F,

Po b2 .FO D2 (6)

This action induce an action on Hilb"(P?), as follow. Given any g € G and any point

z:[O—>I—>(9£>Q—)O],Wedeﬁneg.z:[O—>I’—>O¢g*Q—>O}Whereg*isthe
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pullback of functions from O to O.

Given any closed subscheme Z of d points of P? which is fixed by this action, it is clear
that Supp(Z) C {po,p1,p2}. Then we can decompose Z as a union of Zy, Z;, Z,» where
Supp(Z;) = p; with length(Oy,) = d; and dy + d; + ds = n.

In orders to use we only need to prove the next lemma, since Hilb"(P?) is projective

and smooth as we showed in 2.9

Lemma 2.11. The number of fized points of Hilb™(P?) under the C*—action described above

18 finite.

Proof. Let 2 = [0 - Z — O — Q — 0] be an element of Hilb"(P?). Locally this looks
like a chain of modules of the type [0 — I — Clxg,z1,22] — @ — 0]. Then z is fixed
by the C*— action if and only if [ is fixed by the action on the coordinates xg, x1, x2, and
since the action on any polynomial p(xg, z1,z2) € Clxg, 21, 22 is of the form t.p(xq, x1,z2) =
p(t*oxg, t*“ zq, 12 x5), then [ is fixed under the action if and only if it is generated by mono-

mials and the set of monomials of degree n is a finite set, therefore the set of fixed points

((P?)I")C s a finite set. O

Our next goal is to count the number of fixed points.
Let Uy = {zo # 0} be an affine neighborhood of the point py, calling z = £ and
y =22 in U, then we have that any fixed point on (P?)I"] supported only on py has the form

z=1[0—1— Clz,y] - Q — 0] where Q = Clz,y]/] = @Cxi’“yj’“. On the corner py we
k=1
put boxes with the elements 279/ that appear in the decomposition of @ following the next

rules: on the first row put only powers of x growing to the right, in the first column put only
powers of y growing up, and the other letters 277’ put as a multiplicative table, for example

if Q = C® Cz @ Cz? @ Cy @ Cy* @ Caoy then we draw the figure [7] :

2
Y (7)
y|\ry

1|z |22
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We claim that the Young tableaux of length n and the fixed points supported only in py are

in 1 — 1 correspondence. In fact, if Q = Clz,y|/I = @Cxikyﬁ“, the letter 2% = 1 must
k=1
appear since I is a proper ideal, and if 27y’ is one of the letters on the decomposition of @

but 27'y" is not one of these, with i/ < i or j' < j, then multiplying by an appropriated power
of z and y the expression 27'y" we get that 27y’ is in the ideal I. But this can not happen.
Then every fixed point induces a Young tableaux and obviously every Young tableaux induce

a fixed point. This enables us to state the following theorem.

Theorem 2.12. If x(X) denotes the Euler characteristic of a given topological space X, then

XHIDP?) = > pldo)p(di)p(ds).

where p(d) denotes the number of partitions of d.

Proof. Let Z € (Hilb™(P?))*". Then Z = Z,UZ,UZ,, where Supp(Z;) = p; and length(Oy,) =
d; with dy + d; + do = n. Then from the last discussion, the set of fixed points of type Z;
is in correspondence with the set of Young tableaux of length d; which count the number of

partitions of d;. Then

H#HIL"(P) = > p(do)p(dh)p(da).

do+di+da=n

Finally by we get the result. O

Given any Z € Hilb"(PP?), this can be decomposed as the union Zy, U Z; U Zy where
Supp(Z;) C F; and length(Oyz,) = d; and writing W (do, dy, ds) as the set of all subschemes
of Hilb"(P?) of length(Oz,) = d;. We can write the Hilbert scheme of d points of P? as the

following union:

Hib'P*) = |  W(do,di,da).
do+di+da=d

If Z is expressed as ZyU Z; U Zs, each of these pieces are such that lim;_,o Supp(t.Z1) = p;.
Then W (dy,d,ds) is a union of elements of the cellular decomposition of Hilb™(P?). i.e.
W (dy,dy,dy) = W(dy,0,0) x W(0,dy,0) x W(0,0,dy) To calculate the 2k—Betti number of
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Hilb™(P?) we have to count the number of pieces in the decomposition of dimension k, but
this is the same as counting the number of these pieces that appear on W(dy, d;,ds). Then

we have the next lemma:

Lemma 2.13.

bar(Hilb" (P?)) = Z Z bap(W (do, 0, 0))bag(W (0, d1, 0))bar (W(0, 0, d2)).

do+di1+do=n p+q+r==k

For giving a more explicit formula we need to calculate the Betti numbers
bgk<W(d, O, O)), b2k<W(0, d, O)) and ka(W(O, 0, d))

For this we need to count the number of cells of the cellular decomposition of dimension k,
but D is some cell inside W (d,0,0) (resp.W(0,d,0),W(0,0,d)) if and only if Supp(D) = po.
Therefore we are interested in subschemes of P? with only one fixed point by G. Each of
these subschemes are inside an appropriate affine plane U; = {x; # 0}. As we see above,
any subscheme of P? which is fixed by the torus action supported only in a point p;, is in
correspondence with some ideal I of C[z,y| (z and y appropriated quotients), and fixed by
the maximal torus of diagonal matrices I' C SL(2,C), but this action can be seen from C*
using a 1—parameter subgroup t — A(t*, t#) where A and p are some weights. Then each of
these ideals are fixed by the C*—action t.p(x,y) = p(t*x, t*y), which says that I is generated
by monomials in the coordinates z,y and colength(7) is finite.
Let I be a monomial ideal and let Y7 its Young tableaux, the set {y%, xy®t, ... aiy® ... 2"},

where b; = inf{k € N|z/y* € I} = inf{k € N|z7y* ¢ Y7} is a non—minimal set of generators

for I. The following re clear properties:
e b,=0forr>0

e {b;};en is a non-increasing sequence

o Zlength(YI) = length(Clzx,y]/I).

J=0
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The proof of these properties is given by the properties of the Young tableaux and the

correspondence between I and Y.

Example 2.14. Suppose Y; isthe Young tableaux [7}

2

Y (8)
Yy |ry

1|z |22

Then, by = 3,0y = 2,by = 1,b3 = 0 and I = (y°, xy?, 2%y, 2°).

In |[ES87| they introduce the following notation: Denote Clz,y] as R and for any pair
a = (a,f) € Z% let Rla] = R|a,3]: = C[z,y][a, 8]. i.e. the double-graded module with
(R[c, 8])a = Rayta, given by the action t.2™y" = tAm=)gt=#(=Fy The symbols A and p
can be interpreted as characters of the C*—action (by diagonal matrix). Then we can write
Rlo, B] = Z APu?in the case where p = —a and ¢ = —f we find the elements of degree 0.
(=
We want to find some expression of the tangent space T;" for computing the Betti numbers,
using deformation theory we know that 7' = Hompg(I, R/I). Using some facts of homological

algebra we can compute Hompg (I, R/I) in the representation ring of C*. Ellingsrud and

Stromme in |[ES87] prove the following lemmas.

Lemma 2.15. There s a C*—equivariant resolution
0~ P RI-n] = @ RI-d] 510
i=1 i=0
where n; = (i,b;—1) and d; = (i,b;) and the map ¢ is defined by

o(Po(x,y),..., P(x,y)) = (¥, zy™,...,2").(Po(z,9),..., P(z,y)" € 1.
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Ife; =b;_1 —b; for 1 <i <r then

r 0 0
y* oz 0
0 2 x
M= Y
0
0 ... ... ...y
Proof. It is enough to show the maximal minors of M are precisely %, 2y, ..., 2" and that

easy to check. O

For the example we have:
do = (0,3),dy = (1,2),dy = (2,1),d3 = (3,0),
#: Clz,9)(0,3) & Cla,9)(1,2) @ Cla,9)(2,1) © Cla,9)(3,0) = I = (2°, 2y, 2y*, %)
is given by

e(Po(z,y), Pi(z,y), Po(z,y), Ps(2,9)) = v’ Po(x,y) + 2y’ Pi(z,y) + 2’y Pa(, y) + 2 P3(x,y)

and

x 0 0
y'! oz 0
0 oyt =
0 0 y?

for this matrix M the maximal minors are 32, xy?, 2%y and 2. The map ¢ is given by

x 0 0 xP(x,y)
1 Pl(xay)
. 2 xay =
0 y' = Py(z.y) yPy(z,y) + v Ps(z,y)
3\L, Y
[0 0 y'] | yBs(z.y)
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The following lemma will be useful to compute the Betti numbers and for the last part

of this work it will be used to calculate some Chern roots as will be shown with an example.

Lemma 2.16. In the representation ring of I' = C* we have the identity

bj—1—-1

Homg(I,R/I) = Z Z)&Jlbzlsl + N hien),

1<i<j<r s=b;

Example 2.17. Let | Y = Y7, then I = (y? zy,2?), the numbers b; are by = 2,b; =
1|z

1,by = 0. So by the Lemma [2.16{ we can compute the tangent space T'= Hompg(I, R/I) as

bj_1—1

Z Z}\'L]lbzlsl_i_)\]lsbll):T’

1<i<j<2 s=b,

if we call E(i,j,s) the expression (\=9=1ybi-1=s=1 4 \i=1,5=bi-1) "then we have
b;

2 j—1— 1 b1—1
T=> E(i=1js)+» E(i=27j=2s5)
j=1 s=b; s=ba
bo—1 b1—1
=N " E(i= )+ > E(i= )+ E(i=2j=25=0)
s=by s=bo
—Fi=1,j=1,s=1)4+E(i=1,j=2,5s=0)+E(i=2,j=2,5=0)
= (AT AT+ AT AT+ (AT A T,
therefore

T = (CA'RCu")B(CA°RCu B (CA2RCuN)B(CAN'R@Cu~?)B(CA'RCu’)B(CA'@Cu ™),

so T has dimension 6 as we hope and its Chern roots are —Ah, —ph, (—2X + p)h, (A —
2p)h, —Ah, and (A — p)h, where h is the generator of the C*—equivariant cohomology, see
section A1

In the next propositions we compute the Betti numbers.

Proposition 2.18.
bor(W(d,0,0)) = p(k,d — k).

Where p(n,m) := partitions of n using only positive integers that are less than or equal to m.
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Proof. Every z € W((d,0,0)) is such that Supp(z) = po, then z is inside Uy = Spec(Clz, y]),

x x
where x = —1,y = —2, and the action is induced by A = w; — wy and pu = wy — wy with
Zo o

wo < wy < wsy. If we denote T' the tangent space of Hilb”(]P)Q) at point z, then

711

T+:Z Z)\]zsb—l

1<i<j<r s=b;

and dim(T") = E:}: (bj_1— }:b_d by, and bo+by +- - -+b, = d. If 2 € W(d, 0,0)
i=1 j=i+1 i=1
has dimension k, this implies that £k = d — by, then by + by + - -+ + br = k. This proves the

proposition. 0

Proposition 2.19.

0, if k #d
bor(W(0,d,0)) =
Proof. If z € W(0,d,0) this is inside U; = Spec(Clz,y]), where z = @,y = ﬁ, the
il T

C*—action is given by A = wg —w; < 0 and g = wy — w; > 0. Then the positive part
of the tangent space T' at the point z is:

T+: Z le:lAzjlbsl

1<i<j<r s=b;

and so dim(T%) = 3%, 37 (bj—1 — b;) = >_i_; bi-y = d. This implies that

0, ifk#d
#{z € W(0,d,0)| z is a cell with dimension k} =

p(d), ifk=d.

Proposition 2.20.
b2k(W(Oa 07 d)) = p<2d - ka k— d)

Proof. The idea is the same as the last two proof, but the weights are A = wy — w; < 0 and

= w; —ws < 0, then

bj—1—1 r bj_1—1
T+: Z Z)‘lJleI—i_ZZMSibJ‘il,

1<i<j<r s=b; j=1 s=b;
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so dim(7") = d + by. Then if z is inside W (0,0,d) is a cel of dimension k, we have the
equality by = d — k and hence by + by --- 4+ b, = 2d — k. O

This give us a better formula for the Betti number:

b (HilD"(P?)) = ) > plg,do— @)p(dy)p(2dy — v, — dy).
do+di1+da=n q+r—k=—d1

Finally we present the next tables with some values of the Euler characteristic for various

parameters n.
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d = length | x(Hilb (P?))
1 3
2 9
3 22
4 o1
5 108
6 221
7 429
8 810
9 1479
10 2640
11 4599
12 7868
13 13209
14 21843
15 35581
16 57222
17 90585
18 142175
19 220425
20 338679

Table 1: Some Euler characteristic for Hilbl
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3 Quot scheme of points

3.1 Over smooth Surfaces

Let S be a smooth and projective surface, denote by M(S,E)(n, q,d) the Quot scheme

€ is a fixed locally free sheaf on S of rank n,

Quotsey(n,q,d) = [0 - K =& = Q= 0]
rank(Q) = ¢,c1(Q) = 0 and (Q) =d

The purpose of this chapter is the study of geometric properties of Mg ¢y(n,q,d) such
as smoothness, ireducibility, dimension, Betti numbers and Euler characteristic for different
values of parameters n, ¢, d.

Some of these properties have been studied before in different papers such as [EL99]|,[ES9S|
and [Str81]. We present a generalization of theorems about irreducibility and prove some

new results on smoothness.

3.2 Irreducibility

Ellingsrud and Lehn in [EL99| prove Theorem [3.1] calculate the dimension of the scheme
Ms,6)(n,0,d) and show its irreducibility. We give a generalization of this result, compute
the dimension of the scheme Mg ¢)(n,q,d) and show its irreducibility. The technique for the
proof is the same of Ellingsrud and Lenh, are the elementary modifications, calculation of

size of fibers for some specials morphism and induction.
Theorem 3.1. The scheme Msg)(n,0,d) is an irreducible scheme of dimension d(n + 1).

The last theorem is a generalization of Propositions and [2.7] because when n = 1
the scheme Mg¢)(1,0,d) is precisely the Hilbert scheme S [ with dimension 2d.

Let p =0 2 K = & = Q = 0] € Mgg)(n,qg,d). We will construct an element
p' € Msgy(n,q,d+ 1) via push-out and pullback diagram.

Let s € S, and suppose there exists a morphism EN k(S) — 0, then we have the

following commutative diagram:
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0 K & Q 0
IC/ 5 ]C/
0 0 (9)

PP=0—=>K —=&—=0Q = 0] € Mge(n,qgd+1), since c2(Q') = ca(k(s)) + c2(Q) =
1+ ¢3(Q). We say that p’ is an elementary modification of p or simply Q' is an elementary

modification of Q. This new element will be very important for the induction step on d.

Definition 3.2. 1. Let K be a coherent Og—sheaf, we denote by e(Ks) := homg(IC, k(s))
the dimension of the fiber K(s) = Ks ®p, k(s).

By Nakayama’s Lemma e(Ky) is the minimal numbers of generators of the stalk K.

2. Let Q be a coherent sheaf with zero-dimensional support, we denote by i(Q,) :=

homg(k(s), Q) the socle dimension of Q.

Lemma 3.3. Given any closed pointp = [0 = K = & = Q — 0] of M(s¢)(n,q,d). We have

the relation:
e(Ks) = 1(Qs) + (n = q).
For a proof of see [EL99]

Lemma 3.4. |i(Q;) —i(Q's)| < 1, for any s € S.

Proof. Applying the functor Hom(k(s), e) to the top row of diagram (9) we obtain the exact

sequence
0 — k(s) — Hom(k(s), Q') — Hom(k(s), Q) — Ext!(k(s), k(s)) = k(s)*?,
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We verify by looking at the dimensions. m

Now we describe a global version of the elementary modifications.
Let n,q be fixed parameters, consider the sequence of schemes {Y;}; where every Yy is

equal to Mg(n,q,d) x S = My x S and consider the universal sequence
0=>K—=>0y,cE—=9—N0.

Denote by Z the projectivization of K, then we have a the natural projection ¢ = (@1, p2) :
Z — Yy, where 1 : Z2 — My and ¢y : Z — S.

On the scheme Z x S there exist a natural epimorphism A which is the composition map

(01, 15) K = (1z,92): (12, 02)" (1, 18)'K = (12, 02): 0" K — (12,¢2).0z(1) := K.

Then given the family Q on Y; we can obtained a family Q' on Y, by push-out and pull-back

the following diagram :

0 K (%4 (¢1,15)'Q —— 0

00— (1,1s) K - 020 & - (¢1,15)*Q — 0

For every ¢ > 0 we define the closed subscheme
Yo ={(p,s) € Y4|i(Qs) =i, and p=[0 > K - & - Q — 0]}.

These sets form an stratification of Y.

Now we are ready to prove the main theorem of this section.

Theorem 3.5. For any d the scheme Yy is irreducible with dimension equal to (d + q)(n —

q) +d+2 and for any i > 0 we have that codim(Yy,;, Yy) > 2i.
As immediately corollary we have:
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Corollary 3.6. For any smooth projective surface S and parameters n, q,d the Quot scheme

Ms.gy(n, q,d) is irreducible with dimension (d 4+ q)(n — q) + d, unless if the Yy is empty.

Proof of theorem[3.5. We do induction on d.

Case d = 0. If d = 0 then every p € Mge)(n,q,0) is an exact sequence of the form
p=[0—K —E— Q— 0] where rank(Q) = ¢ and length(Tor(Q)) = 0, then Mg(n,q,d) =
Grass(q,€), so dim(Yp) = dim(Grass(q,n) x S) = (n — q)q + 2.

Case d+ 1. Consider 9 : Z — M(s¢)(n,q,d + 1) the classifying morphism for the family
Q' on the diagram and define ¢ = (1, 92) : Z = M(sey(n,q,d + 1) x S = Ygy1. Then

there exists j > 1 such that i(Qs) = j, where
¢(Z) = (pv S) € Yd-l—l = U Y;H-Lj'
p:[O%K—)g—)Q%O]EMS(n7Q7d+]-> j=>1

Let (p,s) be an element of Yy;, then by Lemma the fiber of ¢ over (p,s) is P(Ky)
where p =10 - K - & — Q — 0], and so dim(P(K,)) =i(Qs)+(n—q)—1 =i+ (n—q)—1.
in a similar way for any element (p', s) € Yy41; the fiber via the morphism 9 is P(Soc(K)Y)
and then dim(¢y~1(p/,s)) = j— 1. Now if p' = [0 = K' = £ — Q' — 0] is obtained by
elementary modifications of p = [0 - K — & — Q — 0]. Then by 1i(QL) —i(Qs)| < 1. It

can be expressed in terms of the fibers of 1) and ¢ as:

¢ (Yay,) C U o (Ya).

li—j|<1

Now using the induction step and the dimension of the fibers we find the relation

dim(Ygy1,;) < maxyj<{(d+q)(n—¢)+d+2-2j+(n—g+i—1)}t+1—
<max_jj<i{(d+q)(n—q)+d+1+2-2j+(n—q)+i—j+1}
S dln’l(Y;HJ) — 2] — Hlil’l‘i_ﬂgl{l' - ] + ].}

S dim(Yd+1) - 2]

The last inequality holds because minj;_jj<1{i—j+1} > 0, and then cod(Ya41,5, Yar1) > 27.
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To prove the irreducibility of Yy,; it is enough to show that Z; = P(K) is irreducible,
where K is the kernel of the universal sequence associated to Yy, ;. Since S is smooth and

projective, we can consider the finite resolution of locally free sheaves
0—=A—=B—= Oumgmgar) ®E = Q — 0,

with rank(A) = m and rank(B) = m + (n — q) for some m € N. Then Z C P(B) is
defined as the zero-locus of the composition map bo a: p*(A) = ¢*B LN Ops(1), and, by
induction, Y} is irreducible and Z is locally defined by an irreducible variety of dimension
(n—q)(d+q)+d+2+ (n—q+m—1) using m equations. In others words, every irreducible
subvariety of Z has dimension greater than or equal to (n — ¢)(d + g+ 1) +d + 1. On the

other hand, the dimension of the fibers of Y,; via ¢ is
dim(p ' (Vy:) < (n—gq)(d+q)+d+2—2i+ (n—q)+i—1

—n—q)d+q) +d+14+n—q)—i

=(n—q)d+q+1)+d+1—1.

Then, if ¢ > 1 the dimension of the fiber of Yy, is less than the dimension of the irreducible
components of Z, so ¢~ (Yy9) C Z is dense. Finally, since we know the dimension of the
fiber of Y11, we get that dim(Yy41) = dim(Yyqq,) +2 =dim(Z)+2=(d+1+¢q)(n—q) +
(d+1)+2. O

Finally we present a table with some dimensions for M (n, g, d).
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12

11

0

n|q|d|dim(M(n,q,d)

Table 2: Dimension
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Euler characteristic of M(n,q,d) and torus action
Here we are interested in obtaining a formula for the topological Euler characteristic of
M(szo]&)(n, q,d) = M(n,q,d).

For that we show how to construct a C*—action on it with finitely many fixed points, of
course at this moment we do not know if M(n, ¢, d) is smooth or not but by Remark in
any case we can compute the Euler characteristic as the number of fixed points by a torus

action.

Torus action

Let T be the diagonal action of C* on C", t.(ay,...,a,) = (t“'aq, ..., t" a,) for some weights
Uy, U, - . ., Uy € Z. Let wy, wy; and wy be integers such that wy + wy +ws = 0. Then we define
the torus action Ty (as before) on P? by t[ag : a; : as] = [t“ ag : t“a; : t“2as]. This action

can be extended to Op2 and called the extension 77.

Let T be the product action Ty x Ty on M(n,q,d), given any p € M(n,q,d) and for any
t € C*, the actionis tp=t[0 K > C"20 5L 0= 0=0>K->Cro0’™ 00,
where the function t* locally (Uy = {x # 0}) looks like t* : C"®C[x, y] — C"®C[z, y], (a;);®
p(x,y) = (tha;); @ p(tr—"ox, 12~ "0y).

The fixed locus of M(n,q,d) by T are the collection of short exact sequences p = [0 —
K—Cre0 L Q- 0], where

,C ::Z'—Sl @ @ISk @Onquk’

the support of every Z,. is contained in one of the corners of P2, py, py, po. Every ideal sheaf
k

Z,, is a monomial ideal and Z length(Os,) = d, this is for k in the set {1,2,...,n — q}.
i=1
Note that every possible permutation of the ideal sheaf 7, of I gives us a new fixed
point, because we count different submodules of O", and not simply abstract isomorphic

ideal sheaves.

By simplicity we denote the fixed locus M(n,q,d)" by A.
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Lemma 3.7. The set
51,...,8, €P?.d = Zle length s;,
A={[0=>T & L, ®0" "% 50" = Q= 0| Supps: C po,p1. po,
k=1,...n—q.
Is finite.

We have seen in the last chapters that the monomial ideals Z, are in correspondence with
the Young tableaux with length equal to length Oy, = L
Our purpose is to find some formula for the cardinality of A and with this get a way to

compute the Euler characteristic of M (n,q,d).

First we fix some k € {1,...,n—¢},and let =0 > Z,, ®--- DL, O 9% - O" —
Q — 0] be an element in A with a fixed immersion. This has to be such that Zle Li=d—k
because if some ideal sheaf Z,, appears then its length is at least 1. Now suppose that
L+ -+ L, =d— k is one of these possibles configurations, since every ideal sheaf can be
supported in pg, p1, p2 each L; will be distributed in triples of non-negative integers (dY, d, d?)

such that L; = dY + d} + d?. By the discussion given before to present Theorem we know

that we have P(dg ) possibilities to organize the support of the ideal Z;, at the point p;, so we
k 2
obtain the formula Z H Z HP(df ). Until now, we only have to count
Lyt Ly=d—k i=1 L;=d0+d!+d? t=0
the possibles elements x with a fixed immersion of Z, & - - - ®Z;, @ Ok 5 O™ to O™, then

n—k

we can vary these immersions of (Z) (n_ o

q) forms. The first combinatorial number says the
possibilities to choose the k immersions of the ideal Z;, on one of the n copies of O, similarly
the second combinatorial number counts the possibilities to send the n — k — ¢ copies of O

on the n — k free copies. Finally we vary k we get the formula :

winen =S (") S Y e w

k=1 Li+-+Lp=d—k i=1 L;=d?+d} +d? t=0

Let P be the set of all homogeneous polynomials over C of degree d—k in k variables. They

are in correspondence one-to one with the set of all k—tuples such that L1 +---+ L, = d—k,
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2
then denoting by 7,; = Z H P(d?) and n, = [[ np: we reorganize the formula|l11|as

Li=d)+d}+d? t=0
in the following theorem.

Theorem 3.8.

e =Y (3)(," 5 ) S

k=1 peP

where P is the set of all homogeneous polynomials over C of degree d — k in k variables.

Remark 3.9.

The case x(M(1,0,d)) = x(Hilb*(P?)) = Z p(do)p(di)p(dy) shown in Theorem [2.12

do+di+d2=d
is a particular case where £k = 1 is the unique possibility for numbers of points s;.

Smoothness of Mp2 on)(n,q,d) = M(n,q,d)

In general the scheme M(n, g, d) is singular for various parameters n, ¢, d. Here we find some
conditions on the parameters to get smoothness and show an example of the singular case.

For these we use the techniques of deformation theory presented on the chapter (1| section

[LI0

Lemma 3.10. Let x be an element of the singular locus of M(n,q,d). Then & = 1i1%t.x 8 a
—

fixed point.

Proof. Since the singular locus of M is a closed subscheme, then & € Sing(M). Define the
the map (—) -z : C* — M by t — t - x, by the valuation criterion there exist a morphism
¢ : C — M, such that for any t € C*, ¢(¢t) =t - x and ¢(0) = Z. (As in Remark [1.61])

Now define ¢ : C* x ¢(C) — M by (t,y) — t.y, then ¥(C* x ¢(C)) C p(C* x ¢(C)) =

#(C*) = ¢(C), so ¢(C) is a union of orbits, then ¢(C*) is a whole orbit, therefore 7 is a fixed

point. O

By the last lemma all the possible singular points on M (n, g, d) are fixed points by the

C*—action. We are ready to present the next result of this work.
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Theorem 3.11. For any parameters n,d the scheme M(n,n — 1,d) is smooth.

Proof. Let p be a fixed point by the C*—action T', then by the last discussion p is of the form
p= [O—>IZ—>(C”®(’)—>(9ZEBO("*1) —)0,]

where Z is a subscheme of P? of length d supported on torus fixed points of P2. And by
Proposition we know that the tangent space of M (n,n —1,¢) at a point p is isomorphic
to

Hom(Zz, 07 @ 0"~V = Hom(Zz, Oz) ® Hom(Z,, O)" Y.

Then dim(7,M) = 2d + (n — 1), the number 2d is the dimension of the smooth scheme
Hilb?(PP?) (proposition . On the other hand we know by Theorem that dim(M (n,n—
L,dy=(n—14+d)(n—n+1)+d=2d+ (n—1). Then for any point the dimension of the
tangent space at this point is the same of the dimension of the scheme M (n,n — 1,d).

Therefore M (n,n — 1,d) is smooth. O

As a counterpart of the previous theorem we have that for any 0 < ¢ < n — 2 the scheme

M(n,q,d) is singular.

Example 3.12. Consider the scheme M = M (2,0, 2). Then by[3.6|we that see dim(M(2,0,2)) =
2(2 4 1) = 6. On the other hand every point p is the form [0 — K — O* — Q — 0] where
rank(Q) = 0 and c»(Q) = 2. These can be classified in three types, since Q is a sheaf
supported in some subscheme Z of P? of length 2.

Types:

1. p=[0? = Q — 0], where Q@ = O,, ® O, and s; # s»;
2. p=10? = Q — 0], where Q = O and Supp(Z) = ¢ and length(¢) = 2.
3. p=1[0? - Q — 0], where @ = O,, ® Oy,;

For any of these kind of points we compute the tangent space of M at these points.
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1. Let p=1[0 = Z,, ® Z,, — O* = O, & Oy, — 0] be any point of the first type. Then

TpM gHOl’Il(Isl @ 1_527 (981 @ OSQ)
= HOHl(Is“ Osl) S HOID(.’ZS“ 082) D H0m<IS27 Osl) ® HOHI(IS?’ 052)’

so dim(T,M)=2+1+1+2=6.
2. Let p=1[0 = Z;0; — O? — Oz — 0], where Supp(Z) = £ and length(§) = 2. Then
T,M = Hom(Z; & Oz, O) = Hom(Zz,O) & Hom(Oz, O),
so dim(T,M) = 2(2) +2 = 6.
3. Let p=1[0 = Z,, ®Z,, — O? — Q — 0] be some point of the third type. Then
T,M = Hom(Z,, ® IL,,, O, ® O,,) = Hom(Z,,, O, )",
so dim(7,M) = 2(4) = 8 # 6.

Then the points of the third type are the singulars points on M, and clearly this imply
that M is not smooth.

In the proof of Theorem we see that the Hilbert scheme Hilb?(P?) appears in the
computation of the dimension of the tangent space, this is not a coincidence since we can
show that M(n,n — 1,d) is a P*'—bundle of Hilb*(P?).

Let p = [0 = K - O" - Q — 0] be an element of M(n,n — 1,d), at least one of
the compositions K = O™ 5% O is not the zero map. Then K =3° O is an inclusion for
some i € {1,2,...,n}, because K is a torsion-free sheaf of rank 1, and so it is isomorphic
to some ideal sheaf Z, where Z C P? is a closed subscheme of length d. We define the map
m: M(n,n —1,d) — Hilb*(P?) by:

0— Iy — O —Q ——0 € Mun-149

T k

0——I;-I)=0-0;——0 €Hilbld(P?),
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where ¥ denote the dual sheaf Hom(/C, Ox).

Remark 3.13. The map m is such that every fiber is isomorphic to P". Then we can show

that M(n.n — 1,d) is connected because the base of 7 and every fiber is connected.
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4 Atiyah-Bott formulas and virtual Atiyah-Bott formulas

4.1 Equivariant cohomology

For the understanding of the geometry of quotient spaces X /G of schemes X by an algebraic
group G action, i the equivariant cohomology H}(X) is defined. The trick is to exchange the

space X for a new space X and relate the cohomology of these two spaces.

Definition 4.1. Let G be reductive algebraic group. We call X a G—space if there exists

some action of G on X.

Not every G—space X is such that G acts freely. However G can be made to act ” freely

p to homotopy”. We explain how this is done.

Definition 4.2. A scheme F is called a universal G—space if it is a G—space with free action
of G and is contractible.
It is not difficult to see that when this universal space exists, it is unique up to homotopy,

for that reason we write it as Fg and refer to it as the universal G—space of G.

Definition 4.3. The G—equivariant cohomology of the G—space X is simply the cohomology
of the space Xg = (X X Eg)/G i.e.

HA(X) = H*(Xe).

The quotient space Fg/G := Bg is called the Classifying G—space. This space classifies the

principal G-bundles, that is B is the moduli space associated to the functor Bung(e).

Example 4.4 (Classical example). Let T' : C* be the 1—dimensional torus. The space
C>*—{0} = limC"™—0 is contracible and T" acts freely on it, then Er = C>*—{0}. Furthermore
—
Br = Ep/T = limC" — {0}/C* = limP" := P*°. The T—equivariant cohomology for a point
— —

pt can be compute as:
Hy(pt) = H*((pt X Er)/T) = H*(Br) = H*(P) = Q[A],

where A = —c¢;(Er) € H*(Br), in other words is the polynomial ring with coefficients in the

rational number with indeterminate \ of degree 2.
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Here are some facts above equivariant cohomology:

1. Given any G—space X, the equivariant cohomology H(X) is a H(pt)—module and
there exist a map o* : H*(X/G) — HE(X).

2. If the action of G on X is free, then H(X) = H*((X x Eg)/G) = H*(X/G x Eg) =
H*(X/G).
3. The map w : Xg — Bg is a fibration with fiber X.

4. Let V a G—equivariant vector bundle over the G—space X. Then Vi = (V x Eg)/G
is vector bundle over Xs. We define the define the G—equivariant chern classes of V'

as (V) :== ¢;(Vg) € H¥(X¢g) = HE(X).

4.2 Localization and integration Atiyah-Bott formulas

The group G will be a torus T" at this moment. Let X be a T'—space, and suppose that the

fixed locus X7 can be written as U X;, where every X is irreducible.

Th inclusion maps tx, @ X; —>Z X allows us to define the pull- back and push-forward
maps:

vxr + Hp(X) = Hp(X;) = H*(X) © Hp(pt),

and

rs s HE(X) — HE (X),

with r = cod(X;, X).
We do not say anything about the proof of the following important formula which can be

found in [Hus66, cap.Il, Theorem 2.8|.

Proposition 4.5. The composition map

Ger 0 txr - HE(X) = HE(X)
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is exactly the cup product with the T—equivariant Fuler class of the normal bundle of X at
Xi i.e.

e 0 (@) = U €T (N, (X)),
The example can be extend, changing 7' = C* by (C*)", and then the T'—equivariant
cohomology of a point is Hy := H}(pt) = Q[Xo, - .., A
Notation 4.6. We denote by Fr the function field of Hyp.

Proposition 4.7 (Atiyah-Bott). The class e (Nx, (X)) € H*(X;) ® Hy, has inverse on
Hr(X;) ®q Fr.

Sketch of proof. We can write the normal bundle as the direct sum of tensor of eingensub-
bunbles V, with line bundles L, associated to characters p,
NiX)= P VoL,
pEHom(T,C*)

Denote by z,; the j—th Chern roots of V,, then
e’ (Nx, (X)) = H H(xp,j + M),
P J

therefore

J

> (1) (%)) € H3(X;) ®@q Fr.

i P

oo = Th+ 1

Proposition 4.8. The association map ¢: @H(XZ) ® Fr — Hp(X) ®u, Fr, given by

o({a;}) = Z Lxr i(ai) is an isomorphism of Fr—modules.

7

Proof. Use directly the proposition [4.7] O

Finally we present two important formulas to evaluate integral of the form / o =
X
[a] U px, where px is the fundamental class of X, in terms of irreducible components X; of

the fixed locus and the class (e” (N, (X)))~".
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Definition 4.9. A class a« € H*(X) has an equivariant extension if it is the image of some

& € H3(X) via the pull-back map ¢*. i.e. t*(&) = a.

Theorem 4.10. 1. Atiyah-Bott localization formula. Given any & € H};(X), then:

a = ZLXT <—NX( ))>

2. Atiyah-Bott integration formula. For any a € H*(X) with a equivariant extension &

/xa - /XT/BT “ Z/XT/BT <%> |

Theorem is proving by calculation using Propositions [£.5) and [£.7]

we have:

As example of the use of the theorem [£.10] we show how compute the topological Euler

characteristic of some T'—space X.

Proposition 4.11. Let X be a T—space, and suppose that XT = UXi‘ Then

:ZX(X

Proof. Recall that x(X) = / e(TX). Then by |4.10] we have
X

) = [T = | T
T (TX)

_Z/XT/B XT/\/’—F)
:;/Xie(TXi)
ZZi:X(X)

O

Remark 4.12. Note that [4.11] give a proof of [1.62] because under the hypothesis that every
X; is a point, we have y(X;) = 1 and then y(X) = Z 1 = # Fixed points.

fixed points
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4.3 Virtual Fundamental class.

The virtual fundamental class of some scheme X is the substitute of the fundamental class
for singular schemes. The virtual fundamental class [X]V" € H*(X)ay,(x), where dyi(X)
is the virtual dimension of X, thus the virtual fundamental class a cohomology class in the
expected dimension of X. If X is such that its real and virtual dimension are the same we say
that X has correct dimension and in this case the [X] = [X]V". To have a correct definition of

virtual dimension it is necessary to introduce a perfect obstruction theory for X. See |[GP99|.

Suppose here that X can be embedding in Y, where Y is a smooth variety over C.

Definition 4.13. A perfect obstruction Theory for X is amap ¢ : [E~' — E°] — L%, where
E' is a sheaf on X and L% = | )ﬁ/y — Qy|n] the 2—truncated cotangent complex, such

that ¢ induce a isomorphism on 0—cohomology and a surjection on (—1)—cohomology.

Definition 4.14. Given a Perfect obstruction £ for X. The Virtual dimension of X
(depending of E) is defined by dyi,(X) = rank[E] — rank[E~1].

Proposition 4.15. The virtual dimension is independent of the perfect obstruction for X

and only depends on the cohomology of L% .

Definition 4.16. Using the last proposition we can define the Virtual dimension of X as:
rank h° — rank A1

Proposition 4.17. With the conditions above the following inequality holds:
dyi(X) < dim(X).

Definition 4.18. We say that X has the correct dimension if the inequality in is an

equality, and we say that X is unobstructed if the (—1)—cohomology is trivial, i.e. h~1 = 0.

To construct a perfect obstruction theory we will assume that a group G is acting in X, Y
and the embedding from X to Y is G—equivariant. Since we always use C*—actions, in this

work we can assume G = C*.
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Under these hypothesis the cotangent complex of X is L% = [I/I? — Qy], where I is the
ideal sheaf of X as closed subscheme of Y. Using the fact there are enough locally-fee sheaves
|[Har77|[ex.6.8, cap III], it can be how hat there is an equivariant perfect obstruction theory
¢: E* — [I/I* = Qy], where ¢ is a map of 2—terms complexes.

Using the commutative diagram

Efl L EO
¢—1

0
/12 g,

d

(12)

We get the exact sequence of sheaves

(

EYY et %y o,

where (i, e) = d(i) — ¢°(e).
Let Q = ker(vy). Taking cones there, exists an exact sequence 0 — Ty — C(I/I?)x x Ey —

(Q) — 0, (E" = EY). Note that C(Q) is a closed sub-cone of Fj.

Definition 4.19. Let D = C(X)|y xx Fj this is a closed subcone of C'(I/I?) x x Ey. With
the notation above we define the wvirtual fundamental class of D by [D]V¥ := D /Ty, this is
a subcone of C'(Q)) and hence of Ey, and the Virtual fundamental class of X as the refined

intersection [D]V" N [0p,], where Op,, is the zero section of the vector bundle F;.

Notation 4.20. The notation X denote the scheme theoretic fixed point locus, i.e. If
X = Spec(A), then X¢ = Z(I), where I = (C* — eigenfunction with nontirvial characters).

Is easy to see that X¢ = Y9 N X and if Y& = (U, Y; irreducible decomposition then
X; = X NY, form a decomposition of X.
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Given any coherent sheaf S on X, this can write as S = @Sk, where S* = C* —
keZ
eigensheaf of degree k. Then S° = S¢ is the fixed part of S and S™% = @Sk, is the

k0
moving part of S.

With the last notation we have that if Qy|}G,Z = Qy, then QX|§; = Qx,.
Proposition 4.21. Let E} = E°*|y. , we have a map ; : EXC - LY., given by
EC % e ¢ DL
Then @; is a perfect obstruction theory on X;.
By the last proposition [4.21] we can construct a virtual structure over every X;.

Definition 4.22. The virtual normal class is by definition N : (E,, 7)™°".

Definition 4.23. Let [By — Bj] be a 2—complex, the top Chern class is given by ¢, ([ By —
Bi]) = e([By — Bi]): =e(By)/e(By), in the cases where it can be defined.

4.4 Localization and integration virtual Atiyah-Bott formulas

With all the terminology given above we have a natural structure to give a virtual general-

ization of theorem In fact

Theorem 4.24. Let . : X — Y the C*—equivariant embedding of X into a smooth scheme

Y. Then
. [Xi]Vir
Vir __
X = Y s

%

and

where A is bundle of rank equal to dyi (X).
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Remark 4.25. e Since N is a complex with nonzero C*—weights, e(N") is invertible
in

He. (X): = Heo(X) ®qp Qt, /]

e The second formula should be a consequence of a localization formula in equivariant

H*(X)—groups. The key result on a nonsingular Y is the formula given in
Y]
Y] =1 ——— € Hi (X)),
[ ] L ;e(NZ) (C,t( )
e Here we only present a proof of in the most basic case, i.e. when Y is a nonsingular
variety with a C*—action, and given any C*—bundle V on Y we take some equivariant

section v € T'(Y, V)% and define X as the zero section Z(v) of v inside Y. The general
proof can be found in |[GP99|.

e In the final section of this work we will go to present a concrete example of the use of

these results.

Proof of [4.24. First considering the diagram

E* = [V\/'X M Qle]

() Loy |x

L* =[I/I? —— Qy|],

We have a perfect obstruction theory for X. In this case the virtual class of X is just the

refined Euler class of V', so

(X = erer(V), (13)

where the expression of the right hand is the refined product between the graph of v and

the zero section,i.e. I', N 0,.
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Now observe that since v is a C*—invariant section then v € I'(Y;, V,%) and X; = Z(v)NY;,
and by the proposition we obtain a perfect obstruction theory for the pair V,¢ and
v e HYY;, VE):

(V€)Y — Q]
and therefore
[XG]Y = erep (ViO). (14)
The virtual normal bundle is by definition the moving part of the complex [Ty, — V;], but

the moving part Ty, is just the normal bundle of Y;, i.e. NY* = [Ny,,, — V"], thus

(2

. €(Ny.‘ )
NViny. — qy 15
6( 7 ) e(‘/;mov) ( )
Now substituting in the expression
. [Xi]Vir
X Vir _ . -
I =2
the expressions given by and [I5] we are reduced to proving
eT@f(‘/iG) N e(VTimOV) . eref(Vi)
eref(V) = ta = 14 —_
V) =) =) 2 o)
But by the localization formula on Y we have that
[Yi]
Y] =1 _—
vl ZZ: e(Nyily)
and capping with e,.;(V') we obtain
erey(V) N [Yi]
eref(V) = L4 S VE vamm 16
V)= = (16)
this because pullback commutes with take e,f(.).
But, V; = V, @ V™V and since the section is entirely in V,¢, hence
eref(Vi) = ereg(Vi€) Neres (V™),
finally substituting the last equality in the equation [16] we obtain the theorem. O
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5 Final example

Finally in this thesis we show an example of how to use the Atiyah-Bott’s formulas for

compute the virtual Euler characteristic of M = M (3,2,2).

/ 1 =270.
[M}Vir

The rest of this chapter is devoted to proof this statement. Let wy < w; < ws the weights

Example 5.1.

of the action of C* on P2, we call = ws — wp; A = wy — w; and v = w; — wy the weights of

this action around the corners of P2. We have the following picture:

_77)\7

and p+ A+ = 0. Then the C*—action T on M depend of the weights ug, ..., u, given by
the C*—action on C" and \, p since v = —(u + A).
Using the virtual Atiyah-Bott’s formulas we can write

1
y = / 1= / L
(M]Vir Z ] eT(N’U’L’I”)

fixed points

Now recall that
[N]V” = @5:1@;:1]3}&.(]217 Ozi>@f=1EXt.(]Zi7 Oq)@jzlEXt.(On_q_k7 Oz’j)@EXt.(On_q_ka 0)7

and the fixed points of M are short exact sequences of the form [0 — Z, ® O° — O3 —

0, ® 0? = 0], in our case n — ¢ — k = 0 and so
[N]V" = Ext*(I.,0.) @ Ext*(I,, 0%).

Then
1

Y= Z /[pﬂ er(Ext*(I,,0,))er(Ext®*(I,, O))er(Ext*(I,,0))

(18)
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The last formula shows us that we have to do three things to compute the integral:
(1) compute the dimensions of all different Ext group involved, (2) find all the pictorial
configurations of the possibles fixed points and (3) calculate the Chern roots of the Ext
groups depending of the type of points in the configurations.

For (1), we identify Ext’(I., O.) as the tangent space of (P?)1?l at point I, and Ext'(I,, O,)
as the obstruction space at the same point, so dim(Ext’(I;, 0.)) = 4 and dim(Ext' (1., 0,)) =
2.

The group Ext’(I,,0.) has dimension 1; in fact, let f: I, — O any homomorphism,
then f: Llp_(y — Op2_(;y = O, is such that f(1) = o € T'(P? — {z},0), but since
codpz({z}) = 2 the section o can be extended to T'(P?, O) = C, call such extension c.
Let 0 = f —c: L|p2_f2y = Op2_yy, then f —c = 0 everywhere but no one morphism from I,
to O has kernel because I, is torsion free, therefore f is give by scalar multiplication.

Finally we use the Grothendieck — Hirzebruch — Riemann — Roch's theorem G-H-R-R
(see |Har77], Appendix A.) The Euler characteristic by definition is

X(I,,0) = 22:(_1)%' dim(Ext'(1,, 0)) = dim(Ext’(L., 0)) — dim(Ext! (L., 0)),

=0
and by G-H-R-R we have
V(I 0) = / ch(L)td(T) = / (1-2)(1+w) = 1,
P?] P?]
where w is the virtual class of a point in P2, then dim Ext'(I,,0) = 2.
Given these dimensions, we have:

v / co(Bxt'(I,,0,)) c(Ext'(L,,0)) co(Ext'(I,,0))
i c1(Ext(L, 0.)) 1 (Ext’(L,,0)) a1 (Ext’(L., 0))

Fixed locus

(19)

Step (2) configurations. The unique ways to distribute 2 boxes (in Young Tableaux) in

three corners are:

1. On py : * land
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3. On p; : |_land

7. On pgand py L ;L |
4. L] 8. Onpgand py L ||
5. On py : |"_land

9. On p; and po :L"1;

Each of these nine configurations of fixed points can be injected in three different copies

of O, so the number of fixed points is 27.

Step (3) Chern roots. First we will compute the top Chern class c4(Ext"(I,, O.)), for this

we use lemma [2.16 as in the Example 2.17]

e On py the configuration || | has Chern roots are —2uh, Ah, —uh, (1 + A)h, then
ca(Bxt®(I1,,0,)) = 2p*A(pn + A)h* and || has Chern roots —gh, 2\h, Ah, — (i + M)A,

then c,(Ext’(I,,0.)) = 2u)?(u + \)h?.

e On p; the configuration || * | has Chern roots are 2(u + A\)h, ph, (u + N\)h, —Ah,
then cs(Ext’(1,,0,)) = 2(p + A)?uAh* and || has Chern roots (u + A)h, 2uh, —(p +

M)A, Ah,then ¢y (Ext’(I,,0.)) = 2(u + A\)®Ah*.

e On p, the configuration || * | has Chern roots are —2\h, —(p + A)h, —Ah, —ph, then
cs(Bxt®(1,,0.)) = 2X2(p + A\)uh* and || has Chern roots —Ah, —2(u + A\)h, —(u +

AR, ph, then cy(Ext®(1,, O.)) = =2 (1 + \)?uht.

e At the different points pg, p1 and py the Chern roots of

are —ph, A\h; —(u+A)h, —uh

and —Ah, (i + A)h respectively and then for the configuration 7. cy(Ext’(I,,0,)) =
—puh?, for 8. cy(Ext®(I,,0,)) = p?+ Aph? and for 9, cy(Ext’(I,,0.)) = —(Au+A\?)h2.

We can use without lost of generality that I, injects on the i— th copy of O, then we

have some relations between the weights w}s and A, u on the Ext groups and its top Chern
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classes. The Group Ext(A, B) depends on the u}s if and only if A and B are subsheaves
and quotients of different copies of O, because if they are in the same copy we only act with
weight usu; ' = 1; furthermore Ext(A, B) does not depend on g and X if and only if the
morphisim are given by scalar multiplications.

By the last discussion we see that ¢; (Ext(I,, O)) only depend on u}s. Then ¢; (Ext(/,,0)) =
(ug — u;)h.

Now to find cy(Ext' (1., 0)) we consider the short exact sequence
0=>1.—-0—0,—0,
and apply the functor the functor Hom(7,, e) to get the long exact sequence
0 — Hom([I,,I,) — Hom(/,,O) — Hom(I,,0,) —

— Ext'(L,, ) — Ext'(I,,0) — Ext'(I,,0.) —
— Ext?*(I,,1,) — Ext?*(I,,0) — Ext*(I,,0,) — 0.

Since dim(Ext’(I.,0)) = 1, then dim(Ext"(l,,.)) = 1. Considering Ext’(l,,0,) and
Ext'(I,,1.) as tangents spaces they both have dimension 4. By G-H-R-R Ext'(I., ) has
dimension 2 and dim(Ext'(I,,0.)) = 2 because is an obstruction space.

Finally since Ext*(I,,I.) = Ext*(I.,0.) = Ext*(I,,0) = 0, by Serre Duality we obtain

the isomorphism
Ext'(I,,0) = Ext'(I,,0,) = Ext*(0,, 0,) 2 Ext*(0,, 0, ® K),

where K is the canonical sheaf.
This show us that we have to compute the Chern rooots of K, for the different points
Do, p1 and ps and for all of the nine configuration of fixed points. In the next tables we present

these Chern roots.
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Then,;

Sheaves over py

Chern Roots

T
T\/
K = ATV

A, —pih
—\h, jih
(k= A)h

Table 3: Chern roots.

Sheaves over p;

Chern Roots

T
T\/
K = N\2TV

—(p+ A)h, ph
(:u + A)ha _,uh
—(2p+ AN)h

Table 4: Chern roots.

Sheaves over po

Chern Roots

T
TV
K = N?TV

“ AR, — (1 + \h
AR, (12 + A)h
(1 +2M\)h

Table 5: Chern roots.
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Points | Sheaf Chern roots.

K (L—Nh
0.9 K (k= Ah, (21— A)h
Po Hom(O., 0. ® K) (1= A)h, (210 = A)h
Ext!(I,,0) 2 Ext?(0,,0, @ K)V | (—u+ A)h, (A = 2u)h
K —(2u+ AN)h
0,9 K —(2u 4+ N)h,—(Bu+2\)h
n Hom(0,, 0, ® K) — (214 AR, — (31 + 2\)h
Ext!(I,,0) 2 Ext’(0,,0, ® K)¥ | (2u+ A\)h, (3 + 2)\)h
K 2\ + p)h
P2 0.9 K (2A 4+ p)h, (BA+ p)h
( )h

Hom(0O,, 0, ® K) 2X+ p)h, (3A+ p)h
Ext'(I,,0) =2 Ext’(0,,0, @ K)¥ | —(2X\ 4+ p)h, —(3)\ + u)h

Table 6: Chern roots of Ext'(I., ).

Since the groups Ext! (1., O) depend on the u}s we have three possibles top Chern classes

which are summarized in the next table:

Points | cy(Ext' (1., O))

Po (up — w; — p+ A)(ug, — u; — 2p + A)h?
2} (ugp, — ws + 20 + N)(up, — u; — g+ 2X) b2
P2 (up, — u; — oo — 22) (up — w; + X + 2u)h?

Table 7: top Chern Classes of Ext'(I,, O).

Note that in the expression the variable h has degree 6 in the denominator and
the enumerator, so this shows that the value of is in fact a number. Putting all the
information together in (19) we get nine integrals because we have precisely nine possible

configurations of points. The result of this computation have to be multiplied by 3 ( number
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of possible injections). Then

Y:3( H(EI,E°)+/ H(El,E0)+/ H(El,E0)+/ H(E', E%)+
2) 3) 4

(1)
ne e+ [ mE ) s [ HE e+ [ HE e [ e e),
6 7

(5) (8) (9)

where every integral is computed over the configurations of points indicated within parenthe-
co(Ext!(1,,0,)) eo(Bxt'(I,,0) c(Ext!(I,,0))

is H(E', E°) is th i : : . W -
sis H ( ) is the expression A (Ex(1..0.)) e (Ext"( .. 0)) or (Ext®(L.. O)) e com
pute the first of these integrals to demonstrate how the calculation is performed.
A computation shows that Y = 3(90) = 270.
Example of computation:
/ H(E' E°) = jé H(E', E%) (20)
1) .po
For the data H, po we have:
o ¢, (Ext’(I.,0)) = (ux — u;)h
o co(Ext'(1,,0)) = (up — u; — p+ N)(ug — u; — 20 + \)h?
o &o(Ext'(I,,0.)) = (—p+ \) (=2 + \)h?
o c,(BExt’(I,,0,)) = 2uX?(p + \)h™.
So
jé H(E' E°) = (21)
(=g + M) (=20 + M) (u — uy — 2p+ X)?hS (22)
20N (11 + ) (ug — ;) 2h0 B
(= 4+ A) (=20 + X)) (ug, — u; — 2+ N)?
(23)
2022 (i 4 A) (up — ;)
(24)
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If we take weights wg = —1,w; = 0,we = 1 and u; = 1,us = 2,uz = 3, the expression (24)

become in:

—15 —2—5 15 < k—i—5 585
ZZ/ E :—12; /pOl:T' (25)

k=1 ik

This is one of the 9 x 3 = 27 computations which are necessary to get the value Y = 270.
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