
Ordinal Arithmetic theories Set theories Inductive defs. Type theories Other...

Q KP−

ω2 RFA, I∆0

ω3 RCA∗0, WKL∗0, I∆0+exp

ωn I∆0+En is total

ωω (RCA)0, (WKL)0, PRA CPRC

ε0 (ACA)0, (∆1
1-CA)0, PA KP−∞ EM0

ε1 (ACA)0+(KPHT)

εω (ACA)0+(iRT)

εε0 (ACA)

ψΩ1
(Ω) = ζ0 (ACA)0+(∀X∃Y (TJ(ω,X, Y )))

ψΩ1(Ωω) (∆1
1-CR) ID#

1 EM0+JR

ψΩ1(Ωε0) (∆1
1-CA), (Σ1

1-AC) ÎD1 ML1 EM0+J

ψΩ1
(ΩΩ) = Γ0 (ATR)0, (∆1

1-CA)+(BR) KPi− ÎD<ω ML<ω, MLU U(PA)

ψΩ1
(ΩΩε0) (ATR) ÎDω

ψΩ1(ΩΩ+ω) (ATR)0+(Σ1
1-DC) ÎD<ωω

ψΩ1(ΩΩ+ε0) (ATR)+(Σ1
1-DC) ÎD<ε0

ψΩ1
(ΩΩ+Γ0) ÎD<Γ0

MLS

ψΩ1
(ΩΩ2) KPh− Aut(ÎD)

ψΩ1
(ΩΩω) KPM−

ψΩ1(((n+1)Ω)Ωω ) (ACA)0+(Π1
n+2-BI) KP−+Πset

n+2-Foundation

ψΩ1
(((n+1)Ω)Ωε0 ) (ACA)+(Π1

n+2-BI) KP−+IND+Πset
n+2-Foundation

ψΩ1
(εΩ+1) (ACA)+(BI), (Π1

1-CA)− KP, KP(P), KP+Πset
2 -Reflection, CZF ID1, ID2

1 ML1V

ψΩ1
(ΓΩ+1) U(ID1)

ψΩ1(εΩ2+1) KP+Πset
1 -Coll+V=L+∃ω1 ID2, ID2

2

ψΩ1
(Ωω) (Π1

1-CA)0, (∆1
2-CA)0 KPlr, KPir, KPβr ID<ω, (ID2

<ω)0
ψΩ1

(Ωωε0) (Π1
1-CA) W-KPl W-IDω, ID2

<ω

ψΩ1
(εΩω+1) (Π1

1-CA)+(BI) KPl IDω, BID2
ω

ψΩ1(Ωωω ) (∆1
2-CR), (Π1

1-CA<ωω ) KPlrωω ID<ωω

ψΩ1
(Ωε0) (∆1

2-CA), (Σ1
2-AC), (Π1

1-CA<ε0) KPlrε0 , W-KPi, W-KPβ ID<ε0 , ID2
<ε0 , ID

2
<ε0

ψΩ1
(Ωλ) (Π1

1-CA<λ), (Π1
1-CA<λ)+(BI) KPlrν ID<λ, BID2

<λ, ID
2
<λ+(BI)

ψΩ1
(Ωµ) (Π1

1-CAµ)0 KPlrµ (ID2
µ)0

ψΩ1(Ωγ) (Π1
1-CAγ) W-KPlγ ID2

γ

ψΩ1(εΩν+1) IDν
ψΩ1

(εΩγ+1) (Π1
1-CAγ)+(BI) KPlγ IDγ , BID2

γ , ID2
γ+(BI)

ψΩ1
(εΩΩ+1) KPl∗ = KPlrΩ ID≺∗ , BID2∗, ID2∗+(BI)

ψΩ1(ψI(0)) (Π1
1-TR)0, (Aut-Π1

1)0 Aut-KPlr (Aut-ID)0
ψΩ1(ψI(0)ε0) (Π1

1-TR), (Aut-Π1
1) W-Aut-KPl Aut-ID

ψΩ1
(εψI(0)+1) (Aut-Π1

1)+(BI) Aut-KPl Aut-BID

ψΩ1
(εI+1) (∆1

2-CA)+(BI), (Σ1
2-AC)+(BI) KPi, KPβ, CZF+REA T0

ψΩ1
(ΩI+ω) KPi+ ML1W, ML1WV, KP1W, IARI

ψΩ1(ΩL+1) KPh ML<ωW

ψΩ1
(εM+1) (∆1

2-CA)+(BI)+(M) KPM, CZFM

ψΩ1
(ΩM+ω) KPM+ MLM Agda

Ψ0
Ω1

(εK+1) (ACA)+(BI)+(Π1
4-β-model Reflection) KP+Πset

3 -Reflection

Ψ0
Ω1

(επn+1) (ACA)+(BI)+(Π1
n+5-β-model Reflection) KP+Πset

n+4-Reflection

ΨX(εΞ+1) (ACA)+(BI)+(β-model Reflection) KP+Πset
ω -Reflection

ΨH(εΥ+1) KPi+∀α∃κ Lκ ≺1 Lκ+α

ΨK(εI+1) (∆1
2-CA)+(BI)+(parameter-free Π1

2-CA) KPi+∃M(Trans(M) ∧M ≺1 V )

ν is any nonzero ordinal, γ is a limit ordinal, λ is of the form ωγ , µ is additively indecomposable.
Ων = νth uncountable cardinal, I = least weakly inaccessible cardinal.
M = least weakly Mahlo cardinal, K = least weakly compact cardinal.
πn = least Π1

n+2-indescribable cardinal, Ξ = least Π2
0-indescribable cardinal.

Υ = least cardinal such that: ∀θ < Υ∃κ < Υ(κ is θ-indescribable) and ∀θ < Υ∀κ < Υ(κ is θ-indescribable =⇒ θ < κ)
I = least inaccessible cardinal such that there is a cardinal ξ < I that is ρ-reducible for all ξ ≤ ρ < I.
The existence of all of the above cardinals follows from the existence of a subtle cardinal.
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S0 = (Ext)+(Null)+(Pair)+(Union)+(Diff)

S1 = S0+(Powerset)

M0 = S1+(∆set
0 -Separation)

M1 = M0+(Regularity)+(Transitive Containement)

KP− = S0+(Infinity)+(∆set
0 -Separation) +(∆set

0 -Collection)

KP−∞ = S0+(Foundation)+(∆set
0 -Separation) +(∆set

0 -Collection)

KP = KP−∞+(Infinity) = KP−+(Foundation)

KPl = KP+(universe limit of admissible sets)

KPi = KP+(recursively inaccessible universe)

KPh = KP+(recursively hyperinaccessible universe)

KPM = KP+(recursively Mahlo universe)

ZBQC = M0+(Regularity)+(Infinity)+(Choice) NFU+(Infinity)+(Choice)

MAC = M1+(Infinity)+(Choice) = ZBQC+(Transitive Containement)

MOST = MAC+(∆set
0 -Collection) = ZBQC+KP+(Σset

1 -Separation)

Z = S1+(Regularity)+(Infinity)+(Σset
ω -Separation)

ZC = Z+(Choice) = ZBCQ+(Σset
ω -Separation)

MAC+∀m(iim exists) NFU+(Counting)

Z+(Πset
2 -Replacement) NFU∗ = NFU+(Counting)+(Strongly Cantorian Separation)

Z+(Πset
m -Replacement)

ZF = Z+(Πset
ω -Replacement) AST, GB

ZFC = ZF+(Choice) NBG = GBC = GB+(Global Choice)

NBG+(Class Forcing Theorem) NBG+(Clopen Class Game Determinacy)

MK = NBG+(Πclass
∞ -CA)

ZFC+(there is an inaccessible cardinal) ZFC+(Π1
1 Perfect Set Property), ZFC+(Σ1

3 Lebesgue measurability)

ZFC+(there are ω inaccessible cardinals) ZFC+(∀α(ω ≤ α ≤ ℵω =⇒ |Vα ∩ L| = |α|))
ZFC+(there is a proper class of inaccessible cardinals) ZFC+(Grothiendieck Universe Axiom)

ZFC+(there is a Σset
n -reflecting cardinal)

ZFC+(there is a Σset
ω -reflecting cardinal), ZFC+(Ord is Mahlo)

ZFC+(there is an uplifting cardinal) ZFC+(Resurrection Axioms)

ZFC+(there is a Mahlo cardinal)

SMAH = ZFC+(there is a n-Mahlo cardinal)n∈N NFUA = NFU+(Infinity)+(Cantorian Sets)

SMAH+ = ZFC+∀n(there is a n-Mahlo cardinal)

MK+(Ord is weakly compact) GPK+
∞ = GPK++(Infinity), NFUB = NFU+(Infinity)+(Cantorian Sets)+(Small Ordinals)

ZFC+(there is a weakly compact cardinal) ZFC+(ω2 has the tree property)

ZFC+(there is a totally indescribable cardinal)

ZFC+∀n(there is a n-subtle cardinal)

ZFC+(there is a totally ineffable cardinal)

ZFC+∀α(α < ω1 =⇒ there is a α-Erdős cardinal)

ZFC+(0# exists), ZFC+(L |= ℵω is regular) ZFC+∀α(α ≥ ω =⇒ |Vα ∩ L| = |α|), ZFC+(parameter-free Σ1
1-determinacy)

ZFC+∀x(x ∈ R =⇒ x# exists) ZFC+(Σ1
1-determinacy)

ZFC+∀x(x# exists) ZFC+(Σ1
2 universal Baireness)

ZFC+(there is a ω1-Erdős cardinal) ZFC+(Chang’s Conjecture)

SRP = ZFC+(there is cardinal with the n-stationary Ramsey property)n∈N
SRP+ = ZFC+∀n(there is a cardinal with the n-stationary Ramsey property)

MK+(Ord is measurable) NFUM = NFU+(Infinity)+(Large Ordinals)+(Small Ordinals)

ZFM = ZFC+(there is a measurable cardinal) ZFC+(NSω1 is precipitous), ZF+(ω1 is measurable)

ZFC+(there is a measurable cardinal κ such that o(κ) = 2) ZFC+(NSω2
is precipitous)

ZFC+(there is a measurable cardinal κ such that o(κ) = κ++) ZFC+¬SCH, ZFC+(2ℵω = ℵω+2)

MK+(Ord is Woodin) Z3+(parameter-free ∆1
2-determinacy)

ZFC+(there is a Woodin cardinal) ZFC+(∆1
2-determinacy), ZFC+(OD |= AD), ZFC+(NSω1 is ω2-saturated)

ZFC+(there are n Woodin cardinals)n∈N ZFC+(PD), Z2+(AD)

ZFC+(there are ω Woodin cardinals), ZF+(AD), ZFC+(L(R) |=AD), ZFC+(OD(R) |=AD),

ZF+DC+(ω1 is P(ω1)-strongly compact) ZF+(AD), ZFC+(NSω1
is ω1-dense)

ZF+DC+(ω1 is P(R)-strongly compact) ZF+DC+(ADR)

ZFC+(there is a superstrong cardinal)

ZFC+(there is a subcompact cardinal) ZFC+(V = L[ ~E])+∃κ(¬�κ)

ZFC+(there is a strongly compact cardinal) ZFC+(Proper Forcing Axiom)

ZFC+(there is a supercompact cardinal) ZFC+(Martin’s Maximum)

ZFC+∀n(there is a proper class of C(n)-extendible cardinals) ZFC+(Vopěnka’s Principle)

ZFC+(there is a high-jump cardinal)

HUGE = ZFC+(there is a n-huge cardinal)n∈N
HUGE+ = ZFC+∀n(there is a n-huge cardinal)

ZFC+(Wholeness Axiom WAn)

ZFC+I3 = ZFC+∃λ(E0(λ))

ZFC+I2 = ZFC+∃λ(E1(λ))

ZFC+I1 = ZFC+∃λ(Eω(λ))

ZFC+I0

ZF+DC+∃λ∃j : Vλ+2 ≺Σset
ω
Vλ+2

ZF+DC+(there is a Reinhardt cardinal)

ZF+DC+(there is a Berkeley cardinal)
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