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Abstract
This review paper is based mostly on the author’s recent publications and addresses the application of analytical 
(“mathematical”) predictive modeling to understand the physics and mechanics of the behavior and performance of solder 
materials and solder joint interconnections employed in IC devices. The emphasis is on the design for reliability and, first 
of all, on the prediction of the thermal stresses and strains in solder joint interconnections in electronic products. While the 
majority of the numerous studies addressing solder materials are either experimental or based on finite-element-analyses 
(FEA), the approach considered in this review uses analytical predictive modeling techniques to predict stresses in solder 
interconnections and suggest methods for stress minimization. The developed models enable to come up with the most 
effective design-for-reliability methodologies to relieve the induced stresses and strains in solder joints of both levels of 
interconnections, and to predict, at the design stage, if inelastic strains in the solder material could be avoided. If not, these 
models are able to establish the sizes of the inelastic zones at the end portions of the soldered assemblies. It is concluded 
that all the three approaches of the applied science and engineering - experimental, computer-aided and analytical - are 
equally important from the standpoint of making a viable electron device into a reliable product, and that this review can 
explain how analytical modeling can be used in predicting and possibly preventing failures of solder joints in electronic 
products. 

Review
Analytical (“mathematical”) modeling, its signifi-
cance, role, attributes and challenges

The overwhelming majority of studies dealing with 
the physical design and performance of “high-tech” ma-
terials and products are experimental. There are several 
good reasons for that: 1) Experiments could be carried 
out with full autonomy, i.e. without necessarily requir-
ing theoretical support; 2) Unlike theory, testing can be 
used as a final proof of the viability and reliability of a 
product, and is therefore essential requirement, when it 
comes to making a viable device into a reliable product; 
3) Experiments in the high-tech field, expensive as they 
might be, are considerably less costly than in other ar-
eas of engineering; 4) High-tech experimentations are 
much easier to design, organize, and conduct than in the 

macro-engineering world; 5) Materials, whose proper-
ties are, in effect, not completely known, are nevertheless 
often and successfully employed in high-tech products; 
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6) Every five years or so new generations of such prod-
ucts are developed, and there is often simply not enough 
time to establish all the properties and understand the 
behavior of materials in these products; lack of infor-
mation about the material properties of electron devices 
is often an obstacle for carrying out modeling; 7) Many 
leading specialists in high-tech engineering (experimen-
tal physicists, materials scientists, chemists and chemical 
engineers, etc.) traditionally use experimental methods 
as their major research tool; it is not just a coincidence 
that eleven out of twelve Bell Labs Nobel laureates were 
experimentalists. Experimentation and proof-testing are 
viewed as supreme and ultimate judges of a product via-
bility and reliability.

But experimental investigations, important as they 
are, 1) Require considerable time and significant ex-
pense; 2) Reflect the effect of the combined action of a 
variety of factors affecting the material, the phenomenon 
or the product of interest, and because of that might be 
insufficient to understand the underlying physics of the 
behavior of a material or a device of interest; 3) Experi-
mental data cannot be simply extended to new materials, 
situations or designs, which are different from those al-
ready tested.

A simple, easy-to-use and physically meaningful 
model could be as practical and as trustworthy as the 
most thoroughly conducted experimentation. Such 
modeling, whether computer-aided or analytical, is or 
might be able to 1) Shed light on the role of each particu-
lar parameter that affects the behavior and performance 
of the material or the product of interest; 2) Predict the 
result of an experiment in less time and at considerably 
lower expense than the actual experiment; 3) Reveal su-
perfluously reliable, “over-engineered”, products that 
might be more costly than necessary and/or have exces-
sive weight; 4) Discourage wasting time on useless exper-
iments (the classical example are numerous attempts to 
build impossible heat engines that have been prevented 
by a study of the theoretical laws of thermodynamics); 5) 
Obtain valuable information about the phenomenon or 
the object, and provide an opportunity to decide, what 
and how should be tested or measured, and in what di-
rection success might be expected; 6) Suggest new use-
ful experiments (e.g., the theoretical analyses of thermal 
stresses in bi-material assemblies and in semiconductor 
thin films [1,2] triggered numerous experimental in-
vestigations aimed at the rational high-quality physical 
design of semiconductor crystal growth systems; 7) In-
terpret empirical results; 8) Bridge the gap between dif-
ferent experiments; 9) Extend the existing experience on 
new materials, components and structures; 10) Helpful 
when developing rational (optimal) designs (the idea of 
optimization of structures, materials, and costs has pen-

etrated many areas of modern engineering, including 
electronics and photonics; no progress in this direction 
could be achieved, of course, without application of the-
oretical methods).

Analytical modeling [3-11] occupies a special place in 
the modeling effort. This is because it is able not only to 
come up with simple relationships that clearly indicate 
the role of various material and geometric characteristics 
of the design, but, more importantly, can often explain 
the underlying physics of phenomena and structures 
much better than the FEA or experimentation can. The 
limitations of a particular theoretical model could be of-
ten assessed based on a more general model: limitations 
of a linear approach could be determined on the basis of 
a more general non-linear model and the limitations of a 
deterministic approach can be assessed based on proba-
bilistic modeling. Simplicity and clear physical meaning 
are crucial requirements for an effective analytical mod-
el. A good analytical model should be based on simple 
relationships that clearly indicate the role of the major 
factors affecting the phenomenon or the object of inter-
est. While it is typically merely skills and training that 
are needed for the application of FEA, it takes a lot of 
imagination, intuition, knowledge, and significant effort 
to come up with a meaningful and practically useful an-
alytical relationship.

Finite element analysis (FEA) has become the major 
modeling tool in electronics and photonics engineering. 
This should be attributed not only to the availability of 
powerful and flexible computer programs, which enable 
to obtain, within a reasonable time, a solution to almost 
any stress‑strain related problem, but also to the wide-
spread illusion that FEA is the ultimate, indispensable 
and trustworthy tool for solving any stress analysis prob-
lem. The truth of the matter is that FEA and broad ap-
plication of computers has by no means made analytical 
solutions unnecessary or even less important.

Simple analytical relationships have invaluable ad-
vantages, because of the clarity and compactness of the 
information. These advantages are especially significant 
when the parameter under investigation depends on sev-
eral variables. As to the asymptotic analytical techniques, 
they can be successful in many cases, when there are diffi-
culties in the application of computational methods, e.g., 
in problems containing singularities. Such problems are 
often encountered in high-tech materials engineering, 
because of the employment of assemblies comprised of 
dissimilar materials. But even when application of FEA 
encounters no difficulties, it is always advisable to inves-
tigate the problem analytically before carrying out FEA. 
Such a preliminary investigation helps to reduce com-
puter time, develop the most feasible and effective FEA 
preprocessing model and, in many cases, avoid funda-
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mental errors. It is noteworthy that FEA has been origi-
nally developed for structures with complicated geome-
try and/or with complicated boundary conditions (such 
as, e.g., avionics or some civil engineering structures), 
when it might be difficult to apply analytical approaches. 
As a consequence, FEA has been especially widely used 
in those areas of engineering, in which structures of com-
plex configuration are typical (aerospace, maritime and 
offshore structures, some civil engineering structures, 
etc.). In contrast, electronic and photonic structures are 
usually characterized by simple geometries and can be 
easily idealized as beams, flexible rods, rectangular or 
circular plates, composite structures of relatively simple 
geometry, etc. There is an obvious incentive therefore for 
a broad application of analytical modeling in electronics 
and photonics structural analysis. Additional incentive is 
due to the fact that adjacent structural elements in elec-
tronics and photonics engineering have dimensions that 
differ by orders of magnitude. Examples are multilayer 
thin film structures fabricated on thick substrates or ad-
hesively bonded assemblies, in which the bonding lay-
er is significantly thinner than the bonded components. 
Since the mesh elements in a FEA model must be com-
patible, FEA of such structures often becomes a problem 
of itself, especially in regions of high stress concentra-
tion. Such a problem does not occur, however, with an 
analytical approach. Another consideration in favor of 
analytical modeling is associated with an illusion of sim-
plicity in applying FEA procedures. Many users of FEA 
programs sincerely believe that the FEA “black box” they 
deal with will always provide the right answer. It is well 
known, however, that although it might be easy to obtain 
a FEA solution, it might be quite difficult to obtain the 
right solution. And how would one know that it is indeed 
the right solution, if there is nothing to compare it with?

Clearly, if the FEA data are in good agreement with 
the results of an analytical modeling, then there is a 
reason to believe that the obtained solution is accurate 
enough and are trustworthy. FEA data and analytical 
solutions are typically based on different assumptions: 
FEA is a numerical continuum mechanics tool, while the 
available close-form analytical solutions, including those 
addressed in this review, use mostly approximate struc-
tural analysis and strength-of-materials methods, which 
are usually different in different problems. Therefore, 
good agreement of the FEA and analytical data is usually 
an indication that the obtained solution reflects the actu-
al state of stress.

Method of interfacial compliance (MIC)
Method of interfacial compliance (MIC) [1,2,12-18] 

suggested back in 1986 [1,2,19] is an extension of the 
1925 Timoshenko analysis [11] of bi-metal thermostats. 
Timoshenko’s theory was developed for long-and-nar-
row assemblies, and only the normal stresses acting in 
the cross-sections of the bonded strips were determined. 
As to the interfacial stresses, Timoshenko indicated in 
his paper that they could not be found in an elementary 
fashion, and that theory-of-elasticity had to be employed 
to address them. The obtained later on theory-of-elastici-
ty solutions were, however, so cumbersome that one had 
to resort to a computer to obtain numerical data from 
these solutions. Then, why not use FEA, which is applied 
directly to the structure of interest?

Unlike Timoshenko’s theory, MIC considers assem-
blies of finite size and with an emphasis on their bow 
(warpage) and the interfacial shearing and peeling stress-
es. The MIC enables to obtain an accurate enough engi-
neering method for the evaluation of the assembly bow 
and the distributed interfacial stresses. MIC uses simple 

         

Figure 1: Longitudinal interfacial displacements in a bi-material assembly are non-uniformly distributed over the adherend 
cross-sections (left sketch) and the induced interfacial stresses concentrate at the assembly ends (right sketch).
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physically meaningful formula ( ) sinh   = 
cosh  

kxx kT
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tained for the interfacial shearing stress in the case of the 
plane stress approximation. In this formula,  = tT α
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is the force (per unit assembly width) acting in the 
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≥ 2.5), ∆α is the CTE difference of the bonded materials, 
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shear moduli of the materials of the adhesive and the two 

adherends, and l is half the assembly length. The origin of 
the longitudinal coordinate x is at the mid-cross-section 
of the assembly.

The formula for the parameter k of the interfacial 
shearing stress indicates that this parameter and, hence, 
the interfacial shearing stress itself, increase with an in-

and approximate structural analysis (strength-of-mate-
rials) techniques, rather than general and rigorous the-
ory-of-elasticity concepts. The MIC enables to separate 
the “internal” (geometrical and material properties relat-
ed) factors from the “external” (change-in-temperature 
related) ones. The application of the MIC results in sim-
ple closed-form solutions that clearly indicate the role of 
different characteristics of the assembly and the loading 
conditions.

The MIC postulates that the longitudinal interfacial 
displacements of the assembly components are non-uni-
formly distributed over the components’ cross-sections 
(Figure 1, left sketch) and that the interfacial points of 
the given cross-section of the bonded component have 
larger longitudinal displacements than the inner points 
of this cross-section. It is also postulated that the devi-
ations of the given cross-section from planarity can be 
sought as the product of the (longitudinal coordinate in-
dependent) interfacial compliance of the given assembly 
component and the sought interfacial shearing stress at 
the given cross-section. Right sketch in Figure 1 shows 
that the interfacial shearing stresses concentrate at the 
assembly ends, and the MIC confirms this physically ob-
vious circumstance.

The MIC uses the notion of the parameter k of the in-
terfacial shearing stress and predicts that the maximum 
values of the interfacial thermal stresses increase with an 
increase in the assembly size for short assemblies with 
compliant bonds, but remain unchanged for large enough 
assemblies with stiff interfaces, as long as the product kl 
of the parameter k and half the assembly length l exceeds 
the kl ≈ 2.5 level (Figure 2). A simple, easy-to-use and 

         

Figure 2: Stresses in adhesively bonded or soldered assemblies of sufficiently large size and/or with stiff enough interfaces 
do not increase with the further increase in their size and/or stiffness.
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induced stresses in bonded assemblies comprised of dis-
similar materials. As a rule, excellent agreement between 
the analytical and FEA predictions has been observed.

Soldered assemblies with identical adherends
There is an obvious incentive to employ thermally 

matched materials in an electronic assembly for lower 
thermal stresses in solder joints. Such an assembly was 
indeed considered and tested in the Bell Labs Si-on-Si 
flip-chip technology [20,21] (Figure 3, Figure 4, Figure 5 
and Figure 6). It has been assumed that a short circular 
cylinder adequately represents a solder bump, and analyt-
ical modeling was used to predict the stresses and strains 
in such a cylinder [22]. It has been shown particularly 
that joints characterized by elevated stand-off heights ex-
hibit lower stresses and strains than “pancake-like” joints 
(Figure 5 left). The analytical results were confirmed by 
FEA data (Figure 5 right). The expected meniscus in the 
joint experiencing low temperature conditions can be 
seen in Figure 5 right. Clearly, the highest stresses take 
place at the extreme corners of the joint.

FOAT tests were carried out and their results are 
shown in Figure 6 left. Such tests are usually conducted 
until half of the population fails. The experimental bathtub 
curve is shown in Figure 6 on the right. It is important 
that about half of the solder material lifetime is under the 
wear-out condition. This result indicates that the wear out 
portion of the bathtub curve for solders should be con-
sidered in the design-for-reliability effort of solder joints. 
At that time tin-lead solders were considered and tested. 
The calculated probabilities of failure are shown in Table 
1. Failures were detected by electrical measurements.

Inelastic strains in solder material
As far as the long-term reliability of a soldered assem-

crease in the axial (longitudinal) compliance of the as-
sembly and decreases with an increase in its interfacial 
compliance. This simple relationship reflects the well-
known fact that the best, from the standpoint of the in-
duced stresses, bonded assembly is characterized by stiff 
adherends and compliant adhesives.

The above formula for the interfacial shearing stress 
can be simplified as ( ) ( )1 = k xx kTeτ − −  in the case of long 
assemblies with stiff interfaces, and as ( ) 2 =  = x k Tx Txλτ

κ  
in the case of short assemblies with compliant interfac-
es. The first formula indicates that the elevated shear-
ing stress in a long assembly concentrates at its ends 
and does not change with an increase in the assembly 
size. The second formula indicates that, in the case of a 
short assembly, the interfacial shearing stress increases 
linearly with an increase of the distance from the mid-
cross-section of the assembly. The maximum stress in 
a long assembly takes place at the assembly ends and 
is ( ) ( )max =  = tanhl kT klτ τ . For assemblies character-
ized by the kl values exceeding 2.5 this formula yields: 

( ) max =  = l kTτ τ , so that the maximum stress becomes as-
sembly size independent (Figure 2).

It has been shown analytically and confirmed by FEA 
that the interfacial shearing stress can be evaluated with-
out considering its coupling with the peeling stress, and 
that the latter can be evaluated from the calculated shear-
ing stress. It has been shown also that the interfacial peel-
ing stress is proportional to the longitudinal gradient of 
the peeling stress.

The concept of the interfacial compliance was extend-
ed to thin films fabricated on thick substrates; to bonded 
assemblies with identical adherends, including inhomo-
geneous bonds; to tri-material assemblies and to other 
cases, when there was a need to evaluate the thermally 

         

Figure 3: Si-on-Si (Si chip on the Si substrate) flip-chip multi-chip Bell Labs technology: solder bump “sandwiched” between 
the IC chip and Si substrate (left) and the expected stress relief in the solder joints (right): in a thermally mismatched assem-
bly the peripheral joints are subjected to both local and global mismatch, while in thermally matched assembly of the type in 
question all the joints experience local mismatch stresses only.
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strains: the low cycle fatigue lifetime of the solder system 
is inversely proportional to the number of joints that are 

bly as a whole is concerned, it makes a difference, if just 
one or more peripheral solder joints experience inelastic 

         

Figure 4: The solder joints can be treated in the Si-on-Si Bell Labs technology as short cylinders clamped at the ends, sub-
jected to radial displacements at the end planes (left) and experiencing radial, tangential (circumferential) and axial thermally 
induced stresses and strains (right).

         

Figure 5: Predicted, based on analytical modeling, stresses and strains in solder joints of different diameter-to-height ratios 
(left) and FEA prediction of the solder joint configuration at lower temperature conditions (right).

         

Figure 6: FOAT for solder joint interconnections (left) and the experimental bathtub curve (BTC) (right): the wear-out portion 
of the curve occupies a significant part of the solder joints lifetime.
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der an assumption that no inelastic strains occur and 
τY is the yield stress in shear of the solder material. This 
formula can be used, first of all, to determine if, by the 
proper selection of the above characteristics the inelastic 
strains in the solder could be avoided and, if not, how 
many peripheral joints will most likely experience in-
elastic strains. The distribution of the thermal interfacial 
stresses is shown in Figure 7 for a bi-material soldered 
assembly with a low-yield-strain of the bonding layer.

The interfacial peeling stress is self-equilibrated with-
in the elastic mid-portion of the assembly and, because 
the peeling stress is proportional to the longitudinal gra-
dient of the shearing stress, becomes zero at the periph-
eral plastic zones, where the shearing stress is constant.

simultaneously subjected to inelastic strains. A simple 
and physically meaningful formula is obtained [23,24] 
for the prediction, at the design stage, of the number of 
such joints, if any, for the given effective thermal expan-
sion (contraction) mismatch of the package and PCB; 
materials and geometrical characteristics of the assembly 
and its size; and, of course, the level of the yield stress of 
the solder material. When half the length le of the elastic 
portion of the assembly is large and/or the parameter k 
of the interfacial shearing stress is significant (kl ≥ 2.5), 
which is typically the case in actual SMD assemblies, the 
following simple formula for the length lY of the inelastic 

zone has been obtained: max1 = 1Y
Y

l
k

τ
τ

∞ 
− 

 
. Here maxτ ∞  is 

the maximum interfacial shearing stress calculated un-

Table 1: Probability of failure (%) vs. failure rate.

Failure rate λ 0.25 × 10-4 0.50 × 10-4 0.75 × 10-4 1.00 × 10-4 1.25 × 10-4 1.50 × 10-4

Number N of cycles x x x x x x
100 0.25 0.50 0.75 1.00 1.24 1.49
200 0.50 1.00 1.50 1.98 2.47 2.06
500 1.24 2.47 3.68 4.88 6.06 7.23
Probability of failure Q = 1 – e-λN

         

Figure 7: Interfacial stresses in a bonded assembly using low-yield-stress solder. The interfacial shearing stress increases 
in the elastic mid-portion from zero to the level of the yield stress and then remains constant at the peripheral portions of the 
assembly.
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cross-section of the assembly. The maximum normal 
and shearing stresses could be viewed as suitable crite-
ria of the beam’s (joint’s) material long-term reliability. 
It is shown that these stresses can be brought down by 
employing beam-like joints, i.e., joints with an increased 
stand-off height compared to conventional joints, and, 
hence, with an increased longitudinal interfacial compli-
ance. It is imperative, of course, that, if such joints are 
employed, there is still enough interfacial real estate, so 
that the BGA bonding strength is not compromised. On 
the other hand, owing to the lower stress level, reliability 
assurance might be much less of a challenge than in the 
case of conventional joint configuration. By employing 
beam-like solder joints one can even manage to avoid 
inelastic deformations of the joints, thereby increasing 
dramatically their fatigue lifetime.

The numerical example was carried out in [25] with 
the following input data: the CTE of the package and the 
PCB are 12 ×10-61/°C and 18 × 10-61/°C, respectively, the 
change in temperature from the reflow soldering (fabri-
cation) temperature to the room temperature is 275 °C, 
and the distance from the package mid-cross-section to 
the location of the given solder joint of the BGA system 
is 12 mm. The predicted thermally induced end offset of 
the solder joint is ∆ = (18 × 10-6 – 12 × 10-6) × 275 × 12 
≈ 0.02 mm. With the Young’s modulus and the Poisson’s 
ratio of the solder material of E = 30 GPa = 3060 kg/mm2 
and v = 0.30, the height of the solder joint of h = 0.8 mm, 
and half the solder joint thickness of l = 0.2 mm, the cal-

Elevated stand-off heights can relieve stress in sol-
der joints

Physically meaningful and easy-to-use analytical 
(mathematical) stress model is developed for a short 
beam with clamped and offset ends [25]. The analysis 
is limited to elastic deformations. While the classical 
Timoshenko short-beam theory seeks the beam’s deflec-
tions caused by the combined bending and shear defor-
mations for the given loading, an inverse static problem 
is considered here: the lateral force is sought for the giv-
en ends offset. In short beams this force is larger than 
in long beams, since, in order to achieve the given dis-
placement (offset), the applied force has to overcome 
both bending and shear resistance of the beam. It is en-
visioned that short beams could adequately mimic the 
state of stress in solder joint interconnections, including 
ball-grid-array (BGA) systems, with large, compared to 
conventional joints, stand-off heights.

When the package/printed-circuit-board (PCB) as-
sembly is subjected to the change in temperature, the 
thermal expansion (contraction) mismatch of the pack-
age and the PCB results in an easily predictable relative 
displacement (offset) of the ends of the solder joint. This 
offset can be determined from the known external ther-
mal mismatch strain (determined as the product of the 
difference in the coefficients of thermal expansion of the 
assembly components and the change in temperature) 
and the position of the joint with respect to the mid-

         

 
Figure 8: If a ball-grid-array solder joint interconnections is replaced with a column-grid-array (CGA) package, there is a good 
chance that inelastic strains in the solder material could be avoided [26].
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are small, and the product kl of the parameter k of the 
interfacial shearing stress and half the assembly length 
l is significant, such a simplification is acceptable. Prac-
tically, the following “rule of thumb” can be used: if the 
ratio p/2l of the pitch/space p (distance between the joint 
centers) to the joint widths 2l is below 5, and the param-
eter kl is above 2.5, which is indeed the case in actual 
BGA and CGA systems, then the predictions based on 
the simplification assuming homogeneous/continuous 
bonds is accurate enough.

The induced stresses in mirror-like package designs 
were addressed in [37].

Flip-chip designs
Flip-chip designs, from the standpoint of the most 

suitable encapsulants and the induced stresses, were 
addressed first back in 1990 [38], including the incen-
tive for bringing in underfills. The bonding layer in to-
day’s flip-chip assembly designs with various underfills 
is characterized by a relatively high effective Young’s 
modulus of its composite material, which is comprised 
of high-modulus solder and relatively low-modulus ep-
oxy encapsulant/undrfill. The objective of the analysis 
carried out in Ref. [39] was to determine if a bi-material 
model [2,11,19] could be used for the analysis of stresses 
in the solder joints of such a design, or a more complicat-
ed tri-material model [14] should be employed. While in 
a tri-material model all the three materials -the chip, the 
substrate and the bonding layer- are “equal partners”, in 
a bi-material model a significant simplification is made, 
assuming that the bonding layer is much thinner than 
the bonded components, the chip and the substrate, and 
that its effective Young’s modulus is significantly lower 
than the moduli of the chip and the substrate materials. 
In the carried out numerical example [39] based on the 
application of the tri-material model, the highest shear-
ing stress occurs at the chip-bond interface and is sig-
nificantly, by the factor of about 2.45, higher than the 
stress at the substrate-bond interface, but even the latter 
stress is about twice as high as the maximum shearing 
stress predicted on the basis of the bi-material model. As 
to the normal stresses acting in the cross-sections of the 
assembly components, the tri-material model predicts 
that the highest stresses occur in the chip, the lowest - in 
the substrate, and that the stresses in the bond are rather 
high, about 59% of the stresses in the chip. The bi-ma-
terial model, however, simply assumes that the normal 
stresses in the bond are zero. The normal stresses in the 
chip predicted on the basis of the bi-material model are 
only about 78% of the stress predicted by the tri-materi-
al model. The normal stresses in the substrate evaluated 
on the basis of the bi-material model are almost twice as 
high as the tri-material model predicts, but these stresses 
are low anyway: it is the state of stress in the chip and in 

culated data yield: τmax = 37.1 kg/mm2 and σ = 148.3 kg/
mm2. If the stand-off height is increased to h = 1.6 mm, then 
the predicted stresses are τmax = 3.7 kg/mm2 and σ = 29.7 kg/
mm2. The change is indeed significant, and if a BGA is re-
placed by a column-grid-array (CGA) (Figure 8) [26], there 
is a good chance that inelastic strains in the solder material 
could be avoided. There is even a possibility that, because of 
the relief in the interfacial stresses and in the warpage of the 
assembly, its propensity to the recently observed head-in-
pillow (HiP) defects will also be diminished.

Application of inhomogeneous bonds
Another, perhaps, the most effective, way to bring 

down the interfacial stresses in soldered assemblies is to 
design and employ inhomogeneous solder joint inter-
connection systems [27-37]. This could be done by using 
low modulus and/or, if possible and economically fea-
sible, also low fabrication temperature materials at the 
peripheral portions of the solder system [27-32] and/
or, strange as it may sound, by increasing the interfacial 
stiffness of its mid-portion [33]. This is, because of the 
stiffer mid-portions, the peripheral interfacial displace-
ments will be decreased, and so will the interfacial stress-
es be. It is imperative, however, that such a possible relief 
is predicted by using the suggested design-for-reliability 
methodologies and preferably confirmed by FEA data. If 
such a prediction is not done, an intuitive application of 
an in-homogeneous bond could very well result in more 
harm than good.

The expected stress relief could be even optimized 
[34] by designing the solder system in such a way that 
the predicted shearing stress at the boundary between 
the mid-portion and the peripheral portions of the as-
sembly is made equal to the shearing stresses at the as-
sembly ends. Calculations indicate that these two stresses 
could be significantly lower than the stresses at the ends 
of an assembly with a homogeneous bond, even when 
the interfacial compliance of such a bond is as high as 
the compliance of the low-modulus peripheral portions 
of an in-homogeneous bond. This statement is in agree-
ment with the message of the ref. [33]. Various possible 
ways to minimize stresses in solder joint systems were 
summarized and explained in Ref. [35].

An important “theoretical” question that arises in 
connection with modeling thermal stresses in solder 
joint interconnection is whether thermal stresses in real 
life, certainly and always “inhomogeneous” (because of 
the gaps/spaces between the joints) solder joint intercon-
nections be predicted, with sufficient accuracy, by using 
relatively simpler models developed for homogeneous 
adhesively bonded or soldered assemblies. It has been 
shown [36] that such a substitution is acceptable, if the 
gaps between the supports (BGA balls or CGA columns) 
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the bonding layer, and the interfacial stress at the chip-
bond interface that should be of concern to the device 
designer. It is concluded that while a simple bi-material 
model can be successfully used for adhesively bonded as-
semblies, a tri-material model should be employed for 
flip-chip assemblies, especially when high-modulus sol-
ders are used. Ways to evaluate and to relieve stresses in 
flip-chip solder joints were addressed and discussed in 
[40,41], considering quite complicated configurations of 
the today’s most typical flip-chip designs.

Accelerated testing of solder joint interconnec-
tions: Board level dynamic tests

Board level drop test was considered [42,43] with 
an objective to develop a physically meaningful analyt-
ical predictive model for the evaluation of the expected 
impact-induced dynamic stresses in the solder material 
(Figure 9).

Ball-grid-array (BGA) and column-grid-array (CGA) 
designs were addressed. Intuitively it is felt that while 
the application of the CGA technology to relieve ther-
mal stresses in the solder material might be quite effec-
tive (owing to the greater interfacial compliance of the 
CGA in comparison with the BGA), the situation might 
be different when the PCB/package experiences dynamic 
loading. This is because the mass of the CGA joints ex-
ceeds considerably that of the BGA interconnections and 
the corresponding inertia forces might be considerably 
larger in the case of a CGA design. The numerical ex-
ample carried out for rather arbitrary, but realistic, input 
data has indicated that the dynamic stresses in the solder 
material of the CGA design are even higher than the dy-
namic stresses in the BGA interconnections. This means 
particularly that the physically meaningful drop height 
in board-level tests should be thoroughly selected and 
that this height should be different, when BGA and CGA 
designs are considered. The predicted dynamic shearing 
stress is by about 6.7% higher, and the predicted peeling 
stress is by about 5.5% higher, when the CGA technology 

is used, as compared to the BGA design. The analytical 
stress models can be of help when designing and build-
ing experimental vehicles for thermal and dynamic test-
ing of BGA and CGA interconnections.

Accelerated testing of solder joint interconnec-
tions: Solder material characterization

A simple analytical model has been developed to ex-
plain a paradoxical situation that has been detected on 
the basis of the finite element analysis (FEA) by Jorma 
Kivilahti and Tommi Reinikainen [44]: deep enough 
transverse grooves in the adherends (“pins”) resulted 
in an appreciable reduction in, and to the more uni-
form distribution of, the interfacial shearing and peeling 
stresses (Figure 10). This phenomenon, important from 
the standpoint of testing solder materials, was explained 
based on analytical modeling by Suhir and Reinikainen 
[45,46].

The model indicates that the “observed” phenom-
enon is due primarily to the increase in the interfacial 
compliance of the bonding structure: the grooves “con-
vert” the adherend (“pin”) portions located between the 
inner portions of the grooves and the bonding (adhesive, 
solder) layer into parts of the bonding structure, thereby 
increasing the compliance of this structure with respect 
to the shearing load. This positive effect overwhelms, as 
far as the magnitude and the distribution of the inter-
facial stresses are concerned, the negative effect of the 
increased axial compliance of the loaded portions of the 
adherends (“pins”), because of the grooves.

The analytical predictions agree well with the FEA 
data, despite the FEA overestimation of the increase in 
the interfacial stresses in the proximity of the joint edges 
(as is known, FEA method, which is based on one of the 
numerical methos of the elasticity theory, leads to singu-
lar stresses at the edges of assemblies comprised of dis-
similar materials).

The obtained information explains the physics of the 
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numerical characteristics (activation energy, time constant, 
sensitivity factors, etc.) of the particular FOAT model of 
interest. FOAT could be viewed as an extension of HALT. 
While HALT is a “black box”, i.e., a methodology which 
can be perceived in terms of its inputs and outputs without 
a clear knowledge of the underlying physics and the likeli-
hood of failure. FOAT, on the other hand, is a “transparent 
box”. The major assumption is, of course, that the FOAT 
model should be valid in both accelerated test and in actual 
operation conditions. HALT does not measure (does not 
quantify) reliability. FOAT does. HALT can be used there-
fore for “rough tuning” of material’s/product’s reliability, 
and FOAT could be employed when “fine tuning” is need-
ed, i.e., when there is a need to quantify, assure and even 
specify the operational reliability of a material or a product.

HALT tries to “kill many unknown birds with one (also 
not very well known) stone”. HALT has demonstrated, 
however, over the years its ability to improve robustness 
through a “test-fail-fix” process, in which the applied stresses 
(stimuli) are somewhat above the specified operating limits. 
This “somewhat above” is based, however, on an intuition, 
rather than on a calculation. There is a general perception 
that HALT might be able to quickly precipitate and identify 
failures of different origins. FOAT and HALT could be car-
ried out separately or might be partially combined in a par-
ticular AT effort. Since the principle of superposition does 
not work in reliability engineering, both HALT and FOAT 
use, when appropriate, combined stressing under various 
stimuli (stressors). New products present natural reliability 
concerns, as well as significant challenges at all the stages of 
their design, manufacture and use.

An appropriate combination of HALT and FOAT 
efforts could be especially useful for ruggedizing and 
quantifying reliability of such products. It is always nec-
essary to correctly identify the expected failure modes 
and mechanisms, and to establish the appropriate stress 
limits of HALTs and FOATs with an objective to pre-
vent “shifts” in the dominant failure mechanisms. There 

phenomenon in question, and the developed analytical 
models can be used in the analysis and physical design 
of soldered lap shear joints. It is concluded also that an-
alytical modeling is able not only to come up with re-
lationship that clearly indicate “what affects what and 
what is responsible for what”, but, more importantly, can 
explain the physics of phenomena that neither the FEA 
modeling (“simulation”), nor even actual experimenta-
tion is able to. It is recommended that such tests are con-
sidered to obtain the mechanical properties of the solder 
materials for further analytical or FEA modeling.

Accelerated testing of solder joint interconnections: 
Failure-oriented accelerated testing (FOAT) and 
highly-accelerated-life-testing (HALT)

A highly focused and highly cost effective FOAT 
[47-50], which is the experimental foundation and the 
“heart” of the recently suggested PDfR concept [51-64] 
should be conducted in addition to and, in some cases, 
even instead of HALT, especially for highly vulnerable 
materials, like solders, and for new products, whose op-
erational reliability is unclear, for which no experience is 
accumulated and no best practices nor HALT method-
ologies are not yet developed. Predictions, based on the 
FOAT and subsequent probabilistic predictive model-
ing, might not be perfect, especially at the beginning, but 
it is still better to pursue this effort rather than to turn 
a blind eye on the fact that there is always a non-zero 
probability of the product’s failure. Understanding the 
underlying reliability physics for the performance of the 
material and product of importance is critical. If one sets 
out to understand the physics of failure in an attempt to 
create a practically failure-free product (in accordance 
with the “principle of practical confidence”), conducting 
a FOAT type of an experiment is imperative.

FOAT’s objective is to confirm the usage of a particular 
predictive model, to confirm (say, after HALT is conduct-
ed) the physics of the material failure, and to establish the 

         

 
Figure 10: Transverse grooves in the adherends lead to lower and more uniformly distributed interfacial stresses.
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of the recently suggested Boltzmann-Arrhenius-Zhurkov 
(BAZ) model [50-62] is developed for the evaluation of 
the remaining useful lifetime (RUL) of the second level 
solder joint interconnections whose peripheral joints ex-
perience inelastic strains. The experimental basis of the 
approach is the highly focused and highly cost-effective 
failure-oriented-accelerated-testing (FOAT). The FOAT 
specimens have been subjected in our methodology 
(which is “reduced to practice”) to the combined action 
of low temperatures (not to elevated temperatures, as in 
the classical Arrhenius model) and random vibrations 
with the given input energy spectrum.

The suggested methodology is viewed as a possible, 
promising, effective and attractive alternative to tem-
perature cycling tests. As long as inelastic deformations 
are inevitable, it is assumed that it is these deformations 
that determine the fatigue lifetime of the solder material, 
and the state of stress in the elastic mid-portion of the 
assembly does not have to be accounted for. The roles 
of the size and stiffness of this mid-portion have to be 
considered, however, when determining the very exis-
tence, the inelastic zones at the peripheral portions of the 
design and establishing their size. The general concept is 
illustrated by a numerical example. Although this exam-
ple is carried out for a ball-grid-array (BGA) design, it is 
applicable to highly popular column-grid-array (CGA) 
and quad-flat-no-lead (QFN) designs as well. It is note-
worthy that it is much easier to avoid inelastic strains in 
CGA and QFN structures than in the addressed DGA 
design. The random vibrations are considered in the de-
veloped methodology as a white noise of the given ratio 
of the acceleration amplitudes squared to the vibration 
frequency. The suggested model is confirmed by acceler-
ated testing. Testing was carried out for two PCBs, with 
surface-mounted packages on them, at the same level 
(with the mean value of 50 g) of three-dimensional ran-
dom vibrations. One board was subjected, concurrently 
with random vibrations, to the low temperature of -20 
°C = 253 °K and another one - to -100 °C = 173 °K. It 
has been predicted, by preliminary calculations using the 
developed model that the solder joints at the -20 °C will 
still perform within the elastic range, while the solder 
joints at -100 °C will experienced static inelastic strains. 
No wonder that no failures were detected in the solder 
joints of the board tested at -20 °C while the joints of 
the board tested at -100 °C failed after several hours of 
testing. Some results of such an accelerated testing are 
addressed, described and commented on. Here is how 
FOAT could be implemented in the problem in question.

Let us assume that the failure rate of the solder material, 
which characterizes the rate of propensity of the material or 
the device to failure, could be monitored determined by the 
level of the measured electrical resistance: λ = γRR.

are many ways of how this could be done (see, e.g., next 
section, suggesting mechanical pre-stressing of FOAT 
specimens subjected to temperature cycling). The FOAT 
based approach could be viewed as a quantified and re-
liability physics, oriented HALT. The FOAT approach 
should be geared to a particular technology and applica-
tion, with consideration of the most likely stressors.

Accelerated testing of solder joint interconnections: 
Incentive for mechanical pre-stressing of accelerat-
ed test specimens

Accelerated testing of soldered assemblies, such as, 
e.g., temperature cycling, is usually conducted in a wider 
range of temperatures than is expected to take place in 
actual operation conditions. Since the mechanical and 
electrical properties of electronic materials are tempera-
ture sensitive, such testing might generate deviations of 
the material properties from the properties that they pos-
sess in actual operations conditions, and the results of 
such accelerated testing might be misleading: they might 
trigger mechanisms and modes of failure that will never 
occur in the field conditions. In such a situation mechan-
ical pre-stressing of the accelerated test specimens [55] 
might be a promising way to go. FOAT specimens are 
particularly vulnerable, since the temperature range in 
these tests should be broad enough to eventually lead to 
failures, and if a shift in the modes and mechanisms of 
failures takes place during significant temperature excur-
sions, the physics of such failures might be quite differ-
ent than in actual operation conditions. An appropriate 
mechanical pre-stressing can be an effective means for 
narrowing the range of temperature excursions during 
accelerated testing and, owing to that, -for obtaining 
consistent and trustworthy test data. If such a pre-stress-
ing is considered and implemented, the ability to pre-
dict/model the thermomechanical stresses in the test 
specimen is certainly a must.

Accelerated testing of solder joint interconnections: 
Incentive for using a low-temperature/random-vi-
brations bias

Although there exist promising ways to avoid inelas-
tic strains in solder joints of the second level intercon-
nections in IC package designs, it still appears more typ-
ical than not that the peripheral joints of a package/PCB 
assembly experience inelastic strains. This takes place at 
low temperature conditions, when the deviation from 
the high fabrication temperature is the largest and the 
induced thermal stresses are the highest. On the other 
hand, it is well known that it is the combination of low 
temperatures and repetitive dynamic loading that ac-
celerate dramatically the propagation of fatigue cracks, 
whether elastic or inelastic. Accordingly, a modification 
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highly focused and highly cost effective FOAT data.

At the first step one should run the FOAT for two 
different temperatures T1 and T2 keeping their levels 
unchanged during the experiment. Unlike in the orig-
inal Arrhenius or in Zhurkov’s experiments, these lev-
els should be established and kept low enough, so that 
inelastic strains in the peripheral solder joints of the 
package/PCB assembly could occur. These temperatures 
could/should be obtained from the preliminary thermal 
stress analysis described above. Recording the percent-
ages (values) P1 and P2 of non-failed samples (or values 
Q1 = 1 - P1 and Q1 = 1 - P2 of the failed samples) and 
assuming a certain criterion of failure (say, when the 
level of the measured electrical resistance, because of the 
“opens” in the failed joints, exceeds a certain level R1 one 
could obtain the following two relationships:

0 0
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Since the numerators U0 - γSS (effective activation en-
ergies) in these relationships are kept the same during 
the FOAT, the following equation must be fulfilled for 
the sought sensitivity factor γR of the electrical resistance:
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Here t1 and t2 are times, at which the failures defined 
as the moments of time when the level R* of the continu-
ously measured electrical resistance, were observed. The 
above equation has the following solution:
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It is expected that more than two series of FOAT 
tests and at more than two temperature levels should be 
conducted, so that the sensitivity parameter γR could be 
established with a high enough degree of accuracy and 
certainty.

At the second step, FOAT tests at two spectra levels S1 
and S2 should be conducted for the same temperature T. 
This leads to the relationship:
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Note, that the γS value is independent, in this ap-
proach, of the resistance R* threshold and the sensitiv-
ity factor γR. Finally, the stress-free activation energy 
can be computed, for the determined factors γR and γS 

as 2
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spectrum level, temperature threshold and time values. 

Using the BAZ model [51-62] and considering the 
combined action of low temperature T (that supposedly 
leads to elevated thermal stresses in the solder material) 
and external random vibrations characterized by their 
spectrum S one can seek the probability of the material 
non-failure after FOAT for the time t in the form:

0 = exp  exp ,s
R

U SP Rt
kT
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where the  values reflect the sensitivities of the ma-
terial to the corresponding stimuli (stressors), and R is 
the continuously measured/monitored electrical resis-
tance for the peripheral joints. Although only two stimuli 
(stressors) were selected in this model- low temperature 
and random vibrations-, the model can be easily made 
multi-parametric, i.e., generalized for as many stimuli as 
necessary. The units for the sensitivity parameter γR are 
obviously Ω-1hr-1, if the measured electrical resistance of 
the peripheral solder joints is measured in ohms, and the 
elapsed time t is measured in hours. The unites of the 
sensitivity parameter γS are eV m-2sec-3, if the stress-free 
activation energy U0 is measured in eV and the power 
spectral density (PSD) amplitudes are measured in (m/
sec2)2/Hz = m2sec3. The physical meaning of the above 
distribution could be seen from the formulas
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where H(P) = -Pln P is the entropy of the probabili-
ty P of non-failure. Thus, the change in the probability 
of non-failure always increases with an increase in the 
entropy (uncertainty) of the distribution and decreases 
with an increase in the monitored (measured) electri-
cal resistance and the elapsed time. As to the sensitivity 

factor γS, it can be found as the ratio ( ) = S

P
S

H P
kT

γ

∂
∂  of the 

(negative) derivative P
S

∂
∂

 of the probability of non-fail-

ure with respect to the level of the vibration excitation 
(power spectrum) to the ratio of the entropy of the prob-
ability of non-failure to the level of the thermal energy 
kT. It should be emphasized that the temperature T in 
the above formulas is, unlike in the Boltzmann’s statistics 
or in the Arrhenius formula, a parameter, not an argu-
ment. It is the threshold of the low temperature, below 
which the inelastic strains in the peripheral solder joints 
occur. This temperature/threshold should be determined 
and established based on the procedures addressed in the 
above “Inelastic strains in solder material” section. The 
expression for the probability of non-failure contains 
three empirical parameters: the stress-free activation en-
ergy U0 and two sensitivity factors, γR and γS. Here is how 
these parameters can be obtained from the conducted 
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Interfacial compliances:
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The product kl = 0.9890x15.0 = 14.8350 is significant, 
and therefore the maximum interfacial shearing stress 
can be evaluated assuming infinitely large assembly.

For the board tested at -20 °C this stress is 
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and is somewhat below the yield stress of the solder 
material, so that no inelastic strains are likely to occur. 
For the board tested at -100 °C this stress is
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and the lengths of the inelastic zones in this case are
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The temperature boundary between the elastic and 
inelastic states of stress is characterized by the tempera-
ture change of 
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After the sensitivity factors and the loading (stressor) 
free activation energy are determined for the tested com-
binations of the input data, the above formula could be 
used, but should be checked (validated), of course, for 
other physically meaningful combinations of the FOAT 
parameters. The fatigue lifetime can be found for the in-
duced temperature below the temperature, at which the 
inelastic strains occur, from the basic formula for the 
probability of non-failure as follows:
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This formula makes physical sense. Indeed, the 
RUL increases with an increase in the probability P of 
non-failure, and with an increase in the level of the ef-
fective activation energy U = U0 - γSS. The RUL decreases 
with an increase in the acceptable level R* of the electrical 
resistance of the damaged joints, with an increase in the 
sensitivity factor γR and the level kT of the thermal ener-
gy. This level is higher for lower thermal energies.

The numerical example that follows is carried out 
with the following input data Table 2.

And here are the computed data:

Axial compliances of the assembly components: 
51

1 
1 1

52
2 

2 2

1 1 0.3  =  = 3.9884 10 / ;
8775.5 2.0

1 1 0.3  =  = 20.1028 10 / ;
2321.4 1.0

x mm kg
E h x

x mm kg
E h x

νλ

νλ

−

−

− −
=

− −
=

Flexural rigidities of the assembly components:
3 3

1 1
1 2 2

1
3 3

2 2
2 2 2

2

8775.5 2  =  = 6428.9377
12(1 ) 12(1 0.3 )

2321.4 1.5  =  = 717.4657 ;
12(1 ) 12(1 0.3 )

E h xD kgmm

E h xD kgmm

ν

ν

=
− −

=
− −

Total axial compliance of the assembly:
5 51 2

1 2
1 2

 =  = (3.9884+20.1028+7.7773+52.2673)10  = 84.1358 10 /
4 4
h h x mm kg
D D

λ λ λ − −+ + +

Table 2: The numerical example that follows is carried out with the following input data.

Structural Element Package PCB Solder (96.5% Ag 3.5% Sn)
Element’s Number 1 2 0
Effective Young’s Modulus, E, kg/mm2 8775.5 2321.4 1939.0
Poisson’s Ratio, v 0.30 0.30 0.30
Shear Modulus, G, kg/mm2 3367.3 892.7 1958.8
CTE, 1/°C 6.5 × 10-6 15.0 × 10-6 xxxx
Thickness, mm 2.0 1.5 0.2
Estimated yield stress of the solder material in shear: τY = 1.825 kg/mm2

Soldering Temperature: 158 °C = 431 °K

Testing Temperatures: T1 = -20 °C = 253 °K, T2 = -100 °C = 173 °K

Changes in Temperature: Δt1 = 178 °C = 178 °K, Δt2 = 258 °C = 258 °K

The “external” thermal strains: ε1 = ΔαΔt1 = 151.3 × 10-5, ε2 = ΔαΔt2 = 219.3 × 10-5

Half Package Length l = 15 mm;

Electrical Resistance Threshold at Solder Failure [51]: R* = 450 Ω
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Then the stress-free activation energy can be comput-
ed as

8 6
0 1 1 =  = 0.049027+4.2842 10 2 10  = 0.1347sU U S x x x eVγ −+

or as
8 6

0 2 2 =  = 0.0918687+4.2842 10 10  = 0.1347sU U S x x eVγ −+

The remaining useful life can be computed for any 
probability of non-failure, low temperature and vibra-
tion spectral density as 

8
0

6 5
*

ln ln 0.1347 4.2842 10 =  = exp  = - exp
1.9692 10 450 8.6176 10

s

R

U Sp p x St RUL
R kT x x x T

γ
γ

−

− −

 − − 
  

   

If, e.g., P = 0.9, T = -20 °C = 253 °K, and S = 103 
mm2sec-3, then the predicted RUL of the solder material 
is

8 3

6 5

0.1054 0.1347 4.2842 10 10 = exp  = 57231.5502  = 6.5333
1.9692 10 450 8.6176 10 253

x xRUL hrs years
x x x x

−

− −

 −
 
 

The actual testing has been carried out at the Reliant 
Labs, Inc., 925 Thompson Place, Sunnyvale, CA. Two 
PCB boards, serial numbers QFN-P-07 and QFN-P-08, 
provided by the customer, were tested. Qualmark OVS 
2.5LF HALT/HASS Chamber (model # 2.5LF) was used 
to accommodate the test specimens (one at a time). 
Omega thermocouples were used to measure tempera-
ture, and Dytran accelerometer control was used to mea-
sure the applied accelerations. All test equipment that 
requires periodic calibration was in current calibration 
at time of test.

The test results could be summarized as follows. 
Board #1 was tested at the temperature of -20 °C and 
the (identical) board #2 at the temperature of -100 °C. 
In both cases the established level of the random 3D vi-
brations was 50 g. The reason why these temperatures 
were chosen, is that, according to the above calculations, 
the -20 °C temperatures were not expected to lead to in-
elastic static strains, while the -100 °C temperature was 
supposed to result in appreciable plastic deformations 
and, hence, in a considerably shorter fatigue life of the 
solder material. Electrical resistance was continuously 
measured in four corner packages of each board. Prior to 
testing all the joints showed resistance of about 0.15 µΩ. 
For the board #1 (tested at -20 °C) this level of resistance 
has not changed after five hours of testing. For the board 
#2 (tested at -100 °C) opens in two packages were detect-
ed after about 1.5 hours of testing, and an increase in the 
resistance to about 0.9 Ω was detected for the remaining 
two corner packages after about 3.5 hours of testing. The 
total time of testing of the board #2 was about 4.0 hours.

Hence, the test results have confirmed the general 
concept that low temperatures in combination with ran-
dom vibrations might be an attractive accelerated test ve-
hicle for electronic materials and packages, and that there 
is a significant difference in the fatigue lifetime (remain-

and, with the soldering temperature of -158 °C, is 
-24.6 °C.

Here is a hypothetical example of how the parameters 
of the BAZ equation can be determined, when testing is 
conducted until failure. Note that has not been the case 
for the two PCBs whose testing is described in the Test 
Procedure and Data below, since only the solder joints 
in the PCB tested at -100 °C have failed, while the joints 
in the board tested at -20 °C have not exhibit any failure 
after many hours of testing. Let, e.g., the FOAT is carried 
out until the resistance threshold is reached. Half of the 
specimen population failed at the first stage of testing at 
the temperature of T1 = -30 °C = 243 °K after t1 = 200 hrs 
of testing. When testing was conducted at the tempera-
ture of T2 = -10 °C = 263 °K, half of the specimen popu-
lation failed after t2 = 300 hrs of testing. The level of the 
vibration power spectrum density S  was kept the same 
in both sets of the tests and did not affect therefore the 
factor γR. Then the equation for the sensitivity parameter 
γR yields: 

2 2 1

1 * 2 * 1 6 1 1

2 2

1 1

ln ln 263 ln 0.5 ln 0.5ln ln ln ln
243 450 300 450 200  exp  = exp  = 1.9692 10

1 1

− − −

         − − − − − −                   = Ω
   − −      

R

T P P
T R t R t x x x hrT T

T T

γ

The thermal energy is kT1 = 8.6176x10-5 × 243° = 2.941 × 
10-2 eV, when testing is carried out at the temperature T1 = 
-30 °C = 243 °K and is kT2 = 8.6176 × 10-5x263° = 2.2664 × 
10-2 eV, when testing is carried out at the temperature T2 = 
-10 °C = 263 °K. Let the testing at the second stage of testing 
be carried out until 99% of the tested specimens failed, so 
that P = 0.01, and that this took place after t1 = 500 hrs of 
testing at the temperature of T1 = -30 °C = 243 °K and at the 
vibration level of S1 = 2 × 106 mm2sec-3 and after t1 = 650 hrs 
of testing at the temperature of T2 = -10 °C = 263 °K and at 
the vibration level of S2 = 106 mm2sec-3. The effective activa-
tion energy is 

2
1 0 1 1 6

* 1

ln ln 0.01 =  = - ln  = -2.0941 10 ln  = 0.049027 
450 500 1.9692 10s

R

PU U S kT x eV
R t x x x

γ
γ

−
−

   − − −   
  

,

when testing was carried out at the temperature T1 = 
-30 °C = 243 °K, and is

2
2 0 2 2 6

* 2

ln ln 0.01 =  = - ln  = -2.2664 10 ln  = 0.0918687 
450 650 1.9692 10s

R

PU U S kT x eV
R t x x x

γ
γ

−
−

   − − −   
  

when testing was performed at the temperature T2 = 
-10 °C = 263 °K. Clearly, since the thermal strain and/or 
the region occupied by the inelastic stresses in the solder 
material are higher at the lower temperature condition, 
the remaining effective activation energy is lower at this 
temperature.

From the last two equations, considering that the ze-
ro-stress activation energy should be loading indepen-
dent, we have the following formula for the vibration 
sensitivity factor:

8 2 32 1
6 6

1 2

0.0918687 0.049027 =  =  = 4.2842 10 sec
2 10 10s

U U x eVmm
S S x

γ − −− −
− −
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blies. 42nd Electronic Components and Technology Con-
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nite Circular Cylinder with Application to Low Temperature 
Strains and Stresses in Solder Joints. ASME J Appl Mech 
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22.	E Suhir (2016) Adhesively bonded assemblies with identi-
cal nondeformable adherends and “piecewise continuous” 
adhesive layer: Predicted thermal stresses and displace-
ments in the adhesive.

23.	E Suhir, L Bechou, B Levrier, et al. (2013) Assessment 
of the size of the inelastic zone in a BGA assembly. 2013 
IEEE Aerospace Conference, Big Sky, Montana.

24.	E Suhir, S Yi, R Ghaffarian (2017) How many peripheral 
solder joints in a surface mounted design experience in-
elastic strains? Journal of Electronic Materials 46.

25.	E Suhir (2015) Analysis of a short beam with application to 
solder joints: Could larger stand-off heights relieve stress? 
European Journal of Applied Physics 71.
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column-grid-array technology result in inelastic-strain-free 
state-of-stress in solder material? Journal of Materials Sci-
ence: Materials in Electronics 26.

27.	E Suhir (2003) Thermal stress in an adhesively bonded joint 
with a low modulus adhesive layer at the ends. J Appl Phys.

28.	E Suhir (2006) Interfacial thermal stresses in a bi-material 
assembly with a low-yield-stress bonding layer. Modeling 
and Simulation in Materials Science and Engineering 14.

29.	E Suhir, L Bechou, B Levrier (2013) Predicted size of an 
inelastic zone in a ball-grid-array assembly. ASME J Appl 
Mech 80.

30.	E Suhir (2015) Predicted stresses in a ball-grid-array (BGA)/

ing useful life) for the solder material that remains with-
in the elastic region (when subjected to moderately low 
temperatures) and the material that is stressed above this 
region at significant low temperatures. The tests were not 
continued beyond the above times, since no substantial 
new information was expected if they would be. It should 
be emphasized, however, that the FOAT should be always 
conducted, if there is an intent to quantify the RUL. For 
materials that failed within the elastic region the probabi-
listic Palmgren-Miner “rule of the linear accumulation of 
damages” [65] can be used to predict the RUL.

Conclusion
All the three approaches of the applied science and 

engineering-experimental, computer-aided and analyti-
cal - are equally important from the standpoint of mak-
ing a viable electron device into a reliable product. The 
review can explain how predictive modeling approach 
can be used in predicting and prevention of failures of 
solder joints in electronic products, in which high reli-
ability is imperative.
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