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Theory of Spinors in Curved Space-Time
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The interaction between spinors and gravity is the most complicated and subtle interac-
tion in the universe, which involves the basic problem to unified quantum theory and general
relativity. By means of Clifford Algebra, a unified language and tool to describe the rules
of nature, this paper systematically discusses the dynamics and properties of spinor fields in
curved space-time, such as the decomposition of the spinor connection, the classical approxi-
mation of Dirac equation, the energy momentum tensor of spinors and so on. To split spinor
connection into Keller connection Y, € A' and pseudo-vector potential 2, € A? by Clifford
algebra not only makes the calculation simpler, but also highlights their different physical
meanings. The representation of the new spinor connection is dependent only on the metric,
but not on the Dirac matrix. Keller connection only corresponds to geometric calculations,
but the potential €, has dynamical effects, which couples with the spin of a spinor and may
be the origin of the celestial magnetic field. Only in the new form of connection can we
clearly define the classical concepts for the spinor field and then derive its complete classi-
cal dynamics, that is, Newton’s second law of particles. To study the interaction between
space-time and fermion, we need an explicit form of the energy-momentum tensor of spinor
fields. However, the energy-momentum tensor is closely related to the tetrad, and the tetrad
cannot be uniquely determined by the metric. This uncertainty increases the difficulty of
deriving rigorous expression. In this paper, through a specific representation of tetrad, we
derive the concrete energy-momentum tensor and its classical approximation. In the deriva-
tion of energy-momentum tensor, we obtain a spinor coefficient table S!}’, which plays an
important role in the interaction between spinor and gravity. From this paper we find that,

Clifford algebra has irreplaceable advantages in the study of geometry and physics.
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I. INTRODUCTION

Dirac equation for spinor is a magic equation, which includes many secrets of Nature. The
interaction between spinors and gravity is the most complicated and subtle interaction in the
universe, which involves the basic problem to unified quantum theory and general relativity. The
spinor connection has been constructed and researched in many literatures[1-6]. The spinor field is
used to explain the accelerating expansion of the universe and dark matter and dark energy[7—12].
In the previous works, we usually used spinor covariant derivative directly, in which the spinor
connection takes a compact form and its physical meaning becomes ambiguous. In this paper,
by means of Clifford algebra, we split the spinor connection into geometrical and dynamical parts
(Y,,Q,) respectively. This form of connection is determined only by metric but independent
of Dirac matrices. Only in this representation, we can clearly define classical concepts such as
coordinate, speed, momentum and spin for a spinor, and then derive the classical mechanics in
detail. T, € A only corresponds to the geometrical calculations, but Q, € A3 leads to dynamical
effects. {2, couples with the spin S* of a spinor, which provides location and navigation functions
for a spinor with little energy. This term is also related with the origin of magnetic field of a
celestial body[13]. So this form of connection is much helpful to understand the subtle relation

between spinor and space-time.
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The classical theory for a spinor moving in gravitational field is firstly studied by Mathisson[!4],
and then developed by Papapetrou[15] and Dixon[16]. A detailed derivation can be found in [17].
By the commutator of the covariant derivative of the spinor [V, V], we get an extra approximate

acceleration of the spinor as follows

o) = = 4 = Ry (2)57 (a1), (1)
where R,g,s is the Riemann curvature, u® 4-vector speed and 579 the half commutator of the
Dirac matrices.

(1.1) leads to the violation of Einstein’s equivalence principle. This problem was discussed
by many authors[17-24]. In [18], the exact Cini-Touschek transformation and the ultra-relativistic
limit of the fermion theory were derived, but the Foldy-Wouthuysen transformation is not uniquely
defined. The following calculations also show that, the usual covariant derivative V,, includes cross
terms, which is not parallel to the speed u* of the spinor.

To study the coupling effect of spinor and space-time, we need the energy-momentum ten-
sor(EMT) of spinor in curved space-time. The interaction of spinor and gravity is considered by
H. Weyl as early as in 1929[25]. There are some approaches to the general expression of EMT
of spinors in curved space-time[!, 9, 26, 27]. But the formalisms are usually quite complicated
for practical calculation and different from each other. In [7—10, 12], the space-time is usually
Friedmann-Lemaitre-Robertson-Walker type with diagonal metric. The energy-momentum tensor
T, of spinors can be directly derived from Lagrangian of the spinor field in this case. In [4, 20],
according to the Pauli’s theorem

a_ 1

2'75596“5 + [v*, M, (1.2)

oy

where M is a traceless matrix related to the frame transformation, the EMT for Dirac spinor ¢

was derived as follows,

1
T = 5?}%@* (VY +"iV*) ), (1.3)
where ¢f = ¢ty is the Dirac conjugation, V* is the usual covariant derivatives for spinor. A
detailed calculation for variation of action was performed in [9], and the results were a little

different from (1.2) and (1.3).
The following calculation shows that, M is still related with dg"¥, and provides nonzero con-
tribution to T"" in general cases. The exact form of EMT is much more complex than (1.3),

which includes some important effects overlooked previously. The covariant derivatives operator
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1V, for spinor includes components in grade-3 Clifford algebra A? which is not parallel to the clas-
sical momentum p,, € A'. The derivation of rigorous 7, w is quite difficult due to non-uniqueness
representation and complicated formalism of vierbein or tetrad frames. In this paper, we give a
systematical and detailed calculation for EMT of spinors. We clearly establish the relations be-
tween tetrad and metric at first, and then solve the Euler derivatives with respect to g,, to get
explicit and rigorous form of T}, .

From the results we find some new and interesting conclusions. Besides the usual kinetic energy
momentum term, we find three kinds of other additional terms in EMT of bispinor. One is the
self interactive potential, which acts like negative pressure. The other reflects the interaction of
momentum p* with tetrad, which vanishes in classical approximation. The third is the spin-gravity
coupling term 2,5, which is a higher order infinitesimal in weak field, but becomes important in a
neutron star. All these results are based on Clifford algebra decomposition of usual spin connection
I'), into geometrical part T, and dynamical part €2, which not only makes calculation simpler,
but also highlights their different physical meanings. In the calculation of tetrad formalism we find
a new spinor coefficient table Sgby , which plays an important role in the interaction of spinor with
gravity and appears in many places.

This paper is an improvement and synthesis of the previous works arXiv:gr-qc/0610001 and
arXiv:gr-qc/0612106, which were repeatedly rejected by the professional journals due to non-
academic reasons in physical society. The materials in this paper are organized as follows: In
the next section, we specify notations and conventions used in the paper, and derive the spinor
connections in form of Clifford algebra. In the third section, we set up the relations between tetrad
and metric, which is the technical foundations of classical approximation of Dirac equation and
EMT of spinor. We derive the classical approximation of spinor theory in section IV, and then

calculate the EMT in section V. We give some simple discussions in the last section.

II. SIMPLIFICATION OF THE SPINOR CONNECTION

Clifford algebra is a unified language and efficient tool for physics. The variables and equations
expressed by Clifford algebra have a neat and elegant form, and the calculation has a standard but
simple procedure. At first we introduce some notations and conventions used in this paper. We

take h = ¢ = 1 as units. The element of space-time is described by

dx = vy,dat = y'dr, = 7,0 X" = v0X,, (2.1)
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in which v, stands for tetrad, and * for co-frame, which satisfy the following C'¢; 3 Clifford algebra,

YaVb + V6 Ya = 2Mab, YV + VY = 29, (2.2)
'Yp, = fua7a7 ,y,u = 'utllfya7 Tab = dlag(L _L _17 _1) (23)

The relation between the local frame coefficient (f*g, f,*) and metric is given by
LA =08 LA =0 AP =g" L0 e = g (2.4)

We use the Latin characters (a,b € {0,1,2,3}) for the Minkowski indices, Greek characters (u,v €
{0,1,2,3}) for the curvilinear indices, and (j,k,l,m,n € {1,2,3}) for spatial indices. The Pauli

and Dirac matrices in Minkowski space-time are given by

10 01 0 —1 1 0
O-a = ) ) ) ) (2'5)
01 10 1 0 0 -1
7% = (0% —3), G = (ol,0%,0%), (2.6)
" 0 o¢ 5 I 0
Ve = ;= : (2.7)
o 0 0 -1

Since the Clifford algebra is isomorphic to the matrix algebra, we need not distinguish tetrad ~“
and matrix v in calculation.

There are several definitions for Clifford algebra[28, 29]. Clifford algebra is also called geometric
algebra. If the definition is directly related to geometric concepts, it will bring great convenience
to the study and research of geometry[30, 31].

Definition 1 Assume the element of an n = p + g dimensional space-time MP? over R is given by

(2.1). The space-time is endowed with distance ds = |dx| and oriented volumes dV}, calculated by

1
dx? = 5(’7#% + Yy datde” = g datde” = Napd X6 X7, (2.8)
dVi = dxy Ndxg A+ Ndxy, = Yypewdahdal - - daf, (1 <k <n), (2.9)

in which the Minkowski metric (14,) = diag(I,, —I;), and Grassmann basis Yuu...o = Yu Ay A+ -+ A
Yo € AFMP4. Then the following number with basis

C=cl+cy+ecu +---+ c12.272 ™, (Vep €R) (2.10)

together with multiplication rule of basis given in (2.8) and associativity define the 2"-dimensional
real universal Clifford algebra C/,, ,.

By straightforward calculation we have[0, 30, 31]
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Theorem 1 For CY; 3, we have the following useful relations
I, ,ya7 ,Yab — %Eabcd,ycd,y?)’ ,yabc — iEade’yd’)/S, 70123 — *’L"75. (211)
VA =g A, A = At — gt e (2.12)
For Dirac equation in curved space-time without torsion, we have[l-5, 32],
ViV — €A =md, Vb = (0 + T, (2.13)
in which the spinor connection is given by
— 1 4 1 v 1 v (6%
Ly = AW = g0 e = 30 (O — PW%V)- (2.14)
The total spinor connection v*I', € AU A3,
Theorem 2 Dirac equation (2.13) can be rewritten in the following Hermitian form
(at'p, — SHQ,)p = m~°, (2.15)
in which o is current operator, p,, momentum and S* spin operator,
~ 1. ~
ot = diag(o”,d"), D, =10, +Ty) —eA,, S'= Edlag(a“, —at), (2.16)
where T, is Keller connection and ), Gu-Nester potential, they are respectively defined as
1 u Y Y
— 1 m a a 1 s a
TV = if a(anp - aufy ) = 5 [al/(ln \/-5) - faaufll ]7 (217)
1
O = I IO e = s L Ouf = Do) (2.18)
Proof. By (2.11) and (2.12), we have following Clifford calculus
o 1 nav o' 1 ynz nuv a
T = 7" (O = Tiva) = (6" + ") (0 — Lva)
1 , 1 1., .,
= Z(Vﬁt +~* au%) = Z(@,ﬁ“ + au 111(\/5)7”) + Zflflf bausCVQch
1 1
= Z[VCL wfta + (FaOuf, V"] + Zf%fiaufudWGbVCﬁcd
1 1
= Ja" oL+ 0 f) + S B0u L (" = 19" + ™) neq
1 1
= S Ot = Ou,) I A e
i
= T+ 590%75. (2.19)

Substituting it into (2.13) and multiplying the equation by +°, we prove the theorem.
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The following discussion shows that, T, and €2, have different physical meanings. 9, + T, as a
whole operator is similar to the covariant derivatives V, for vector, it only has geometrical effect.
But €2, couples with the spin of a particle and leads to the magnetic field of celestial body[!3].
2, = 0 is a necessary condition for the metric can be diagonalized. If the gravitational field is
generated by a rotating ball, the corresponding metric, like the Kerr one, cannot be diagonalized.
In this case, the spin-gravity coupling term has non-zero coupling effect. In axisymmetric and

asymptotically flat space-time we have the line element in quasi-spherical coordinate system][33]

dx = VU (dt + Wdp) + VV (y1dr + vordd) + v3vV/U~1rsin Odep, (2.20)
dx? = U(dt + Wdy) ? — V(dr? + r2d0?) — U~ 72 sin? 0dp?, (2.21)

in which (U, V, W) is just functions of (r,6). As r — oo we have

2 4L 2
U—1-" wo Zan?2e, vo1+ 2 (2.22)

r r r
where (m, L) are mass and angular momentum of the star respectively. For common stars and
planets we always have r > m > L. For example, we have m=3km for the sun. The nonzero

tetrad coefficients of metric (2.20) are given by

ftO:\/ﬁ7 f'r’l :\/Va f@zzr\/va f(pgz r\s/i%O, f@oz\/UVVa

(2.23)
fo=J5 1= Ia= 0 1% =750 =250
Substituting it into (2.19) we get
Q% = to Tlfezf%(Qaegt@ _argtgou 0)
— (VrZsing) "' (0,00(UW), —0,(UW),0)
4L
— r—4(0, 27 cosf,sinh,0). (2.24)

By (2.24) we find that, the intensity of Q¢ is proportional to the angular momentum of the star,

and its force line is given by

dzH dr  2rcos 0

A o VY — Rsin?6. 2.2
I 20 -~ & r = Rsin“ 0 (2.25)

(2.25) shows that, the force lines of Q¢ is just the magnetic lines of a magnetic dipole. According
to the above results, we know that the spin-gravity coupling potential of charged particles will
certainly induce a macroscopic dipolar magnetic field for a star, and it should be approximately in

accordance with the Schuster-Wilson-Blackett relation[l3].
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For diagonal metric, the metric is given by
guw = diag(N§, —N7, —N3, —N3), V9 = NoN1 N2 N3, (2.26)

where N, = N, (z®). In this case we have €, = 0 and

0 1 2 3
0 A e 1 V9
(k) Tooe(d): 220

For Dirac equation in Schwarzschild metric,

g = diag(B(r), —A(r), —r?, —r?sin?0), (2.28)
we have
0 1 2 3 /
po (7 v (1.1 B Lo 9.29
7 (@’ﬂ’r’rsiné’ ’ H ’r+4B’200 N (2.29)
The Dirac equation for free spinor is given by
0 1 ! 2 3
' ¥ 1 B ¥ 1 v
— 0+ —=0r+—-+-—=)+ — (0 + zcotf) + ——0 = . 2.30
Z<\/§t+\/Z(T+T+4B)+r(9+QCO )+rsin9 ‘p>¢ me (2.30)

Set A = B = 1, we get Dirac equation in spherical coordinate system. In contrast with the
spinor in the Cartesian coordinate system, the spinor in the (2.30) includes an implicit rotational

transformation.

III. RELATIONS BETWEEN TETRAD AND METRIC

Different from the cases of vector and tensor, in general relativity the equation of spinor fields
depends on the local tetrad frame. The tetrad v can be only determined by metric to an arbitrary
Lorentz transformation. This situation makes the derivation of EMT quite complicated. In this
section, we give an explicit representation of tetrad and derive the EMT of spinor based on this
representation. For convenience to check the results by computer, we denote the element by
dxt = (dz,dy,dz,cdt) and 60X = (0X,0Y,0Z,cdT).

For metric g,,, not losing generality we assume that, in the neighborhood of z*, dz¥ is time-like
and (dx!, dz?, dx3) are space-like. This means goo > 0, grr < 0(k # 0), and the following definitions

of J, are real numbers

g11 912 913
gi1 912
Ji=y=g11, J2= v J3= | =] g2 ga2 go3 |» Jo=/—det(g). (3.1)
g21 922
g31 932 933
gi1 912 gi1 912 g21 922
uyp = , U2 = , Uz = ) (3~2)

g31 932 goi1 9o2 931 932
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g12 913 4g10 g11 913 g10 g11 912 g10
V1= 1922 923 920 |> V2= | g21 G23 G20 |> U3 = | G21 G22 G20 |- (3:3)
932 933 930 931 933 930 931 932 930
The following conclusions can be checked by computer program.
Theorem 3 For LU decomposition of matrix (g,.)
(9u) = L) L*, (") =Uap)UY, U=L"= (L")}, (3.4)
with positive diagonal elements, we have the following unique solution
g
—J%l 0 0 0
_g92 J2 0 0
L=(LH=| " * , (3.5)
_g31 _w Ja 0
Jv J1Jo Jo
_gor _we _ _wy Jo
J1 o JiJ2 JaJs  J3
1 _g21 u3 v1
J1 J1 Jz J2 J3 J3 JO
Ji _w v
J: Jo J. J3 Ji
U= U*")= 2 J22 3 vz o 1. (3.6)
0 0 J3 J3 Jo
J:
0 0 0 2

Theorem 4 For any solution of tetrad (2.4) in matrix form (f,*) and (f's), there exists a local

Lorentz transformation 6X'* = A% § X b independent of 9uv, such that
(f5) = LAY, (f%)=UAY, (3.7)
where A = (A%) stands for the matrix of Lorentz transformation.

Proof. For any solution (2.4) we have
(9uw) = Lap) L = (£, (1) (f,1) T & L7H) (a) (LA T = () (3.8)
So we have a Lorentz transformation matrix A = (A%), such that
LY =AY & (f,%)=LAT, or f*=L/}A%. (3.9)

Similarly we have (f%) = UA~!. The proof is finished.
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The decomposition (3.4) is the Gram-Schmidt orthogonalization for vectors dz* in the order

dt — dz — dy — dx. In matrix form, by (3.4) we have X = LTdz and

ds? = Gudatds” = Napd X 26X
= (L, dt)* = (L,Ndz + L,*dy + L, X dz + L, dt)?
—(L)dy+ L. dz+ L,  dt)* — (L, 7dz + L,”dt)*. (3.10)
(3.10) is a direct result of (3.5), but (3.10) manifestly shows the geometrical meanings of the tetrad
components L,*. Obviously, (3.10) is also the method of completing the square to calculate the

tetrad coefficients f,°.

For LU decomposition (3.6), we define a spinor coefficient table by

o -—vbuy —vbuy —vuy

{pyrv} {prrv} {prv}
S/u/ = U2U1 0 _U2U3 _U2U0 :_S/J,l/ (311)

ab U{NUV} U{MUV} 0 _U{HUV} ba >
3 1 3 2 3 0
vieytt vy} vl 0
in which

Ul = %(U’QUVb +un Uty =Ulue. (3.12)

S is not a tensor for indices (a,b), it is symmetrical for Riemann indices (u,v) but anti-
symmetrical for Minkowski indices (a,b). By representation of (3.5), (3.6) and relation (3.7),

we can check the following results by straightforward calculation.

Theorem 5 For tetrad (3.7), we have

i (CIE R AU S (3.13)
gﬁ N _i( g+ flgh) — %Sé‘b” Fon™. (3.14)

Or equivalently,
SO = LY+ )+ S L (3.15)
38;: = (g g — S . (3.16)

Or equivalently,
5o = 57" (0gas + Sty Ful £ 000, (317)
o = —lgAﬂ’}/a((sgaﬂ + ngfaafﬁb(sguu) = —g"*67a. (3.18)

2
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For any given vector A*, we have
e, 1 L
AC IO (AR 4 AR S (A% — APy, (3.19)
8g,uu 4 4@
8fya 1 v v 1 WY aa. b b.a
A = —— (A + AV + =8I (A% — APA0). (3.20)
oY 4 4"

In (3.13) — (3.20), we set E‘?J—; = g;i = %% for u # v to get the tensor form. 61‘27 is the total

derivative for g, and g,,. S% is transformed from (3.11).

It should be stressed again, S is not a tensor for indices (a,b), the following derivation only

use the property S*Y = —S!". For concrete calculations, we should use (3.11). For Q%, we have
ab ba

1 1
Qf = S Dagu O = =SS D (3.21)

IV. THE CLASSICAL APPROXIMATION OF DIRAC EQUATION

In this section, we derive the classical mechanics for a charged spinor moving in gravity, and
disclose the physical meaning of connections T, and €),. In the Hamiltonian system of quantum
mechanics, we need the coordinate system of global realistic simultaneity, that is, the Gu’s natural

coordinate system(NCS)[31]
ds? = gudt? — guda®de',  dr = \/ggdt = £,%dt, dV = /Gdz. (4.1)

In which ds is the proper time element, dr the Newton’s absolute cosmic time element and dV the
absolute volume element of the space at time t. NCS generally exists and the global simultaneity is
unique. Only in NCS we can clearly establish the Hamiltonian formalism and calculate the N6ther

charges. In NCS, we have

1 1
f 0 = g s ft = ) = g y t = 0 42
t VIt 0 o Tt = VG, Y @7 (4.2)

Then by (2.17) we get

1 .
Ty = 5 OG0 F+0nyg), T =g"T TH=—g"T, (43)

In NCS, to lift and lower the index of a vector means Qf = ¢*Q,, QF = —gklQ,.
More generally, we consider Dirac equation with electromagnetic potential eA* and nonlinear

potential N (%) = %w’yQ, where ¥ = ¢Tvp¢. Then (2.15) can be rewritten in Hamiltonian formalism

ia'Vip =He,  H=—a"py +eal A+ 5"Q, + (m — N')o, (4.4)
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where H is the Hamiltonian or energy of the spinor, of = ff{a" = (\/@)_1 and V, =0, +7T,.

In traditional quantum theory, we simultaneously take coordinate, speed, momentum and wave
function of a particle as original concepts. This situation is the origin of logical confusion. As
a matter of fact, only wave function ¢ is independent concept and dynamical equation (4.4) is
fundamental in logic. Other concepts of the particle should be defined by ¢ and (4.4). Similarly
to the case in flat space-time[35, 30], we define some classical concepts for the spinor.

Definition 2 the coordinate X and speed U of the spinor is defined as

— d d
Xkt = /1«23 2*|p|?Vgdie = /R3 a*qtSgddx, oF = %Xk = Dthk (4.5)

where R3 stands for the total simultaneous hypersurface, ¢* = ¢+ ot ¢ = &* is the current.

By definition (4.5) and current conservation law ¢/, = (1/9) " '9,.(¢"/g) = 0, we have
o= [ /R3 21 9(q'v/9)d*x = —f'y /RS xjak(qk\/g)dgx
= fto/ ¢ \gdr — / ¢Vagdz. (4.6)
R3 R?

Since a spinor has only a very tiny structure, together with normalizing condition f B3 qt \/§d3x =1,

we get the classical point-particle model for the spinor as[3(]

S _ dXxX# v
" — w1 — 0203 (F - X), 0?=ggott, ut = = Nyt (4.7)

where the Dirac-0 means [ps 6°(Z — X)/Gd3z = 1.

Theorem 6 For any Hermitian operator P, P = [ 73V V3o Pod3x is real for any ¢. We have the

following generalized Ehrenfest theorem,
dP . . .
W / Vio" (0P — if [P, £,°)H + iH PY) od’s, (4.8)
R3
where @ means taking the real part.

Proof. By (4.3) and (4.4), we have
= | VaePoda
= R / ¢+ O P)p + i(i0,d) T P — ipT P(i0yp) + ¢ Ppd; In ﬁ) Bz
= % [ Vi (61 @R+ if,"F0) PO i" P(,"HO)) '
- %/RS N atatﬁ—z’fto[ﬁ, ftO]H+z’[H,P]) od3z
+R /R ) Vot (0par 4+ a*0p In /g — 205, PodPa

= éR/RB \/§¢+ (at&gp—ifto[P’ ftO]H—F’L[H,p]) QZSdSl' (49)
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Then we prove (4.8). The proof clearly shows the connection Y# has only geometrical effect, which
cancels the derivatives of /g. Obviously, we cannot get (4.8) from conventional definition of spinor
connection I';,.

Definition 3 The 4-dimensional momentum of the spinor is defined by

= [ @tre)ida. (1.10)

For a spinor at energy eigenstate, we have classical approximation p* = mu*, where m defines the

classical inertial mass of the spinor.

Theorem 7 For momentum of the spinor p, = & f B3 \/§¢+ﬁ#¢d3x, we have

d 3
TP = iR /R i V9 (eFuwq” + S*0,Qq — OuN — ¢T (0,0")pu o) d’x, (4.11)

in which
F = 0,A, — 0,4, S = T S%. (4.12)

Proof. Substituting P= P, and Ho = o'iV,¢ into (4.8), by straightforward calculation we get

da
dr Py

LR /R Vgt (—ea'd 4y — (D,0")iV: + aF 0y, ) o
+floR /R V56" (Ou(—abpi + eal A + 5°Q, = N'0)) gd’a
— FR /R VI (Fud” + 61 0,(5" Q)0 — 0,N) o - K, (4.13)
in which
K = ' [ V36 00 o' (4.14)

By S#Q,, = 5%Q,, we prove the theorem.
For a spinor at particle state[30], by classical approximation ¢* — v#§®(Z— X) and local Lorentz

transformation, we have respectively

/R3 eFuwg’\/gd*z — f,eF,u’v/1—v2, (4.15)
/ ¢S 3(0,00)v9d%r — £,°8°0,QaV 1 —v2 = £,°0,(5°Q) V1 — v2, (4.16)
R3
/ OuN\/gd*z = / Ou(N/g)d>x — / NIV, \/gd*x
R3 R3 R3
N (f;"wV1 —v?) — f,°TV w1 — 02, (4.17)

" dt
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in which the proper parameters S = / R3 »tS5%d3X is almost a constant, S¢ equals to :t%h in one

direction but vanishes in other directions. w = [p; Nd*X is scale dependent. Then (4.11) becomes

d - d K
—pu — eFu’ 4+ 0,(57) + — ¢ —E 4.18
dspﬂ € l“/u + :U'( V) +w< ;LdtC> m’ ( )
where ¢ = In(f,%wv1 — v2).
Now we prove the following classical approximation of K,
1
K, — f§(auga5)mu°‘u5\/ 1 -2 (4.19)
For LU decomposition of metric, by (3.14) we have
af" 1
G = "\ ™) - S ™ (4.20)
where S% = —S!" is anti-symmetrical for indices (a,b). Thus we have

v

1
APy, = 0pgap (—4(a P+ alp*) - Lgos pv "o p, >

VA af,
(Qua )pu = a,ugaﬁa 9 ab

1 . B~
= _Zaugaﬁ ((ao‘pﬁ + a’p*) + 28¢ B b) (4.21)

For classical approximation we have

—

=¢tatp — 02637 - X), o — mube, S = -5 (4.22)
Substituting (4.22) into (4.21), we get

/ f(b'*'(@ o )p,,qﬁd T — —fft (Ougas)P™ uﬁm. (4.23)

So (4.19) holds.

In the central coordinate system of the spinor, by relations
14 1 4 d
o = 59“ (aagub’ + aﬁgua - a,ugoz,é’)a %g,uu = muaaag,um (4'24)

it is easy to check

d 1
gwfgﬂpau'g 1—102 —p”% = —5(8Mga/3)po‘u6 1—02. (4.25)

Substituting (4.25) into (4.19) we get

pu dg Hv

. (4.26)

Ky = g% u’/1 — 0?2 —
Substituting (4.26) and ds = v/1 — v2dr into (4.18), we get Newton’s second law for the spinor

2P '+ F”Bpauﬂ =g (eF BU —I—w(Fgﬁ — ot —lnC) + 0 (57Q )) (4.27)
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The classical mass m weakly depends on speed v if w # 0.

By the above derivation we find that, Newton’s second law is not as simple as it looks like,
because its universal validity depends on many subtle and compatible relations of the spinor equa-
tion. A complicated partial differential equation system (4.4) can be reduced to a 6-dimensional
dynamics (4.5) and (4.27), the world is a miracle designed elaborately. If the spin-gravity coupling
potential S, and nonlinear potential w can be ignored, (4.27) satisfies ‘mass shell constraint’
%(p“pu) = 0[35-37]. In this case, the classical mass of the spinor is a constant and the free spinor
moves along geodesic. In some sense, only vector potential is strictly compatible with Newtonian
mechanics and Einstein’s principle of equivalence.

Clearly, the additional acceleration in (4.27) Q, € A3 is different from that in (1.1), which is
in A%2. The approximation to derive (1.1) & — 0 may be inadequate, because % is a universal
constant acting as unit of physical variables. If w = 0, (4.27) obviously holds in all coordinate
system due to the covariant form, although we derive (4.27) in NCS. However, if w > 0 is large
enough for dark spinor, its trajectories will manifestly deviate from geodesics, so the dark halo in
a galaxy is automatically separated from ordinary matter. Besides, the nonlinear potential is scale
dependent[35].

For many body problem, dynamics of the system should be juxtaposed (4.4) due to the super-

position of Lagrangian,
i (0 + i), = Hpon, H, = —a*pp + eal Ay + (mn — NJ)v0 + Q5" (4.28)

The coordinate, speed and momentum of n-th spinor are defined by
d -

X, (t) = /R3 it JgdPx, T, = %Xn, pht = §R/RB O pH pp/Gd3 . (4.29)

The classical approximation condition for point-particle model reads,

- dXxt
gt — ul\1 02837 - X)), ul = - = (1,7,)/y/1 — 2. (4.30)

Repeating the derivation from (4.18) to (4.22), we get classical dynamics for each spinor,

d for for o d gv

V. ENERGY-MOMENTUM TENSOR OF SPINORS

Similarly to the case of metric g,,, the definition of Ricci tensor can also differ by a negative

sign. We take the definition as follows

Ry = 0aT%, — 0,05, — T8 +T5,I0 . R=g"R,,. (5.1)


https://doi.org/10.20944/preprints202003.0453.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 31 March 2020 d0i:10.20944/preprints202003.0453.v1

16
For a spinor in gravity, the Lagrangian of the coupling system is given by
1 + o5 + +.0
L= (R=20)+Ln, Ln=R¢"a"Pud) — ¢70.5"¢ —méTy "¢ + N, (5.2)

in which kK = 87 G, A is the cosmological constant, and N = %w‘yz the nonlinear potential. Variation

of the Lagrangian (5.2) with respect to g,,, we get Einstein’s field equation

1 5(Ry/5)

GM + Ag"" + KTH =0, GM" =R — —g"R = — . 5.3
g 59 NG (5.3)
where 5‘597 is the Euler derivatives, and T#” is EMT of the spinor defined by
I Lm/9) 0L, 0L,
TH — _9 YTV IL 9 + 200 + T Vi — g™ L. 5.4
\/559;“/ agy,y ( @ Dé’\/) 8(ao¢g;u/) g m ( )
By detailed calculation we have
Theorem 8 For the spinor ¢ with nonlinear potential N (%), the total EMT is given by
1 v an y 7
TH = SR(eT(aMp” + ap + 250" p")p) + g" (N'Y — N) + K'Y + KM, (5.5)
1 wpeds (1 A(fS)  AfuSi)
KW — — abcds — B R AR be / be o , 5.6
€ Od| 5 % 97 Do D9m B3Ik (5.6)
~ 1 . y g
K" = ieadeSé‘d”(ﬁaSb — OpSa), Su=¢"Sus. (5.7)

Proof. The Keller connection iY,, is anti-Hermitian and actually vanishes in R(¢*a®p,¢p). By

(5.4) and (3.20), we get the component of EMT related to the kinematic energy as

9 oa®
T = 2 RipTa%pao) = —2R +< > 100 — eAq
Js Sam (0T a“Pagd) (¢ D9 ( )®)
]‘ ~U Y ZN VvV _an
= SRT (" + P + 280 a o), (5.8)

where we take A, as independent variable. By (3.21) we get the variation related with spin-gravity

coupling potential as

8(¢+std¢) _ 1 abed & 8(.](.0({1515\01{)
T g G Sdi@g,w OaGrrs (5.9)
B a(¢+Qde¢) 71 abed B a QHV &
(801 + Faﬁ) 8(80[9””) - 46 (80 + Faﬁ)(f aSbc Sd)
1 v wow [O(fOSEY) 1 v
= Zeabcd [s{,‘c 9aSa+ Sa <(89A”0) + 5 WSk g > aagM} : (5.10)
Then we have the EMT for term Q“S’u as
v a(Qde) B8 a(Qde) v >any
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Substituting Dirac equation (2.15) into (5.2), we get L£,, = N — N’%. For nonlinear potential
N = %w’yQ, we have £,, = —N. Substituting all the results into (5.4), we prove the theorem.

For EMT of compound systems, we have the following useful theorem[39].

Theorem 9 Assume matter consists of two subsystems I and II, namely L, = L1(¢) + L11(¥),

then we have
T = TI’”’ + T}‘I”. (5.12)

If the subsystems I and II have not interaction with each other, namely,

(;;}EI(¢) = (;;lln(lﬂ) =0, (5.13)

then the two subsystems have independent energy-momentum conservation laws respectively,
o pr o
17, =0, Ty, =0. (5.14)

For classical approximation of EMT, we have ¢+S£' a®pbe — Sf;l;/ u%p® = 0. By the symmetry

of the spinor, the proper value | PR3 Kmd3X = 0. By the structure and covariance, it seems that
KM = k1S, Q%" + ko (Q*SY + Q¥'SH), (5.15)

where k1, ko are constants to be determined. Noticing that the energy of spin-gravity interaction
is just S’“Q“. Besides, if A* = 0, the spinor is an independent system and its energy-momentum
conservation law T%"” = 0 holds, so its classical approximation should give (4.27) as Fj,, = 0.
This means we should have k; = 1,ky = 0 or K} = S“Qu. How to strictly prove this result is
still a problem. However, for the classical approximation of (5.5), by the summation of energy we

certainly have the total EMT as
T — [mutu” + (S*Qq + w)g" ] V1 — v26% (7 — X). (5.16)

w > 0 acts like negative pressure, which is scale dependent.

Some previous works usually use one spinor to represent matter field. This may be not the case,
because spinor fields only has a very tiny structure. Only to represent one particle by one spinor
field, the matter model can be comparable with general relativity, classical mechanics and quantum
mechanics[12, 35, 10]. By the superposable property of Lagrangian, the many body system should
be described by the following Lagrangian

Ly = Z (§R<¢Iauﬁﬂ¢n> - S’:;Q,UJ — MpYn + Nn) . (5.17)

n
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The classical approximation of EMT becomes
T — Y [mnubul, + (@, + S5Qa)g" ] /1 - 028 (F — X,), (5.18)
n
which leads to the EMT for average field of spinor fluid as follows
T" = (p+ P)U*U” + (W — P)g"”. (5.19)

The self potential becomes negative pressure W, which takes the place of cosmological constant A

in Einstein’s field equation. W has very important effects in astrophysics[39—11].

VI. DISCUSSION AND CONCLUSION

From the calculation of this paper, we can find that Clifford algebra is indeed a unified language
and efficient tool to describe the laws of Nature. To represent the physical and geometric quantities
by Clifford algebra, the formalism is neat and elegant, and the calculation and derivation are simple
and standard. The decomposition of spinor connection into T, and €, by Clifford algebra, not only
makes the calculation simpler, but also highlights their different physical meanings. T, € A only
corresponds to geometric calculations simlilar to Levi-Civita connection, but €, € A? results in
physical effects. €2, is coupled with the spin of spinor field, which provides position and navigation
functions for the spinor, and is the origin of the celestial magnetic field. €2, = 0 is a necessary
condition of the diagonalizablity of metric, which seems to be also sufficient.

In the theoretical analysis of the spinor equation and its classical approximation, we must use
Gu’s natural coordinate system with realistic cosmic time. This is a coordinate system with univer-
sal applicability and profound philosophical significance, which can clarify many misunderstandings
about the concept of space-time. The energy-momentum tensor of the spinor field involves the spe-
cific representation of the tetrad. Through the LU decomposition of metric, we set up the clear
relationship between the frame and metric, and then derive the exact EMT of spinor. In the
derivation, we discover a new non-tensor spinor coefficient table Sg”, which has some wonderful
properties and appears in many places in the spinor theory, but the specific physical significance
needs to be further studied.

We usually use limits such as i — 0 and ¢ — oo in classical approximation of quantum mechan-
ics. In some cases, such treatment is inappropriate. (i, c) are constant units for physical variables,
how can they take limits. In the natural unit system used in this paper or the dimensionless

equations, we even do not know where the constants are. We can only make approximations such
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as |v| < ¢ or (4.7) while the average radius of the spinor is much smaller than its moving scale.
Most paradoxes and puzzles in physics are caused by such ambiguous statements or overlapping
concepts in different logical systems. A detailed discussion of these issues is given in [36, 12].

This paper clearly shows how general relativity, quantum mechanics and classical mechanics
are all compatible. Newton’s second law is not as simple as it looks like, its universal validity
depends on many subtle and compatible relations of the spinor equation as shown in section IV.
A complicated Dirac equation of spinor can be reduced to a 6-dimensional ordinary differential
dynamics is not a trivial event, which implies that the world is a miracle designed elaborately. In
fact, all the fundamental physical theories can be unified in the following framework expressed by
the Clifford algebra[36, 38]:

A1. The element of space-time is described by
dx = yudat = ~,0X°, (6.1)

in which 7y, and v, satisfy the C¢; 3 Clifford algebra (2.2).

A2. The dynamics for a definite physical system takes the form as
V10, = F(W), (6.2)

in which U = (¢1,%9,--- ,9n)T, and F(¥) consists of some Clifford numbers of ¥, so that the
total equation is covariant.

A3. Nature is consistent, i.e., for all solutions to (6.2) we always have Vi, € L*°.
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