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Translator’s Preface

This document is an English translation and complete typesetting of a seminal paper in the
field of electrolyte chemistry, written by Peter Debye and Erich Hückel in 1923, published
in the journal Physikalische Zeitschrift. Researchers in the field of electrolyte chemistry
may have read this paper in English, because there exists an extant English translation
found in the collected papers of Debye, published in 1954 (Interscience Publishers, New
York) and reprinted in 1988 (Ox Bow Press, Woodbridge, CT), that was completed by an
unknown translator. That translation, unfortunately, contained several errors, somewhat
outdated language, and both unclear terminology and inconsistent mathematical symbols.
For example, v vs. ν appear to represent different variables, and the original typesetting
has been maintained despite the symbol v being similar in shape to ν. In the case of x vs.
χ, their similarity caused minor confusion but are now more clearly distinguishable here.
However, in the case of x vs. κ, there is a serious typesetting error, after which the κ symbol
carried forward in the literature but never appeared in the original work. The two figures
below depict a comparison of the existing documents (1923 German on left, 1954 English
translation on right) and show both the symbol κ not corresponding to the original German
(pagination 199) and not even corresponding to a centrally typeset equation (44’) nearby
in the same document (pagination 248). Below this figure, the corrected text provided in
this document is shown for direct comparison. Dotted-line boxes and arrows have been
added.
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Darin bat der rechts stehende Faktor van ,P 
die Dimension eines reziproken Quadrates einer 
Lange. Wir setzen 

, 8.n:ne2 

" = DkT' (11) 

so daB ,,, eine reziproke Lange ist und ( 1 o') 
wird zu 

41/) = x•ip . (12) 
Die somit eingefiihrte Lange 

1 v -D-kT 
--;;-= Bitie• 

ist die wesentlichs te GroBe unserer Theorie und 
ersetzt die mittlere Entfernung der lonen in 
dcr von uns abgelehnten Ghosh sch en Betrach• 
tung. Setzt man Zahlenwerte ein (vgl. sparer) 
und miBt die Konzentration wie gebriiuchlich 
in Mol pro Liter Losung, so wird, wenn die so 
gemessene Konzent ration mit y bezeichnet wird 

-= ~,06 IO - Bcm 

" -Vr 
fur Wasser bei o° C. Die charakteristische 
Lange erreicht also bei einer Koru:entration 1 = I 

( 1 Mol oro Liter) molekularc Dimensionen . 

In this; e,1u-ition , th e f ac tor of 'I' on th e ri ~nt h~n'.l '>irie · 3 " th e 
d i mens ion of th e re iproc a l of the squ-ire of n len th . ',\·-, put : 

? S. 7U l:t 

" = /JkT 
(1 1) 

so that ~~ : i '3 th e r ecip r ocal of a l en~t h, an d equ3 t i on (10') be
coMes: 

,1,,, _. x1 tp ( 12) 

The lcm~ th, i:itroduc ~~ in th i l'< •·1:i.y: 

i s the essen t ia l qunntity in our th eory and replace s th e avera e 
disto nce bet,• 1een ions in Ghoeh ' s consid e r a tion. If nu meric a l 
v::ilu es :ir e in se rt ed (see later) and th e concentrat i on is meas ured, 
a s usu 1, in mol es per li t er so lut ion, then , if thi s concentration 
is denoted by y, 

for ·rate r a t o0 c. The c ha r ac t e ri s tic len g th reache s mol~cular 
di~ensions for a concen trati on of y • l (1 mol e per lit e r). 



The erroneous symbol κ can be found in-line throughout the 1954 translation. Below is
another such example of the κ symbol being used in the 1954 English translation (pagination
199), where x was intended. The complete original 1923 German text and 1954 English
text have been provided in the final sections of this document for the reader to review
themselves.

The use of x was indeed the desired symbol of the authors, as evidenced in citations of
Debye & Hückel’s paper by their peers, such as the following snippet of work by Schärer
(1924, “Theorie der Löslichkeitsbeeinflussung bei starken Elektrolyten”, pagination 7).
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. · i h r ipr all ng h nd qua ion (10') b m 

~ ·. . (12) 
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for wa r ,t 0° . Tl hara t ri ti l ngth th r for r ach mol cular dim n ion 
, h n · = 1 (1 n I p r lit r). 

(43.) 

According to this formula it is, of course, possible to provide · a 
special act.iv ity coefficient for each at-om or molecule takin g pa rt 
in the react i on by putt i.ng: 

with: 

log/ .. = µ 1 log/,, 1 + ... 
µ ;l og/ 1/ + ... µslo,g/,.' (44) 

Then, how,ever, a ·s equat i.on (44') ind .ica.tes by the appearance of '"' 
tbis coefficient referred to a definite type of molecule does not 
solely depend on quantiU ,es whi .ch are rel at ed to this type of 
a.tom. 



All figures have been presented as they were printed in 1923 but enlarged and increased
in exposure to improve legibility, and all tables have been reprinted from the 1954 English
translation and checked for accuracy to the original data. Where necessary, a corresponding
German (italicized) term has been provided adjacent to its translation in square brackets,
which became important to interpreting the very pithy first paragraph of Section 3 Part
(b).
Overall, this document provides a corrected and updated English translation of Debye &
Hückel’s great work, with the additional intent of expressing as accurately as possible their
desired scientific meaning and bright tone. The theories and ideas presented will certainly
continue to offer further use and insight to ongoing scientific research and the historical
record of investigation of the physicochemical phenomena of the natural world.
- Michael J. Braus, 2019
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J. Braus (2019).
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die ungleichnamigen. Berechnet man nach dem 
Maxwell-Boltzmannschen Prinzip die . Ver
teilung aller vorhandenen Ionen um dieses eine 
hervorgehobene Ion, so erzeugt diese Verteilung 
im Zentrum ein Potential 1p; vom Betrag 1) 

Z;E • % I 
1/);=--- - -, 

. D 1 + ~a; 
Dabei bedeutet % (von der Dimension einer 
reziproken Lange) ein MaB fiir die exponentielle 
Abnahme der elektrischen Dichte der lot en
atmosphare nach auBen und ist definiert <lurch 

Dabei ist D die · Dielektrizitatskonstante des 
Losungsmittels, k die Boltzmannsche Kon
stante, T die absolute Temperatur und n, die 
Anzahl der Ionen der i 1~n Sorte pro ems 

N; 
n;= v· I 

. ' 
' 

1) P. Debye, Physik. Zeitschr. 24, 185, 1923. 
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The theory of electrolytes.
1. Freezing point depression and related phenomena
By P. Debye and E. Huckel [1].

1. Introduction

As we know, Arrhenius’ hypothesis of dissociation explains the abnormally large values of
osmotic pressure, freezing point depression, etc., observed in electrolyte solutions, because
the existence of ions goes hand in hand with an increase in the number of individual
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particles. The quantitative theory is based on the extension of the laws of ideal gases,
which van’t Hoff introduced, to dilute solutions for the calculation of their osmotic pressure.
Because it is possible to justify this extension via thermodynamics, there is no doubt as to
the general validity of these fundamentals.
At finite concentrations, however, values for freezing point depression, conductivity, etc.
are smaller than would be expected at first consideration in the presence of complete
dissociation of the electrolytes into ions. Let, for instance, Pk be osmotic pressure, which
results from van’t Hoff’s classical law for perfect dissociation, the actual osmotic pressure
observed is smaller, such that

P = foPk,

in agreement with Bjerrum [2], where the “osmotic coefficient” fo thus introduced is in-
tended to measure those deviations and is observable as a function of concentration, pres-
sure, and temperature. In reality, such observations are not directly related to the osmotic
pressure itself but to freezing point depression or boiling point elevation, both deducible
for thermodynamic reasons using the same osmotic coefficient fo from their limiting values
according to van’t Hoff’s law for complete dissociation.
The most obvious assumption to explain the presence of this osmotic coefficient is the clas-
sical one, according to which not all molecules are dissociated into ions, but an equilibrium
exists between dissociated and undissociated molecules that depends on the total concen-
tration, as well as on pressure and temperature. The number of free individual particles
is therefore variable, and indeed it would have to be set directly proportional to fo. The
quantitative theory of these dependencies, as far as it relates to the concentration, relies
on Guldberg-Waage’s law of mass action; the dependence on temperature and pressure
of the equilibrium constant appearing in this law is to be determined thermodynamically
according to van’t Hoff. The whole complex of dependencies, including Guldberg-Waage’s
approach, can be grounded in thermodynamics, as Planck showed.
Because the electrical conductivity is determined solely by the ions and, according to
the classical theory, the number of ions immediately follows from fo, this theory requires
the well-known relationship between the two properties that depend on concentration,
conductivity on the one hand and osmotic pressure on the other.
A large group of electrolytes, the strong acids, bases, and their salts, grouped under the
name of “strong” electrolytes, shows pronounced deviations demanded by the classical the-
ory, which, remarkably, are all the clearer the more dilute the solutions are [3]. Therefore,
as it was realized in the course of its development, it is possible only with a certain amount
of approximation from fo demanded by the classical theory to infer the dependence of the
conductivity on the concentration. Furthermore, the dependence of the osmotic coefficient
fo itself on the concentration is quite incorrectly represented. For heavily diluted solutions,
fo approaches 1; if we now plot 1 − fo as a function of the concentration c, the classical
theory for binary electrolytes, such as KCl, requires that this curve intersects with the
origin [Nullpunkt] with a finite tangent (determined by the equilibrium constant K). If the
molecule of the electrolyte generally dissociates into ν ions, then, according to the law of
mass action, small concentrations result:

1− fo = ν − 1
ν

cν−1

K
,
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such that in cases where the dissociation occurs in more than 2 ions, the curve in question
must have an even higher order of contact with the abscissa axis. The complex of these
dependencies contitutes Wilhelm Ostwald’s law of dilution.
Actually, observations of strong electrolytes show quite a different behavior. The experi-
mental curve leaves the origin at a right angle [4] to the abscissa axis, independent of the
number of ions, ν. All proposed practical interpolation formulas attempt to model this
behavior by setting 1− fo to be proportional to a fractional power (less than 1, about 1/2
or 1/3) of the concentration. The same phenomenon is repeated in the extrapolation of
the conductivity to infinite dilution, which according to Kohlrausch is to be done using a
power of 1/2.
It is clear that, under these circumstances, the classical theory cannot be maintained. On
the contrary, all experimental material clearly indicates that it can also be abandoned in
its fundamental features, and, in particular, an equilibrium cannot be calculated on the
basis of Gulberg-Waage’s approach and correspond to the real phenomena.
W. Sutherland [5] in 1907 attempted to establish the theory of electrolytes on the assump-
tion of complete dissociation. His work contains some good thoughts. N. Bjerrum [6] is
probably the one who first came to a correctly delineated formulation of that hypothesis.
He has clearly stated and argued that in the case of the strong electrolytes, there is no
apparent equilibrium between dissociated and undissociated molecules and that there are
compelling reasons for considering such electrolytes to be dissociated to ions in their en-
tirety up to high concentrations. Only when considering weak electrolytes do undissociated
molecules occur again. Therefore the classical explanation falls short as the sole basis for
the variability of, for instance, the osmotic coefficient, and the task arises to search for a
hitherto overlooked effect of the ions, which, despite the absence of an association, could
explain the decrease of fo with increasing concentration.
More recently, under the influence of Bjerrum, it has been suggested that the consideration
of the electrostatic forces that the ions exert, and which, because the relatively enormous
size of the electric elementary charge should be strongly important, must provide the desired
explanation. Such forces are not mentioned in the classical theory, which rather treats the
ions as completely independent components. The theory as it was conceived corresponds
approximately to the step one takes when van der Waals passes from the ideal to those
of the real gases. However, we must resort to completely different remedies, because the
electrostatic forces between the ions decrease only with the squares of the distance and
thus differ substantially from the molecular forces, which disappear much more rapidly
with increasing distance.
For osmotic coefficients there exists a calculation by Milner [7]. It is flawless in its structure
but has mathematical difficulties that are not completely overcome and reaches its result
only in the form of a graphically determined curve for the relation between 1 − fo and
the concentration. Moreover, it will be seen from the following that the comparison with
the experience of Milner supersedes the admissibility of his negligence of excessively high
concentrations, for which the individual properties of the ions, which Milner does not take
into account, play a very important role. Still, it would be unjustified to discount Milner’s
calculations in favor of the recent accounts of J. Ch. Ghosh [8]. In what follows, we
shall have to return to the reason why we cannot agree with Ghosh’s calculations in their
application to conductivity nor their somewhat more transparent application to osmotic
pressure. We are even forced to call his calculation of the electrostatic energy of an ionized
electrolyte, which underlies all his further conclusions, fundamentally wrong.
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Quite similar to the calculations of osmotic coefficients are the calculations of conductivity.
Again, the theory must strive to understand the mutual electrostatic influence of the ions
with respect to their mobility. An attempt in this direction comes from P. Hertz [9]. He
transcribes the methods of kinetic gas theory and actually finds a mutual interference of
the ions. In the meantime, the transfer of those methods, and in particular the use of terms
that correspond to the free path of dilute gases, seems to have profound consequences in
the case of free ions between the molecules of the solvent. Indeed, the final result by Hertz
of small concentrations are irreconcilable with the experimental results.
In this first article, we will deal exclusively with the “osmotic coefficient fo” and a similar
one used by Bjerrum [10] of “activity coefficient fa” stressing its significance. Even with
such (weak) electrolytes, where a significant number of undissociated molecules is present,
it cannot simply be modeled after Gulberg-Waage’s approach

cµ1
1 c

µ2
2 ...c

µn
n = K

(c1, c2, ..., cn concentrations, K equilibrium constant). Rather, one has to write, with re-
spect to the electrostatic forces of the ions, instead of K,

faK,

introducing an activity coefficient [11] fa. This coefficient, like fo, will depend on the
concentration of ions. Although Bjerrum has a thermodynamically related relationship
between fa and fo, the relationships of the two coefficients to concentration are different.
The lengthy discussion of conductivity we will reserve for a future article, a classification,
which is internally justified. Whereas the determination of fo and fa can be done by
using only reversible processes, the calculation of mobilities leads to essentially irreversible
processes in which there is no longer a direct connection to fundamental thermodynamic
laws.

2. Fundamentals

It is known in thermodynamics that the properties of a system are fully known if one of
the many possible thermodyanemic potentials is given as a function of the properly chosen
variables. Correspond to the form in which the terms based on the mutual electric effects
will appear, we consider the quantity [12]

G = S − U

T
(1)

(S = entropy, U = energy, T = absolute temperature) to be the basic function. As
variables here (in addition to the concentration) we have volume and temperature, of
course, because

dG = p

T
dV + U

T 2dT. (1′)
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The calculations to be carried out below differ from the classical ones in that the electrical
effects of the ions are taken into account. Accordingly, we divide U into two components,
a classical component Uk and an additional electrical energy Ue

U = Uk + Ue.

Considering that, according to equation (1),

T 2∂G

∂T
= U (2)

and also divide the potential G into two parts:

G = Gk +Ge,

we find that, according to equation (2)

Ge =
∫ Ue
T 2dT. (3)

Our main task is to determine the electrical energy Ue of an ionic solution. For practical
purposes, however, the potential G is not as suitable as Planck’s preferred function

Φ = S − U + pV

T
. (4)

As the differential form of the definition

dΦ = −V
T
dp+ U + pV

T 2 dT (4’)

shows, the variables important to the potential Φ are pressure and temperature, and,
because the vast majority of experiments are performed at constant pressure (and not at
constant volume), Φ is preferable. A comparison of equations (4) with (1) yields

Φ = G− pV

T
; (5)

if G above is known, then we must find and add the term −pV/T as a function of p and
T . Considering equation (1’), we can conclude that

p

T
= ∂G

∂V
= ∂Gk

∂V
+ ∂Ge

∂V
,

and so have obtained the equation of state that relates pressure, volume, and temperature
for the ionic solution. It can be interpreted by assuming that, as a consquence of the
electric effect of the ions, added to the external pressure p is an electric pressure pe, to be
calculated from the relation

9



pe = −∂Ge

∂V
. (6’)

We will later have the opportunity [13] to determine this electrical pressure pe; it applies
only about 20 atmospheres to an aqueous solution, for example, of KCl at a concentration
of 1 mole per liter. Strictly speaking, it is not correct to use the classical approach for V
(as a function of p and T ) without considering the electrical effects of the ions, because the
pressure pe also causes a change in volume. However, understand that the compressibility
of the water is so low that 20 atmospheres can cause only a relative volume change of
0.001, so most applications the electrical addition to V (as a function of p and T ) can be
neglected. Furthering this observation, we will also break down Φ into a classical part and
an additional electric component

Φ = Φk + Φe (7)

and, following equation (3), we can set

Φe = Ge =
∫ Ue
T 2dT (7’)

The classical component Φk is, according to Planck’s form:

Φk =
s∑
0
Ni(ϕi − k log ci, (7”)

where

No, N1, ...Ni, ...Ns

signify the numbers of individual particles in the solution, and No should refer specifically
to the solvent [14]. Next is the thermodynamic potential referring to the single particle

ϕi = si −
ui + pvi

T

a quantity independent of the concentration; k is the Boltzmann constant, k = 1.346 ∗
10−16erg and ci signifies the concentration of particle i, such that

ci = Ni

No +N1 + ...+Ni + ...+Ns
,

from which the relation

s∑
0
ci = 1

follows.
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Having completed these preliminary remarks on thermodynamics, we come to the discussion
of the main task: calculation of the electrical energy Ue.
At first glance, it seems as if this energy would be obtained directly in the following way. If,
in the solvent with the dielectric constant D, there are two electric charges of magnitudes
ε and −ε at a distance r, then their mutual potential energy is

− 1
D

ε2

r

For simiplicity, consider a binary electrolyte such as KCl that has completely dissociated
into ions such that there exist, in the volume V of the solution, N1 = N K-ions with
the charge +ε and an equal number N2 = N Cl-ions with the charge −ε. It can then
be imagined that the mean distance r, which is used in the energy calculation, equals the
mean distance between the ions, and because the volume associated with one ion is equal
to V/2N , we write

r = ( V2N )1/3.

By using this value for r, one would estimate the electrical energy of the solution to be

Ue = −N ε2

D
(2N
V

)1/3

In fact, J. Ch. Ghosh [15] proceeds in this way. This approach, however, is fundamentally
wrong, and the entire theory built upon it (practically characterized by the introduction
of the cube root of concentration) must be rejected.
The (negative) electrical energy of an ionic solution results from the fact that, when one
looks at any one ion in the environment described above, often dissimilar ions of the same
name are found, an immediate consequence of the electrostatic forces acting between the
ions. An exemplary case is crystals, such asNaCl,KCl, etc., in which, according to Bragg’s
investigations, each atom (which also occurs here as an ion) is immediately surrounded by
dissimilar atoms. As true as it is in this case (in accordance with the precise calculations of
M. Born) to estimate the electric energy of the crystal with the distance of two neighboring
dissimilar atoms, it is a mistake to overstate the analogy using the mean distance ( V

2N )1/3

in the case of a solution. In fact, a very different length is appropriate here, because the
ions are free to move and therefore can only maintain the length due to the evaluation of
differences in the probability of residence times of similar and dissimilar ions in the same
voxel [Volumelement] near a specific ion. From this it follows that the thermally induced
movement [Temperaturbewegung] has an essential role to play in the calculation of Ue.
In terms of dimensions, one can only conclude that, assuming the size of the ions need not
be taken into account for large dilutions [16], one energy is the expression already given
above

ε2

D

(2N
V

)1/3
.
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However, another energy, measured by kT , plays an equal role in the thermally induced
movement. It is therefore to be expected that Ue will take the form

Ue = −N ε2

D

(2N
V

)1/3
f
(
ε2

D

(2N
V

)1/3
/kt

)
, (8)

where f is a function of the ratio of the two energies over which we cannot make claims a
priori [17].
Investigation of the limiting case of high temperatures also leads to the same conclusion.
If the energy of the thermally induced movement is large, and if one considers a voxel in
the vicinity of an ion handpicked for this consideration, then the probability that an ion of
the same name is found there is the same as the probability for a dissimilar one. So in the
high temperature limit, Ue must disappear, i.e. the expression for Ue also contains T as an
essential parameter at medium temperatures.

3. Calculation of the Electric Energy of an Ionic Solution of an
Uni-univalent Salt.

In a volume V , N molecules of a uni-univalent salt (for example, KCl) are dissociated into
ions; if the absolute value of the charge of an ion is ε (4.77 ∗ 10−10 electrostatis units),
let the dielectric constant be D. We consider one of these ions with the charge +ε and
intend to determine its potential energy u relative to the surrounding ions. The direct
calculation, as attempted by Milner, taking into account every possible arrangement of the
ions and allowing for their probability according to Boltzmann’s principle, has proved to be
too difficult mathematically. We therefore replace it with another consideration, in which
the calculation from the outset is guided toward the mean value of the electric potential
generated by the ions.
At a point P in the vicinity of the specific ion, let the mean electrical potential be ψ with
respect to time; if one brings a positive ion to that location, then the work required is +εψ,
while for a negative ion the work −εψ is required. In a voxel dV at this point with respect
to time, therefore, we will find a mean value, according to the Boltzmann principle,

ne−
εψ
kT dV

positive and

ne+ εψ
kT dV

negative ions, setting n = N
V . In fact, in the limit for T = ∞, the distribution of the ions

must become uniform, such that the factor before the exponential function is equal to N
V ,

i.e. must be set equal to the number of ions of one kind per cm2 of the solution. For the
time being, however, nothing can be said with these data, because the potential ψ of the
point P is still unknown. According to Poisson’s equation, however, the potential must
sufficiently satisfy the condition

12



∆ψ = −4π
D
% ,

if the electricity with the density % in the medium is affected by the dielectric constant D.
On the other hand, after the above

% = nε(e−
εψ
kT − e+ εψ

kT ) = −2nεGin
εψ

kT
; (9)

so ψ can be determined as the equation’s solution

∆ψ = 8πnε
D

Gin
εψ

kT
. (10)

The further one moves away from the specified ion, the smaller will be the potential ψ, and
for larger distance the sufficient approximation Gin εψkT can replace εψ

kT . If one does that,
equation (10) takes on the much simpler form [18]

∆ψ = 8πnε2

DkT
ψ. (10’)

Here the factor ψ on the right side has the dimension of the reciprocal of the square of a
length. We set

x2 = 8πnε2

DkT
, (11)

so x is the reciprocal length, and equation (10’) becomes

∆ψ = x2ψ. (12)

The length introduced as

1
x

=
√
DkT

8πnε2

is the most significant quantity in our theory and replaces the mean distance between the
ions in the deprecated approach of Ghosh. If one uses numerical values (see later) and if the
concentration is as usual in moles per liter of solution, then, if the measured concentration
is denoted by γ,

1
x

= 3.06
√
γ

10−8cm

for water at 0◦C. The characteristic length therefore reaches molecular dimensions when
γ = 1 (1 mole per liter).
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We now wish to interrupt this course of thought in order to explore the physical meaning
of the characteristic length.
In an electrolyte solution of potential 0, immerse an electrode whose surface has a potential
difference ψ to this solution. The transition from ψ to 0 will then take place in a layer of
finite thickness given the above considerations. If we use equation (12) and designate z as
a coordinate perpendicular to the electrode surface, then we find

ψ = Ψe−xz

a function that satisfies equation (1). Because the right-hand term of equation (12), in the
sense of Poisson’s equation, signifies −4π

D %, the charge density associated with the given
potential is

% = −Dx
2

4π ψe−xz.

According to this formula, 1
x signifies the length at which the electrical density of the ionic

atmosphere decreases to the eth part. Our characteristic length 1
x is a measure of the

thickness of such an ionic atmosphere (i.e., of the widely known Helmholtz double layer);
according to equation (11) it depends on the concentration, temperature, and dielectric
constant of the solvent [19].
Now that the meaning of the length 1

x has been clarified, let us now use equation (12)
to determine the potential and density distribution in the environment of the specified
ion with the charge +ε. We call the distance from this ion r and introduce spatial polar
coordinates to equation (12). Then equation (12) becomes

1
r2

d

dr
(r2dψ

dr
) = x2ψ (12’)

and this equation has the general solution

ψ = A
e−xr

r
+ A′

exr

r
. (13)

Because ψ disappears at infinity, it must be that A′ = 0; the constant A, on the other hand,
must be determined from the conditions in the vicinity of the ion. We want to carry out
this determination in two steps, (a) and (b), while under (a) assume that the dimensions
of the ion have no effect; under (b) consider the ion to have a finite size. Considerations
under (a) then provide the boundary law for large dilutions, while (b) provides the changes
that are to be made to this boundary law for larger concentrations.

(a) Infinitesimal Ion Diameter.

The potential of a single point charge ε in a medium of dielectric constant D would be

ψ = ε

D

1
r
,

14



if no other ions are present in the medium. Our potential in equation (13) must agree with
this expression for infinitesimally small distances, so we write

A = ε

D

and the desired potential will be:

ψ = ε

D

e−xr

r
= ε

D

1
r
− ε

D

1− e−xr
r

. (14)

We have subsequently divided the potential into two components, the first of which repre-
sents the potential unaffected by the surrounding ions, and the second of which represents
the potential originating from the ionic atmosphere. For small values of r, the value of this
latter potential becomes equal to

− ε

D
x;

the potential energy u, which contains the specified ion +ε relative to its surroundings, is
therefore [20]

u = −ε
2

D
x. (15)

If one now has a series of charges ei and the potential at the respective location of a charge
is ψi, according to the laws of electrostatics, the total potential energy

Ue = 1
2
∑

eiψi.

In our case, where N positive ions are present, each of which has the potential difference
− ε
Dx relative to its surroundings, and N negative ions with a potential difference of + ε

Dx
are added, then the desired potential energy [21]

Ue = Nε

2 (−εx
D

)− Nε

2 (+εx
D

) = −Nε
2x

D
. (16)

At the same time, x is given as a function of the concentration by equation (11), so the
potential energy of the ionic solution is proportional to the square root of concentration
and not, as in Ghosh, proportional to the cube root of the same quantity.

(b) Finite Ion Diameter.

We noted earlier that the characteristic length 1
x at concentrations of 1 mole per liter reaches

the scale of molecular dimensions. At such concentrations, it is therefore inadmissible for
the ion of finite molecular size to be replaced by a point charge, as was done under (a).
It would not correspond to the meaning of our calculation, based on Poisson’s equation, if
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one wanted to introduce detailed concepts about the distances of mutual approach of ions.
Rather, we will now utilize an image [Bild] that considers an ion to be a sphere of radius
a, whose interior is to be treated as a medium with the dielectric constant D, and at the
center of which is the charge +ε or −ε, as a point charge. The magnitude of a then does
not evidently represent the ion radius but measures a length that is the mean distance
up to which the surroundings, both positive and negative ions, can approach the specified
ion. Accordingly, with positive and negative ions of exactly equal size, a would be, for
example, expected to be of the same order of magnitude as the ion diameter. In general,
this ion diameter cannot yet to be regarded as the diameter of the real ion, because ions
are expected to be surrounded according to their hydration by a firmly adhered layer of
water molecules. Therefore, with the assistance of the length a, we can only approximate
reality with the schematic provided above. However, the discussion of practical cases (see
below) will show that this approximation is fairly extensive [recht weitgehende].
The potential for a specified ion remains

ψ = A ∗ e
−xr

r
, (17)

except the constant A must now be determined differently. According to our assumptions,
inside the ion sphere (for a positive ion) we set

ψ = ε

D

1
r

+B. (17’)

The constants A and B are to be determined from the boundary conditions at the surface of
the sphere. There, for r = a, the potentials ψ as well as the field strengths−dψ

dr continuously
merge together.
Accordingly

A
e−xa

a
= ε

D

1
a

+B,

A ∗ e−xa1 + xa

a2 = ε

D

1
a2 ,

 (18)

consequently

A = ε

D

exa

1 + xa
, B = −εx

D

1
1 + xa

. (18’)

The value of B represents the potential generated at the center of the ion sphere by the
ionic atmosphere; accordingly, one obtains the expression for the potential energy of a
positive ion relative to its surroundings

u = −ε
2x

D

1
1 + xa

. (19)

As the comparison with equation (15) shows, the effect of the ion size is represented by the
factor 1/(1 + xa) only. For low concentrations (n small) x is also small following equation
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(11), and the energy approaches the value given above for infinitely small ions. For large
concentrations (x large), on the other hand, u gradually approaches the quantity

− ε2

Da
,

such that the importance of our characteristic length 1
x lessens compared to the new length

measuring the ionic size a.
With the aid of equation (19), the expression is similar to that under (a) for the total
electrical energy of the ion solution

Ue = −N2
ε2x

D

 1
1 + xa1

+ 1
1 + xa2

, (20)
if we clearly characterize the positive ions by a radius a1 and the negative ones by another
radius a2. We could now use equations (16) or (20) directly to determine our thermody-
namic function as explained in Section 2. In the meantime, let us first derive equation
(20) as an expression for the energy of any ionic solution, by eliminating the restriction to
uni-univalent salts introduced for the sake of clarity.

4. The Potential Energy of Any Ionic Solution.

In a solution there exist

N1...Ni...Ns

various ions with the charges

z1...zi...zs

such that the integers z1...zi...zs, can measure the valances and be positive and negative.
Because the total charge is zero,

∑
Nizi = 0

must be true. In addition to the total numbers Ni, the ion numbers per cm3

n1...ni...ns

are also introduced.
Again, any ion can be specified, and in its vicinity the potential is determined according
to Poisson’s equation

17



∆ψ = −4π
D
%.

The density of the ith ion of this type is provided by Boltzmann’s principle

nie
−zi εψkT ,

such that

% = ε
∑

nizie
−zi εψkT ,

and the fundamental equation becomes

∆ψ = −4πε
D

∑
nizie

−zi εψkT . (21)

If we use the expansion of the exponential function in the previous paragraph, then equation
(21) practically becomes the equation

∆ψ = 4πε2

DkT

∑
niz

2
i ψ (21’)

because the condition

∑
nizi = 0

causes the first term of the expansion to disappear. In the general case, therefore, the
square of our characteristic length 1

x2 is to be defined by the equation [22]

x2 = 4πε2

DkT

∑
niz

2
i , (22)

while the equation for potential maintains its former form

∆ψ = x2ψ.

Again, any ion is specified and the potential ψ in its vicinity is determined. In accordance
with the statements of the previous paragraph,

ψ = A
e−xr

r

for the field outside the ion.
If the ion has the charge ziε and has an approach distance of ai, then the inside of the ion
sphere becomes

18



ψ = ziε

D

1
r

+B,

while the constants A and B are

A = ziε

D

exai

1 + xai
, B = −ziεx

D

1
1 + xai

.

The given value of B corresponds to the potential energy

u = −z
2
i ε

2x

D

1
1 + xai

of the ion specified ion relative to its ionic atmosphere, while the total electrical energy of
the ion solution, as can be readily seen, is

Ue = −
∑ Niz

2
i

2
ε2x

D

1
1 + xai

. (23)

The inverse length x is defined in the general case by equation (22) [23].

5. The Additional Electrical Term to Thermodynamic Potential.

In Section 2 we came to the conclusion that the additional term originating in the potential
from the mutual effect of the ions

G = S − U

T

is determined from the equation

Ge =
∫ Ue
T 2dT.

If we now use the expression given in equation (23) for Ue to address the general case,
it must be remembered when integrating that according to equation (22) the reciprocal
length in this expression contains the temperature. The calculation becomes clearer when
we first conclude from equation (22) that

2xdx = −4πε2

Dk

∑
niz

2
i

dT

T 2 ,

whereD is considered to be temperature-independent [24], and then use x as the integration
variable, not T . So the result is
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Ge = k

4π∑niz2
i

∑
Niz

2
i

∫ x2dx

1 + xai
. (24)

If one applies the abbreviation

xai = xi,

one finds that

∫ x=x x2dx

1 + xai
= 1
a3
i

∫ u=xi u2du

1 + u
= 1
a3
i

{
const + log (1 + xi)− 2(1 + xi) + 1

2(1 + xi)2
}
.

The constant of integration is determined in such a way that the electrical addition Ge to
the total potential disappears from the limit for infinite dilution. Because x in equation (22)
is proportional to

√∑
niz2

i , x = 0 corresponds to the case of infinite dilution. Accordingly,
the constant in the curly brace must be determined such that for x = 0 the parenthetical
expression also disappears, and within that limit

log (1 + xi)− 2(1 + xi) + 1
2(1 + xi)2

the value −3
2 means

const. = 3
2

Then

∫ x2dx

1 + xa
= 1
a3
i

{
3
2 + log (1 + xi)− 2(1 + xi) + 1

2(1 + xi)2
}

and

Ge = k

4π∑niz2
i

∑ Niz
2
i

a3
i

{
3
2 + log (1 + xi)− 2(1 + xi) + 1

2(1 + xi)2
}
. (26)

The function in the curly brace, when expanded with powers of xi, takes the form

3
2 + log (1 + xi)− 2(1 + xi) + 1

2(1 + xi)2 = x3
i

3 −
x4
i

4 + x5
i

5 −
x6
i

6 + ...;

this is why one sets the abbreviation

χi = χ(xi) = 3
x3
i

{
3
2 + log (1 + xi)− 2(1 + xi) + 1

2(1 + xi)2
}
, (27)
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therefore χ approaches the value 1 for small concentrations and can be expanded to

χi = 1− 3
4xi + 3

5x
2 − ... (27’)

By introducing this function and considering the definition in equation (22) of x2, our
addition to the thermodynamic potential can be reduced to the form [25]

Ge =
∑

Ni
z2
i ε

2

DT

x

3χi, (28)

where, for the sake of clarity, according to equation (22) for x,

x2 = 4πε2

DkT

∑
niz

2
i

is explicitly repeated again here.
For small concentrations, therefore, in Ge, each ion has a contribution proportional to x,
i.e. proportional to the square root of the concentration. If the finite dimensions of the ions
were neglected, then, according to equations (27’) and (25), χi would be equal to 1, and this
dependency would appear to be valid for all concentrations. The dependence on the ion’s
size, which takes into account the individual properties of the ions, is therefore measured
by the function χ given equations (27) or (27’). In the limit for large dilutions, however,
this influence disappears, and the ions only differ as far as their valences are different.

6. Osmotic Pressure, Vapor Pressure Depression, Freezing Point
Depression, Boiling Point Elevation.

According to Section 2 regarding equations (7), (7’), and (7”), the thermodynamic function
Φ of the solution is represented by the expression

Φ =
s∑
0
Ni(ϕi − k log ci) +

ε∑
1
Ni
z2
i ε

2

3D
x

T
χi. (29)

In this case, for the electrical addition to Φ, equation (28) is used, in which χi = χ(xi) =
χ(xai) is provided by equation (27) and, as explained in the previous paragraph, approaches
the value of 1 (unity) in the limit for infinitesimal concentrations. x is our reciprocal
characteristic length, defined by equation (22),

x2 = 4πε2

DkT

∑
niz

2
i .

According to the method used in Planck’s textbook on thermodynamics [possibly Vorlesun-
gen über Thermodynamik (1897)], the laws of the phenomena named in the heading can
all be deduced by differentiation of equation (29). The condition for equilibrium in the
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transition of a quantity of δNo-molecules of the solvent from the solution to the respective
other phase is known,

δΦ+ δΦ′ = 0,

if Φ′ signifies the thermodynamic potential of that second phase. We set

Φ′ = N ′oϕ
′
o (30)

and wish to account for the case of equilibrium between the solution and the frozen solvent,
bearing in mind that the most extensive and reliable measurements for freezing point
depression are as a function of concentration. We now let No vary by δNo and N ′o vary by
δN ′o and then immediately find that

δ(Φ+ Φ′) = ϕ′oδN
′
o + (ϕo − k log co)δNo +

s∑
1
Ni

z2
i ε

2

3DT
d(xχi)
dx

∂x

∂No
δNo, (31)

as it is easily apparent

s∑
0
Niδ log ci =

s∑
0
Ni
∂ log ci
∂No

δNo

has the value zero.
Because

δN ′o = −δNo

the condition for equilibrium is

ϕ′o − ϕo = −k log co +
s∑
1
Ni

z2
i ε

2

3DT
d(xχi)
dx

∂x

∂No
; (32)

it could be utilized in this form for all the phenomena named in the heading and represents
a relation between pressure, temperature, and concentrations.
In the definition of x, ni represents the number of ions of the ith type per unit volume,
such that

ni = Ni

V

On the other hand, the whole formulation, like that of Planck for volume V , is based on
the linear approach

V =
s∑
0
nivi = novo +

s∑
1
nivi
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Accordingly, equation (22) becomes

2x ∂x

∂No
= − 4πε2

DkT

∑
z2
i

Nivo
V 2 = − 4πε2

DkT

vo
V

∑
niz

2
i ;

according to this equation of definition one therefore finds

∂x

∂No
= −x2

vo
V
,

and our condition for equilibrium takes the form:

ϕo − ϕ′o = k log co + vo
s∑
1
ni
z2
i ε

2

6DT x
d(xχi)
dx

. (32’)

The function for concentration characterizing the effects in question

d(xχi)
dx

can easily be calculated from equation (27). If we designate it as σi, it follows while keeping
the abbreviation

xi = xai

to

σi = d(xχi)
dx

= 3
x3
i

[
(1 + xi)−

1
1 + xi

− 2 log (1 + xi)
]
. (33)

For small values of xi, the expansion is

σi = 1− 3
2xi + 9

5x
2
i − 2x3

i + ... =
v=s∑
v=0

3ν + 1
ν + 3x

ν
i ,

such that σi approaches the value 1 (unity) for small concentrations; for large concen-
trations, σi disappears as 3/x2

i . Table 1 contains numerical values for σ as a function of
x = xa; Fig. 1 presents the trend of the function graphically.
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Tabl e I 

X a(x) X a( x) X o( :cl :c o(xJ 

0 1.000 0.4 0.598 0.9 0.370 3.0 0.1109 

0.05 o.9c9 0.5 0.536 1.0 0.341 3.5 0.0898 
0.1 0.855 0.6 0.486 1.5 0.238 4 . 0 0.0742 
0.2 0.759 0.7 0.441 2.0 0.176 4.5 0.0628 
0.3 0.670 0.8 0.403 2.5 0.136 5.5 0.0540 



Because we will later take the opportunity to address the freezing point of concentrated
solutions, it is advisable to calculate the magnitude of depression from equation (32’)
without first introducing all the simplifications that are permitted in very dilute solutions.
The freezing point of the pure solvent is To, the freezing point of the solution To −∆, the
heat of fusion of the frozen solvent q, the specific heat of the liquid solvent at constant
pressure cp, and the same quantity for the frozen solvent c′p. The three latter quantities
should always be related to a real molecule, such that they represent the typical molar
masses divided by Loschmidt’s number. Then, according to the equation that defines ϕ,

ϕo − ϕ′o = −∆
To

q

To
+ ∆2

T 2
o

[
(cp − c′p)−

2q
kTo

]
.

For co we can set

co = 1−
s∑
1
ci

Continuing, we set

d(xχi)
dx

= σi

it finally follows that

∆
To

q

kTo
− ∆2

T 2
o

(
cp − c′p

2k − q

kTo

)
= − log (1−

s∑
1
ci)−

ε2x

6DkT

s∑
1
vo ni z

2
i σi.

If Loschmidt’s number is called N , then

Nq = Q

is the melting heat of a mole,
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Nk = R

is the gas constant, and

Ncp = Cp and Nc′p = C ′p

the specific heat per mole of liquid or solid solvent, respectively, such that you can also
write

∆
To

Q

RTo
− ∆2

T 2
o

(
Cp − C ′p

2R − Q

RTo

)
= − log (1−

s∑
1
ci)−

ε2x

6DkT

s∑
1
vo ni z

2
i σi. (34)

For small concentrations first ∆2/T 2
o then ∆/To can be neglected, second,

− log (1−
s∑
1
ci) =

s∑
1
ci

becomes true, and third, the total volume can be identified with the volume of water by
considering the number of dissolved ions as infinitesimal relative to the number of water
molecules. It is identical when we set

vo ni = vo
V
Ni = Vi

No
= Ni

No +∑s
1 vi Ni

= ci.

With these approximations you find [26]

∆
To

Q

RTo
=

s∑
1
ci

(
1− ε2x

6DkT z
2
i σi

)
, (35)

whereas under the same assumptions, the classical formula would be

∆
To

Q

RTo
=

s∑
1
ci. (35′)

7. The Freezing Point Depression of Dilute Solutions.

The characterstics of the electric effect of the ions are particularly evident in the limiting
laws for large dilutions, as represented by equation (35). We therefore wish to treat the
formulas and laws for this limiting case separately. Equation (35) is applicable to the
general case of a mixture of a variety of electrolytes that may also have only partially
dissociated into ions. Here we consider the special case of a single species of molecule in
solution. The molecule is completely dissociated into ions and consists of s-ion species,
numbered 1, .......i, .......s, such that
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ν1, ...νi, ...νs

ions of the species 1, .....i, .....s compose the molecule. The charges associated with each of
these ions are

ziε, ...ziε, ...zsε.

(For H2SO4, this would be dissociated into the ions H and SO4, for example,

ν1 = 2, ν2 = 1, z1 = +1, z2 = −2,

if the superscript index 1 is related to the H-ions and the superscript index 2 to the SO4-
ions.)
Because the molecule as a whole is uncharged, it is true that

s∑
1
νizi = 0.

The solution now consists of No molecules of solvent and N molecules of the added elec-
trolyte, where N is considered small relative to No. Then,

ci = Ni

No +∑s
1Ni

= Ni

No
.

Considering that

Ni = νiN

and designates c as the concentration of the dissolved species, in the approximation used
here

c = N

No
,

so will

ci = νic.

Equation (35) for the freezing point depression then becomes

∆
To

Q

RTo
= fo

∑
ci = foc

∑
νi (36)

with
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fo = 1− ε2x

6DkT

∑
νiz

2
i σi∑
νi

. (37)

The quantity fo is the osmotic coefficient mentioned in the introduction, because fo = 1
would correspond to the transition to classical theory, as shown by equation (35’). If one
calls ∆k the freezing point depression calculated according to the classical theory, then

∆
∆k

= fo

or

1− fo = ∆k −∆
∆k

.

The relation in equation (37) therefore shows, qualitatively for the moment, that the actual
depression of the freezing point must be smaller than expected under classical theory, a
result that is consistently confirmed for dilute electrolyte solutions. The quantities x and
σ occurring in equation (37) are determined by equations (22) and (33) (the latter with
the associated table). As explained in the previous section, σi measures the influence of
the ionic size and disappears at very low concentrations, because then σ tends to value 1.
Accordingly, if we deal first with the limiting law, which should be valid for goose large
dilutions, then in the limiting case we find

fo = 1− ε2x

6DkT

∑
νiz

2
i∑

νi
. (38)

On the other hand, according to equation (22)

x2 = 4πε2

DkT

∑
niz

2
i ;

however, because

ni = νi
N

V
= νin

with the introduction of the volume concentration n of the dissolved molecules, so too

x2 = 4πnε2

DkT

∑
νiz

2
i .

It follows that for very low concentrations,

fo = 1− ε2

6DkT

√
4πε2

DkT
n
∑

νi

(∑
νiz

2
i∑

νi

)3/2

, (38’)
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where n∑ νi represents the total number of ions per cm3 of the solution, and

w =
(∑

νiz
2
i∑

νi

)3/2

(39)

is to be called the valence factor, because it measures the influence of the ion valences zi
on the phenomena. It is best not to consider fo itself but the deviation from 1 (unity) and
so write for very low concentrations:

1− fo = w
ε2

6DkT

√
4πε2

DkT
n
∑

νi. (40)

Firstly, with this formula expressing how the deviations 1−fo depend on the concentration,
namely, it states in this regard:

Theorem 1.

For all electrolytes, in the limit for low concentrations, the percentage deviation of the
freezing point depression from the classical value is proportional to the square root of the
concentration.
It is possible to state this law as a general law because all the electrolytes for large dilutions
can be considered as completely dissociated into ions. Of course, only the strong electrolytes
practically reach that area of complete dissociation.
Secondly, equation (39) makes a statement about the influence of ion valence, which can
be formulated as follows:

Theorem 2.

If the dissolved molecule dissociates into ν1, ...νi, ...νs different ions of types 1, ...i, ...s
with the valences z1, ...zi, ...zs, then, for low concentrations, the percentage deviation of
the freezing point depression from the classical value is proportional to a valence factor w,
which is calculated from

w =
(∑

νiz
2
i

νi

)3/2

.

As an example for the calculation of this valence factor, Table 2 is presented, where in the
left column an example of the type of salt is given, and in the right column the value of w
is given:
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The influence of the ions therefore increases considerably with increasing valence, which
also corresponds to the qualitative findings.
Thirdly, the solvent has an influence, in the sense of Nernst’s well-known suggestion for
explaining the ionizing force of solvents with a high dielectric constant. Following equation
(40), one finds

Theorem 3.

For low concentrations, the percent deviation of the freezing point depression from the
classical value is inversely proportional to the 3/2th power of the dielectric constant of the
solvent.
The remaining constants in equation (40) are the charge of the elementary electric quantum
ε = 4.77 ∗ 10−10 e.s.u., Boltmann’s constant k = 1.346 ∗ 10−16 erg, and the temperature T ,
the latter of which occurrs both explicitly and implicitly, because the dielectric constant D
varies with T .
If one deals with dilute solutions in the conventional sense, then σ can no longer be replaced
by 1 (unity), and equation (37) comes into effect, which is explicit:

1− fo = w
ε2

6DkT

√
4πε2

DkT
n
∑

νi

∑
νiz

2
i σi∑

νiz2
i

. (41)

As Table 1 shows, as well as equation (33), upon which it is based, σi continuously decreases
with increasing concentration, and ultimately

3
x2
i

= 3
x2a2

i

,

i.e. inversely proportional to the concentration, because x is proportional to the square
root of this quantity. Therefore, according to equation (41), the deviation 1− fo must first
increase proporational to the square root of the concentration for very low concentrations
but then increase with increasing concentration in view of the influence of σ, i.e. the devi-
ation will reach a maximum and finally decrease again inversely proportional to the square
root of the concentration. Although this statement contains a poorly justified extrapo-
lation to larger concentrations of equation (41), which is specialized for dilute solutions,
the statement remains qualitatively valid even on closer examination of more concentrated
solutions (see Section 9). In fact, the measurements also show a maximum of deviation
of 1 − fo as a characteristic of the curves for the freezing point depression. However, we
believe that the phenomenon of hydration (see the concluding section) also significantly
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Type 

XCl 

CaCl 2 

CuS0 4 

AlCls 
Al 2 (S O .. J3 

Valence factor, w 

1 " l 
.::. ~ = 2.83 
4{4_=8 
,) {S = 5 . i:!O 
6 V6 =16 .6 



influence the production of the maximum. A numerical comparison of the theory with
empirical knowledge will be provided in Section 9.

8. The Dissociation Equilibrium.

If one does not restrict oneself only to strong electrolytes, there will be an equilibrium of
dissociation between undissociated molecules and ions. However, this equilibrium will not
be calculated according to the classical formula, because otherwise the mutual electrical
forces of the ions will interfere. The way in which this happens according to our quantitative
theory will be calculated here. We start again from equation (29) for the thermodynamic
potential Φ of the solution

Φ =
s∑
0
Ni(ϕi − k log ci) +

s∑
1
Ni
z2
i ε

2

3D
x

T
χi;

the individual particles present in the solution are both charged and uncharged. For the
latter we simply set zi = 0. The solvent will be provided with the superscript index o.
Now we introduce a variation of the number Ni in the well-known manner and calculate
the corresponding change of the potential. This results in

δΦ =
i=s∑
i=0

δNi(ϕi − k log ci) +
i=s∑
i=1

δNi
z2
i ε

2

3DT xχi +
i=s∑
i=1

Ni
z2
i ε

2

3DT
d(xχi)
dx

j=s∑
j=1

∂x

∂Nj
δNj,

taking into account that, according to the definition-equation (22),

x2 = 4πε2

DkT

l=s∑
l=1

nlz
2
l = 4πε2

DkT

l=s∑
l=1

Nlz
2
l

V

the quantity x may depend on all numbers N1...Ns. If one exchanges the indices of sum-
mation i and j in the third sum, then δΦ may also be reduced to the form:

δΦ = δNo(ϕo − k log co) +
i=s∑
i=1

δNi

[
ϕi − k log ci + ε2

3DT

(
z2
i xχi +

j=s∑
j=1

Njz
2
j

d(xχi)
dx

∂x

∂Ni

)]
.

However, following the definition of x, ∂x
∂Ni

can be calculated. If, for the volume, the linear
approach is maintained,

∂x

∂Ni
= x

2∑s
1 nlz

2
l

∗ z
2
i − vi

∑s
1 nlz

2
l

V
.

Making the convetional assumption that the following proportion holds in a chemical re-
action in the solution
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δN1 : δN2 : ... δNi : ... : δNs = µ1 : µ2 : ... µi : ... µs ,

the condition for equilibrium follows from the variation of the potential

i=s∑
i=1

µi log ci =
i=s∑
i=1

µiϕi
k

+ ε2x

6DkT

i=s∑
i=1

2µiz2
i χi + µi(z2

i − vi
s∑
1
njz

2
j )
∑j=s
j=1 njz

2
j
d(xχj)
dx∑j=s

j=1 njz
2
j

. (42)
This differs from the classical condition by the additional term on the right-hand side. If
one ntroduces the activity coefficient fa, as was done in the introduction, one sets

s∑
1
µi log ci = log(faK),

where K is the classical equilibrium constant, the activity coefficient is defined by the
relationship

log fa = ε2x

6DkT

i=s∑
i=1

2µiz2
i χi + µi(z2

i − vi
s∑
1
njz

2
j )
∑j=s
j=1 njz

2
j
d(xχj)
dx∑j=s

j=1 njz
2
j

. (43)
According to this formula, it is of course possible to provide each atom participating in the
reaction or molecule with its own activity coefficient by setting

log fa = µi log f1
a + ...µi log f ia + ...µs log f sa (44)

with

log f ia = ε2x

6DkT

2z2
i χi + (z2

i − vi
s∑
1
njz

2
j )
∑s

1 njz
2
j
d(xχi)
dx∑s

1 njz
2
j

. (44’)

Then, however, as shown by equation (44’) by the appearance of x, this coefficient referring
to a particular species of molecule will not be applicable solely to quantities related to that
type of atom.
Again, simplifications are possible when limited to smaller concentrations. In that case,

vi
s∑
1
njz

2
j

can be neglected compared to z2
i ; when this is the case, the volume of the dissolved sub-

stance is regarded as vanishing with respect to the volume of the whole solution. Therefore,

log f ia = ε2x

6DkT z
2
i

2 χi +
∑s

1 njz
2
j

(dxχi)
dx∑s

1 njz
2
j

. (45)
31



Finally, the limit can be specified for the activity coefficient for maximally dilute solutions.
In this limit, where the effect of ion’s size vanishes, χ = 1 can be set to obtain

log f ia = ε2x

2DkT z
2
i . (45’)

Because x depends on the properties of all ions (affected by their valence), even in this
limit, coefficient f ia is not simply a function of the properties of the ith ion. We refrain
from discussing the limiting law in detail and only comment again that, in the limit, log fa
is proportional to the square root of the concentration.

9. Comparison of Freezing Point Depression with Experimental
Empirical Knowledge.

Fig. 2 depicts the characteristic behavior of strong electrolytes. On the horizontal axis,
the variable νγ, which measures the ion concentration, is plotted against γ, which, as
stated earlier, is the concentration of the electrolyte in moles per liter [27], while ν = ∑

νi
represents the number of ions into which one molecule of the salt dissociates. The four
representatives KCl, K2SO4, La(NO3)3 and MgSO4 were selected from the four types
distinguished by their ionic valences. KCl dissociates into two univalent ions, K2SO4 into
one univalent and two bivalent ions, La(NO3)3 into three univalent and one trivalent ions,
and MgSO4 into two divalent ions. If we designate the freezing point depression with ∆k

that is expected in the case of complete dissociation according to the classical theory, and
the real observed freezing point depression with ∆, the expression is

Θ = ∆k −∆
∆k

, (46)

i.e. the percentage deviation from the classical value was found and plotted as ordinate.
Following Section 7 we also set

Θ = 1− fo ; (46’)

as shown, Θ indicates the deviation of the osmotic coefficient from its limiting value 1.
Because, in an aqueous solution,

∆k = νγ ∗ 1.860◦ (47)

for all electrolytes, a point on the axis of abscissa corresponds to a concentration that should
always produce the same freezing point depression disregarding the mutual forces. We have
plotted the observed values alone without the corresponding curve to avoid any interference.
This method, however, was only made possible by the fact that some American researchers
have recently carried out very excellent measurements of freezing point depression at low
concentrations. The measurements of Fig. 2 are from Adams and Hall and Harkins [28].
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It is evident that the deviation Θ does not increase, as the law of mass action would
require, for small concentrations proportional to the first or even a higher power of the
concentration.

Additionally, the curves demonstrate the strong influence of ion valence.
Our theory now requires that, at very low concentrations, the percentage deviation Θ be
proportional to the square root of the concentration, with a factor of proportionality that
depends substantially on the valence of the ions. According to equations (39) and (40) (if
the molecule dissociate into ν1 ... νi ... νs ions with valences z1 ... zi ... zs)
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Θ = 1− fo = w
ε2

6DkT

√
4πε2

DkT
n
∑

νi (48)

with the valence factor

w =
(∑

νiz
2
i∑

νi

)3/2
. (49)

We must now express the number of ions n per cm2 in concentration γ, measured in moles
per liter. We assume the value 6.06 ∗ 1023 for Loschmidt’s number, then

n = 6.06 ∗ 1020γ.

Further, it is assumed that ε = 4.77 ∗ 10−10 e.s.u., k = 1.346 ∗ 10=16erg, and, because
the following deals with freezing points of aqueous solutions, T = 273 [sic]. For the di-
electric constant of water, we take the formula of interpolation calculated by Drude from
measurements, according to which [29], for 0◦C,

D = 88.23 .

Using these figures (setting ∑ νi = ν),
√

4πε2

DkT
nν = 0.231 ∗ 108√νγ 1

cm

and therefore

Θ = 0.270 w√νγ. (50)

The quantity x becomes, using the above numerical values,

x = 0.231 ∗ 108√νγ
√∑

νiz2
i

ν

1
cm . (51)

In Fig. 3, observed values [30] of Θ were plotted against the abscissa√νγ, and the observed
points have been connected by straight lines.
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Additionally, in the figure, four straight lines radiating from the origin are depicted, which
represent the limiting law of equation (50). The four types of salt in the figure have the
valence factors

w = 1, w = 2
√

2, w = 3
√

3, w = 8,

corresponding to the aforementioned straight lines. It is apparent that the straight lines are
approximated for small concentrations, such that the limiting law with the square root from
the concentration evidently corresponds to the facts. The absolute values of the slope (as
expressed by the factor 0.270 w in equation (50)), calculated using the dielectric constant
88.23, and otherwise theoretically distinguished only by the valence factor, are confirmed
by the experiment. However, Fig. 3 shows that deviations from the limiting law begin early.
This agrees with the considerations of Section 3 and equation (51), according to which,
even in the case of uni-univalent electrolytes, the characteristic length 1/x is on the order
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of magnitude of the ion diameter already at γ = 1, and it is therefore no longer permissible
to neglect it. We have now based our theory on the simplified form of equation (21’), of
the potential equation. This too could have an effect. However, we pointed out (see note
18) that this latter effect is theoretically relatively small. The experimental results also
indicate that the deviation from the limiting law are caused by the individual properties
of the ions. To show this, we present Fig. 4.

These observation are entered only for uni-univalent salts [31] as a function of
√

2γ (because
ν = 2 here). The straight line represents the limiting law discussed above. The deviations
are very different in magnitude and remarkably, in the case of the chloride salts, are ordered
as Cs, K, Na, and Li. This is the same sequence that results when alkali ions are ordered
by decreasing mobility, an order that contradicts the assumed size of the ions and, more
recently from Born [32], was considered to be correlated with the relaxation time of water
for electric polarization according to dipole theory. In order to allow an orientation towards
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work by Ghosh, the curve for Θ is provided as a dashed line in the figure, as it results from
that theory. It should simultaneously apply to all salts and also goes to the origin with a
vertical tangent.
The question then arises as to how far our theory, which has been improved with regard
to ionic dimensions, is able to account for the individual deviations. The relationships are
illustrated in Fig 5.
Again, we chose the four electrolytes from the four types mentioned above and plotted the
observed values for Θ as a function of √νγ. According to equation (41), considering the
ionic size (after entering the numerical values),

Θ = 1− fo = 0.270w√νγ
∑
νiz

2
i σi∑

νiz2
i

, (52)

where σi represents the formula of the argument xi = xai tabulated in Table 1 and given by
equation (33), where ai is the length of the size of the ith ion relative to its surroundings. It
seemed to us appropriate, in the present situation, not to investigate the individual sizes of
ions, but to calculate with a mean diameter a that is the same for all ions of an electrolyte.
Then all σi become equal to each other and one obtains the expression for Θ

Θ = 0.270 w√νγ σ(xa). (53)
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For the determination of the magnitude of a, we chose only one, namely the point observed
at the highest concentration, and then plotted the curve, with a determined according to
the theoretical equation (53), in the figure. Four dashed straight lines radiate from the
origin (the tangents of the curves) representing the limiting law equation (50) for large
dilutions. The agreement with the observations is a very good one, especially in terms
of the determination of the constant from a single observation point [33]. The figure is
supplemented by the following tables:
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Table III. 
KCl(a 3 . 76 x 10- 0 cm) 

/2y e e 
2y observed calc ulated 

0 . 0100 0 . 100 0. 0214 0 . 0237 
0 , 0193 0 . 139 0 . 0295 0 . 0313 
0.0331 0.182 0 . 0375 0 .. 0392 
0.0633 0 . 252 0 . 0485 0.0499 
0.116 0.341 0,0613 0 . 0618 
0.234 0.484 0.0758 



In the first column, the respective ion concentration [34] νγ, in the second column the
abscissa √νγ of Fig. 5, in the third column the observed value of Θ [34], and in the
fourth column the value of the same quantity calculated from equations (53) and (51). The
number corresponding to the largest concentration is not listed here, because it was used
to calculate the value of the mean diameter a stated in the heading of the tables.
Finally, Fig. 6 provides a plot of the theory and observation of aqueous KCl solutions. In
discussing this figure, our primary goal is to make some remarks regarding the behavior of
concentrated solutions; in addition, we intend to show how large the deviations are between
the separate results given in the literature by individual observers with purportedly great
accuracy. For this purpose, the figure contains all the observations we have found of KCl
solutions since the year 1900 [35].
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Tabl e 1V. 

K2 S04 ( a ~ G.. 69 X lQ-I cm) 

../3yi 8 e 3y ' observed calculated 

0 . 00722 0 . 0906 o. 0647 0 . 0612 
0 . 0121 0 . 110 0 .07 29 0 . 0724 
0.0185 0 . 136 0 . 0776 o. 0871 
0 . 0312 0.176 0.101 0.108 
o. 0527 0.229 0.128 0. 132 
0.0782 0 . 280 0 . 147 0.152 
0 . 136 O. J6\i 0 .1 78 0 . 183 
0 . 267 0 . 516 0 . 220 0.217 
0 . 36 1 0. 600 0 . 238 

Table V. 

La(N03} 3 (a 4.97 X 10-e cm) 

e e 
4y ' R observed c alculated 

0.00528 0,0728 0 . 0684 0,0828 
0.01 42 0 . 119 0.110 0 .1 21 
0 . 0322 0.179 0.151 0.157 
0 , 0343 0.185 0 .158 0 . 161 
0.0889 0.298 0 .1 97 0 . 204 
0 . 0944 0 . 308 0 . 201 0.207 
0.173 0 . 418 0 . 223 0.230 
0 . 205 0 .453 0.229 0.235 
0 . 346 0 . 588 0.243 0 . 248 
0 . 599 0.836 0.255 

Table VI. 

Hg SO. fa 3 . 35 "- 10-e cm) 

e e 
2y' ,,fiyi observed calculated 

0. 00640 0,0800 0 . 160 0.147 
0.0107 0.103 0.199 0.179 
0 . 0149 0 . 122 0.220 0 . 203 
0.0262 0.162 0 . 258 0 , 248 
0.0534 O.l::31 0.306 0 . 311 
0.0976 0.312 0.349 0.368 
0.138 0.372 0.392 0.400 
0 . 242 0.493 0 ,445 



As an abscissa, as previously,
√

2γ is chosen, where γ is by definition the concentration in
moles per liter of solution. All data referring to differently measured concentrations have
been converted to those concentrations using measured densities [36] of KCl solutions. The
ordinate is again referred to as Θ but does not exactly represent the previous expression

∆k −∆
∆k

.

In fact, the classical theory, when it comes to concentrated solutions, no longer shows
proportionality of freezing point depression and concentration. The first reason for this is
that log(1− c) appears in the classical equation, not the concentration c itself. Second, the
difference between the thermodynamic potentials of ice and water is no longer accurately
represented by the first term of the Taylor series, propotional to ∆, and the second member,
incorporating ∆2, must be retained. Accordingly, in this case, we have to use the full
equation (34). In the case of KCl, n1 = n2 = n and z1 = −z2 = 1 are to be set, and we
wish to replace the two ion diameters a1 and a2 by a mean value a. Then equation (34)
can be arranged as follows

1
2nvo

[
∆
To

Q

RTo
− ∆
T 2
o

(Cp − C ′p
2R − Q

RTo

)
+ log (1− 2c)

]
= − ε2x

6Dktσ. (54)

The left-hand term is now calculated for different concentrations. For this, we set Cp−C ′p =
3.6, corresponding to an approximate value for C ′p = 14.4, as extrapolated from Nernst’s
measurements [37] of the specific heat of ice at 273◦. For the calculation it is still necessary
to know the molar concentration c and the volume concentration γ. With the aid of the
observed density of the solution, this relation can be readily established; however, both
here and in the derivation of the equation itself, the molecular weight of the water has a
certain influence. As a first approximation, this influence disappears, but the second-order
members are not free from this influence. Insofar as this effect only influences the second
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order, its influence is greatly suppressed, so we have consistently used the simple expected
molecular weight 18. The quantity 2nvo in the denominator can finally be equal to

2nvo = 2Ωo
γ

1000

if Ωo signifies the molar volume of water. If no mutual electrical effect of the ions were
present, the left-hand term would have to be zero at the onset of the observed depression
of the freezing point. In fact, it gives a finite value, and we call that value −Θ. Then,
according to the theory, this difference Θ must be represented by the right-hand term, such
that

Θ = ε2x

6DkT σ(xa) = 0.270
√

2γ σ(xa) (55)

should hold. Moreover, it is confirmed that the definition of Θ obeyed here agrees with the
limit given above for low concentrations.
The points, which are plotted in the figure, have the ordinates calculated from the obser-
vations using the outlined method. The curve in the figure represents the right-hand term
of equation (55), assuming a = 3.76 ∗ 10−8 cm. This value of a was determined from an
observation by Adams, according to which the experimental value Θ = 0.0758 pertains to
γ = 0.117. The straight line, which is also plotted in the figure, again represents the limiting
law for extreme dilution corresponding to σ = 1. It can be claimed that the observations
are representative up to concentrations of about 1 mol/liter. At higher concentrations, the
observations show a maximum for Θ. Although the theoretical curve has a maximum, but
this is, as the figure shows, so flat that it is hardly indicated. We would like to regard this
difference at high concentrations as real and make several remarks in the next section.

10. General Remarks.

It may be concluded from the preceding sections that it is inadmissible from the theoretical
as well as the experimental standpoint to consider the electrical energy of an ionic solution
essentially determined by the mean mutual distance of the ions. Rather, the characteristic
length is a quantity that measures the thickness of the ionic atmosphere, or, to refer to a
more familiar concept, the thickness of a Helmholtz double-layer. Because this thickness
depends on the concentration of the electrolyte, the electrical energy of the solution also
becomes a function of this quantity. The fact that this thickness is inversely proportional
to the square root of the concentration results from the fact that the limiting laws for large
dilutions owe their characteristic nature to that 1/2 power. We must therefore refrain from
discussing a lattice structure of the electrolyte in the popular sense, and, as the development
of the subject has shown, although taking this image too literally will lead to impermissible
errors, a kernel of truth is contained in it. To make this clear, we will perform the following
two thought experiments. First, take a space unit and think of moving it many times in
succession to any point of the electrolyte. It is clear that, in a binary electrolyte, one
will encounter equally often a positive as a negative ion. Second, however, take the same
space unit and place it in the electrolyte many times in succession, not quite arbitrarily
but always such that it, for example, is always removed by a certain distance (of several
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angstrom) from a randomly selected positive ion. Now, one will no longer encounter both
positive and negative charges but more frequently the negative ones. Therefore, in the
immediate vicinity of each ion, the oppositely charged ions predominate in number, and
one can rightly see an analogy to the crystal structure of the NaCl type, where every
Na-ion is directly surrounded by 6 Cl-ions and every Cl-ion by 6 Na-ions. However, it is
important to note an essential characteristic of the electrolyte solution is that the measure
of order is determined by the thermal equilibrium between attractive forces and thermally
induced movement, while it is predetermined in the crystal.
The calculations and the comparison with empirical knowledge were carried out such that
the ambient solvent was expected to have its usual dielectric constant. The success proves
the validity of this assumption, but in itself this procedure is justified at low concentrations
and should lead to errors at large concentrations. In fact, it follows from dipole theory that
dielectrics at high field strengths [Feldstärken] must exhibit saturation phenomena that
are similar to the known magnetic saturation. The recent experiments by Herweg [38] can
be regarded as an experimental confirmation of this theoretical requirement. Because a
field strength of approximately 200 000 volt/cm can be expected at a distance of 10−7 cm
from a singly charged ion, one should be prepared to observe some of these saturation
phenomena. It would, of course, be very interesting if it were possible to extract that effect
from these observations, the more such that nature makes available to us field strengths of
a magnitude that would otherwise be difficult to attain by ordinary experimental means.
But, in other ways, more concentrated solutions must exhibit special behavior. If there
are many ions in the surroundings of each individual, this may be considered a change of
the surrounding medium in electrical terms, an effect that has not been considered in the
preceding theory. Whatever it may be, let it emerge from the following consideration. Take
an ion that is held captive and one that is mobile, approximately oppositely charged, and
investigate the work required to remove the mobile ion. This work can then be regarded as
consisting of two parts: firstly, the ion will consume some work to remove it, but secondly,
one will gain work by subsequently filling the space previously occupied by the ion with
the solvent. Now, experiments on the heat of dilution actually provide an indication of
the real existence of such conditions. If, for example, a solution of HNO3 of initially low
concentration is used and it is diluted with a large amount of water (that is, so much that
dilution would no longer produce a thermal effect), then cooling takes place, i.e., work
must be done in the sense of the prior considerations to further separate the ions from each
other. However, if the starting solution has a larger concentration, heat will be generated
in the same experiment, i.e., work is gained by liberating the surroundings of each ion from
enough other ions and replacing them with water molecules. In conventional terms, this
means that hydration of the ions predominantly occurs, and this process is considered to be
an exothermic process. Obviously, the above considerations aim to interpret this so-called
hydration with purely electrical methods. In fact, it is possible to make an approximate
calculation that theoretically gives Berthelot’s rules for the dependence of the heat of
dilution on the initial concentration, which makes knowable the order of magnitude of the
numerical coefficients as they are found in practice. For the freezing point observations,
these considerations are meaningful in that they suggest the possibility of calculating why
and to what extent the curves found for the percent deviation Θ (see the case of KCl)
bend downwards at higher concentrations and even cross the abscissa axis, provided the
concentration is high enough. In this case, the freezing point depression is greater than
that which is classically expectable (and also, explicitly stated, if the classical theory is
used in its unabridged form). Until then, one had been contented to speak of hydration in
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such instances.
However, before the conditions for concentrated solutions can be investigated, it must first
be shown that the irreversible process of conduction of the current in dilute strong elec-
trolytes can be quantitatively controlled from the standpoint taken here. We reserve the
detailed statements on this subject for the following article, in which one will find their
mathematical execution. Here we content ourselves with a presentation of the basic ideas. If
an ion in the liquid moves under the influence of an external field strength, the surrounding
ions must constantly rearrange in order to be able to form the ion atmosphere. If one now
assumes a charge has suddenly arisen in the interior of the electrolyte, then the ionic atmo-
sphere requires a certain relaxation time for its formation. Similarly, for the moving ion,
the surrounding atmosphere will not be able to achieve its equilibrium distribution [Gle-
ichgewichtsverteilung], so it will not be calculable on the basis of the Boltzmann-Maxwell
principle. However, their determination can be properly carried out with the equations
for Brownian motion. It can already be qualitatively estimated in what sense this effect
can have an effect based on the presence of a finite relaxation time. At a point in front
of the moving ion (i.e., a point toward which it moves), the electrical density of the ionic
atmosphere must increase with time; for a point behind the ion, it must decrease. Owing
to the effect of the relaxation time, however, the density before the ion will be somewhat
smaller than its equilibrium values, but behind it will not have dropped to its equilibrium
value. As a result, during movement there is always a slightly larger electrical density of the
atmosphere behind the ion than in front of the ion. Because charge density and ion charge
always carry opposite signs, a force occurs that slows the ion in its motion, regardless of
its sign, and that obviously must increase with increasing concentration.
This is one effect that works in the same sense as the decrease of the degree of dissociation,
which is otherwise calculated on the basis of Ostwald’s law of dilution. But there is a second
effect that must also be considered. In the vicinity of one ion there exist predominantly
ions of opposite sign, which, of course, move in the opposite direction under the influence
of the external field. These ions will drag with them the surrounding solvent to some
extent. This means, therefore, that the individual ion considered does not have to move
relative to a stationary solvent but rather relative to a solvent moving in the opposite
direction. Because, apparently, this effect increases with increasing concentration, one has
a second effect, which acts in the same sense as a decrease of the degree of dissociation.
Quantitatively calculated, the effect may be based on the same principles that Helmholtz
has applied for the treatment of electrophoresis.
The common factor of the two effects mentioned is, as the calculations show, that both are
directly related to the thickness of the ionic atmosphere, and therefore the forces gener-
ated are proportional to the square root of the concentration of the electrolyte, at least in
the limit of very low concentrations. Therefore, according to the observation material of
Kohlrauch [39], at low concentrations, the percentage deviation of the molecular conduc-
tivity from its limiting value is proportional to the square root of the concentration. The
proportionality factor naturally receives a molecular interpretation.
Anticipating the detailed presentation of the conditions of electrolytic conduction in the fol-
lowing article, we can conclude, as a result of the whole account, that the notion, according
to which the strong electrolytes are completely dissociated, is entirely supported.

Zurich, February 1923.
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Notes

1) The present considerations were inspired by a lecture by E. Bauer in the local Physical
Society based on Ghosh’s works. The general points of view, which are used here to
calculate freezing point depression and conductivity, led me, among other things, to
the limiting law using the square root of concentration. I was able to report about
it in the winter of 1921 in the local colloquium. Under the active assistance of my
assistant Dr. E. Huckel, the detailed discussion of the results and their summary took
place in the winter of 1922. – P. Debye

2) N. Bjerrum, Zeischr. f. Elektrochemie 24, 231, 1918.
3) A summary of this subject was reported by L. Ebert, “Research on the anomalies

of strong electrolytes (Forschungen ueber die Anomallen starker Electrolyte),” Jahrb.
Rad. u. Elektr. 18, 134, 1921.

4) See Fig. 2.
5) W. Sutherland, Phil. Mag. 14, 1, 1907.
6) Proceedings of the seventh international congress of applied chemistry, London May

27th to June 2nd, 1909, Section X: A new form for the electrolytic dissociation theory.
7) Milner, Phil. Mag. 23, 551, 1912; 25, 743, 1913.
8) J. Ch. Ghosh, Chem. Soc. Journ. 113, 449, 627, 707, 790, 1918; Zeitschr. f. phys.

Chem. 98, 211, 1921.
9) P. Hertz, Ann. d. Phys. (4) 37, 1, 1912.

10) N. Bjerrum, l.c. und Zeitschr. f anorgan. Chem. 109, 275, 1920.
11) The activity coefficient fa introduced here is not completely identical to that intro-

duced by Bjerrum. Namely, Bjerrum splits our coefficient fa into a product of coeffi-
cients, each of which is unique to the individual ionic species. (See Section 8.)

12) The potential G differs from the Helmholtz free energy F = U−TS only by the factor
− 1
T . By itself, this difference is negligible; we define, as it appears in the text, a direct

connection to Planck’s thermodynamics.
13) See note 25.
14) Our relation differs from Planck’s in that we do not count the number of moles but

the actual number of particles, which proves to be more suited to our purposes. This
corresponds to the occurrence of the Boltzmann constants k instead of the gas con-
stant R. An essential difference from Planck is, of course, not caused by the above
formulation.

15) See note 8.
16) It will be shown below that this assumption is true.
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17) The considerations of O. Klein agree with this discussion of dimensions: Meddelanden
från K. Vetenskapsakademiens Nobelinstitut 5, Nr. 6, 1919 (A commemoration of the
60th birthday of S. Arrhenius).

18) We have also investigated the influence of the following terms in the development of
Gin εψkT and found that their influence on the final result is very small. For the sake of
brevity, the communication of these calculations will be omitted.

19) The agreement of the above results regarding the bilayer with calculations of M. Gouy
was subsequently shown. Journ. de phys. (4), 9, 457, 1910 on the theory of the
capillary electrometer. Perhaps we may point out that in this case equation (10)
enables a simple solution.

20) Apart from the graphical result mentioned in the introduction, Milner’s work contains
a footnote (Phil. Mag. 23, 575, 1912), according to which, in the case of the above
text, in our notation

u = −ε
2

D
x
√
π

2 .

A derivative of this formula is missing. It differs from our resultant by the factor
√
π
2 .

21) Because we are concerned only with the mutual potential energy, ψi must not take the
value of the whole potential but only the part resulting from the surrounding charges,
always calculated for the point at which the potential charge ei is located.

22) Because, for monovalent salts, n1 = n2 = n and z1 = z2 = 1, the general equation (22)
for x2 agrees with the earlier one (see equation (11)) given for this special case.

23) By the expression given for Ue, we are immediately able to derive to the heat of
dilution. We convinced ourselves that the theoretical value corresponds to the obser-
vations.

24) In fact, a direct kinetic theory of osmotic pressure, reported elsewhere (Recueil des
travaux chimique des Pays-Bas et de la Belgique), shows the validity of the final ex-
pression for Ge independent of this assumption. For a discussion of the thermodynamic
calculation we can refer to B. A. M. Cavanagh, Phil. Mag. 43, 606, 1922.

25) The additional electric pressure pe, which was mentioned in Section 2, equation (6’),
results from this formula. The numerical value given there was calculated in this way.

26) There is no need to make a distinction between ions and uncharged molecules; if both
occur, you simply have to set zi = 0 for the latter. If all particles are uncharged,
naturally equations (35) and (35’) become identical.

27) For the salts K2SO4, La(NO3)3, MgSO4, instead of γ, the concentration γ′ is used in
moles per 1000 g of water, as given by the authors cited below, because, in the absence
of measurements of the density of these salt solutions at 273◦, a conversion into moles
per liter was not executable; this means only an insignificant deviation among the low
concentrations considered here.

28) L.H. Adams, Journ. Amer. Chem. Soc. 37, 481, 1915 (KCl); L.E. Hall u. W.D.
harkins, ibid. 38, 1658, 1916 (K2SO4, La(NO3)3, MgSO4).

29) Ann. d. Phys. 59, 61, 1896.
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30) L. H. Adams, l.c. (KNO3, KCl); R. E. Hall u. W. D. Harkins, l.c. (K2SO4,
La(NO3)3, MgSO4, BaCl2); T. G. Bedford, Proc. of the Royal Soc. A 83, 454,
1909 (CuSO4) [Concentration in mol per liter at KCl, CuSO4; a mole per 1000 g of
water at KNO3, BaCl2, K2SO4, La(NO3)3].

31) In addition to the references cited, measurements by H. Jahn, Ztschr. F. Phys. Ch.
50, 129, 1905; 59, 31, 1907 (LiCl, CsCl); E.W. Washburn et al. MacInnes, Journ.
Amer. Chem. Soc. 33, 1686, 1911 (LiCl, CsNO3); W.H. Harkins u. W.A. Roberts,
ibid. 38, 2658, 1916 (NaCl) [concentration partly in moles per liter, partly in moles
per 1000 g of water].

32) M. Born, Zeitschr. f. Phys. 1, 221, 1920.
33) The method for determining a is explained in detail using the example of La(NO3)3.

For γ′ = 0.17486 was observed Θ′ = 0.2547; because ν = 4, the abscissa becomes√
νγ′ = 0.836. According to the limiting law equation (50) for extreme dilution, if

w = 3
√

3 (as ν1 = 1, ν2, z1 = 3, z2 = −1 corresponding to equation (49)) then
Θ = 1.173, the value actually observed is derived from this limit by multiplication by
0.216. This factor is equal to σ according to equation (53). From Fig. 1 one now finds
the ordinate σ = 0.216 has the abscissa x = xa = 1.67; on the other hand, according
to equation (51),

√
νγ′ = 0.836 is the value of x = 0.336 ∗ 10−8cm−1. So the observed

value is the diameter
a = x

χ
= 4.97 ∗ 10−8cm.

[For the salts K2SO4, La(NO3)3, MgSO4, the concentration γ′ is given in moles
per 1000 g of water and was used instead of γ for the determination of Θ, which is
therefore designated Θ′. For the low concentrations considered here, the deviations
are very slight; a conversion from γ′ to γ observed no appreciable change in the values
for the Θ′ observed, the Θ′ calculated, and the a yielded.]

34) See the previous note.
35) J. Barnes, Trans. Nova Scot. Inst. of Science 10, 139, 1900; C. Hebb, ibid. 10, 422,

1900; H. J. Jones, J. Barnes u. E. P. Hyde, Americ. Chem. Journ. 27, 22, 1902; H.
B. Jones u. Ch. G. Caroll, ibid. 28, 284, 1902; W. Biltz, Zeitschr. f. phys. Chem.
40, 185, 1902; Th. W. Richards, ibid. 44, 563, 1903; S. W. Young u. W. H. Sloan,
Journ. Americ. Chem. Soc. 26, 919, 1904; H. Jahn, l.c.; T. G. Bedford, 1.c.; F.
Flügel, Zeischr. f. physl. Chem. 79, 577, 1912; L. H. Adams, l.c.; W. H. Rodenbusch,
Journ. Americ. Chem. Soc [sic] 40, 1204, 1918.

36) Baxter u. Wallace, Journ. Americ. Chem. Soc. 38, 18, 1916.
37) W. Nernst, Berl. Ber. 1910, 1, 262.
38) Zeischr. f. Phys. 3, 36, 1920 and 8, 1, 1922.
39) F. Kohlrausch u. L. Holborn, The Conductivity of Electrolytes, 2nd ed., Leipzig 1916,

p. 108 and 112.
[END OF TRANSLATION]
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ORIGINALMITTEILUNGEN. 

Zur Th eoric · der Elektrolyte . 

I. Gefrierpunktserniedrigung und ver
wandte Erscheinungen. 

Von P. Debye und E . HiickeJl). 

§ l. Einlci tung . 

Bekanntlich deutet die Arrh e niu s sche DissO· 
ziationshypothese 'die bei den Elektroly1losungen 
beobachteten abnormal groBen Wcrte von osmoti
schem Druck, Gefrierpunktsemiedrigung usw., 
durch die Existenz freier lonen und der dam it 
Hand in Hand gehenden Vermehrung der Zahl 
der Einzelteilchen. Die quantitative Theorie 
stiltzt sich au f die von van· t Ho ff herriihrende 
Obertraguog der Gesetze idealer Gase auf die 
verdilnnten Losungen zur Berechnung ihres 
osmotischen Druckes. Da es moglich ist, diese 
Oberiragung thermodynamisch zu begriinden, 
so besteht kein Zweifel an der Giiltigkeit der 
Crundlagen im allgemeinen. 

Bei endJicher Konzentration aber ergeben 
sich fiir Gcfrierpunktsemiedrigung, Leitfahig
keit usw. Werte , welche klei ner sind, als man , 
auf den erst en Blick beim Vorhandensein ciner 
vollkommenen Dissoziation der Elek trolyte in 
lonen erwarten mii(he. 1st z. B. Pk der osmotische 
Druck, welcher sich nach dem klassischen van ' t 
Ho ff schen Gesetz fiir vollkomme nc Dissoziation 
ergibr, so ist der tatsachlich zu beobachtende 
osmotische Druck kleiner, so daB 

P -- /0 P,., 
wobei in Obereinstimmung mit B j err um 2) der 

1) Angercgt wurdc ich iu den vorlitgentltn Li ber
lcgungcn <lurch einen Vortrae von E. Bauer in dcr 
biesigen Pby1ikali schen Gcscllscbaft uber die G bosh
schen ~rbeitco. Die allgemeioen Gesichupunktc , von 1 
dcncn bier iu r lkrccbnuoi: von Gcfricrpunkucmicdriguog, 
•owic dcr Lcitfahiekcit au11?egangen "ird, fiihrtc.n mich 
untcr andc:cm zu dcm Crcnzecse\Z mil dcr zwcitcn Wurzel 
~er ~on,cn1ration. kb lconnte tla,iibcr im Win ter 1921 
rm h1ctlgcn Kolloquium bcrichtcn. Unter dcr tiitii:cn 
Mithilfo ,nciocs Assiuentcn Dr. E . H iick cl (and dann 
im Winter 1922. die cingchcndc Dislcuuion dcr Eri:cb niuc 
®d ihre Z.aammenf:usung 1tatt. P, Deb y e, 

2) N. Bjcrrum, Zciti.chr. f.El cktrochcmic 24, ::.131, 
1918. 

hiermit eingefiibrte ,.osmotische Koeffizient " / 0 , 

unabhangig von jederTheo rie, jene Abweichungen 
messcn soU und als Funktion voo Konzentration, 
Druck und Temp eratur beoba chtbar ist. In Wirk
lichkeit beziehen sich solche Beobachtungen 
nicht unmittelbar au£ den osmotischen Druc k 
selber, sondern auf Gefrierpunktserniedrigung, 
bzw, Siedepunktserhohung, welche beide aus 
thermodynamischen Grunden mit Hilfe desse lben 
osmotischen Koeffizienten / 0 aus ihren nach dem 
van't Hoffschen Gesetz Ciir vollkommene 
Dissoziation folgenden Grenzwerten ableitbar 
sind . · 

Die nachstliegende Annahme zur Erklarung 
des Auftretens jenes osmotischen Koeffizienten 
ist die klassische, wonach nicht alle Molekiile 
in Ionen dissoziiert sind, sondern zwischen disso
ziienen und undissoziierten Molekiilen ein Cleich 
gewicht besteht, welches von der Gesamtkonzen
tration, sowie von Druck und Temperatur ab
hli.ngt. Die Zahl der freien Einzelteilchen ist 
dementsprechend variabe l, und zwar wiirde sie 
dire kt proportional/ 0 zu setzcn sein. Die quanti
tative Theorie dieser Abhangigkeiten, soweit sie 
sich auf die Konzentration beziehen, stiitzt sich 
auf den Guldberg-Waageschen Ansatz, die 
Abhli.ngigke it der in diesem Ansatz auf tretenden 
Gleichgewichtsko ns tante n von Temperatur und 
Druck ist nach van't Hoff auf thermo 
dynamischem Wege zu bestimmen . Au ch der 
ganze Komplex von Abhangigkeiten , mit Ein
schluB des Gu ld be rg-Waagesche n Ansatzes 
kann, wie Planck zeigte, thermodynamiscb be
griindet werde n. 

Da die elektrische Le itfli.higkeit nur dur ch 
die lonen bedingt wird und nach der klassischen 
Theorie aus / 0 die Zahl der Ion en ohne weiteres 
folgt , so erhebt diese Theorie die Forderung 
des unmittelbaren, bekannten Zusammenhanges 
zwischen den bciden Abhangigkeiten von Leit
fahigkeit einerseits , osmotis cbe m Druck anderer 
seits von der Konzentration. 

Eine groBe Gruppe von Elektrolyten, die 
Starken Saureo, Basen und die Sa lze derselben , 
zusammengefaBt unter dem Namen der ,.starken" 
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Elektrolyte, zeig t nun von den na ch der 
klassischen Theorie geforderten Abhangigkeiten 
ausgesprochene Abweichuag en, welche be
merkenswerterw cisc umso kla rcr hervortreten , 
je verdi.innter die Losunge1\ !>ind l). So ist es, 
wie im Laur e der Entwi cklung erk a nnt wurde, 
nur mit ciner gcwisse n Ann iiherun g moglich, 
aus lo, auf decn nach der klassischcn Th eorie 
geforderte n Wege , auf die Abhangigkeit der 
Leitfahigkeit von der Konzentration zu schlieBen. 
Aber auch die Abhangigkeit des osmotischen 
Koeffiiienten lo sclber von der Komentration 
wird ganz unrichtig wiedergegeben . Bei stark 
verdiinnten Losungen nahert sich / 0 d~m Werte 1; 

tr agt man nun 1 - / 0 als Funktion der Kon · 
zentration c auf, so verlangt die klassische 
Theorie fiir bina re Elektro lyten , wie etwa !(Cl, 
daB diese Kurve in den Nullpunkt einmiindet 
mit einer endlichen (du rch die Gleichgewichts · 
kons tante K bestimmten} Tangente. Zerfallt das 
Molekiil des Elek trolyte n allgemei n in v Ionen, 
so ergibt sich nach dem Massenwirkungsgesetz 
fur kleine Kon zentrationen: 

V - 1 c" - I 
•- lo- v K' 

so daB in Fallen, wo der Zerfall in mehr als 
2 Joncn stall£i ndet, die fragliche Kurve sogar 
eine Beriihr ung hoherer Ordnu ng mit der 
Abszissenachse aufweisen mi.if.he. Den Kompl ex 
dieser Abbiingigkei ten stellt das Ost w a Id sche 
Verdiinaungsgesetz dar. 

Tatsac hlich zeigen die Beoba chtungen an 
starken Elektro lyten ein ganz abweichendes Ver 
halten. Die cxperimentell e Kurve verla.Bt den 
Nullpunkt unter einem rechten Winkel 2) mit 
der Abszissenachse, unabhangig von der lonen 
zahl v. Aile vorgeschla genen, praktischen lnter
polationsformeln versuchen dicses Verhalten dar
zustellen, indem sie 1 -1 0 einer gebrochenen 
Pote nz (kleiner als , , etwa 1ft oder 1 /3) der 
Komentration proportional setzen. Dieselbe Er
scheinung wiederholt sich bei der Extrapolation 
der Leitfahigkeit auf unendliche Verdiinnung, 
wclche nach Kohlrausch unter Benutzung 
einer Potenz 1/i erfolgen soil. 

E,; ist klar, daB unter diesen Umstli.nden 
die klassische Theorie nicht beibehalten werden 
kann. Das ganze experiment elle Material weist 
, iclmehr deutlich da rauf hin, daB sie auch in 
ihren Grundziigen zu verlassen ist, und ins
besonder e nicht ein auf Grund des Guldberg 
Waage scben Ansatzes berechenbares Gleich
gewicht den wirklich en Erscheinungen entspricht. 

t) Ein e zusamntcnru,cn de Dustellung iiber diesen 
Gegcostand verrall1e L, J,;bc rt, Forschungen iiber die 
Anomalien starker E lektrolyte . Jahrb , d. Rad. u. Eleltt r. 
18, 134 . 1021 , 

2) VgL Fig. :z. 

W. S uth erland 1) hat 1907 die Theorie 
der Elektrolyt~ iiberhaupt auf der Annahme 
eine r vollkommenen Dissoziation aufbauen wollen. 
Seine Arbeit enthalt man che gute Gedankeo. 
N. Bjerrum 1) isl aber wohl derjenig e, der zu· 
erst zu einer richtig abgegrenzten Formulierung 
jener Hypothese gekommen ist. Er hat klar 
au sges prochen und beg riind et, daB bei den 
sta rkcn Elektrolyten vc,n einem G!eichgewicht 
zwischen dissoziierten und undissoziierten Mole 
kiilen iiberhaupt nichts bemerkbar ist, daB viel
mehr zwingcnde Griinde bestehen, solche Elektro
lyte bis zu groBen Konzen tra tionen als vo 11-
s tan di g in lonen zerfallen amusehen . Erst 
beim Obergang zu schwac hcn Elektrolyten treten 
undissoziiene Molekiil e wieder auf. Damit fallt 
die klassi sche Erklli.rung als alleini ge Grund
lage fur die Veranderli chkeit z. B. des osmotischen 
Koeffizienten dah in und es entsteht die Auf
gabe nach einer bis dahin iibersehenen Wirkung 
der Ionen zu suchen, welche trotz Abwesenheit 
einer Assoziation die Verminderung von / 0 mit 
i:unehmender Komentration erklaren konnte. 

In neuerer Zeit hat sich unter dem Ein
flusse von B j er rum der Eindruck be(estigt, 
daB die Beriicksi chtigung der elektr ostatis chen 
Krahe, welche die lon en aufeinander ausiiben 
und welche info lge der relativ enormen Grofie 
des elck trischen Elementarquamums stark ins 
Gewicht fallen sollte n, die ges uchte Erklarung 
liefern muB, Von solchcn Kraften ist in der 
klassischen Theorie nicht die Rede, sie behandelt 
vielmeh r die Ionen als voneinander ganz unab
hangige Bestandt eile. Die gedac hte Theorie ent· 
spricht etwa dem Schritte, den man macht, 
wenn man mit van der Waals vo.n den Ge· 
setze n der idealen i:u denen der wirklichen Gase 
ilbergeht. Nur wird sic ganz andere Ililfsmittc l 
heranzuziehen haben, weil die elektrostatisc hen 
Krahe zwischen den Ionen nur mit dem Qua
drate des Abstandes abnehmen und sich da
dur ch wesentlich untersc heiden von den Mole
kularkr aften , welche mit iunehmendem Abstande 
vie! schne ller verschwinden. 

Fiir den osmotischen Koeffizienten existiert 
cine Rechnung im angedeut~ten Sinne von 
Milner 3). Sie ist in ihrem Aufbau einwand
frei, fiihrt aber iiber mathema tische Schwierig
keiten, welche nicht ganz iiberwunden werden 
und erreicht ihr Resultat nur in Form eine r 
graphisch bestimmten Kurve fur die Abhangig
keit zwischen I -1 0 und der Konzentration. 

1) W, Suthe r land. Phil. Mag. 14, 1, 1907. 
z) Proc~ings of the seventh international congress 

of :.pplied chemistry, London May 27th to June 2nd, 19091 

Section X : A new form for the electrolytic dissociatio n 
theory. 

3) Milner , Phil. Mag. 23,551 , 19n ; 26 , 7431 1913. 
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0berdies wird aus dem Folgenden hervorgehen, 
daB dcr _Yergleich mit dcr Erfahrung, den 
Milner anstcllt, die Zulassigkeit seiner Vemach-
1.issigungen bei viel zu hohen Konzentrationen 
supponiert, bei denen tatsachlicb die von M ii ner 
nicht in Rechnung gestellten individuellen Eigen
schaften der Ionen schon eine sehr wesentliche 
Rolle spielen. Trotzdem ware es ungerecht, 
wollte man die M ilnerschen Recbnungen zuriick
stellen hinter den Rechnungen neueren Datums 
von J. Ch. Ghosh 1) iiber denselben Cegenstand. 
Wir werden im Folgenden darauf zuriick
zukommeri haben, warum wir den Ghosh sch en 
Rechnungen weder in ihrer Anwendung auf die 
Leitfahigkcit noch in ihrer immerhin durchsich · 
tigercn Anwendung auf den osmotiscben Druck 
beipflichten konnen . Wir sind sogar gezwungcn, 
seine Berechnung dcr elektrostatischen Energie 
eines ionisierten Elektrolyten, welche alien seinen 
weiteren Schliissen zugrunde liegt, als prinzipiell 
verfehlt zu bezeichneo. 

Ganz ahnlich wie fiir den osmotischen Koeffi
zienten l1egen die Verhiiltnisse bei der Berech
nung der Leitfahigkeit. Auch hier muB die 
Theorie die gegenseitige elektrostatische Beein
flussung der lonen in bezug auf ihre Beweg
lichkeit zu {assen suchen. Ein Versucb in dieser 
Ricbtung riihrt von P. Hertz') her. Er iiber 
tragt die Methoden der kineti~chen G:blhe orie 
und findet tatsachlich cine gegensei tige Be
hinderung der lonen. lndessen scheint uns die 
0 bertragung jener Methoden und insbesond ere 
das Operieren mit Begriffen , welche der freien 
Weglange bei verdiinnten Gasen entsprechen , 
au{ den Fall freier Ionen mitten zwischen den 
Molekillen des Losungsmittels schwerwiegenden 
Bedenken Platz zu )assen . Tatsachlich ist denn 
auch das Endresultat von Hertz for kleine 
Konzentrationen unvereinbar mit den experi· 
mentellen Ergebnissen. 

In dieser ersten Notiz werden wir uns aus
schlieBlich beschaftigen mit dem ,.osmotischen 
Koeffizienten lo" und einem ahnlichen von 
B j er rum benutzten 11) und in seiner Bedeutung 
hervorgehobenen ,,Aktivitatskoeffi zieoten I.". 
Auch bei solcben (schwachen) Elektrolyteo nam 
lich, bei deoen cine merkliche Zahl von uo
dissoziierten Molekiilen vorhanden ist, kaon die
selbe nicht einfach nach dem Guldberg
Waages chen Ansatz in seiner klassischen Form 

Ci"'• c2"• . •. c./'• - K 
(c1 , c,, ... c,. Konzentratfonen , K Gleichgewichts· 

1) J. Cb. Gh osh, Chem. Soc. Joum. US, 449, 627, 
707, 790, 1918; Zeitschr. r. phys. Chem. 98 , 211, 1921. 

2) P. Hert~, Au . d. Phys . (4) 87, t , 1912. 
3) N. Bjerrum , I. c. und Zeitschr. f . a.norgan .. Chem . 

109, 275, 1920. 

konstante) bestimmt werden. Man wird viel
rnehr mit Riicksicht au£ die ekkuostatischen 
Krafte der Ionen untereinander statt K zu 
schreiben haben 

lnK, 
unter Einfiihrung eines Aktivitatskoeffizientenl) 
/,.. Dieser Koeffizient wird ebenso wie / 0 von 
der Ionenkonzentration abhangen. Zwar be
steht nach Bjerrurn zwischen I .. und lo ein 
thermodynam isch zu begriindender Zosammen
hang, aber die Abhangigkeit der beiden Koeffi . 
zienten von der Konzentration ist cine ver
schiedene. 

Die ausfiihrliche Behandlung der Leitfahig
keit bebalt cn wir ciner folgenden Notiz vor, 
eine Emteilu ng, welche annerlich begrii odet ist. 
Wahrend namltch die Ilestimmung ,•on / 0 und 
/,. geschehen kann unter .illcmiger Heranzi ehung 
reversibler Prozesse, fiihrt die Berechnun g 
der Beweglichkeit iiber wesentlich irreversible 
Prozesse, bci denen ein unmittelbarer Zusammen 
haog mit den thennodynamischen Grundgesetzen 
nicht mehr bcsteht. 

§ 2. Grundlagen. 

Bekanntlich wird in der Thermodynamik 
gezeigt, daB die Eigenschaften eines Systems 
vollig bekanot sind, falls einer der vielen mog
lichen thermodynamis ch en Potentiale als Funktion 
der richt ig gewahltcn Variabeln gegeben ist 
Der Form, in der die au£ den gegenseitigen 
elektrischen W1rkungeo beruhenden Glieder er
scheinen, wiirde es entsprecben, wenn wir als 
Grundfunktion die GroBe1 ) 

u 
G=S-y (1) 

(.S = Entropic, U = Energie, T = absolute Tem
peratur) wahlen wtirden . Als Variable sind hier 
(neben den Konzentrationen) Volumen und 
Temperatur naturgemii.B, da 

dG= ~ dV+ ~dT. (1') 

Die Rechnungeo, welche im Folgcnden auszu
fiihren sind, unterscbeideo ich von den klassi
schen durch die Beriicksichti ~ung der elektrischen 

1) Der bier cin1:e1i l,1l Al.1iv1tit ,koeflu ient /,. ist 
nicb l 1,;. n iden1i , b w ,l, ru von lljerrum cingefiibrtcn. 
B j cn u m .ttllq t .imli, h un•~m Kodfizientcn Jo in ein 
Produkl \' OD Kodti~1cntcn, wdi: bc den einzclnen lonen· 
arten als cba r:akteri ti•c h 1.u1,:eborcn so lien. l Vel. § 8.) 

2) Du P utcu ua l C un1<:1•cheidct s ir b van der Helm 
hol t u~ ben 1re1en Ene rJ!k J, U - TS nur durch den 

Faktor - ~. An si, b ut dleser Unlcncbied gan1. un

" ntl icb; wir defioi creu so, wie cs im Text geschiebt, 
um den direkten AnscbluB an die Planckscbe Thermo
dynamik zu baben. 
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Ionenwirkungen. Dementsprechend zerlegen wir 
U in zwei Bestandteile, einen klassischen An · 
teil U1 und eine elektrische Zusatzenergie U, : 

U = U1 U,. 
Bed en kt man, d aB nach ( 1) 

T,ac_u <> 
3T - ' 2 

und zcrlegt das Potential G cbenfalls m zwe 
Teile : 

G=G,.+ G,, 
so findet man nach (2) 

G,= f~; dT. (3) 

Unsere Hauptaufgabe besteht also darin, die 
elcktri sche Energie U, einer lonenl os ung zu 
bestimm en. Fiir die praktische Verwertung ist 
abe r das Potential G nicht so gut geeignet, wie 
die auch von Planck bevorzugte Funktion 

Wie 

u 1-pv 
<l>= S- - T · (4) 

die Differentialform 
V 

d<1>=--dp 
T 

dies cr Definition 

U -i pV dT 
p 

zcigt, sind namlich beim Potential </> Druck und 
Temperatur die naturgemlillen Variabeln, und 
da die iibcrwiegende Mehrzahl der Versu che 
be i konstantcm Druck (und nicht bei konstantem 
Volumen ) ausgefiihrt wird, ist </> vorzuziehen. 
Ein Verglei ch von (4) init (1) ergibt 

<l>=G-PV . 
T' (5) 

ist also nach dem obigen G bekannt, so handclt 
es sich noch darum, das Zusatzglied -pV/T 
als Funktion von p und T zu finden und hinzu· 
zufiigen. Mit Riicksicht auf ( 1 ' ) kann man 
sch lieBen 

p _ 3G _ 0G1 + ilG, 
r-av - av av· (6) 

und hat so die Zustandsgleichung erhalten, 
welche bei der Ionenlosung Druck, Volumen 
und Temperatur miteinander verkniipft. Die · 
selbe kann so interpretiert werden, daD info lge 
dcr elektrische n Ionenwirkungen zum auBeren 
Dr uck p noch ein elekt rischer Zusatzdruck p, 
hinzug ekommen ist, zu berechnen nach der Be 
ziehung 

3G, 
P,=-w · . (6') 

Wir werden spater nebenb ei 1) Gelegenheit haben, 
diesen elektris chen Druck p, zu bestimmen, er 
betragt fiir eine wa6rige Losung z. B. von J( Cl 
bei einer Konzentration von 1 Mol pro Lit er 

1) Vi:rl. Anmerkung 11 S. 194. 

nur etwa 20 Atm. E.s ist also streng genommen 
nicht richtig, wenn wir fiir V (als Funktion von 
p und T) den klassischen Ansatz ohne Beriick · 
sichtigung der elektrischen Ioncnwirkungen be
nutzen, da der Dru ck p, auch eine Volum
anderung hervorruft Mit Riicksicht darauf 
aber, daB die Kompressibilitat des Wassers so 
gering ist, daB 20 Atm. nur eine rela tive Volum· 
anderung von o,oo 1 hervorruf en, kann fiir die 
meisten Anwendungen der elektris che Zusatz 
zu V (als Funktion von p und T) vernach
lassigt werden. Im Sinne dieser Bemerkung 
werden wir auch </> zerlegen in einen klassischen 
Tei! und einen elektrischen Zusatzbestandteil 

<I>= </>1, + <1>, (7) 
und konnen nach (3) 

</>,= G, - f~; dT (7') 

setzen . Der klassische Bestandteil </>1, hat nach 
Planck die Form : 

' <l>k = ~ N,-(<p; - k log c,-), (7'') 
0 

wobei 
N 0 , N 1 , • .• N,-, ... N , 

die Zahlen der Einzelteilchen in der Losun g 
bedeuten und N O sich spczjell auf das Losungs
mittel beziehen soil 1 ). Weiter ist das auf da,s 
Einzelteilchen bezogene thermodynami sche Po
tential 

U,· f'V; 
<p;=S; - - T-

eine rnn den Konzentrationen unabhangige 
Gro6e; k ist die Boltzmannsche Konstante 
k = 1,346 · 1 o- 18 erg und C; steht fiir die Kon
zentration der Teilc henorte i, so daB 

N,-
0= - -- , 

N 0 + N1 + ... + N,-+ . . . + N, 
was die Beziehun g 

nach sich zieht. 

. 
~ C,·= l 
0 

Nach Erled igung dieser thermodynamischen 
Vorbeme rkungen kommen wir zur Besprechung 
der Hauptaufgabe: der Berechnung der elek
trischen Energie U, . 

Auf den ersten Blick scheint es, als ob 
diese Energie unmittelbar auf f9lgendem Wege 

1) Unsere Bezeichnung weich t insorern von der 
Planckschen nb, als wir nicht mit den Moluhlen , son• 
dern mit den wirl<licben Teilcbenzahlen rechnen, was sich 
mit Riicksicht auf das Folgende zweckm alligcr erweist. 
Jlem entspricht das Auftreten der Doltzmannscben Kon
stanten k an Stelle der Gaskonstante R. Ein irgendwie 
wesentlicher Unterschied gegen P l anck wird natiir lich 
durch d ie obige Formulierung nicht bedingt. 
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zu erha lten ware. Befinden sich im Losungs
m1ttel mit der Dielektrizitii.tskonstanten D 2wei 
elektrische Ladungen von der CroOe t und - E 

1m Abstande r, so ist ihre gegenseitige potentielle 
Energie 

-- Dr· 
Es sei nun der Einfachheit wegen bei dieser 
allgemeinen Oberlegung ari einen binaren Elektro- 1 

lyten wie etwa J( Cl gedacht, der vollstiiodig 
in Ionen zerfallen ist, so daO im Volumen V 
der Losung N 1 = N Ionen K mit der Ladung 

E und gleichviel N 2 = N Ionen Cl mit der 
Ladung - 1; vorhanden sind. Man kann sich 
dann vorstellen, daB der mittlere Abstand r, 
der fiir die Energieberechnung eine Rolle spielt, 
dem mittleren Abstande der lonen voneinander 
gleichkommt, und da das einem Ion zukommende 
Volumen gleich V /2N ist, dafi.ir setzen 

,=C:t-
Indem man fi.ir r diesen Wert benutit, wi.irde man 
die elektrische Energie der Losung schii.tzen 2u , 

6
2 (2N)''· U,=-N75 V . 

Tatsa chlich geht J. Ch. Ghosh 1} in dieser Weise 
vor. Die Oberlegung aber ist prinzipiell ver
feblt, und die ganze hierauf aufgebaute (durch 
die Einfiibrung der dritten Wurzel aus der 
Konzentration praktisch gekennzeichnete) Theorie 
ist zu verwerfen. 

deutung, da die lonen frei beweglich sind und 
die gesuchte Lange demnach erst folgen kann 
auf Grund der Bcwertung von Unterschieden 
in der Wahrscheinlichkeit der Verweilzeiten 
gleichnamiger und ungleichnamiger Ionen in 
demselben Volumelement in der Niihe eines 
hervorgehobenen Ions . Schon hieraus folgt, daO 
die Temperaturbewegung eine wesentliche Rolle 
bei der Berechnung von U, :zu spielen hat. 

Rein dimensionsma!lig kann man nicht mehr 
wie folgendcs schliefien : Angenommen die Grc>Be 
der lonen brauche fi.ir groBe Verdi.innungen 
nicht beri.icksichtigt zu wcrden 1), dann ist eine 
Energie der oben schon angegebene Ausdruck 

{ (2{t-
Daneben aber spielt die a nd ere durch kT ge-
messene Energie der Warmebewegung eine 
gleichberechtigte Rolle. Es steht also zu 
erwarteo, daO U, die Form annehmen wird 

t
2 (2N)''• ( 1:

1 (2N)''· ). U, =- ND V / D -v JkT, (8) 

wobei / eine Funktion des Verhaltnisses jener 
beidcn Energien ist, i.iber die man a priori 
nichts aussagen ka.nne). 

Au ch die Betrachtung des Grenzfalles hoher 
Temperaturen fi.ihrt zu demselben Schlufi. 1st 
nii.mlich die Energie der Temperaturbew egung 
eine groBe und betrachtet man ein Volumelement 
in der Niihe cincs fi.ir die Betrachtung be
sonders hervorgehobenen Ions, so ist die Wahr
scheinlichkeit , daO dort ein gleichnarniges Ion 
gefunden wird gleich grofi wie dieselbe Wahr 
scheinlichkeit fi.ir ein ungleichnamiges. In der 
Grenze fi.ir hohe Temperaturen muB also U, 
verschwindcn, d. h. der Ausdruck fi.ir U, ent
halt T auch bei mittleren Temperaturen als 
wesentlicheo Parameter. 

Die (negative ) elektrische Energie einer looeo
losung kommt dadurch zustande, daB, wenn man 1 

irgendein Ion ins Auge faBt, in dessen Um- 1 

gebung im Mittel ofter ungleichnamige als 
glcichnamige Ionen gefunden wcrden, eine un · 
mittelbare Folge der zwischen den lonen wirk· 
samen elektrostatis chen Krafte . Ein charakte· 
ristisches Dcispiel fi.ir einen auBcrlich ahnlich 
liegenden Fall bilden die Kristalle wie NaCt, § 3. Berecbnung dcr clektrischen Energie 
KCl usw., bei denen nach den Braggschen einer lonenlosung eines ein-einwertigen 
Untersuchungen jedes (auch bier als Ion auf - Salzes . 
tretende) Atom unmittelbar von ungleichnamigen In einem Volumen V seien N-Moleki.ile eines 
umgeben isl So richtig e.s bier ist (in Ober-
einstimmung mit den genauen Rechnungen von ein-einwertigen Salzes (Beispiel K Cl) in Tonen 
M. Born) die elektrische Energie des Kristalls :zerfallen vorhanden; der Absolutwert der Ladung 

eines Ions sei E (4,77 - 10 - 10 e. s. E.), die 
zu schii.tzen untes Einsetzuog des Abstand es Dielektrizitatskonstante des Losungsmittels sei D. 
zweier benachbarter ungleichnamiger Atome, so 
fehlerhaft ist die Oberwertung dieses Bildes als '. Wir fassen eines dieser Ionen mit der Ladung 
Analogiefall, wenn man bei der Losung den + E ins Auge und bcabsichtigen dessen potentielle 

V Energie u relativ zu den umgebenden Ionen 
mittleren Abstand (

2 
N)''• die entsprechende 

r) Im Folgenden wird geLeigt werden, daB diese An-
Rolle spielen JiiBt. Tatsiichlich hat hier eine nabme tau licblicb zutrilTt. 
ganz andere Lange fi.ir die Energie eine Be- a) 111 Obereinstimrnung mit dieser Dimcnsionsbctrach-

1) I. c. 

tung stehen die t'berlegungen von 0 . Klein: Meddelanden 
fr!ln K. Veteruskapnkademiens Nobelinstitut 5, N r. 6, 1919 
(Fes tlc brilt 1.um 6o. Gebnrtstage von S. Arrhenius), 
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zu bestimmen . Die direkte Ber chnung, wie sie 
von Mi Iner v ersu cht wurde , indem er jede 
mogliche Anordnun g <ler lon en in Betra cht tieht 
und mit ibrer, dem Bolti:m a nn scben Prinzip 
entsprechenden \ Vahrs chcmlichkcit in die Recb
nung eingehen HiOt, hat sich als mat hem atiscb 
zu cbwicrig erwiesen. Wir crs et2en sic des · 
halb durch cine :inder e Betr:icht ung, bei der 
d ie Rech oung von vom her ein au f den Mitt el
wert des voo den lonen erzeugt en elektri scben 
Poten tials abzielt 

In emem Punkte P in der Umgebung des 
hervorgehobe nen Ions herrs che im teitlichen 
Mittel das clektri sche Potential l/}; bringt man 
ein po:.itives Ion dorthin , so ist die Arbe it + np, 
fiir ein negatives Ion dageg en die Arbeit - Etp 
zu leisten. Jn einem Volumelement dV an 
dieser Stelle wird man deshalb im zeitlichen 
Mittel nach dem Bolttmannschen Prinzip 

,.,, 
ILC J dV 

positive und 
l ., 

+-
IIC T dV 

N 
negative Ionen findcn, wcnn n = V gesetzt 

wird. lJi der Tat muO in der Grenze filr T oc 
die Vcrtc ilung der Jonen gleichmaBig werden , 
so daO der Faktor vor der Exponentialfunktion 

gleich ~ , d. h. gleich der Zahl der Jonen einer 

Sor-te pro cm 2 der Losun g gese tzt werden muB. 
Mit jenen Angaben ist indessen vorlaufig noch 
nichts zu erreichen, da das Potential tp des 
Punk tcs P noch unbekannt ist. Nach der 
Poissonschen Gleichun g muO aber jenes 
Potential der Bedingung 

geniigen , wenn die Elektrizitat mit der Dichte () 
im Medium von der Dielektrizit atsk onstante D 
verteilt ist . Andererseits ist nach dem Obigen 

( - !.~' + •1/1) E1JJ 
()=n f. e n -e "' -=- 2ni6in k T ' (9) 

also kann tp bestimmt werden als Losung der 
Gleichung 

j 8-r n l &'!. ' El/) 
tp= - - ,;::;,tn- · 

D kT 
( 1 o) 

Je we1ter man sich von dem hervor gehoben en 
Ion entf cmt, um ~o kleiner wird das Potential tp 
werden, fiir gr oOert: En tfernung wird man dem-

nach mit geniigender Naherung 6 in ;r durcb 

:~ erseuen kon nen. Tut man das, so nim mt 

(10) die viel einfachere Form an 1) 

8it n E' 
dtp-= -DkT tp. (1 o') 

Darin hat der recht s stehende Faktor von l/} 
die Dimension eines reziproken Quadrates einer 
Lange . Wir setzen 

t 8Jtn E2 

X = DkT' ( II) 

so daB :ic cine reziproke Lange ist und ( 1 o') 
wird zu 

'11/) = ,c2lp . ( I 2) 

Die somit eingefiihrte Lange 

~ =Va~:~~ 
ist die wesentlichste GroBe un serer Theorie und 
ersetzt die mittlere Entfernung der Ionen in 
der von uns abgelehnten G hoshschen Betrach-

' tung. Setzt man Zahlenwerte ein (vgl. spater) 
und miBt die Konzentration wie gebrauchl ich 
in Mo! pro Liter Losung, so wird, wenn die so 
gemessene Konzentration mit r bezeichnet wird 

3,06 
- = - 10 - 8 cm 
~ vr 

fiir Wasser bei o° C. Die charakte ristische 
Lange erreic ht also bei einer Konzentration "/ = 1 

( t Mol pro Liter ) molekulare Dimt!nsionen. 
W ir wollen nunmehr den Gan g der Ober 

legungen unterbrechen, um die phy sikalische 
Bedeutung der charakteristischen Lang e naher 
zu beleu chten. 

Es sei in eine Elektrolytlosung vom Potential o 
eine Elektrode eingetaucht, deren Oberflache 
gege n diese Losung eine Potentiald ifferen z tp 
besitzt. Der Obergang von ,p auf o wird dann 
stattfinden in einer Schicht von endlicher Dicke, 
welche durch die obigen 'Oberlegunge n gege ben 
wird. Benuucn wir ( r 2) und nenn en wir :c 
eine Koordinate senkrecht zur Elektrodenober
flache, so ist namlich 

,p = lfle- •• 
ein Ansatz, der ( 1 2) befriedigt. Da das recht e 
Glied von ( 12) im Sinne der Pois so n scheo 

Gleicbuog - 4; () bedeut e t, so ist also die m1t 

dem angegebenen Potential verkniipfte Ladung s
dichte 

1) Wir hnben auch den EinlluB der folgcndcn Glicdu 

in du E ntwicklun g von ein ~~ un tc" ucht und konnt cn 

dabci fc1t~Ldlcn, daB dicscr E inlluB auf das Endresult at 
schr gcringfiigig iat. Der Kcnc halbcr wild von du 
Mittcllun,: dicser Rccbnungen Abst:ind gcnomm,11-
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Dx3 

Q=- - -tpe-••. 
4,;r 

J 
Kach dieser Formel miBt demnach - diejeoige 

,t 

Lange, auf der die elektrische Dichte der Ionen
atmospbare auf den eten Teil abnimmt. Unsere 

1 
cbarakteristische Lange - ist ein MaB fiir die 

X 

Dicke einer solchen Jonenatmosphare, (e. h . der 
bekannten He Im ho l t z sch en Doppelschich t); nach 
( 1 1) ist dieselbe abhangig von Konzentration, 
Te mperatur und Dielektrizitatskonstante des 
Losungsmittels 1). 

Nachdem die Bedeutung der Lange .!.. klar-
x 

gestellt ist, soil nunmehr (12) benutzt werden, 
um die Potential- und Dichteverteilung in der 
Umgebung des hervorgehobenen Jons mit der 
Ladung + E zu bestimmen. Wir nennen den 
Abstand von diesem Ion r und fiihren in ( 1 2) 

r.iumliche Pola rkoordinaten ein. Dann wird ( c 2) 

I d ( 2 d1p) 2 , 
rt dr r d r =" IP' ( 12 

) 

und diese Gleichung hat die allgemeine Losung 

e-•r e-r 
tp=A + A' · ( 13) 

r r 

Da tp im Unendlichen verschwindet, muB A' -- o 
sein; die Konstante A dagegen muB aus den 
Verhaltnisseu in der Nabe des Jons bestimmt 
werden. Diese Bestimmung wollen wir in zwei 
Schritten a) und b) ausfiibren , indem wir unter 
a) die Annahme machen, daB die Dimensionen 
des Jons keine Rolle spielen; unter b) die end· 
hche GroBe der Ionen in Betracht ziehen . Die 
0berlegungen unter a) liefer'n dann das Grcnz
gesetz fiir groBe Verdi.innungen, wahrend unter b) 
die Anderungen fallen, welche an diesem Grenz
gesetz fiir groBere Konzentrationen vorzunehmen 
5ind. 

a) Ioneodurchmesser verschwindend. 

Das Potential einer einzigen Punktladung E 

m einem Medium von der Dielektrizitatskon 
stante D ware 

falls in dem Medium keine andern Ionen vor
handen sind. Mit diesem Ausdruck muB unser 

1) Es zeigt c sich nacbtriiglich d ie Obereinstimmung 
,Irr obigen Resultate iiber die Doppdschicht mit Rech
ouoJ!Cn vonM. Gouy . Joum . de phys. (4), 9 , 4S7, 1910 
iar Tbeorie des Kapillarelektromclers. Vicllcicht diirfen 
,.., nocb darauf 11.ufmerksam machen , d.'lll in diesem FalJe 
die unv erkiinte Gl eichu og ( 10) cine ciofacbe Loaung zu la.61. 

Potential ( 13) fur unendlich kleine Entfernungen 
iibereinstimmen, also ist 

zu setzen und das gesu chte Potential wird: 
£ e- wr E I E I - e- • r 

w= D r ·- D r - - D - r . (i 4) 

Wir haben gleich das Potential in zwei Bestand
teile zerlegt, von denen das erste das durch die 
umgebenden Jonen unbeeinfluBte Potential ist, 
und von denen der zweite Tei! das von der 
Ionenatmosphare herri.ihrende Potential darstellt. 
Fur kleine Werle von r wird der Wert dieses 
letzteren Potent ials gleich 

E 
- D"; 

die poteoti d le En ergie u, welche das hervor
gehobene Ion + E gegen seine Umgebung be
sitzt, betragt also 1) 

<ls) 
Hat man nun eine Reihe von Ladungen e; und 
betragt das Potential jeweilig am Orte einer 
Laduog lp;, so ist nach den Gesetzeo der Elek tro · 
statik die gesamte potentielle Energie 

U, =- t 1 e;tt;. 
In unserm Falle, wo N positive Ionen vorhanden 
sind , von denen jedes gegen seine Umgebung 

E 
die Potentialdifferenz - D x hat, und auBer-

dcm N -negative Ionen mit der Potentialdifferenz 

+ ; x hinzukommen, wird demnach die ge 

suchte potentielle Energie 2) 

U, = ~ i ( - 5) - ~ E ( + ; ) 

Dabei ist x als Funktion der Konzentr ation 
dur ch ( 1 1 ) gegeben, so daB die potentielle 
Energie der Ionenlosung der zweiten Wurzel 
aus der Konzentration und nicht wie bei Ghosh 

1) Aul \er dem in der Eioleituni: erw:ihnteo grapbi schen 
Resultat en thlilt die Mi In e rscbe Arbeit cine FuBnote 
( Pl11l Mag . 23, 575, 1912), wooacb im Fallc des ob igc:n 
Tcxtes in unscttr Bezeichnungsweise 

E2 V :t "- -7Jx a . 
Eine Ableitun&: dieser Formel fchlt . sie unter schcidct s icb 

von unserem Resultot durch den f3lctor v~ . 
2) Da cs uns nur um die ge;ccosc itiRe poteotielle 

E nergie zu tun ist, muL\ fiir 1/'i nicbt der Wert des ganien 
Potent ial ·. 50ntlein our Jcr Teil, du von deo umi;:cl>enden 
Ladu i:u.cn hemihrt, gcnommen werden stets bercchnct 
rur den Punkt , in deru sich die Ladung ,; befiodet, 
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der dritten Wurzel derselben GroBe proportional 
wird. 

b) lonendurchmesser endlich. 

Wir bemerkten friiher, daB die charakte. 
I 

ristischc Lange -- bei Konzentrationen von I Mo! 

" pro Liter die Kleinheit molekularer Dimensiooen 
erreicht. Es muB deshaJb bei solchen Kon
zentrationen unstatthaft sein, das Ion endlicher, 
molekularer GroBe dur ch cine Punktladung zu 1 

ersetzen, so wie das untcr a) geschah. Dem 
Sinne unserer au£ der Poissonschen Gleichung 
aufgebauten Rechnung wiirde es nicht ent· 
sprechen, wollte man detaillierte Vorstellungen 
Uber die gegenseitigen Annaherungsabstlinde der 
Ionen einfilhreo. Wir wollen vielrnehr im 
Folgenden ein Bild zugrunde legen, wonach ein 
Jon angesehen wird als eine Kugel vom Radius a, 
deren lnneres zu behandeln ist wie ein Medium 
mit der Dielektrizitiitskonstante D und in deren 
Mittelpunkt die Ladung + E, oder - £ als 
Punktladung vorhanden ist. Die GroBe a mi0t 
dann offenbar nicbt den Ionenradius, sondern 
steht fur eine Lange, welche einen Mittelwert 
bildet filr den Abstand bis auf welchen die 
umgebenden, sowohl positiven, wie negativ en 
lonen an das hervorgehobene loo herankommen 
konnen. Dementsprechend ware a bei vollig 
gleichdimensionierten positiven und negativen 
Joncn z. B. von dcr Grol3enordnung des lonen-
d u r c h m esse rs zu erwartcn. Dabei ist im 
allgemeinen dieser Ionendurchmesser noch nich t 

· als Durchmcsser des wirklichen Ions anzuseben, 
da die Iooen voraussi chtlich ihrer Hydr atation 
entsprcchend von einer fest haftenden Schicbt 
Wassermolekiile umgeben zu denken sind. Wir 
konnen also durch die oben auseinandergesetzte 
schematis che Beriicksichtigung mit HiHe der 
Lan ge a nur eine Niiherung an die Wirklich
keit erreichen. Die Disku ssion praktischer Fa.Ile 
(vgl. spliter) wird allerdin gs zeigen, dal3 diese 
Nliherung prakrisch eine recht weitgehende ist. 

Fiir das Potential um ein hervor geh obenes 
Ion ist nach wie vor zu setzen 

c- •r 
tp- A , --, 

T 

nur mufi die Konstante A jetzt anders bestimmt 
werden. Nach unseren Voraussetzungen wird 
im lnneren der lonenkugel (filr ein positives Ton) 

E I 
1P = D -; + B ( 17') 

zu setzen sein. Die Konstanten A und B sind 
aus den Gren:zbedingungen an der Oberflache 
der Kugel zu bestimmen . Dort, d. h. fiir r = a, 
miisscn sowobl die Poteotialc 1{), wie aucb die 

dip 
Feldstiirken - dr stetig ineinander iibergeheo. 

Oanach wird 

somit 

e-•• E 
A - a-= D 

I 

a 
+B, 

A. e-"" t + xa = .!_ 1 
a2 D at' · 

l (•8) 

E e"" EX I , 

A = D1+xa' B = -D 1+xa· (tS) 

Der Wert von B stellt das Potential dar, das 
im Mittelpunkt dcr Ionenkugel von der Ionen
armosphare erzeugt wird ; demnach erhalt man 
fiir die potentielle Energie eines positiven Ions 
gegen seine Umgebung den Ausdruck 

E1 X I 
u = - - . 

D 1 +xa 
Wie der Vergleich mit (1 5) zeigt, kommt die 
Beriicksichtigung der Ionengrofie lcdiglich in 
dem Faktor 1/( 1 +xa) 2um Ausdruck . Fii r 
kleine Konzentrationen (n klein) wird nach (11) 
auch " klein und die Energie nlihert sich ihrem 
friiher filr unendlich kleine Ioncn angegebenen 
Wert . Fiir groBe Konzentrationen (x grofi) da
gegen, nahert sich u allmahlich der GroBe 

Et 

Da' 

so daB unsere charakteristis che Lange 
1 

- ihren 

" EinfluB einbiil3t, gegen die neue, die lonengroBe 
messende Lange a. 

Mit Hilfe von ( 19) ergiht sich 5hnlich wic 
unter a) fiir die gesamte elektrische Energie 
der Ionenlosung dcr Ausdruck 

U N E
2
x [ 1 r ] ' = - 2 D -1 _+_x_a_

1 
+ _1_+_x_a_

2 
' 

wenn wir, wie das offenbar angczeigt ist, die 
positiven Ionen durch einen Radius a 1 , die 
negativcn aber dur ch einen andern Radius a1 
charakterisieren. Wir konnten nun (16) oder (20) 
sofort benutzen, um gemiifi den Ausfiihrungco 
in § 2 unsere thermodynamische Funktion zu 
bestimmen. lndessen wollen wir zuerst den (20) 
entsp recbend en Ausdruck fiir die Energie einer 
beliebigen Ionenlosung angeben, indem wir die 
irn lnteresse der Obersichtlichkeit eingefiihrtc 
Beschrankun g auf ein-einwertige Salze nunmehr 
aufheben . 

§ 4. Die potentielle Energie einer be
liebigen lonenlo s ung. 

ln einer Losuog seien vorhaoden 
N1 •• • N; . .. N, 
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lonen verschiedener Art mit den Ladungen 

Z1 · ··Z ; .. . z,, 
~ daB die ganzen Zahlen z1 ... z; ... z, die Wertig
keiten messen und sowohl positiv wie negativ 
~cin konnen. Da die Gesamtladung NuU ist, muB 

~N ;Z; = 0 

, ein. Neben den Gesamtzahlen .\' ; seien aufier 
dem die Ionenzahlen pro cm3 

111 .. . 11; . • . n, 
eingefiihrt . 

Es wird wieder irgendein Ion hervorgehobeo 
uad um dieses das Potential bestimmt nach der 
Poissonschen Gleichung 

4.11: 
L11p= -75Q-

Oie Dichte der Ionen i ter Art ergib t sich nach 
dem Bo It z man n sch en Prinzip zu 

,.;, 
-z· -

n;e , '" 
so daB 

-t·!.'l'. 
(1-==f 1 1i,-z,e '4-J 

und die Grundgleichung wird 

Bcnutzen wir wieder die Entwicklung der 
ExponemiaHunktion des vorigen Paragraphen, 
so wird stall (2 1) praktisch die Gleichung 

4.11: E3 • 
t1,p=DkT"1,n ;z;·rp (2 1') 

iugrunde zu legen sein , da wegcn der Be
dingung 

-:21t;Z;= 0 

das erste Emwicklungsglied verschwindet. Im 

allgemein en Falle ist also das Quadrat ~ un serer xw 
cbarakteristischen Lange zu definieren <lurch 
die Gleicbung 1

) 

2 4JrEt~ • 
" = DkT~ n;:z;·' (22) 

w.ihrend die Potentialgleichung ihrc friihere Form 

LJrp = 7.21p 

beibehaJt. 
Nun werde wieder irgend ein Ion hervor

gehoben und das Potential I/'. in dessen Um 
gebung bcst immt. In Obereinstimmung mit den 
Ausfiihruagen des vorhergehenden Paragraphen 
wird wieder 

J ) Da fiir cin-cinwertii:c Salze 111 _ ,,l _ 11 und 
- - r2 - 1, so st immt du alleemc ine Ausd,uck (22 ) 

l\lr ,tl mil tlcm fruhcr (vi;I. 11 J fur die.sen Spezialfall an
grgcbc11en iiberein. 

e-• .. 
~·=A r 

fiir das Feld auBerhalb des Ions. 
Hat das Ion die Ladung Z1E und kommt 

fur dieses ein Annaherungsabstand a1 in Frage, 
so wird im Innem der Tonenkugel 

Z;E l 

"'=nr+ 8
• 

wahrend die Konstanten A und B s1ch ergeben zu 
Z < e•o; 

A = ..!~ B = - Z; EX -- ' -
D I I-xa, ' D 1 + 'i(a; 

Dem angegebcnen Wene von B entspricht die 
potentielle Energie 

z/!.E'!~ 
li = - -

D 1 +'i(a, 
des herrnrgehobenen Ions gegen seine loaen
atmosphlire, wahren<l die gesamte e.lektrisch e 
Energie der lonenlosung, wie leicht ersichtli ch, 
d en Betrag 

U, =-· ~ '.!._,z;2 ,,,;( __ • 
£.J 2 D 1 +'i(m <23) 

erreicht. Die reziproke Lange x ist dab ei im 
allgeme inen Falle dut ch (22 ) definiert 1). 

l} ;. Das elektri sc he Zusatzglied zum 
thermodynamischen P ote ntial. 

In § 2 kamcn wir zum ResuJtat, daB das 
von der gegenseitigen Wirkung der Ionen her
riihrende Glied im Potential 

u 
T 

zu best 1mmen war nach der Gleichung 

C -J·u, d1' ' p . 
Ben utzen wir nun fiir U,, um gleich den allge 
meinen Fall zu erledigen, den in (23) ange
gebenen Au sdruc k, so ist bci der Integration 
iu bedenken, dafl nach (22 ) die in diesem Aus 
druck vorkommende reziproke Lang e die Tem
per at ur enth a lt. Obersichtlicher wird die Rech 
nung, wcnn .zun:ichst aus (22) geschlossen wird 

? · d· __ 4.iu 2
..., ~.2 tLT 

_)! X - Dk _ n iw1 ri, 
wobei D als temperaturuaabh angig 'ang e:.ehen 
wird 2), und dann als Integrations, ·ariable nicht T, 
sondern :.: benutzt wird. So ergibt sich 

1) Aus tlcm :1ni:t2cbcncn Ausc.lruck fiir U, k:1nn un 
mittelbar auf die Vcrdii nnun gs" iirm e i:cschlosse n wcrtlcn. 
Wir iibcn cu11tcn uns, c.laB dc r thco reti schc W er t den .Bc
ob;u::htuni; en cn tspricbt. 

:z) T :iu:ic blich etJ?iht cine tlirektc k inetische Theori~ 
ties osmotiscbe n IJru ckcs, iibe r welche an andercr Stelle 
(Recucil des trava ux chimiques des Pay s-B as et de la 
Beli;iquc) berichtct wird , die Giiltii:keit des cn d~iiltig cn 
Aus <lrucks fiir c;, uoabbun i:ig von di ei.er .Anna bme . F iir 
cine Uis kussi on dcr thcr modynamischcn Rcehnung konnen 
wir ..-crwcisen a.uf B. A. M. C:n ·a na i: h, Phil. Ma g . 43 
6o6, 19-zi. 
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G k ~ \ " , j' x~d x ,- ~ ..,, ,z, . 
4 .T_,ll ,.,i • 1+ ,<a ; 

Sem man abkurzentl die Zahl 

so findet man . . ~ 

ist, noch einmal auch hier explizite wiederholt sci. 
Fiir kleine Konzentrationen entflillt daher 

in G, auf jedes Ion ein Beitrag, der pro -

r x1 dx 1 } ' u 2du 1 { , - = 3 _..,.. .a const + log (1 + x,-)- 2 (r + X;) 
. i,q. xa, a; t ..... u a, l (• + x,->2}· 

Die fntegrattou,lconr antc ist so zu bestimmen, 
daB in Jcr Grcnie fi.ir unendliche Verdiinnung 
dcr l'lektn:.che Zusatz G, zum Gesamtpotential 
vcrschwmdet. Da x na ch (22) proportional 
l~ ,r,-r;2 isl, so entspricht x = o dem Falle der 
uneodlichen Verdiinnung . Dement sprechend muB 
die Kon s1ante in der ge schweiften Klammer so 
bestimmt werden, daB fiir x, = o der Klammer 
aU!>druck ebenfalls verschwindet, und da in dieser 
Cre nze 

log{1 + x;)-2(1 + x,)+½( 1 +x,.)2 

Jen Wert - i ann immt, so ist 
const. = i 

zu setzen. Damit wird dann 

portional x, d. h. proportiona l der Wurzel aus 
der Konz entration ist. Wiirde man die end
lichen Abmessungen der Ionen vernachlassigen, 
so ware na ch (27') und (2 s) X.; durchweg gleich 1 
zu setzen und jene Abhangigkeit wiirde als fi.ir 
alle Konzentration en giiltig en,cheinen. Die 
ganze Abh angigkeit von der Ionen gro.Be, welche 
den individuellen Eigenschaften der Ione11 Rech 
nung tragt, wird also durch die Funktion x. 
na ch (27) oder (27') gemessen. In der Grenze 
fiir groBe Verdiinn ungen verschw indet aber 
dieser EinfluO, und die Ionen unt ersche iden 
sich nur mehr sofern ihre Wertigkeit ver
schieden ist. 

f ~dx 1 { } - =- - 3 f + log ( I + x,) - 2 ( I + X;) + ½ ( I + .X;) 2 
1 + xa · a, 

und 

k 2N;z·'{ } C,=- ~ -
1 

-
11
-' i+l og(1+x,-)-2( t +x,- ) +H 1 +x ,)2 • 

4Jr-"" tt;Z; a,-
(26) 

Die Funktion in der geschweiften Klammer hat 
nach Potenz en von x, entwickelt die Form 

i r log ( ! +x, ) - 2 (1 +x,)+ t( 1 + .x;}2 = 
x? x 1

4 x,-6 x ;• 
= T - 4 + s - T + ... ; 

scut man desbalb abki.irzend 

x.-==x(x;} = 
,} { I + log (t + x,)- 2 (1 +x ,)+ t (1 +x;) 2

}, 

(2 7) 
so nah ert sich x fiir kleine Konzentrationen dem 
\\" enc 1 und ist entwickelbar in der Form 

x_;-= I - f.X; + f X/1-- •.. · (27') 
Unter Einfiihrung dieser Funktion und Beriick 
sichtigung der Defin itionsgleichung (22) fur xt, 
la6t ~ich unscr Zusatz zum thermodynamischen 
Potential auch au f die Form br ingen 1) 

Z ·'E 1 X 
G. -- ~ N; ·isT- 3 x.,, (28} 

wobei der Obers1chtlichkeit wegeo der Aus• 
druck (12) fur x, wonach 

1) lJ(r clektrucbc Zllll tzdruck f", von dem in § 2 
G,dchu111: (6') die Ke.le "ar, erg ibt s1cb aus dicscr Forme l. 
Der don ani::c,cbeoc Zablen wcrt wurdc in d,cscr Weise 
bric,bnct . 

§ 6. Osmotischer Dru c k , Dampfdrucker
nied r igu n g, Ge f rierp unktserniedrigung, 

Si edep unkt se rhohun g. 

Nach den Ausfiihrungen des § 2 1 mit Riick
sich au f (7), (7') und (i ') wird die thermo
dynamische Funkt ion <1> der Losung dar ges tellt 
dnr ch den Ausdruck 

, r z ·' s' ,c: 
<I>""""~ N; (rp,-- k log c,,) + ~ N,-..!.....D_ -T x.-. (29) 

II I J 
Dabei ist fiir den elektrischen Zusatz zu <I> die 
Gleichung (28) benut zt, in der x., = x (x;) = x. (,c:a;) 
durch (27) gegeben ist und, wie im vorigcn 
Paragraphen auseinandergesetzt wurde, in der 
Greni e fiir unendlich kleine Konzentra tionen 
dem Werle I zustrebt. ,c: ist un sere reziproke 
charakt eristische Lange, definiert durch (22), 
wona ch 

i 4.1tsi • 
" ,.,,..DkT ~n,- z,.-. 

Nach dem im Plan cks chcn Lehrbu ch der 
Thermodynamik eingeschlagenen Verfahren 
konnen nun die Gesetze der in der Oberscbrift 
genannten Erscheinungen alle dur ch Diffe
rentiation aus (29) erschlossen werden. Die 
Bedingung fiir das Gleicbgewicht beim Ober
gang einer Menge oN0-Molekiile des Li:isungs · 
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miltels aus der Ll:isung in die jeweilige andere 
Phase lautet bekanntlich 

o4'+&~=o , 
\\Cnn 4'' das thermodynamische Potential 1ener 
zwei1en Phase bedeutet. Wir setzen 

<ll= No
1

</Jo
1 

(30 ) 
und wollen die Rechnung ausfiihren fiir den 
Fall des Gleichgewichtes zwischen Losung und 
ausgefrorenem Losungsmittel, mit Riicksicht au£ 
die Tatsache, daB fiir die Gefrierpunktsernie
dngung als Funktion der Konzentrat ion die aus
gedehntes ten und ruverlassigsten Messungen 
votliegen. Wir !assen nun N0 um &N 0 und 
N 0' um o N 0' variieren und erhalten dann sofort 
6 (4> + <P') = <p0

1 

0N 0' + ('Po - k 1ogc0) oN 0 -t-

~ N- z/lE1 d(xx, ·) ox ~ V ( ) 
+ '7' '3D T dx 0N

0 
u . 0 ' 

31 

d.l w1e leicht ersicbtlich 
' ' • o log C; 
_I N;o log C; = ~N i ?Jiil oN o 
0 . 0 0 

den Wert Null hat. 
Da nun 

oN0' -=- oN 0 

ist, so lautet die Gleicbgewichtsbedingung 
1 

1 Zt'E 2 d (XX;) OX 
<p - <p0 == - k log c0 - ~ N · -- - - - · 0 ~ ' 3 DT d x oN o' 

(32) 
sic ware in dieser Form fiir alle in dcr Ober
scbrift genannten Erscheinungen zu verwerten 
und steUt eine Beziehung dar zwischen Druck , 
Temperatur und Konzentrationen. 

In der Definition von x stellt n 1 die Ionen
zahl i ter Art pro Volumeneinheit dar , so dafi 

N; 
n,·-= V 

isl, andererseits ist der ganzen Fonnulierung 
wie bei Planck fur das Volumen V der lineare 
Ansatz 

I I 

V """'~ n;V;-=n 0v0 + ~n ,-v, 
0 1 

zugrunde gelegt. Nach (22) wird demnacb 

ox 4.1r E
1 "'>' ,N; v0 

a oN
0 
= - DkT_z, J/2-== 

4.1r El Vo ~ ! 

=- DkTV~n,z, ; 

unter nochmaliger Heranz iehung dieser Defi . 
nitionsgleichung hat man also 

o.e x v0 
0N

0 
-=--; y• 

und unsere Gleichgewichtsbedingung nimmt die 
Form an : 

, • zh ' d(xx .-) 
cp0 - 'Po = k log c0 + v0 ; n; 

6 
DI x ~ · (32') 

Die fiir die fraglichcn Effekte charakteristische 
Konzentration sfunklion 

d(xx;) 
d x 

lafit sich leicht nach (27) berechnen . Nennen 
wir sie <J;, so crgibt sie sich unter Beibehaltung 
der Abkiirzung 

X;= xa.
zu 

d (xx ;) 
<J; - d;- = 

=.l._[( 1+ .x,·)- I -2log(1 +.x·)] · (33) 
x;9 l 1-X; ' 

Fur kleine Werle von X; gilt die Entwicklung 
<J; =- 1 - } X; + ~ X, 2 - 2 X ;3 + ... _, 

•• .: .I 

= "13~ ~~, 
"-J v +3 ' 
' " 0 

so daB <J; fiir kleine Konzentrationen dcm Werte 1 

zustrebt ; fi.ir gro Be Konzenlrationen vcrschwindet 
<J; wie 3/x,-2. Die folgende Tabelle enthalt 
Zahlenwertc fiir <J als funktion von .x = ,ca; 
Fig. 1 slellt den Verlauf der Funklion graphisch 
dar . 

"i 
X 

0 

0,05 
0,1 
0,2 
0,3 

~ 

0'1•) 

a (.r) 

1,000 

o,cp9 ~ 
o.1155 
0 ,759 
0,670 

... 
~ 

r 

0,4 
o,s 
016 
0,7 
o.8 

Tabelle I. 

I a ' l") r 

0 ,598 0,9 
I o,536 1,0 
0..486 r ,S 
0,441 2,0 

l o ,403 II 2.5 

F ig. r. 

I 11 (x) ~ 

0,370 11 

0,341 
0,238 
0,176 
0,136 U 

• 

X 

3,0 
3,S 
4,0 
4,5 
5,5 

... •.. 

I a ~.r) 

0, If 09 
0,0898 
0 ,0742 
010628 
0,0540 

Weil wir spater Gelegenheit nehmen miissen, 
auch auf die Gefrierpunk tserniedri gung konzcn
trierter Losungen einzugeheo, so empfiehlt es 
sich, die Werte jener Emiedrigung aus (32') 
zu bercchnen, ohne zunachst alJe Vereinfachungen 
einz\lfiihren, welche bei ganz verd i.innt en 
Losungen gestattet sind. Die Gefriertemperatu r 
des re inen Losungsmittels sei T 0 , die Gefrier
temperatur der Losung T0 - L1, die Schmeb;
warme des gefrorenen Losung smittels q, die 
spezifische Wlirme des flussigen Losungsmittels 

... ... 
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bei konstantem Druck c~ und dieselbe GroBe 
fiir das gefrorene Losungsmittel c;'. Dabei sollen 
die drei letzteren GroBen durcbweg je auf ein 
wirkliches Molekiil bezogen sein, so daB sie die 
gebraucblichen MolgroBen, dividiert durch die 
Loschmidtsche Zahl darstellen . Nach ·der 
Definitionsgleichun g fur <p wird dann 

, A q .11 
[ , , 2 q -j 

'Po-'Po = - To To+ Tot (c, - c; - kTo . 
Fur c0 kann 

' 
C0 = I -~C ,· 

I 

eingesetzt werden. Da weiter 

d(xx.-) 
tI-;-=G; 

gesetzt wurde , folgt schliefilich 

A q L1
2 

( '' - c;' q ·) 
T0 kT 0 - T0

2 2k - kT
0 

= 
E2 X ' 

=-log( 1-~ c;) - 6DkT~v 0 1-i,z 'a ,-. 

Wird die Loschmidtsche Zahl N genannt, 
so ist 

Nq=Q 
die Schmelzwanne eines Mols, 

Nk=R 
die Gaskonstante und 

~,, = c, bzw. Yoe,'= c,; 
die spezifische Warme pro Mol fli.issiges, bzw. 
fostes Los ungsmittel, so daB man auch schreiben , 
kann 

~ _g_ - LJ! (~! __ -_C,' - Q ) = 
To RT 0 T/ 2R RT 0 

~ 1-i,c , l (34 ) 
-= -log( 1 - 7c;) 

6
DkT ~ v011.-z;2a; . 

Fur kleine Konzentrati onen kann erstens At/ T 0 2 

neben L1/ 1'0 vernachlassigt werden, zweitens kann 
., r 

- log ( I - i C;) = l C, 
I I 

gesetzt werden, und dritten s kann das Gesamt · 
volumen mit dem Volumen des Wassers identi 
fiziert werden, indem die Zahl der gelosten 
Ionen als unendlich klein gegen die Zahl der 
Wassermoleki.ile angesehen wird. Dem ent 
spricht es, wenn gesetzt wird 

v0 N ,- N,. 
v0 n-.-=- N.-~ -= =C,. 

I 
I 

(35 ) 

wogegen unter denselben Annahmen d ie 
klassische Formel 

lautet. 

§ 7. Die Gefrierpunktserniedrigung ver
di.innter Losungen . 

Das Charakteristische der elektr ischcn Wir 
kung der Ionen tritt bcsonders deut lich hervor 
in den Grenzgesetzen fur groBe Verdi.innungen , 
wie sic durch (35) dargestellt wcrden . Wir 
wollen deshalb die Form cln und Gesetze fur 
diesen Grenzfall bcsonde rs behandeln . Die For
mel (35 ) ist anwendba r au f den allgemeinen 
Fall, daB ein Gemisch von mehreren Elektro · 
lyten vorliegt, die auBerdem even tuell nur teil
weise in Ionen zerfallen sind. Wir betrachten 
hier den besonderen Fall, daB· cine einzige 
Moleki.ilart gelost wurde. Das Moleki.il sci voll· 
standig in lonen zerfallen und bestehe aus S· 

Ionenarten , numeriert mit 1, ....... i . . ...... s, 
sodaB 

V1, .. . V; , ... V, 

lonen der Arten 1, .. ... i, .. . .. s das Mole-
ki.il aufbauen. Die mit jedem dieser lonen 
verbundenen Ladungen seien 

Z 1 E-, • •• Z; f , . . . z, t. 

(Bei H,SO~, zerfallen in den Ionen H und 50 4 , 

ware z. B. 

:1.11 = _2, JI~ = I , z1 = -• I , Z~ = - 2, 

wenn der Index I auf die H-loacn und der 
Index 2 auf die 50 4-lonen bezogen wird .) 

gilt 
Da das Moleki.il als Ganzes ungeladen ist, 

, 
l1 1;Z; = 0. 
I 

Die Losung bestehe nun aus NO • Moleki.ilen 
Losungsmittel und N -Molekiilen des zugesetzten 
Elektrol yten, wobei N als klein gegen N n an
gesehen wird. Dann ist 

c,-= N; N,· 
-

N " 
V No ;\1 + ~ '" no 4, V,· i , ; 

I 
I 
· Bedenkt man, daB 

I 

l\1it diesen Vernachlassigungen erhalt man 1) 

1) Es ist nicht notig, zwiscbcn Ioncn und u.ngeladcncn 
Molekiilcn eincn Untcncbied zu m:ichen ; kommcn beide 
vor, so hal man fiir lcutere einfach ~, - o zu setzcn. Sind 
alle Einzelheiten ungcladen, dann werden n:itargem:iR (3S) 
und (35') identisch . • 

N.-= v,-N 
ist, und nennt die auf die geloste Moleki.ilart 
bezogene Konzentration c, sodafi in der hier be
nutzten Naherung 

N 
C = -

N/ 
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~o wird 
C; = JJ;C. 

Die Cleichung (35) fiir die Gefnerpunktsemie 
drigung wird dann 

L1 Q 
T RT ~ /0 ~ c; ::... / 0c"1,v; (36) 

0 0 
mit 

t 2 x Xv 1z,t o, 
lo= i - 6 DkT _x-;;:- (37) 

Die Grc>fie / 0 ist der in der Einleitung erwahnte 
osmotische Koeffizient, denn / 0 = 1 wurde dem 
l bergang zur klassischen Theorie entsprechen, 
wie (35') zeigl Nennt man no ch ,1_. die nach 
der klassi schen Theorie berechnete Ge frierpunkts 
erniedrigung, so ist · 

oder 

L1 
A_.= /o 

,1_. - . I 
1-/0= -- . 

Lt.,, 

Die Beziehung (37) zeigt also zunachst in quali
tativer Hin sicht, daB die wirklic he Gefrierpunkts 
emiedrigung kleiner sein muB, als die nach cler 
klassischen Th eori e zu erwartende , ein Resultat , 
das sich fiir verdiinnte Elektrolytlosungen durch
weg best atig t . Die in (37) vorkommenden Ab 
kiirzung en x und a sind dur ch die Formeln(22) und 
(33) (letzte re nebst zugehoriger Tabelle) bestimmt . 
Wie im vorigen Paragraph en auseinandergesetzt 
wurde , miBt a1 den EmfluB der endlichen Jonen
groBe und dieser verschwindet bei ganz geringen 
Konzentrationen , da dann o dem Wert e I zu
strebt. Beschaftigen wir uns demna ch zunachst 
mit dem Grenzgesetz, da s fi.ir ga nz g roBe Ver
diinnungen Giiltigkeit haben sollte, so gilt in 
diesem Grenzfalle 

t~x :Ev;z/-
fu = 1 - 6D kT Xv, · (38) 

..\ndrerseits gilt nach (22) 

da aber 
N 

n; = v; V -= v,11 

,,t , unter Einfiihrung der Volumenkonzentration 
, der gelosten Moleki.ile, so ist auc h 

x2 = 4 ~,t~ "v -z.! DkT.;, I I . 

Fur ganz geringe Konzentrationen folgt demna ch 

• 6~ v4.1t£1 (lJJ1Zr) l 
10 - 1 - 6 DkT DkT n~v; }:v, · (38') 

~ 

wobe1 11111; die Gesa mtionenz ahl im cm 3 der 
Losung darstelh und 

UI (S~;Z;~) l 
2.v; (39) 

als Wertigk eitsfakto r bezeichnet werd en so il, da 
er den EinfluB der Ionenwcrtigkeiten z,- auf d ie 
Ers cheinungen milk Am besten ist es, wenn 
man nicht In selber, sondern die Abweichun g 
von I der Betrachtung unterzieht und so fiir 
ganz geri ng e Konzentrationen schr eibt: 

. t! v4 .1t1:: ~ 
r - lo = w ll lJkT DkT"l" '.· (40 ) 

Diese Formel drii ckt nun erstens aus , wie die 
Abweichungen 1 - / 0 von der Konzentration 
abbangen, und zwar behauptet sie in diescr 
Hinsicht : 

Satz 1. 

Fiir alle El ektro lyte si nd in de r 
Grenze fur geri ng e Kon:zentrationen 
die prozentualen Abwei c hungen der 
Gefrierpunktserniedrigu n g vom kla s
sisc h c n \Vert der Wurzel aus der 
~onzentration proportional. 

DaB es moglich ist, dieses Ges etz als all 
gemeines Gesetz auszusprechen, riJhrt daher . 
daB alle Elektrolyten fur groBe Verdiinnungen 
als vollig in lonen zerfallen angesehen werden 
konnen. Freili ch sind es nur die starken Elek
trolyt e, bei denen jenes Gebiet des vollstandigen 
ZerfaJls praktis ch errei cht wird . 

An zwi:iter Stelle ma ch t (39) eine Aus sage 
ilbe r den EinfluB der lonenw ertigkeit , die fol
gendermaBen formuliert werden kann : 

Satz 2. 

Zerfallt das gelo s te Molekill in v1 , 

... v1, • .• v, lonen vers c hiedencr Art 
1 , . .. i , . , . s m1t d e n Wertigk e iten 
z1, ... Z;, ... z,, SO s ind fur ger inge 
Konzentr a t io n en di e pro ze ntualen 
Abwei c hungen d e r G e frierpunkt s
e rni edr1gu n g vom klas s isc hen \Vert 
eine m Wertigkeits fakt or u, propor 
tional, wel c h e r sich bere c hn e t zu 

u· (.I,,,-z,~, ~
~ , . 

\ ~V ; 

Als Beispiel fur die Bere chnung dieses 
Wertigkeitsfaktors ge lte die folgend e Tabelle, 
bei de r in der linken Spalte der Typus des 
Salzes durch ein Beispiel festgelegt , und in 
der rechten Spa ltc der Wert von u, ang e
gcben ist : 
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Typos 

1' Cl 
CaC/2 
<-uso. 
AIC /2 

..it1 (SO,), 

Tabell e 11 

I 
Wttt 1 kt iu faktor .r 

Der Em fluO der Ionen wlichst also betracht
Lich mit zunehmend er Wertigkeit, was ebenfal1s 
dem qualuative n Befunde entspricht. 

An dritter Stelle hat schlieBlich das Li:isungs
mittel eincn EintluB, und zwar im Sinne der 
bekann ten Nernstschen Anregung zur Er
klarung der ionisierenden Kraft von Li:isungs
mitteln groBer Dielektrizitlitskonstante. Nach 
(40) hat man 

Satz 3. 
Fiir geringe Konzentrationen sind 
die prozent ual en Abwe1c h ungen der 
Gefrierp u nktserni e drigung vom klas
sischen \ Vert umgekehrt proportio
nal der 3/2ten Potenz der Dielektrizi
tli ts kons tan t e n des Los ungsm it tels. 

Die iibrigen noch in (40) vorkommenden 
Konstanten sind die Ladung des elektrischen 
Elementarquantums E 4,77 · 10 - 10 e. s. E., die 
Boltzma nnsche Konstante k = 1,346 · 10- 11 

erg und die Temperatur T, wobei letztere so
wohl explicite wie implicite auftritt, da die Di
elektrizitlitskonstante D mit T variiert. 

Hat man nun mit verdiinnten Losungen im 
gewi:ihnlichen Sione zu tun, dann kann a nicht 
mchr durch I ersetzt werden, Uf\d es tritt die 
Gleichung (37) in Kraft, welche explicite lautet: 

t 2 v 4 :,c E~ Iv;z/ <1; 
1 - lo= w6DkT DkTn"l,v;~v;z /• · (4 t ) 

Wie die Tabelle I, sowie die ihr zugrunde liegende 
Form cl (33) zeigt, nimmt <J; mit zunehmender 
Konzentratiqn immer weiter ab, und zwar scblieB
Jicb wie 

d. h umgekehrt proportional der Konzentration, 
da x der Wurzel dieser GroBe proportional ist. 
Nach (4 l) ·mufi. also die Abweichung 1 - I 0 
zunach st £iir ganz geringe Konzentrationen pro
port ional der Wurzel aus der Konzentration 
steigen, dann aber bei steigender Konzentration 
mil Riicks1cht au f den EinfluB von a, d. h. mit 
Ruck s1c.h t auf die cndlichen Durchmesser der 
Ione n ein Maximum erreichen und endlich 
wieder umgekehrt propo rtional der Wurzel aus 
der Koozentration abn ehmen. · Wenn auch in 

dieser Aussage 4!ine nicht ganz berech rigte Extra
polation· auf groBere Konzentrationen der fiir 
verdiinnte Li:isungen spezialisierten Formel (4 1) 
enthalten ist, so bleibt die Aussage auch bei 
naherer Betrachtung k(lJ)zentrierterer Losungen 
(vgl. § 9) qualitativ bestehen. Tatslichlich haben 
auch die Messungen ein Maximum der Ab
weichungen 1 -1 0 als charakteristisches Merk
mal der Kurven fiir die Gefrierpunktsernie
drigung ergeben. Allerdings glauben wir, daB 
die Erscheioungen der Hydratation (vgl. den 
SchluBparagraphen) ebenfalls einen wesentlichen 
EinfluB auf die Erzeugung des Maximums be
sitzen. Ein zahlenmaBiger Vergleich der Theorie 
mit der Erfahrung wird in § 9 gegeben werden. 

§ 8. Das Dissoziationsgleichgewicht. 

Beschrankt man sich nicht nur auf starke 
Elektrolyte, so wird ein Dissoziationsgleichgewicht 
zwischen ungespaltenen Molekiilen und Ionen 
bestehen. Aber auch dieses Gleicbgewicht wird 
nicht nach der klassischen Formel zu berechnen 
sein, weil bier ebenfalls die gegenseitigen elek
trischen Krafte der Ionen storend eingreifen 
werden. In welcher Weise das nach unserer 
Theorie quantitativ geschieht, soll hier berechnet 
werden. Wfr gehen wieder- aus von dem Aus
druck (29) fiir das thermodynamische Potential 
<P der Losung 

s , z.2 E.2 " 
<P =- ~ N;(gi; -- k loge;)+ f N;to TX;; 

unter den Einzelteilchen, welche in de r Losung 
vorhanden sind, befinden sich dann sowohl ge
ladene wie ungeladene. Fiir letzter e ist einfach 
z; = o zu setzen. Das · Losungsmittel sci mit 
dem Index o verse hen . Nun nehme n wir in 
der bekannten Weise eine Variation der Zahlen 
N; vor und berechnen die zugehorige Anderun g 
des Pote n tials. Diese ergibt sich zu 

i =s i = s 

0 <P - - "1 oN;(g;; - k log C;) T "1 oN; z,-2£
2 

'XX; 
~ ~ 3D1' 
~ 0 i= I 

I = j ~· 

+ "1 N -z;2E2 <!:__(xx.;) "1 o:ic: &N . 
~ '3DT dx ~ o.Vi . 1

' 
I = l J I 

wenn man beriicksichtigt, daB nach der Defi
nitionsgleichung (22) 

l=s l = s 

2 _ 4~~ "1 2 _ 4;rt ~ "1N ,zr 
· x DkT~ n,z, DkT~ V 

I 1 I -1 

die GroBe ,c: von alien Zahlen N 1 ... N, ab
hangen kann. Vertauscht man in der dritten 
Sum me die Summationsindizes i und i, so kann 
o<P auch auf die Form gebracht werden: 
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i = , i-=-, 

0 cf>= oNo(f/Jo - k log Co) + 2 oN.-[ rp;- k log C; + 3 it \zh <X; :-.L] N,z/ d~; ;) oo;)]. 
r' a 1 i= I 

Nach der Definition von " kann aber 0°;,. 
ausgerechnet werden . Man erhalt, falls fur das 
Volumen der lineare Ansatz beibehalten wird, 

Auch hier sind wieder Vereinfachungen 
moglich bei Beschrankung auf kleinere Kon
zentrationen. In diesem Falle ist namlich 

, 
v; l: n;z/ 

, 1 zr - v; l; n,zl ox x 
1 

zu vernachlassigen neben z;2 ; man hat, wenn 
oN; = , V so verfahren wird, das Yolumen der gelosten 

2 ~ n1zl Substanz als verschwindend angeseben gegen -
1 iiber dem Volumen der ganzen Losung . So 

Nimmt man nun in iiblicher Weise an, daB in wird 
der Losung eine cbemische Reakt ion st att fmden i t (dxx.-)1 
kann, bei welcher die Proportion besteht . 6 , -' 

1 
n,z, d x · 

log/,,' = 6 D '·T ~ t zx ; + , - . (45) 0N1:0N2: .. . 0N;: ... :0N,-· ,,; ~ I 
= µ1=µ2: ... µ; : .. . ,,,, ~, ·,:/ 

so folgt aus dem angegebenen Wert der Varia- SchlieBlich kann dann noch der Grenzwert an-
tion des Potentials die Gleichgewichtsbedingung gegeben werden, dem der Aktivitatskoeffizient . . . I i = · d(xx) r=, , =, , =, ~ n-z 2 __ I 

'1 '1µ ;<p; eix '1 , i t , , dx 
~µ ; loge,·= ~ - k- + 6 DkT ~ 2µ,.z,-tx; + µ;(z,-2 -v,. "i,n1z/1 - J~-,- - . 

I ~ • 
i = I ,· = I i = I .. n, z;-

f :: 1 

(42) 

Von der klassischen unterscheidet sich diese 
Bedingung durch das Zusatzglied rechter Hand. 
Fiihrt man den Aktivitatskoeffizienten /. ein , 
wie in der Einleitung, indem man setzt 

zustrebt bei groBten Verdiinnungen. In dieser 
Grenze, wo der EinfluB der Ionengrofie ver· 
schwindet, kann X = 1 gesetzt werden und man 
erbalt 

, 
l: µ; log C; =log(/. K-), 
l 

. t 1 x 
log/,.'= 2DkTz/- . 

wobei K die klassiscbe Gleichgewichtskonstante 
berleutet, so ist der Aktivitatskoeffizient definiert 
tlurch die Beziehung 

Da x von den Eigenschaften aller Ionen ab
hangt (durch ihre Wertigkeit beeinflu6t wird), 
so ist auch noch in diesem Grenzfalle dcr Einzel-

f 
I= • d(x., )] i ~ I "'-' 2 Af ., n -z, ---

Et X ~ 
2 

, ' 
2 

r _ l / d X 
logf,.= 60 k 1,.L7lzµ1z,-x, ·+ µ1(z; -,v ;~1i;z1 ) ; , • 

,·= 1 ~n1z;2 
I 1 

(43) 

Nacb dieser Formel ist es natiirlicb moglich, 
Jedcs an der Reaktion beteiligte Atom bzw. 
Molekiil mit einem eigenen Aktivitatskoeffizien 

koeffizient // nicht nur Funktion der Eigcn
schaften des i ten Ions. Wtr vcrzichten darauf, 
das Grenzgesctz ausfiihrlich zu diskutieren und 
bemerken nur, daB auch hier wieder in der 
Grenze Proportionalitat von log/,. mit der zweiten 
Wurzel aus der Konzentration besteht. 

ttn zu versehen, indem man setzt 

mit 

log la= µ, log /,.1 ;-- •. .. 

/I; log// + ... µ,lo b /,.' (44 ) 

Eix . , ., 1~; Zi ~ 
log/ I= - 2 z.t x· + (z·2 - V · "'-' Ii Z 2)-

1 
- --I 

~ i d(xx;)[ 

i "'-' n z a 
" 6 Dk r , , , , ., , , , 1 · 

~ f I 
. l 

fa wird dann aber, wie (44') durch das Auf- * 9. Vergleich mit der experimcntellen 
trcten von x zeigt, dieser auf eine bestimmte Erfahrung iiber Ge[rierpunktscrnie· 
Atomart bezogene Koeffizient nicht nur von d rig u n g. 
GruBen abhangig, welche sich auf jene Atomart In Fig. 2 geben wir zunachst eine Darstel-
• llein beziehen. lung zur Veraaschaulichung des charakte ristischen 
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Verhaltens starker Elektrolyte. Auf der hori 
zontalen Achse ist eine GroBe v; aufgetragen, 
welche die lonenkonzentration miBt, indem 1, 
wie schon friiher ausgefiihrt, die Konzentration 
des Elektrolyten in Mol pro Liter ist 1) , wahrend 
v = ~v; die Anzahl Ionen bedeutet , in welche 
ein Molekiil des Salzes zerfallt. Es wurden vier 
Vertreter KCl, K.2S0~, La(N0 3) 3 und J,Jg504 

von vier <lurch ihre Ionenwertigkeiten unter
schiedenen Typen gewiihlt. K Cl zerfaJlt in zwei 
einwertige, K 2 S0• in zwei ein- und ein zwei
wertiges, La(N0 3 ) 3 in drei ein- und ein drei 
wertiges, Mg SO 4 in zwei zweiwertige Ionen. 
Bezeichnen wir die nach der klassischen Theorie 
bei vollstiindiger Dissoziation zu erwartende 
Gefrierpunktserniedrigung mit Ll.t und die wirk· 
lich beobachtete mit L1, so ist der Ausdruck 

d. h. die prozentuale Abweichung vom klas 
sischen Wert gebildet und als Ordinate auf 
getragen worden. Nach § 7 kann auch 

8= I -lo (46') 

gesetzt werden ; 8 miBt, so dargestellt , die Ab
weichung des osmotis chen Koeffizienten von 1' 

seinem Grenzwerte 1. Da in wiisseriger Losung 

Ll"= v;-1,8 60° (41) I 
ist, entspricht ein Punkt der Abszis senac hse fiir I 
alle Elektrolyte einer Konzentration, die ohne 
Beriicksichtigung der gegenseitigen Krafte stets 1 
dieselbe Gefrierpunktsern iedrigung erzeugen 
sollte. Wir haben die beobachteten W erte allein 
eingetragen, ohne die entsprechenden Punkte 
<lurch· eine Kurve zu verbinden , um jede Be
einflussung zu vermeiden. Dies~s Verfahren ist 
indessen nur dadurch ermoglicht worden , daB 
in neuerer Zeit einige amerikanische Forscher 
ganz vorziigliche Messungen der Gefrierpunkts 
erniedrigung bei geringen Konzentrationen aus 
gefiihrt haben. Die Messun ge n d e.r Fig. 2 

stammen von Adams und Hall und Harkins 2). 

Es kommt klar zum Ausdruck, da.6 die Ab· 
weichung 8 nicht , wie es <las Massenwirkungs 
gesetz verlangen wiirde, fiir kleine Konzentra
tionen proportional der ersten oder soga r einer 
hoheren Poten z der Konzentration steigt. AuBer -

r) Bei den Sallen K,S0 4, l ~(N 03 l;s, 1lfffSO, ist 
sta ll y die Konzentrati on )' ' in Mol pro 1000 g Wasse r 
eingcsctzt, wic sic ,·on den unten z1tiertcn Au1oren a11-
::egeben isl, tla mangcl s Mcssungen der Dic htc dieser 
Sall losungen bei 273" cine Umr echn ung in i\lol pro L iter 
nicht ausfiihrbar war ; dies bcdeu tct bei den ]1iu in Be
tra cbt ge1:ogenen geringen Konze ntrationen cine our un 
crhcbliche Abweichung. 

2) L. II . Adams , Journ. Amer. Chem. Soc. 37 ,48 1, 
1915 (KCI J; L. E. Hall u. W. V. H a rkins , ibid. 38 , 
2658, 1916 (K2S0 4 , La(NO,b, MgSO, ). 

0 111.,so. 

... . 
e 0 

.... 
0 

L.(IOl, . 
0 . .. , ,so, 

0 

o,, 

0 . : 
0 

0 

o ,, . -
f . 

kCI . 
0 

0 

'roo 

.... ..• ._,.. 
'4 

F ig. 2. 

d em demonstrieren die Kurven den starken Ein
fluB der Ionenwertigkeit . 

Unsere Theorie verlangt nun, daB bei~ gant 
geringen Konzentrationen die prozentua le Ab
weichung 8 der zweiten Wurzel aus der Kon
zentration proportional wird, mit einem Propor
tionalitiitsfaktor, der wesentlich von der Wertig
keit der lonen abhiingt. Nach (39 ) und (40) 
ist (wenn das Molekiil zerfallt in v1 ••• v; ... v,
Ionen mit den Wertigkeiten z1 .•. z,- . .• z,) 

~2 v4 .it Ea -
e = I -l o= w 6Dk T Dktn .Sv,. (48 ) 

mit dem Wertigkeit sfaktor 

(
2v ;z;2)3/t 

w = ~ - . 
' --v; 

(49) 

Einmal soil nun die An zahl Ionen n pro cm3 

in der Konzentration 1, gemessen in Mo! pro 
Liter , ausgedriickt werden . Wir nehmen fiir 
die L osc hmidts che Zahl den Wert 6,06. 10 23 

an, d ann ist 
1i= 6,06. 1020 7. 

Weiter wird angenommen e = 4,77 · 10- 10 e.s.E., 
k = I ,34 6 · I 0 - 19 erg , und da es sich im folgen
den um Gefr ierpunkt e was seriger Losungen 
handett , T = 273 . Fiir d ie Dielektri zitiitskon
stante des Wassers nehmen wir die von Drude 
aus den Messun ge n berechnete In terpolat ions
formel , wonach bei o° C 

D = 88,23 
wird 1). Unter Benutzun g dicser Zahle n "ird 
(.Sv; = v gesetzt) 

1) A nn . d. Ph ys. 59, 61, 1896. 
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V4JUJ ,/ I 
DkTIUI - 0,231 - 108.,vrcm 

und damit 

(so) 

Die GroBe " von friiher ist unter Einsetzung 
der obigen Zahlenwerte 

V2:v -z~ 1 
x = o, 2 3 , . 1 0 8 -V v r ' ' . 

v cm 
( 5 I) 

In Fig. 3 sind Beobachtungen 1) uber e jetzt 
1IJ1 Gegensatz zu friiher aufgetragen zu der 

Fig. 3. 

Abszisse V vr, die Beobachtungspunkte wurden 
Jeweilig durch gerade Stri che verbundcn . Aufier
dem sind in der Figur vier vom Nullpunkt aus
~trab lende gerade Linien eingetragen, welche 
das Grenzgesetz (50, darstellen. Die vier SaJz. 
1ypen der Figur haben die Wertigkeitsfaktoren 

W= l, W=2-V2, ti!= 3V3, W = H, 
d1esen Wertcn entsprechen die genannten Ge
raden. Man sieht, daB tatsiicbJich die Annahe 
rung an die geraden Linie n fiir kleine Konzen
trationen stattfindet, da .fi also das Grenzgesetz mit 
der zweiten Wurzel aus dcr Konzentration offen
bar den Tatsachen entspricht. Oberdies aber 
werden die mit Hilfe der Dielektrizitatskonstante 
88,23 berechneten, im iibrigen theoretisch nur 
<lurch den Wertigkeitsfaktor unterschiedenen 

1) L, H. Adams, I. c, (KNOs, KCI J; R. E , Hall 
u. \\. D. H.irlcins, L c. (K2 S0 4 , La(N0 1),. ,\f; SO., 
Ra Cl1 ) ; T, G. Bedrord , Proc . of the Roy:il Soc. A BS, 
45-4, 1909 (Cr,SO,J [Konzcnlration im Mo) pro Liler bei 
It: Cl, Cu S0 4 ; in Mo! p,o 1000 g Wasser bei K N0 3 , 

OaC4., K 2SO,, la(NO JL -

Absolutwene der Neigung [so wie sic durch den 
Faktor 0, 27 0w in (50) zum Ausdruck kom men] 
durch das Expericrient bestatigt. Die Fig. 3 
zeigt aber, daB schon ba ld Abweichungen von 
dem Grenzgesetze einsetzen. Das steht in Ober
einstimmung mit den Oberlegungen des § 3 und 
Gleichung ( s r ), wonach soga r bei ein-einwertigen 
Elektrolyten schon bei r= 1 die chara kt eristische 
Lan ge 1 ':,c von der GroBenordnung der Ionen
dur chmesser wird, es also nicht mehr statthaft 
ist, diese zu -vernachlassigen. Unserer Theorie 

e 

o,S 1,0 

Vii 
~· ·~· 4. 

haben wir nun auBerdem die vereinfachte Form 
(z 1

1

) der Potentialgleichung zugrunde gelegt. 
Auch dieses konnte einen EinfluB haben. In
dessen macht~n wir S. I 90 (FuBnote ) darauf 
aufmerksam , daB der letztere Einflufi theoretisch 
verhaltnismafiig geringfiigig ist. Aber auch die 
experi cm.ncellen Ergebnisse deuten darauf hin, 
da B die Abweichungen vom Grenzgesetz durch 
die ind iv id u e 11 en Eigenschafren der Ion en 
bedin gt werden. Um das zu zeigen, bn cgen 
wir Fig . 4. In dieser sind lieo bachrung en nur 
an ein-e inwenig cn Sal zen eingetr,1ge111) als 
Funktion von V z r (da. bier v 2 ist). Die 
gerade Linie stellt d"ls oben diskutierte Grenz
gesetz dar, alle Kur vcn streben bei kleinen Kon
zentrationcn dieser Geraden zu. Die Abweichungen 

1) Au0cr <lcu bcreits titierten sind bier nocb beniilLt 
Messongen von H, Jahn, Ztschr. r. phys. Ch, 50, 129, 
1905; 69, 31, 1907 (L i CI, C1CfJ; E.W . Washburn a . 
Mac Innes , Journ . Amer. Chem, Soc. SS, 16861 1911 
(LC.:/, CsN O ); W. H . Harkins u. W. A. Roberts , 
ibid. 38 . 265!!, 1916 (Na Cl) (Konzcntr:>.tion t. T. in Mo) 
p10 Liter , , .• T . in Mo! pro 1000 g Wasser]. 
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sind aber sehr verschieden groB und gehen be 
merkenswerterweise z. B. bei den Chlorsalzen 
in der Reihenfolge Cs, K, Na, Li. Das ist 
dieselbe Reihenfolge, welche sich ergib t, wenn 
man die Alkaliionen ordnet nach abnehmender 
Beweglichkeit, eine Reihenfolge, die mit der 
anzunehmenden Grofie der lonen im Widerspruch 
steht und erst neuerdings von Born 1) mit der 
aus der Dipoltheorie folgenden Relaxationszeit 1 

des Wassers fur die elektriscbe Polarisation in 
Zusammenhang gebracht wurde, Um auch eine 
Orientierung gegenilber den G hoshschen Ar
beiten zu ermoglichen, ist in der F igur die 
Kurve fur 8 gestrichelt eingetragen, so wie sie 
sich aus jener Theorie ergibt . Sie sollte fi.ir 
alle Salze gleichzeitig gelten und geht aufierdem 
mit senkrechter Tangente in den Nullpunkt ein. 

Es frag t sich nun, inwieweit unsere rnit 
Rilcksich t auf die Ionenabmessungen verbesserte 
Theori e imstande ist, von den individuellen Ab
weichungen Rechenschaft zu geben. Die Ver 
hfiltnisse sollen durch Fig. 5 iJlustriert werden. 

e 

o.• 0.1 

Fie, 5. 

Wir haben wieder die vier Elektrolyte von den ' 
eingangs erwahnten vier Typen gewahlt und 
die beobachteten Werte filr f::J als Funk tion von 
-V vy aufgetragen. Nach (4 r) hat man mit 
Berilcksichtigung der lonengroBe (nach Ein 
setzung der Zahlenwerte) 

, r- Yv .z .Zi; . 
8 = 1-/ 0 = 0,27owy vy-'°''' , ' , 

~V, ·Z; -

in der v; die S, 195 tabellicrte und in (33) dur ch 
eine Formel dargestellte Funktion des Argu-

1) M. Born, Zeitscbr, f. Phys. l, 221, 1920. 

mentes X; = xa ; bedeutet, wobei a; die La.age 
ist, welche die GroBe des i ten Ions gegenUber 
seiner Um~ebung zu messen hat. Es schien uns 
nun angezeigt , bei der heutigen Sachlage niche 
auf dje einzelnen IonengroBen einzugehen, son 
dern mit einem mittleren filr die Ionen eines 
Elektrolyten gleichen Durchmesser it zu rechnen. 
Dann werden alle a; untereinander gleifh und 
man erhalt filr B den Ausdruck 

8 = 0,270 wV vy <1(xa). (53) 

Zur Bestimmung der GroBe a wahlten wir je
weilig nur einen, und zwar den bei der groBten 
Konzentration beobachteten Punkt und haben 
dann die sich mit dem so bestimm ten a nach 
der theoretischen Formel (53) ergebende Kur ve 
in der Figur eingetragen. Vom Nullpunkt 
strahlen noch vier gestrichelt gczeichnete gerade 
Linien aus {die Tangenten der Kurven ), welche 
das Grenzgesetz (50) filr groBe Verdlinnungen 
darstellen . Die Obereinstimmung mit den Be
obachtungen ist eine sehr gute, besonders in 
Anbetracht der Konstantenbestimmung aus einem 
einzigen Beobachtun gspu nktl). Die Figur er
gli.nzen wir dur ch die folgenden Tabellen : 

T abe lle III. 
R Cl (a = 3,76 · 10 - 8 cm) 

v 2)' 
B 8 2y beobachtct bcrcchnct 

- -
~.~2~ 

= 
0,0100 0,100 o,oz:37 
0,0193 0, 139 0,0295 0,03 13 
0,0 ~31 0,11>2 o,o375 . 0,0392 
0,0633 0,252 0 ,0485 I 0 ,04w 
0,,16 0,34 1 o,o613 01o618 
0,234 0.4~4 0,0758 

1) Da, V crfahrcn zur Bcstimmunc von a sei im cin
zclnen nm Beispiel des La (N0 3)J erl:iutcrt. Fiir y' - 0,17486 
ist beobnchtet 0' - 012547 ; da 11- 4 ist , wirdJieAbuis~ 
y 1· y' - 0,836 . Na ch dcm Grcnzgcsetz (50) fiir iiuBcrstc 
VerJiinnun~ wiirde sich mi t w - 3y3 (wie cs v1 - 1, 
1·1 - 3, ~, ~ 3, =1 = - 1 nach (49) cnt sp 1 icb t) fiir 0 der 
Wert ·0-1, 173 crgebc n , der wirkli ch beohachtete Wert 
gcht nus diesem Grenzwerte hen-or durch Multiplikllt ion 
mi t 0,216. Diescr Faktor ist nacb (53) dem Wcrte von cs 
i:leichzusetzen . Aus Fig . 1 (S. 195) licst man nun ab, <la£\ 
zur Ordinate (1-0 .216 die Abszis se .:&- xa - 1,67 ge
hiirt ; nndc rerseits ist nach (51) unt er Ei nsctzung von 
y v y'-" 0,836 dcr Wert von x -0 ,336 · 10-8 cm - · t, Also 
entspricht dem Bcobachtun :;:swert de r Durchmesser 

a - =.. ~~ 4.97 · 10- • cm. 
;;/ 

[l3ei den Salzen KlSO~ , La (NO, h , Mg-SO, ist die Kon
zcntr:\tion y ' in Mol pro 1000 g WMser ani:ei:eben und 
~tatt y :i;ur llestirnmung von 8 benutzt, d 11s deshalb mit 
f)' bezeichnet ist, Bci den hier nur in Betracht gezoi:euen 
gcringcn Knnzcntrationen sind di e dadurch bcdini:tcn Ab
wci.:hun~e o ganz gering(ugig; cine Umrechnung von y' 
in y wiirde kcine mcrkliche Andcrung an de,, Werten fiir 
tJ• beoba~btet , 8 ' bcrechnct un<l a eri;cbeu .] 
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Tabelle IV . 

J(i50 4 (a = :z,69 · 10- 11 cm) 

3y' V3Y' 
fl' fr 

beobachtct bcrttbnet 

0,007n 0,0906 0,0647 o,o612 
0,0121 0,110 0,0729 0,07,4 
0,0185 0,136 0,0776 o,oll7 I 
0,0312 0,176 0,1~1 0,108 
0,0527 o,2z9 0128 0,132 
0,0782 o,28o 0,147 0,152 
0,136 o,369 0,178 0,11!3 
0,267 0,516 0,220 0,217 
0,361 o,6oo o,23S 

Tabelle V. 

La (N0 3)a(a = 4,97 · 10 8 cm ) 

4 y' i/ -1;·· 
'1' 8' 

l>eobacbtct bercchnet 

o,0052S 0,072':i 0,0684 0,0~28 
0,01.p 0,119 0,110 0,121 
0,0122 0,'i9 0,151 o.T 
0,0343 o,1~5 0,158 0,1 I 

0,0889 0,298 0,197 0,204 
0,0944 o.3o8 0,201 0,207 
0,173 0,418 0,223 0,230 
0,205 o,453 0,129 0,235 
0,346 0,58!1 0,243 0,2411 
0,599 0,836 0,255 

Tabelle VI. 

MgS0 4 (a -= 3,35 · 1 o - e cm ) 

2 i'' i/2 ;•· H ' 
,.,, 

heubacbtet buttb net 

o,oo640 o,o8oo 0,t6o o,q7 
0,0107 0 , 103 0,199 0,179 
0,0149 0,122 0,220 0,203 
0,0262 0,162 0,258 0,248 
0,0534 0,231 0,306 0,311 
0,0976 0,312 0,349 0,368 
0,138 0,372 0,392 0,400 
0,242 0 ,493 0,445 

In der ersten Kolonne steht jeweilig die 
Ionenkonzentration 1) vy, in der zweiten die Ab
szisse v7 der Fig. S, in der dritten d er be
obachtete Wen von 611) und m der vienen Ko
lonne dcr nach l53) u nd (51) berechncce Wert 
derselbcn GroBe. Die der groBten Konzemracion 
entsprechende Zahl ist hier nicht aufgefiihrt , 
da mi1 ihrer Hilfe der in dcr Oberschrift der 
Tabellcn jcwcilig angcgebcnc Wert des mittlcren 
Durchmessers a berechnet wurdc. 

SchlieBlich wird in Fig. 6 cine Darstellung 
von Theorie und Beobachtung an w:i.sserig en 
KCl-Losungen gegeben. Wir verfolgen mit der 
Diskussion dieser Figur hauptsachli ch das Ziel, 
einige Ande utungen zu machcn bezuglich des 

1) :-.icbe die vonee .-\omerlrnni:. 

--~=w:zc 

KCI 

fig. 6. 

Vcr halte n~ konz entri erter Los unge n ; neb enbei 
soll sie zeigen, wie groB die Abwei chungen 
untereinander der in der Literatur von den 
einzelnen Beobachtern m it scheinbar g rol.\er Ge
nauigkeit angege benen Einzelresultate ist. Sic 
enthalt zu diesem Zwccke aJle van uns auf
gefundenen Beobachtungen an I< Cl-L osungen 
sei t dem Jahre 1900 1). Als Abszisse ist wie 

fruber -V 2 7 gewahlt. Dabei ist i' unserer De
finition nach die Kom:entration in Mo! pro Lit er 
Losung. Alie Angaben, die sich au£ anders 
gem e~scne Konzcntrationen bezogen, sind hier 
auf Jene Konzentration en umgerc chnet worden 
unter Benutzung d er gemessenen Dichte n 2) von 
K Cl -Uisungcn. Die Ordinate isr wieder mit 8 
bezeichnet, stellt aber nicht mehr genau den 
fri.iheren Ausdruck 

LI,.- L1 
~ 

dar. Tatsachlich ergibt namlich schon die klas
sische Theorie , wenn man zu konzentrierten 
Lo sungen uberge ht , nicht mehr Proportionalitat 
zwischen Gefrie rpunktserniedrigung un d Kon
zentration . Das hat einmal seinen Grund darin, 
da.B nicht die Konzentration c selber, sondern 
log ( 1 - c) in der klassischen G leichun g vor
kommt. Zweitens ist di e Differenz zwischen 
den thermodynamischen Potentialcn von Eis 
und Was ser nicht mehr genau genug dargcstellt 
dur ch das erste, LI proportionale Glied der 

1 J J. Jj ;\ r n es, Tun s. No,·:1 $ .;t,I. Inst.. of Science 10 , 
139, 1900, <.:. H e bb , ibid. 10, 422, 11)00; IC. J. J one~. 
J. 11:t.rncs u. 1:.. P. Hy,lc, A111cr1c. Chem. Juurn, 27 , 
n , 1902; II. H. Junes u. C b. G. Caroll , il>itl. 28,284, 
1902 ; W. Il1lt 1 , Zeltschr . f. phy~. Chem, 40 . 1!15, 1902 ; 
T t,, W. Ri c hartl s , ibid. 44 , 563, 1903; S. W. Youn:: 
u. W. II. 1011n, Jmrrn . Amcri c. Chem , S<>c. 26 , 9191 

1904 ; H, J:1l1n , I. c.; T. c;. Bedford , I. c.; F. Fliig c l, 
Zeitsc hr. r_ phys. Chem . 79 . 577, 1912 ; L. JI. Adnm b, 
I. c.; W. 11. Rodcbusch, Journ. Amttic. Chem. Soc 40, 
1204 , 1918. 

2) Hasl e r 11. Wall.1ce , Jourl). Amcri c. Chem. Soc. 
38, I • 1916. 
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'faylo r-Entw 1cklung, auch das zwcite mit ,12 den Beobachtungen berechn ete n Ordinaten. DiP 
bcbaftctc Clicd mu6 bcibehaltcn wcrden. Dem - Kurve der Figur stellt das rechte Glied von (55 
entsprecbcnd baben w1r in diesem Fall e die dar unt er der Annahme n = 3,76 · to- 8 cm. 
\·ollsuudige Gleichung (34) zu bc nutzen. Fiir Dieser Wert von a wurde bestimmt aus der 

, den Fall des /\ CJ tsl dann 111 =n 2 = 11 und einen Beobachtung von Adams, wonach zu 
z1 = - z2 = 1 LU setzen, au6cr dem wollen wir r o, t 1 7 der experimentell e Wert 1--J 0 ,07 s 8 
w1edcr die beidcn lon endurchmes ser a 1 und n2 geho rt. Die ge rade Linie, wclche auBerdem in 
durch emen mittler en a cr..euen. Dann kann der Figur eingetragen ist, gibt wieder das Grenz-
(34) folgendermaB en gco rdnet werd en gesetz fiir au fierste Verdiinnung entsprechend 

l .. I Q .1 (C, -C : Q )+1 ( >] f ~X ( 
znv

0 
T

0
RT

0 
- T/ - 2R - RT~ og 1 2

' - f,lJkTa . 54) 

Das links s tehende Glied wurde nun fiir die ver- G - 1. Man kann wohl sagen, da6 bis zu 
schiedencn Konzentrationen berechnet. Hierzu Konzen tration en von etwa 1 Mol/ Liter die Be -
\\Urd c C,- C/ = 3,6 gesetzt, entspre chend einem obachtungen dargestellt werden . Ilei hoheren 
ungcfohre n Wert fiir C/ = 1414, wie man ihn Konzentrationen zeigen die Beobachtungen ein 
aus den Nernstschen Messungen 1) der spezi- Maximum in 8. Zwar hat auch die theoretische 
fischen Warme des Eises fiir 273° etwa extra- Kur ve cin Maximum, aber dieses ist , wie die 
pnlicrt. Zur Berechnung ist es noch notig, den • Figur zeigt, so flach , daB cs kaum angedeutet 
Zusammenhang zu kennen zwischen der mole- ist. Wir mochten diescn Unterschied bei groBen 
kularen Konzentration c und der Volumko nlt n- Konzentrationen als reell ansehen und im nach-
tration y. Mit Hilf e der beobac.htetcn Dichte stt n Paragraphen einiges dazu bemerken . 
der Losung ist d1escr Zusamm enhanJ uhnc. 
weitercs angebbar, incle.,sen sp1elt sowobl hier 
wie bei der Able1tung der Gle1chuo g selbst da~ 
Molek ulargcwicht des \\ asserc; eine gewisse 
Rolle. In erstc r Nabcrung vers cbwindet zwar 
dieser Einfiufi, d ie Glieder zweiter Ordnun g 
aber smd rnn ihm nicht zu bcfreien . Dadurch 
aber, da.B dieser Effekt erst in zweiter Ordnung 
eine Rolle spielc, wird sein Einflufi aufierordent 
lich stark herabgedriickt , deshalb hab en wir 
durchweg mit dem einfachen Molekulargewicht 
18 gerechnet. Die GroBe 2 nv 0 im Nenner 
schlie61ich kann gleich 

r 
211 v0 = 2 .20 -

1000 

gesetzt werden, falls Q0 das Molekularvo lum en 
des Wassers bedeutet. Ware nun kein gegen
scitiger clektr ischer EinfluB der lonen vorhan 
den, so miiBte das linkc Glied bei Einsetzen 
der beobacht eten Gefrierpunktserniedrigung den 
Wert Null ergeben. Tatsa chlich ergibt es aber 
einen endlichen Wert und diesen Wert bezeich
nen wir mit - B. Der Theorie na ch rnu6 dann 
diese Differenz (:J durch da s rechte Glied dar
ges tellt werden, so daB 

.., ro . Allgem e 111t! B e m e rkun ge n. 

Aus dem Vorhergehenden dad wohl ge
schlossen werden , da6 es sowohl vom theore 
tischen wie vom expe rimente llen Standpunkte 
aus unzulassig ist, die elektrische Energi e einer 
lonenlosung als wesentlich dur ch den mittleren 
gege nseitigen Abstand der Ion en bestimm t an 
zusehen. Vielmehr erweist sic h als char akte
ristische Lange cine Crofie , welchc die Dicke 
der lonenatmo 5phare ode r, um an Altb ekanntes 
anz ukn iipfen, d ie Dicke einer Helmholtz schen 
Doppelschi cht miBt. Dadur ch, da6 diese Dicke 
von der Konzentrat ion des Elektrolyten abhangt , 
wird a uch die elektrische Energie der Losung 
eine Funkt ion jener GroBe. Dem Umstandc, 
daB diese Dicke der zweiten Wurzel aus der 
Konzentra tion umgekehrt proportional ist, ver
danken die Cre nzgesetze fiir g roBe Verd iinnungen 
ihr charak teristisch es, jener Potenz 1,'2 angepafi 
tes Gep rlige. Tro1zdem wir es somi1 ablehnen 
miissen, von einer Gitterstruktur des Elektro 
lyten im landlaufigen Sinne zu sprechen und 
es, wie die Entwi cklung des Gegenstandes ge
zeigt ha t, zu unzulassigen Fehlern fiihrt, falls 
man das Bild zu wortli ch nimmt , ist doch ein 

Et :i( 
fJ 

6
Dkf a(xa ) = o,2 7oy2ya(x a) (s 5) 1 Kern von Wahrheit in ihm enthalten. Um 

1 dieses klar , u machen, fiihre man die folgenden 
zwei Geda nkenexperimen te aus . Erstens nehme 
man ein Raume lement und denkc sich dieses 
viele Male hintereinander an beliebige Stell en des 
Elektrol yten verlegt. Es ist klar , daB man 
dann bei einem binaren Elektrolyten ebensoof t 
ein positives wie ein negatives Ion in ihm vor
finden wird. Zweitens aber nehme man das -

~em solltc. Im iibrigen bcstat igt man, dafi die 
l11er bcfolgtc Definition von e mit der oben 
for gen nge Konzentrationen angegebeneri in der 
Gren ze iibcremstim mt. · 

Die Punktc, "clc he in der Figur eingetragen 
sind, h abcn die auf dem skizzierten Weg e aus 

1) W. Nern 1>t 1 Herl. Der. 19 10, [, 262. selbe Raumelement und lege es wieder viele 
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;\lale hintereinander in den Elektrolyten hinein, 
nun aber nicht ganz beliebig, sondern immer 
so, daB es z. B. von einem iibrigens jeweilig 
beliebig gewahlten posiriven Ion st.~ts um einc 
bi:stimmte Strecke (von einigen A-Einheiten) 
cm fernt ist. Nunmehr wird man nicht mehr 
gleich oft positive wie negative Ladunge n vor
ftnden, sondem es werden die negativen an 
Zahl uberwiegen. Darin, daB also in der un
mittelbare n Umgebung jedes Ions die entgegen
gcsetzt geladenen im Mute ! an Zahl uberwiegen, 
kann .man mit Recht eine Analogie zum Kris tall
bau des NaCl-Typus sehcn , wo jedcs .Va-J on 
unmittelbar von 6 Cl-lonen und jedes Cl-Ion 
rnn 6 N a-Ionen umgeben ist . Nur ist als wesent
licher Punkt bei der Elektrolytlosung zu be
achten, daB das ;\laB jener Ordnung bestimmt 
wird <lurch das thermis che Gleichgewicht zwischen 
aniiehenden Kraf ten und Tempe ra turbewegung , 
wahrend es beim Kristall fest vorgegeben ist. 

folgender l berlcgung hervor gchen. Man nehme 
ein Ion, das festgehalten wird und ein beweg 
liches, etwa entgegengesetzt geladenes und 
frage nach der Arbeit, die notig ist, um das 
bewegliche Ion zu entferne n. Diese Arbeit kann 
dann als aus zwe1 Teilen bestehend angesehen 
werden : ersten s wird da s Ion zu seiner Ent
fernung eine gewisse Arbeit verbrauchen , zwei
ten s aber wird man cine Arbeit gewinnen, in
dem man den Raum, den das Ion vorher ein
genommen hat, nachtraglic h mit dem Li:isungs, 
mittel ausfiillt. Nun ergeben Versu che iiber die 
Verdunnungswarme tatsachlich einen Hinweis 
au{ die reale Existenz solcber Verhaltnisse. 
Nim mt man etwa cine H N0 3 - Losung von zu
nachst geringer Konzentration und verdunnt die 
selbe mit sehr vie! Wasser ( d. h . so weit, daO 
weitere Verdiinnung keinen \\'arm ee(fekt mehr 
hervorbringen wiird e), dann findet einc Abkiih
lung stalt , d. h. es muB ganz im Sinne der 
friiheren Oberlegungen Arbcit geleistec werden, 
um die Ionen weiter voneinander zu entferncn. 
Hat ·aber die Ausgangslosung cine groBere 
Konzentration, dann tritt bei demselben Versuch 
eine Warmcentwicklung ein, d. h. man gewinnt 
Arbeit. wenn man die Umgebung jedes Ions 
von geniigend vielen andern lonen bcfreit und 
sie aurch Wassermo lekule ersem . Im iiblichen 
Spra chgcbrauche. heifit das, es trill iiberwiegend 
eine Hydratation der Ionen ein und dieser Vor-
gang ist als exothermer ProzeO anzusehen. 

Die Rechnungen und der Vergleich mit der 
Er fahrung wurden so ausgefiihrt, daB fur das 
umgebende Losung i,mittel mit seiner gewohn
lichen Dielektrizitatskonstante gerechnet wurde . 
Der Erfolg zeigt die Berechtigung dieser An 
nahme, aber an sich ist dieses Vorgehen zwar 
bei geringen Konzentrationen berechtigt, sollte 
Jedoch bei groBern Konzentrationen doch zu 
Fehlem Veranlassung geben. In dcr Tat folgt , 
aus der Dipoltheoric, daB Dielektrika bei l:{roOen 
t cldstarken Sattigungserscheinungen auf wcisen 
mussen, welche Ahnlichkeit haben mit der be
kannten magneri schen Sattigung. Die neue rt:n 
Versuc he von Herweg 1) konnen als eine experi
mentelle Bestatigung dieser thl.!Oretischen Fo r
derung angesehen werden. Da nun in emem 
Ab, tande 1 o 7 cm von einem einfach geladencn 
Ion eine Feldst:irke van etwa 2oc,ooo Volt/cm 
zu erwarten ist, sollte man sich darauf gefal3t 
machen, etwas von diesen Sattigu ngser schei
nungen zu bemerken. E s ware natiirlich seh r 
mteressanl, wenn es gelingen wiirde, aus den 
Beobachtunge n jenen Effekt in seiner Wirkun g 
herauszus chalen , um so mchr, als die Natur 
uns hier Fcldstarken zur Verfiigun g stellt von 
einer Gr60e, welche sonst mit gewohnlichen 
experimentellen Mitteln kaum erreichbar wiiren. 

' Offenbar bezwecken die , orstcbendcn Ober
legungen cine Dcutun 1-; dit?ser sog 1rnannten 
Hydratation auf rein elektrischem Wege . Tat
sachlich kann man eine Naherungsrechnung 
ausfiihren, welche die auf diesem Gebiete gel
tenden Berthelotschen Regeln fur die Ab
hangi gkeit der Verdiinnungswiirme von der An 
fangskonzentration thcoretisch ergibt und deren 
praktisch ge fun<lenen Za hlenko effizienten der 
Grofienordnung na ch verstiindlich machl. Fur 
die Gcfricrpunkt sbcobachtungen hab en diese 
Oberlcgungen insofern eine Bedeutung, als sie 
d ie Mi:iglichkeit nahel egen, zu berechnen , warum 
und in welchem Grade die fur die prozentuale 
Abweichung 8 gefu ndenen Kunen (vgl. den 
Fall der K Cl) sich bei groBere n Konzentrationen 
nach untei: kriimmen und die Abszis~enachse 
sogar schneiden konnen, wenn die Konzentration 
grofi genug gemacbt werden kann. In diesem 
Fallc ist die Gefrierpunktserniedrigung groBer 
als die klassisch zu erwartende (auc h wie aus
driicklich bemerkt sei , wenn die klassische 
Theorie in ungckurzter Form zur Verwendung 
kommt) . Man hat sich bis dahin damif begniigt , in 
solchen Fallen von einer Hydratation zu sprechen . 

Aber noch in anderer H insicht miissen kon-
11:ntriertcre Losungen ein besonderes Verhalten 
zeigen. Befinden sich na:nlich viele Ionen in 
der Umgebung jedes einzelnen, so kann das 
ctwa aufgefaBt werden als eine Anderung des 
umgebenden Mediums in elektrischer Hinsicht, 
ein EHekt, wekher in der vorstehenden Theorie 
mcht beriicksichtigt warden ist. In welchem 
Sinne derselbe wirksam sein kann, mo_ge aus 

t) Zei1$cbr. f. Phys. 8, 36, 1920 und 8 , , , 19:22. 

Bevor indessen die Verhaltnisse bei konzen
trierten Losungerl untersu cht werden konnen, 
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muB zunachst gezeigt werde n, daB auch der 
irr eversible Vorgang der Strom leitung bei ver
diinnte n ·ta rken Elektrol)'ten vom hier einge- 1 

nommeneo Standpunkte au s quantitativ be
herr,, cht werden kilnn . Die ausfilhrli chen Dar
legungen zu diescm Thema behalten wir ein er 
folgenden .t-:onz w>r. Hier begniig en wir un s 
mit dcr ,\n gabe der Grundged anke n , welche 
don ihrc m,,th ematische Au sfi.ihrun g finden 
wcrdco. Dc:wegt sich unter der Einwirkung 
ciner auBcren Feldstarke ein fon in der Fhissig
ke11, so wcrdcn sich d ie umgebend en lonen, um 
die loncnatmo phare bild en zu konnen, dau ernd 
uml::igern mi.issen. Denkt man sich nun einc 
l.adun g ,m Innern der El ektrolyt en plotzli ch 
enl!>l.taden, so brau cht die Jon enatm osph are eine 
gew1;.se Relaxationszeit zu ihrcr Entstehung . 
Ahnlich wird beim bewegten Ion die umg ebende 
Atrnospha re nicht ih re Gleichg ewichtsverteilung 
aufweisen konnen, wird also niche au£ Grund 
des Boltzmann -Maxwellscben Prinzips be 
rechenbar sein. Jhre Bestimmung kann aber 
einwandfrei ges chehen auf Grund einer nahe, 
Jiegenden In terpretation der Gleichungen fiir die 
Br ownsche Bewegung. Von vornherein kann 
schon qualitativ abges chatzt werden, in welchem 
Sinne dieser auf dem Vorhandensein einer end
lichen Relaxationszeit beruhende E ffek t wirken 
kann. In einem Punkte vor dem bewegten Ion 
td. h. ein Punkt, nach dem es sich hinb ewegt) 
muB die elektris che Dichte der Ionenatmosphare 
zeitlich zunebmen ; fi.ir einen Punkt hinter dem 
Ion muB sie abnehmen . lnfol ge d cr W irkung 
der Relaxacionszeit wird ab er die Dichte vor 
dem fon etwas kleiner sein, als es ihrem Gle ich
gewichtswerte entsprechen wiird e, hinten dagege n 
wird sie noc h _nicht au( ihren Gleichgewi chtswe rt 
abgefallen sein. lnfolgedessen bes tehc wahrend 
der Beweg ung hint er dem Ion stets eine etwas 
groBere elektrische Dicht e der Atmosphare als 
vor dem Jon. Da nun Ladung sdichte und Jonen
ladu ng stets entgegengesetztes Vorzeichen haben , 
tri tt eine Kraft auf , welche das Ion in seiner 
Bewegung bremst, un abhang ig von seinem Vor - , 
zeichen und welche offenbar mit zunehmender 

dingen also, daB das betrachlete Einzelion sich 
nicht rela tiv zu einem rubenden, sondern re lativ 
zu einem in entgege ngesetztem Sinne bewegten 
Losungsmittel zu beweg en ha t. Da offenbar 
diese Wirkun g mit zunehmend er Konzenlration 
zunimmt, hat man hier einen zweiten Effekt, 
der im selben Sinn e wirkt wie eine Verminderung 
des Dissoziationsgrades. Qua ntitativ berechnet 
ka nn der Effekt werd en nach denselben Prin
zipien, die Helmholtz an!,;'ewandt hat, um die 
Elektrophorese zu behandeln . 

Das Gemeinsame der beiden genannten E in
fliisse besteht, wie die Rechnung zeigt, ctarin, 
daB beide mil der Dicke der lonenatmosphiire 
in unmittelbarem Zusammenhang s tchen und 
deshalb die crzcugtcn Kraft e der zweiten Wurzel 
aus der Konzentrat ion des Elek trolyten propo r
tional werden, wenigsten s in der Grenze fiir 
seh r geringe Konzentrationen . So ergibt sich 
dann ein vor vielen Jahr en au£ Grund de s Be
obachtungsmaterials von Kohlraus c h 1) ge
fund enes Gesetz , wonach bei geringen Konzen
trationen die prozentuale Abwei chung der mole
kula ren Leitfahigkeit von ihr em Grenzwe rte bei 
unendlich e r Verdiinnung der zweiten Wurzel 
aus dei Konzentra tion pro port ional ist. Auch 
der Proportionalitatsfaktor bekomm, natiirli ch 
so seine molekulare Bedeu tung. 

ln dem wir der fiir die folgende Notiz in 
Aussicht genommenen ausfiihrli chen Darstellung 
dcr Verhalmisse bei dcr elekt ro lytischen Leitung 
vorgre ifen, konnen wir als Gesamtresultat fest
stellen, daB die Ansicht, wonach die starken 
Elektro lyte vollstandig dissozi iert sind, sich voll
kommen bewahrt. 

1) F, Kohlr:iuHh u. L. ll olb orn, DasLcnv,rmiir,:cn 
<lcr Elcktrolytc, 2. Aufl., Lcipzil! 19161 • 108 u. 112. 

Zurich, Febru a r 1 923. 

(Einr,:ti::ani:co 27. Fcbrunr 1923.) 

V o rl es un gs ver ze ichni s filr da s 
Somm erse me stcr 1923. 

Technl sche Hochs chule Hannov er. Precht : 
Konzentrati on a uch zunehmen ITl'DB. 

Das ist der eine £ffekt, welcher im selben 
Sinne wirkt , wie die sons t auf Grund des Ost
w al ds chen Verd iinnun gsgese tzes rechn erisch 
bestimmte Verminderung des Dissoziationsgrades. 
Aber noch ein zweiter Effekt ist vorhanden , de r 
ebenfalls berii cksichti g t werde n mu(.\. In der 
Umgebung von einem Ion befinden sich vor
zugsweise Jonen entgegengesetzten Vorzeichens, 
die sich unter der Einwirkung des aufie ren 
Feldes natiirlich in entge gengesetzt er Richtung 
bewegen. Diese werd en das umgebende Losungs
mi ttcl bis zu gewissem G rade mits ch leppen, be -

Experiment:ilphysik, 4 ; Physikaltsches Pro ktikum, 4; A r-

I heiten im. physilcalischen Laboratorium, i.:anttar,:ii.:, fur 
Fortgeschnttene, halb15gii:; Pllysikalischcs Kolloquium, 
nach \"er:ibrcduni:. - N . N .: Photoi.:raphie, 2 . i'bun gen, 

i 2 ; Hochfrer1ucn,-l'hy,ik, 2. -

Bill.a : ,\n ori:~01schc Ch,mic, 5 ; .-\norg:inisches Labo-
1:itorium, l!31\t- und halbtagii:. - Ee chweile r : Mall-

I 
:rnalyse, 2. - Behrend : Gruo,lzur,:c der ori;nntschcn 
Chemic, 3; 0 ri.:anischc, Labor:itorium, gant- und holb-
t!ig1g. - Bodenstein : Ani:cwand1c EJektrochemie, 2; 
Physiltalisch-cbemischc und clektTo.:hemischc Cbungcn, 
ganztii1d11; ,\rbei1cn 1m clcktrochemischco lnstitut, gani
tili:ii:; Elektrochemischc 0 !Juni::cn, 4, - B raune : Neucre 
P1oblcmc dcr physikalisch,o Chemic, 2. - Quinok e : 
Zuckttinclostric uod C:irungsecwerbc, 3; FarbstolT, und 
Fiirbcrci, :? ; A,1,citen im Lnboratorium fitr tcchnischc 
Chemie, gont- und halbtiigig. -
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ON THE THEORY OF ELECTROLYTES. I. FREEZING POINT 
DEPRESSION AND RELATED PHENOMENA.• 

(Zur Theorie der El ekt r oly t e. I. Gefrie rpunktsernledri gung 
und verwandte Erscbe1nungen) 

P. Debye and E. Huckel ** 

Tr ansl ate d from 
Physikalisch e Ze it sch r if t , Vol . 24, No. 9, 1923, pages 18, - 206 

I. Intro d u c tion 

It i s known that the d i ssociation hypothes i s by Arr he ni us ex 
pl ains the abnormal l y large values of osmotic pressure, freezing 
point depression , etc . , observed for solutions of electrolytes , by 
the existence of free ions and the associated increase in the num
ber of separate particles. The quantitative theory relies on the 
extension , introduced by van ' t Hoff, of the laws for ideal gases to 
diluted so l utions for the computation of their osmotic pressure. 
Since it is possible to justify this extension on the basis of 
thermodynamics, there can be no doubt regarding the gene r al vali 
dity of these fundamentals. 

*subm l t t ~d February 27, 1923. 

**The present considerat i ons were stimu l ated by a lectu r e by E. 
Bauer on Ghosh ' s works , held at the Physlkalische Gesel lschatt. 
The general viewpoints taken as the basls tor the computat i on or 
the r reezing point depress i on as wel l as or the conduc tl v l ty lead 
me, among other things, t o the 11ml tlng law lnvolvlng the s quare 
root or the concentration. I could have reported on th l s dur l ng 
t he wi nter or 1921 at the •Kolloqulum . • Wl th the actlve ass i st 
ance or my assistant, Dr. E. Htickel , a comprehe ns i ve dl scuss l on 
o r t he resu l ts and their co l lect i on took Pl ace durin g t he wi nter 
o r 1922. 
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However, for fin it e concen trati ons we obtain smaller values 
for freezing poin t l o~~ri ~ , conductivity, etc . than one wou:d ex
pect on first co ns ide rati on, in the pre sen ce of a c orr.plete di sso 
ciati on of t he e l ect r oly t e into i ons. Let Pk, for instance, be 
the osmotic pre ssure resulting from the classical law by van't Hoff 
f or complete dissociation, th en the actually observed osmotic pres
sure will be snaller, so that: 

wher e , according t o Bjerrum, 1 the "osmotic coefficient " f 
O 

thus 
introduc ed is intended to measure this deviation independent of 
any theory - and can be obse rved as a function of co nce ntration, 
pressure, and t emperature . I n f ac t, th ese obse rvation s do not 
rel ate dir ec tly to the osmot i c pressure but to freezing point 
l owering, and boiling point ri se , re spect ivel y, which can both be 
derived on th e basi s of thermodynamics, and by means of the same 
osmotic coefficient / 0 , from th e ir limiti~ value followin~ from 
van't Hoff's l aw for compl ete dissociation. 

The mos t evident assumption to explain the pr esence of the 
osmotic coefficient is th e c l assica l assum ption, acc ording to 
which not all molecule s are dis socia t ed into ions, but which 
assumes an equilibrium betw een d i ssoc i ate d and undissociated mole
cules which depen d on the over -al l concentration, as well as on 
pre ss ur e and te mperat ur e . The number of free, sepa rate particles 
is thu s variable, and would have to be made directly proportional 
to f 0 • The quantit at ive theory of this depe ndence , as far as it 
rel ates to the concentration, r e li es on the mass action l aw of 
Guldber g- Waage ; the dep ende nce on tempe r atu r e and pressure of the 
constant of equilibrium appearing in th is l aw can be determined 
th e rmodyn amical ly, acco r d i ng to van't Hoff. The complete aggre
gate of dependenc i es , including th e Guldber g -Waage l aw, can be 
prov ed by t he rmodynami cs , as is sh~ND by Planck . 

Since, the electric condu ctivit y is determined exclusivelv by 
th e i ons , and s ince , acc ord i~ to the classical theory th e n~mber 
of ions followq inmedi a tely from .Jo, the theory req ui res the well 
lcnc,,.m relation between the dependence on the concentration of the 
c onductivity on the one hand and of the osmotic pressure on the 
oth er hand . 

A large group of electrolytes, the s tro ng ac ids, bases , and 
their s alt s , col l ectively designated as "strong" e lectrolytes , 
exhibits definite deviatio ns fr om the dependencies demanded by the 
classical theory . It is especia lly noteworthy that these devia
tions are the more pronounced the more th e solutions a r e di l uted.* 
Thu s , as was recognized in the course of deve lopments and f ollowing 

*A summary pr esentation or this subJect was given by L. Eber t , 
• Forschungen ueber die Anomal1en starker Elektrolyte, • Jah r b. Rad . 
u . Elektr., 18, 134 ( 19 2 1). 
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the classic a l theory, it i s possible only with a certain deg re e of 
approximation to dr aw a conclu sion from fo as to the dependence of 
the conductivity on th e conc entratio n. Moreover the dependence of 
the osmotic coefficient fo on th ~ concentr ation is also r epre se nted 
entirely incorrectly . For s tron gly diluted so lu t ion s , fo appro o.ch
es the value l; if l-f 0 is plotted as a functio n of the conce ntr a
tion c, cla s si a l th eo ry r equ ir es for binary electrolytes , such as 
KCl, th at this curv e meet s the 1:ero poin t wit h a finite tangent 
(determined by the con sta nt of equilibr i um, K) . In the general 
case, provided the molecule of the electrolyte sp lits into v ions, 
we obtain from the law of mass action for lo w concentrations : 

V- l c~-• 
1-/0 = --- 

v K 

so that in cases where spl ittin g into more than two ions occurs, 
the curve in question should present even a higher order of con
tact with the abscissa . The complex of these dependencies con
stitutes Ostwald's dilution l aw. 

Actu a lly observations on strong electrolytes show an entirely 
different behavior. The experimental curve starts from the zero 
point at a right angle (cf . Figure 2) to the abscissa, independent 
of the number of ions, v. All propo sed , practical interpolatio n 
formulas attempt to represent this behavior by assumi ng 1-f o to be 
proportion al to a fractional power (smaller th an 1, such as 1/2 
or 1/3 ) of the concentration. The same rem3rk holds wi th r ega rd 
to the extrapol at ion of the conducti vit y to infinite dilution s 
which, acco rdin g to Kohlrausch, r equi res the use of th e power ½. 

It i s clear th at under th ese circumstances th e class ic a l 
theory can not be ret a in ed . All expe rim ental material indic ates 
th at its fundamental starting point should be abando ned, and that, 
in pa rticul ar, an equili br ium ca l culated on the basis of the mass 
action l aw does not corre s pond to the act ual phen omena. 

W. Suthe rl and , 2 in 1907, intended to build the theory of the 
electrolytes on th e ass umption of a compl ete dis soc iation . His 
work contain s 3. number of good idea s . N. Bje rrum 3 i9, however, 
the fir st to have ~rriv ed at a distinct form ul ation of the hypo
th es i s . He clearly stat ed and proved that , for st rong e lectro
lyt es , no equilibrium at a ll is noticea bl e bet•·1een dissociated and 
undissoci ated molecules, and that, rather , conv in ci ng evi dence 
exists •vhich s ho .. ,s that such e l ect r olytes ar e c ompl ete ly d i sso
c iat ed into ions up to hi gh concent ration s . Only in conside ring 
weak electrolytes, undi ssocia ted molec ul es reappear . Thus the 
cl assica l expla natio n as an exc lu sive basi s for the variati on of, 
for instance, the osmotic cpefficient, has to be abando ned and the 
task ensues to search for an effect of the i ons, heretofore over 
looked , which explains, in the absence of assoc i at ion, a decrease 
info with an incre?se in concentration . 
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Recent l y , under the influence of Bje rr um, th e i mpr e s s i on ~s in ed 
s tr en~th th at con s ideration of the e l ectrostatic f orce ~, exe r ted by 
th e i ons on one a nother and of cons ide r ab l e i mporta nce becau~e of 
the comporqtiv el y enorrnou~ q i7,e of the elementary elect ric charge, 
must s upply the de s ir ed expl anation . Cl ass ical t heory does not 
di scuss these forces r ather it treats the ion s as e ntirely inde-' , . pendent e l ements . A new interaction th e ory has to be anal ogous in 
some respects to van de r Waa ls ' gene r alizat i on of th e law of ideal 
gases to the case of real ~ases . However, it ,rill have t o r eso rt 
to enti r e l y diffe r ent e xped i ent s , since the e l ect r os t at ic forces 
betw een ion s dec r ease onl y as th e squ a r e of th e distance and thus 
are essen ti a l ly diffe r e11t f r olll th e int ermolecular forces which de
clin e much more r ap id l y ~ith an in crease in d i qt ance . 

Miln er• computed the osmotic coe ffi cie nt along such lin es. 
His computation can not be objected t o as re ga rd s it s outline, but 
it leads t o mathematical difficulties which a r e not entirely ove r 
come, and the fin al re s ult can only be express ed in the form of a 
graphically determined cu rve for the r e l ati on between 1-/ 0 and the 
concentrati on. From the following it will f urt he r emerge that the 
comparison with exp e ri ence , carried thr ough by ;v1ilner, s uppo ses the 
admis s ion of his app r oxi mat ions for con cen trations which are much 
too hi gh and for which , in fact, th e individual properties of the 
ions, not t ake n into account by Milner, already play an important 
part. In sp it e of this, i t would be unjust t o discard. Miln er' s 
c omput ati on in f avor of the more recent computations by Ghosh 8 ou 
th e same subjec t. We shal l have t o r eve rt, in the following, to 
th e r eason ,vhy we can not agre e t o Ghosh ' s calculations , neither 
in their appl i cat ion to th e conductiv ity nor in their more st raight
forw ar d applicat i on to the osmot i c pr essu r e . We will even have to 
rej ect entirely his calculat i on of the e l ec tr os t atic ene r gy of an 
ioniz ed electro l yt e , 1vhi ch is the basis for all his further conclu
sion s . 

The circumstances to be conside r ed in the computation of the 
conductivity ar e ve ry s imil ar t o those for the osmotic coefficient. 
Here a lso the new interact i on theory has to make an attempt at 
unde rstandin g the mutual e l ect r ostatic effect of the ions wit h r e
gard to its influence on thei r mobilit y. A:n ear lier a ttempt vas 
made in thi s direction by Hert z . e He t r ansc rib es th e methods of 
the kinetic th eo ry of gases , and, in fact, finds a mut ual inter
f erence of the ions . However, the tr ansc ript io n of thi s classical 
method , and particularly the use of concepts lik e th at of th e free 
path length of a molecu le in a gas for the case of free ions 
surrounded by the molecul es of the solvent , does not seem to be 
very reli able. The final result obtained by Hertz cannot, in fact, 
be reconcil ed with the experimental re sult s. 

In this fir st note, we shall confine ourse lve s to the "o smotic 
coefficient fo" and to a simila r "activity coe fficient fa," used by 
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Bjerrum 7 and stressed in its si gnificance . Even f or su ch (weak ) 
electrolytes, where a noticeable numbe r of undi s ~oci at ed mol ec ule s 
is pre s ent, the equilibrium c annot s i mply be deter min ed by th e 
Guldber g - Waage formula in its cla ss ic a l form: 

(c1, c2,···cn, are the concentrations , K the constant of e quili
brium). It ,•rill be necessary, in view of the mutual electro s tatic 
forces between the ions, to wr it e : 

f.K 

instead of K, introducing th e activity coefficient* f. This co
efficient, just as / 0 , will depend on the concentrati~n of the 
i ons. Though, according to Bjer rum, a relation to be proved by 
thermodynamics exists between fa and / 0 , their dependence on the 
concentration is different for the two coefficients. 

The deta il ed treatment of conductivity shall be reserved for 
a l ater note . This division seems justified, since the determina 
tion of / 0 and fa requires sole ly a considerati~n of reversible 
processes, whereas the computation of mobilities has to do ,-,ith 
essentially irreversible processes fo r which no 1irect relation 
to the fundamental l aws of thermodynamics exists. 

I I. Fundamentals 

As is well knovm, it is shown in thermodynamics th at the 
properties of a system are completely known, provided one of the 
many possible thermodynamic potenti a ls is given as a func t ion of 
the correctly chosen variables. In view of the form in which the 
terms based on the mutual e l ectric effects will appe ar we chose the 
~uant i ty :: ** 

*The act1v1tY coerr1c1ent fa Introduced here l s not id ent i cal wlth 
that introduced by BJerrum. BJerrum splits our coerr i clent fa 1n 
order to glve a produce or coe rricl ents each or which i s asso
ciated wlth a separate 1on type. (Compare section 8) . 

**The poten tial G differs rrom He lmholtz' tree energy F = U - TS 
only by the ractor -1 /T. This difference is not essential at all; 
we define 1t as 1n the text: to have 1mmed1at e connection wlth 
Planck's thermodynamics. 
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(S = ent ro py , Us energy, T = absolute temperature) os basic functions. As variables in this cas e (besides the concent r ation) we have , naturally, volume and temper atu r e, si nce: 

The computations which follm1 differ fr om the clnssical computations in that t he electrical effects of the ions ar e t ake n int o account . Accordingly , we divide U into two part s , o classical part 
Uk and an additional electr i cal energy lle: 

U = U11+ U, 

If we consider that , according to equation (1): 

and divide the potential G also into two parts: 

G-==G.t + G, 

we find that, according to equation (2) : 

G,==.f~; dT (3) 

It 1s our main assignment to determine the elect ric energy U of an ionic solution . For practical evaluations , however, the iotential G is not as suitab l e as th e function: 

t1>-S- u+pv - T (4) 

a l so preferred by Planck . As shown by the diffe r ential form of this definition: 

y d U + p V dT ( •') d<I•=--- T P+ T' .. 

the variables pertaining to the potential 4> are pressure ond temper atur e, and since a large majority of the experiments ar e carried through at constant pressure land not at constant volume ), ct, 1s 
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prefe r able . A comparison between (4) and (1) r esults in : 

(5) 

if, accordi ng to the above , G i s known, it r emains to find the 
add itional term -pV/ T as a function of p and T, and to add it . In 
vi ew of (l') we can conclude th at: 

(6) 

and so have obtained the equation of st ate which relat es pre ss ure, 
volume, and tempe r atu r e f or the ioni c so l ution . It ca n be inter
pr eted by assuming that, as a consequence of the elect ri c effect 
of the ions, an add iti ona l, e l ectric pres sure Pe, is added to the 
ext erna l pres sure p; th e electric pr essure i s to be computed from 
the relation: 

P =- oG, , av (6') 

Later we shal l, incidentally,* have occasion to determ ine this 
e l ec tric pr ess ur e Pe; it amounts to appr oximately 20 atmospheres 
for an aqueo us solution of , for in stance , KCl at a concen tr ation 
of 1 mole per liter . Strictly speak ing, it i s inco rr ect to us e the 
cla ss ical express i on fo r V (as funct i on of p and T) without r ega r d 
t o th e el~ct ric effect of the ion s , since the pressu r e Pe causes 
a l so a change in volume . In view of the low compressibil it y of 
wat er whic h r esu lt s in a r e l at ive chal1.l!;e of volume of 0 . 001 for 
20 atmosphe r es , the e lectric addition to V (as function of p and T) 
can be ne~ le c t ed for most app li cat i ons . In the li ght of thi s 
remark , we sha l l a l so d ivide~ in a classica l part and an addit i on
al e lectric part: 

(7) 

and can put, acco rdi ng to equation (3): 

The classical par t, ~k• has, accord ing to Planck, the form : 

tf," = ~ N,· (rp; - k log C;) (7") 
0 

*compare w1 tb rootnote, page 237. 
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where: 

designate the number of separate particles in the solution , and No r efers to the solvent .* Further the thermodynamic potential r e ferr ed to a single part i c l e is equal to: 

u,-+ pv,-rp,-=s,- - T 

a quan tity independent of the conce ntration; k is Bolt~mann ' s constant, k = 1.346 x -10-1e er g , and ci denotes the concentration of the i ty pe particle so that: 

of which the relation: 

i s a consequence . 

I c,·-= 1 
0 

Upon completion of this thermodynamic introduction, we proceed to th e discussion of the pr incipal assignment : computation of the electric energy Ue. 
At a first glance it appears as if this ~ner~y could be obt ained directly in the foll owing manner . In a solvent wi th dielectric constant Dare l ocated two electric char ges of magnitudes e and -e , respectively, at a distance r , so that their energy is given by : 

For simplicity, in these general considerations, a binary elect r olyte , such as KCl, is kept in mind which is completely split into 

*our relation dev i a tes rr om that given by Pl anck in as much as we do no t use the number or mole s but rathe r the number o r actual particles , wb lcb appears to be mor e su itabl e ror our purpose . This co rr esponds to the appearance or Bol tzmann' s constant k instead or the gas constant R. An essent ial dlrrerence compared wi th Planck 1s ,or course, not caused by tbis rormulation. 
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ions so that in a volume V of the solution N1 • N K ions with the 
charge +t and an equal number N2 • K Cl ions with the charge -e 
are present. It can then be imagined that the ave rag e distance r, 
w?ich enters into the computation of energy, equals the average 
distance between the ions, and since the volume associated with 
one ion is equal to V/2N, we write: 

( " )''· ,_ -
2N 

In using this value for r, the electric energy of the solution 
would be estimated to: 

U,=-N ~ (2t)"' 
In fact, Ghosh 5 proceeds in this manner. This consideration, how
ever, is wrong, and the complete theory based on it (practically 
characterized by the introduction of the cube root of the concen
tration), is to be rejected. 

The (negative) electric energy of an ionic solution originates 
from the fact that, considering any one ion, we shall find on the 
average more dissimilar than similar ions in its surroundings, an 
ii:mrediate consequ ence of the electrostatic forces effective between 
the ions. There i s some simila rity to the case of crystals, such 
as NaCl, KCl, etc ., in which, according to Br agg 's investigations, 
each atom {here also present as ion) has dissimilar ones as nearest 
neighbors. Though it i s correct (in agreement 111ith the exact cal
culations by Born) to estimate the el ectric energy of the crystal 
by inserting the distance of two neighboring di ss imilar atoms, it 
is a mistak e to overes ti~ ate the analogy , and to use the sa me 
average distance {V/ G¥)113 in th e case of solutions . In fact, here 
an entirely different length is of fundamental importance, since 
now the ion s can move freely, and, consequently, the desired 
length can only foll ow on the basis of an evaluation of the differ
ence in probability for the period of time spent by s imilar and 
dis si mil ar ions in the Aame volume element in the vicinity of a 
specified ion . From this a lone it alread y follows that the temper
ature movement vrill be of importance in the calculation of Ue. 

From dimensions alone, we can only conclude the following. 
Assuming that the size of the ions does not have to be taken into 
account* for high dilutions, then one energy is the expression 
given above: 

*In the rollow ln g lt wlll be shown that thls assumption actually 
holc1s. 
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Another energy. that of the temper at ure movement, measured by kT, 
ie of equal importance, Thus it i s to be expected that lle will 
take the fonn: 

U,=-N ~ (=;)"'t(~ (2; )"'fkT) {8) 

in which f is a function of the ratio of the two energies about 
which we can not make any a priori statements .* 

A consideration of the limitin g case of high temperatures 
leads to the same conclusion. If the energy of the temperature 
movement is large, and if we consider a volume element in the 
neighborhood of an ion singled out for this consideration, the 
probability of finding in it a similar ion is equal to the pro 
bability to find a dissimilar one. In the l imit for high tempera
tures, lle must disappear. i.e ., the expression for Ue has T as 
essential parameter also for medium temperatures. 

III . Computation of the Electric Ene rgy of 
an Ionic Solution of a Uni-Univalent Salt 

In a volum e V, N molecules of a uni-univalent salt (for inst
ance, KCl) are present disintegrated i nto ions; if the absolu te 
value of the charge of an ionise (4.77 x 10- 10 elee~rostatic 
unit s ), the dielectric c~nstant of the so lvent i s D. We follow 
one of these ions with the charge +e , and we intend to as certain 
its potential ene r gy u with r espect to the su rroundin g io ns. 
Direct calculation, as atte mpted by Milner, who considers each 
possible arrangement of ions and lets it enter into the computa
tion with t he probability corresponding to Boltzmann ' s principle, 
proved too difficult mathematically. We therefore replace it by 
another consideration, where the computation is, from the beginning 
directed toward the ave rage of the electric potential ge ner ated by 
the ions. 

At a point P in the surroundings of the specified ion, the 
average value of the electric potential with respect to time be•· 
to transport a positive ion there, the work expended is +e•; for' 
a negative ion, however, the work expend ed is -e~. Therefore, in 

*The conslderatlons by O. Kleln are ln agreement wlth this discus-
sion on dlmenslons. KeddeL. !ran. K. Vetenskapsakad. Nobelin
stitut, 5 , No. 6 (1919) (Artlcle to celebrate the 60th birthday 
or s. Arrhenius). 
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a volume element dV at this location, we sha ll find, 3s an average 
value with respect to time, according to Boltzmann's principle, 

•v• 
ne-F f dV 

positive and : 

+ •1/J 
ne H" dV 

negative ion s , putting n z N/V. In fact, in the limit for T = ~, 
the ion distribution must become uniform, so that the multiplying 
factor of the exponential function must be put equal to N/V, i.e., 
equal to the number of ions of one kind per cubic centimeter of 
solution . With these statements ho•'fever, nothing can as yet be 
obtained, since the potential 'II of the point Pis still unknown . 
However, according to Poisson's equation, this potential must 
satisfy the condition: 

if the electricity is distributed ,vith a density p in a medium of 
dielectric constant D. On the other hand, from the above: 

( - !:.t + ''1') Elp "=nE e 1,r_e 1.:r =-2nE6i11 - (9) ,.. kT 

so that 'II can be determined as a solution of the equation: 

LJ 8,rn~~- Elp 
'P = ---r;- -:::.m k T (10) 

The further ,,,e go from the specified ion, the smalle r will be the 
potential 'If. For large distances we can then replace, with suffi 
cientapproximation, sinh(E'lf/k1') by E'lf/k1'. If this is done, equa
tion (10) assumes the much simpler form:* 

( 10') 

*we have also 1nvestlgated the errect or th e success ive terms ln 
tne expansion or slnh{E'lf/kT), and could establlsh that their er 
rect on the r1nal result ls rather smal l. Thls computation ls 
not presented. 

2 27 
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In this equation , the factor of won th e ri ght hand side has th e 
dimension of the reciprocal of the squa r e of a l eng t h . We put: 

Z 8Jr 11Ez 
x -= DkT 

(11) 

so that xi s th e r eciprocal of a l ength, and equation (10') be-
c omes : 

(12) 

The le ngth, intr oduced in this way: 

I 1/75kf" 
-; = r ~ 

is the essential quantity in our theory and replac es the ave r age 
distance bet ~een ions in Ghosh ' s consideratio n. If numerical 
values s.r e in se rted (see later) and the conce ntration is meas ur ed , 
as usual , in moles per lit er solu tio n , then, if this concentration is denoted by y, 

I 3 06 - =2- '- 10-•cm 
)C V7 

fo r wate r at o0c. The characteristic l ength reaches mol ec ular 
dimensions for a concen tr at i on of y • 1 (1 mole pe r lit e r). 

We shal l no••, interrupt th e course of the conside r atio n in 
order to investigate th e physical interpretation of our characte r 
i s tic length . 

If an electrode is immer sed in an elect r olyt ic sol ution of 
potential o , the surface of the e l ect r ode compared with the so lu
ti on have a potential diff ere nc e W• The tran s ition from w too will 
then take place within a layer of finite thicknesR which is g iven 
by the above consideration~ . Usi n~ equa tion (1.::) and des ign at in g 
by z 9 coord in ate at right ~ogles to the surface of th e e l ectrode, 
we obtain: 

a function which satisfies equa tion(~) . Sinc e the ri gh t term of 
eq uation (1.::), from Poisson ' s equation , stands for - 4~p/ D, th e 
charge density r e l at ed to the given potentia l is: 
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Accordin g to this formula, 1/ x measu r es the length •'lithin which 
th e cha r ge den s ity of the ion atmosphere re duces to one eth part. 
Our characteristic len gt h is a measure for the thickness of th e 
ion atmosphere (i.e., of the we ll-kn own double layer by Helmholtz); 
according to equation (11), it depend s on concentration, temp era
ture, and dielectric con sta nt of the so lvent.* 

Having clarified the significance of 1/ x, we sha ll now use 
equation (lG) to dete rmine th e pote nti al distribution and the den
sity distribution in th e neighborhood of the s ingled-out ion with 
charge +e . We designate th e distance from this ion by ,-, and intro
duce sp at ial pol ar coordin ates in equation (12). Equation (12) 
the n becomes: 

(12') 

and this equation has the general solution~ 

e- •,.. , e•,.. 
q,=A-+A - (13) 

r r 

Since w disappears at infinity, A' must equal ze ro; the constant 
A, however, will have to be found fr om the conditions prevailing 
in th e neighborhood of the ion . This de termin ation shal l be 
carried through in two steps , (a) and (b), assuming for (a) t hat 
the dimensions of the ion have no effect, and under (b) t a k~ the 
si ~e of the ion into co nside r ation . The trend of thou~ht under 
(a) will then g iv e the limiting l aw for high di luti ons , whi l e 
under (b ) will fa ll the changes to be made in ord e r to adapt thi<1 
limiting l aw t o l arger con cen tr ati on~ . 

(a) Ion Diameter NeeLieibLe 

The pot ential of a single point cha rg e E in a medium of di
electric constant D would be: 

E I 
tl)-= - D r 

assumin g no oth er ion s in the medium. Our potential, equation 
(1.3), must agree with thi s expre ssion for infinitely small di s t
ances, consequently we must put; 

*Agreement or the above r e sults on the double layer wlth computa
tions by H. oouy, J. Phys ik . (4), 9. 467 (1910) on the theory or 
the capillary e lectrometer was subsequently established. We may, 
perhaps, point out that in thi s instan ce the original equation 
( 10) perm! t s a s imple so lution. 

229 
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and t he des ir ed potential becomes : 

( 14) 

We s plit th e potential into t1>10 par ts , th e first p,irt representin g 
a potential which is unii isturbed by the c;urrounii ing ions, and the 
second part repr ese ntin g t he pot~nti a l derived from th e i on atmos 
phere. For small valu eR of r, the valu e of this latter potentia l 
is equal to: 

th e potential energy u of the singled-out ion +e 1·1ith re spect to 
its surroundings amounts to:• 

( IS) 

If we have a se rie s of char ges ei, and if the potential at th e 
respective location of each charge i s wi , th e n, according to the 
law s of electrostatics , the total potential em,rgy : 

U, = ¼ ~ e; ip; 

In our case, where N positive ion s are pres ent, each of ,vhich at 
a potential differenoe -ex /D against its sur rounding, and further 
N ne gative ions with a potential diffe r ence of +ex/D, the desired 
potenti al ener~y**wi ll be: 

*Besides the grapnlcal result mention ed ln tne prerace, tne article 
by Hllner conta in s a rootnote (Phil. .',fag •• 24 , 575 , 1912), accord
Ing to whlch ln the ca s e or the above text and ln our term l nology: 

e2 
u "' - D x ( TC/ 2) 2 

A derlvatlon or tn1s rormula l s not Include d. It d l tters rrom our 
result by the ract or (TC/2)2• 

**since we are only concerned wlth the mutual potential energy , we 
have to take tor ~ i not the value or the total potential but on ly 
the part caused by the surrou nding charges , always calculated ror 
the polnt at which the cnarge ei l s located. 
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U _ NE (- "")-NE(+ tic) __ Nt
1
x 

' 2 D 2 D D 
(16) 

Since K is given by equation (11) as a function of the concentra
tion, the potential energy of the ion so lution is proportional to 
the square root of the concentration and not, as according to 
Ghosh, to the cube root of this quantity. 

(b) Ion Diameter is Finite 

We observed, previously, that the characteristic length 1/ K 
reaches the magnitude of oolecular dimensions for concentrations 
of 1 mole per liter . At suh concentrations, it is therefore in
admissible to replace an ion of finite, mole cular size by a point 
charge, as vras done under (a). It ,vould not be within the nature 
of our calculations, based on Poisson 's equation, to introduce a 
detailed concept of the distances to which the ions approach one 
another. Rather we shall in the following visualize ions as 
spheres of radius a, the interior of which i s to be treated as a 
medium of dielectric constant D, and in the center of which is 
located a point charge of value +e or -e. Then the magnitude a, 
obviously, does not measure the r adius of the ion but a length 
\fhich constitutes the mean value for the distance to which the 
surrounding ions, positive as well as negative, can approach the 
singled-out ion . Corre spondingly , for positive and negative ions 
of equal size, for instance, a would be expected to be of the or 
der of ms.gnitude of the ion diameter. In general, the ion diamete r 
is not to be considered the diameter of the actual ion, s ince, most 
likely, the ions have to be imagined as surrounded by a firmly at
tached l ayer of water molecules. It is obvious that the introduc 
tion of such a l ength a cannot be expec t ed to be more than a rough 
approximation. The discussion of practical cases (compare later) 
will show that, in practice, this approximation is rather good . 

As before, we express the potential surrounding a singled - out 
ion by : 

( 17) 

only the constant A must now be determined differently. According 
to our assumptions , we have to write: 

E I 
,p=--+B D , 

231 
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· · ion) Constants int e rior of the ion sphere (for a po~itive · th must be determined from the boundary cond i tions ont· le ~ur-
h . f - a the poten 1a s \If the sphe r e . There, tat 1s, or r - • . F as the field st r engths -d.111/dr must be continuous. rom 

foll ows that : 

c- u E I 
A - = --+B a D a 

I+ xa E I 
A. e- ""-a- 2- = D a' 

l ( , 8) 

t e"" A- -- -- D 1 +xa ' 
EX 1 ( r S') B = - --
D 1 +xa 

The value of B represents the potential generated by the ion atmosphere in the center of the ion sphere ; from this we obtain for the potentia l energy of a positive ion with r espec t to its sur r oundings the expression : 

tlz I 
U=-- --D 1 +xa ( 19) 

As sho\·m by comparison with equation (15) , the effect of the size of the ion is expressed by the factor 1/ (1 + xa) only . For low concentrations (n small) xis also small, according to equation (11), and the energy approaches the value ~iven previously for infinitel y small ions . For large concentrations (x l a rg e ), ho•veve r, u gradually approach es the value: 

so tnat our characteristic l ength, 1/x , lo ses i ts effect in favor of the new l eT1gth a which measures th e size of the ions . 
By me!\ns of equ:ition (19) we obtain , as under (a) , for the tot al electric ener~y of the ion so lution the expression : 

(20) 

provided - as appears to be indicated - the positive ions a r e characteri~ed by a radiu s a1 and th e negative ions by anothe r r adius a 2 • We could use (16) or (20) directly fo r the determination of the thermodynamic function in accordance with the discussion in section II. However, we shall first derive the exp r ession for the energy, correspondin~ to (GO), for any ionic so lution by eliminating the rest ri ction to uni-univalent salts introduced in the inte r est of br evity. 
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IV . The Potential FnerRy of en Arbit r ary Ion Solution 

A so l ut ion contains: 

different ions with charges: 

such that th e int ege r s z 1 •• •• z . •• . • z ~easu r e th e vale ncies and 
. . l l s may assume pos1t1ve ns 1Ye l ns negative valu es . Since the total 

charge is equal to ~ero , I 

~N ;Z; = 0 

must hold. In add ition to th e total numbers Ni, the number of ions 
per cubic centimer: 

be introduced. 

Again any one of the ions is si ngled out, and the potential 
in its surroundings is determined from Poisson' s equation: 

From Boltzmann ' s principle, the density of th e ith ion type i s 
given by: 

so that: 

'"' - z · ~ 
n;e ' •7' 

(1 = EI ii;z;e '"' - •,r,-

and the fund amental equation i s giv en by: 

If we us e again the expansion of the exponential function, as in 
the previous paragraph, the equation: 

4.ir t 1 

J1p= DkTln;z ;1 1p (2 1') 

23 3 



87

234 

ELECTOOLYTES 

instead of (21) will be the basic equation, since, because of the 
condition: 

I n;Z;= o 

the first term of the expansion disappears. Thus, in the general 
case, the square of the characteristic length l / K2 is to be de
fined by the equation:* 

4.iTEZ 
x'=--~n -z-' DkT .. I' 

{22) 

while the equation for the potential retains its previous form: 

Lltp = x2 tp 

Again an ion shall be singled out, and the potential~ in its 
vicinity be determined. In concordance with the discussion in the 
preceding paragraph, 

r•" 
ip=A-

r 

is obtained for the field outside the ion. 

Provided the ion carries a charge zie and a distance of ap
proach to it equal to ai is to be considered , then we have for the 
interior of the ion sphere: 

Z ·E l 
v,==..!--+B D r 

•vhile the constants A and 8 are evaluated to: 

Z; E e••; 
A - --- D a+xa;' 

8 
__ Z;Ex __ •_ 

D 1 +xa, 

To the given value of 8 corresponds the potential ene r gy: 

Z;~ E2X I 
U=------

D 1 +xa; 

of the singled - out ion with respect to its ion atmosphere , while 
the total ele ctric energy of the i9n solution , as will readily be 
seen, assumes the value: 

2 N -z-2 t 1x , u .a= - -'- ' ----
~ 2 , D1+x{1/ (23) 

*since tor uni-univalent salts n1 • "2 • n and z1 = -z2 • 1. the 
general expression (22) for X 2 agrees with the one (compare 
equation 11) given for this special case. 
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The inverRe length~ is, in the general case, defined by equati on 
(22). * 

V. The Additional Electric Ter~ to the 
Thermodynamic Potential 

In section II. we arrived at the result that the additional 
term to the thermodynamic potential: 

resulting from the mutual effect of the ions, should be found from 
the equation: 

G,-J~;aT 
To take care of the general case, let us take the expression (.::3) 
for Ue, then, when integrating, we have to consider that, accord
ing to (22), the reciprocal length in this expression depends on 
the temperature. The computation becomes clearer, if we first 
conclude from (22) that: 

** ~here Dis assumed independent of temperature• ~nd then use~ 
and not T as variable of integration. Thus results: 

k f "'"" G,-=- lN,z,.• ---
4xJ11 ;z,.t 1 +xa; 

If we introduce the abbreviation: 
XO,·= X; 

find: 

*From the e1pression tor Ue' we can immediately derive the heat 
or dilution. We established that the theoretical value agrees 
with the experiments. 

**In tact a direct, kinetic theory or the osmotic pressure, re
ported in Recueil des travaux chim1~ues des Pays-Bas et de la 
Belgique, proves the val1d1tY or the r1nal expression ror Ge 
independent or this assumption. For a discussion or the thermo 
dynamic computation we may rerer to B. A. M, Cavanagh, Phil. Nag .. 
43, 606 ( 1922) • 
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•=• 11: r; 

f x'dx I J i,'du I i , )'I -- = - -- = - cons1+Jog( 1 +x ·)-2 ( 1 +x ,)+ }( 1 ,x; { 1 + -x.a,- a;3 1 + u a;3 ' 

The constant of inte g ration must be so determined that in the limit 
for infinite dilution the e lectric al add ition Ge to the total po
tential di sap pear s . Since accordin~ to (22), xis proportional 
to : 

x = 0 corresponds to infinite dilution. Consequently the constant 
in the bracket must be so determined that for xi s O the expres 
sion in the bracket is ~lso equal to zero. S ince at this limit: 

Jog ( 1 + x;) - 2 (1 + x;) + ½ (1 + x,-)2 

assumes the value -3 /2 , our constant is 3/2 . Then: 

f x
2
dx 1 { } -- = 3 i + log (1 +x.- ) - 2 (1 +x.-)+ !(1 +x, )2 

1 +xa a; 

and: 

k 2N ·z·'I l G,== ~ 1 ~ ,i + log (1 + x,-)- 2 (1 + X;) + Hi+ x1)2J 4.1r _ 71;Z; a; , · 

If expanded w~th respect to powers of xi the function in the 
bracket takes the form: 

j + Jog ( I + X ;) - 2 ( I + X ;) + t ( I + X;)1 = 
x·' x-• x-5 x·• _ I _ I + I _ 1_ + • • • 
3 4 5 6 

If we, therefore, introduce the abbreviation: 

t .-- x (x.-) = 
-= x~' {i + 1og(1 + X;)- 2 (1+x.-)+ Hi +x.-)2} 

(27) 

xwill, for small concentration, approach unity, and can be ex 
panded into: 

x,·-=-1-i ·x,·+tx.-'-. .. (2 7') 

(26) 
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By introduction of this function and conside r at ion of the equation 
(22) de f ining x 2

, the addition to the thermodynamic potential can 
now be presented in the form:* 

where, for clarity, the expression (22) for x according to which: 

be repeated explicitly. 

For small concentrations, therefore, 3n amount of Ge propor
tional to x, i . e., proportion a l to the squa re r oot of the concen
tration, is associated with each ion. If th e finite d imensio ns 
of the i ons are negle cted, then, according to (G7') and (25) , Xi 
would be equ a l to 1 throughout , and this dependency ,.,ould appear 
to be valid for a ll concentrations . The dependence on the s i ~e of 
the ions, which accounts for the individual proper t i es of the ions, 
is, then, measured by the function X, given by (27) or (27 ' ), In 
the limit for high dilutions, however, this influence d i sappea rs, 
and the ions can only be distinguished if their valencies are 
differ e nt. 

VI. Osmotic Pressure, Va por Pressure Depression, 
Freezing Point Depression, Boiling Point In c rease 

In accordance with the discussion of section II and in view 
of equations (7), (?'), and (7''), the thermodynamic function~ 
of the solution i s give n by the expression: 

' • z ·'E 2 X 
</J = IN ,. (<p,· - k log c.-) + IN , ~D -

7 
x.- (29) 

0 I J 

Here equation (G8) has been used for the anditiona l ~lectric term 
to cf?, where: 

Xi .. X (xi) = X (xai) 

is given by (27) , and, as explained i n the preceding paragraph, 
approaches unity in the limit for infinitely smal l concentrations. 
xis our characteristic reciprocal len gth, defined by equation 
{22 ), 

*The additional electric pressure Pe• mention ed in section II, equa
tion (6'), results Crom this formula . The numerical value given 
there was computed 1n thl s way. 
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By the method follow ed in Pl anck ' s Lehrbuch der Thermodyna~ik , th e 
ru1e ·s for the description of th e phenomena mentioned in the bead
in g can al l be derived by diff e r entiat i on of equa tion (29). The 
condition for equilibrium of a tran s i t i on of a qua ntity 6No mole
cul es of the so lvent fro~ the solution to the approp riate oth e r 
phase is, as i s well known, 

where <I>_' designates the thermodynamic pot ential of the second phase. 
We put: 

(30) 

We wish to carry out th e computations for the case of equilibrium 
between the solution and the frozen solvent, in view of the fact 
that the most extensive and the most reliable meas urements are 
available for the freezing point depr ession as a function of con
centr ation. We let N0 vary by the amount 6N0 and N0 ' by the amount 
6N0 ', and obtain irTllledia t el y: 

cJ (4> + 4>') = q,0' 6N 0' + (<p0 - k log co) 6N o+ 

~N - zh' d(xx,) ~ oN ( ) 
+ ""' '•DT die 3N ° 31 

I ., 0 

since , as will readily be seen: 

assumes the value zero. 
Since: 

the condition for equilibri um reads: 
, • z;'t 2 d (x _l;) ibc 

'Po -<f,o=-- -kl ogc o+7N1 3DT~3No 

(32) 

As presented here, it may be applied to all th e phen omena mentioned 
in the heading, and it constitutes a r e lation be twee n pressure , 
t emperature, and concentrations. 
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In the definition of x,ni designates the number of ions of 
the ith type per unit volume so that: 

N,· 
11;-=v 

and, as in Planck's treatment, the method is based on the linear 
relation for the volume: 

According to equation (22), 

Again using the equation defining x, we obtain: 

and our condition for equilibrium assumes the form: 

, , z;2t2 d(icx,) 
rp0 -q, 0 =klogc 0 +v 0 ~n1 6 DT"dx (32') 

The function of the concentration: 

d(icx.;) 
d,c 

characterizing the phenomena considered, can be computed easily 
from equation (27) . Let us designate it by oi, then, retaining 
the abbreviation: 

X;-= 'XQ; 

we obtain: 

d (icx1) 
C1; = ---;r;-=-

i= .l... [<• +x ,)- -
1

- - 2 Jog( a + x,)] (33) 
X;a 1 +x; 

239 
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For small values of "i• the expansion: 

0;= 1- jx;+!x/1'-2x;3+ ... = 
_ ~ v+1 x;" 
- ~ 3 v+3 

11=!0 

is valid so that oi approaches unity for small concentrations; 
lar ge concentrations o - approaches zero as 3/ xi 2

• Table 
contains numerical val~es for o as a function of x = xa. 

" 
0 
0.05 
0.1 
0.2 
0.3 

In Figure 

Table I 

a(x) " a(x) " a(x) 

1.000 0.4 0 .5 98 0.9 0.370 
0 .9 29 0 .5 0.536 1.0 0 .341 
0.855 0.6 0.486 1.5 0.23 8 
0.759 0.7 0.441 2 . 0 0.176 
0.670 0.8 0.403 2 . 5 0. 136 

1 a plot of this function is presented . 

..,., ~ . 

... .. 
--------r--- -

, . 
u 

... ... 
Figure 1 

• . .. ... 

" 
3.0 
3.5 
4 . 0 
4.5 
5 . 5 

. .. ... 

o(x) 

0.1109 
0.0898 
0.0742 
0 . 0628 
0.0540 

for 

Si nce we shall have occasion to treat the freezing point de
pression of more concentr ated so luti ons , it i s advisable - to ca lcu 
la te the amount of this depression from equation (32 ') , without 
introducing a ll simplifications permissible for highly diluted 
solutions. Let the free zi ng point of th e pure solvent be T the 
free z ing point of the solution To - 6, th e heat of fusion ~f the 
fro zen solvent q, the specific heat at con sta nt pressure of the 
liquid .solvent c1,, and th e same quantity fo r the frozen so lvent 
cp'• where the three la st mentione~ quantities be referred to an 
actual molec ule so that they constitute th e conventiona l quantities 
for one moled ivide d by Loschmidt ' s number . According to the equa-



94

ELECTOOLYTES 

tion definin g ~, we then have: 

, t:f q t:fS [ , 2q l 
<f'o - f/Jo = - TT+ -T ' (c, - c,) - k'l' 

0 0 O 0 

For c 0 we can put: 

Since further we abbreviated: 

it finally follows that: 

I 

Co= I - l'.c ; 
I 

t1 q t:11 f c, - c/ q ·) 
T0 1,:T0 - T0

2 \ 2k - kT
0 

= 
' i'x ' = - log ( 1 - 7 C;) - 6DkT~ v0 11;z;2a; 

If Loscbmidt~s number is designated by N, 

Nq=Q 

the heat of fu sion of one mole, 

Nk=R 

the gas constant, and: 

Ncp = Cp e.g. Ncp' = Cp' 

the specific heat per mol~ of the liqui d and solid so lvent, res
pect ive ,ly, so that we can also write: 

(34) 

For low concentrations we can (1) neglect 62 /To2 compared with 6/ T0 , 

(2) put: 
I I 

- log ( 1 - l: c;) = I C; 
1 I 

and (3) the total volume can be identified with the volume of the 
vater, considering the number of the dissolved ions as i nfi nitely 
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small compared with the number of the water molecules. This co r
re sponds to: 

v0 N; N; 
v0 n,·=vN;-=N = , 

o No+l v;N; 
1 

With these approximations, we obtain :* 

-== c,· 

(JS) 

whereas the classica l formula ·for the same assumptions re ads: 

VII . Freezing Point Depression of Dilut ed Solutions 

The characteristics of the electric effect of the ions a r e 
particul arly c l ear in the limit for hi ghly diluted solutions as 
expressed in e quation (35). We shall therefore tr ea t the la ,vs 
for this limi ting case separately. The formula (35) applies to 
th e gene r a l case of a mixture of several e l ec trolyte s which , more 
over, may be only partially dissociated in to ions. We co nsider 
th e spe ci a l case of one type of molecule in so lution. The molecule 
be completely dissocia t ed into ion s , and consist of s t ypes of 
ions, number ed l, .•• •. i, • •••. .• s, so th at: 

111 , • · · V,·, · , . V, 

ions of the type l, ... . i , .. .. s con s titute the mol ecule . If the 
ch ar ges associated wi th each of th ese ion s are : 

(For H2S0 4 , dissociated into the ions Hand S0 4 , for instanc e , 

*It 18 not nec essar y to d1stlngu1sh between lons and neutral mole 
cules; 1t both ar e present, we lmply have to put zi .. o ror the 
latter. Ir all se par ate partlcles are neutral, then, natu~ally, 
equations (36) and (36') become 1dentl cal. 
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provided subscript 1 refers to the H io ns and subsc ri pt 2 to the 
S04 ions.) 

Since the molecule as a unit ca rrie s no charge, we have: 

~V; Z;=O 
I 

The solution thus consists of N0 molecules of the so l vent and N 
molecules of the added electrolyte, where N may be considered small 
compared wit h N0 • Then: 

N, (;; = I 

N0 + "1.N1 
I 

If we take into account that: 

N( = v;N 

and designate by c the concentration referr ed to the dissolved 
type of molecu le so that, in the approximation here used, 

then: 

N 
C =

No 

C/ = llfC 

Equation (35) for the freezing point depression then becomes: 

where: 
i•x Iv 1z,1 a; 

f0 = 1 -6 DkT Iv , (37) 

The quantity fo is the osmotic coeffic ient mentioned in the intro
duction, since /

0 
= 1 represents the tr ansi ti on to classical theory 

as indicated by equatio n (35'). If 6k designa te s the f r eezing 
point depression calculated in accord~nce with c l ass i cal theory, 
th en: 

or: 
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Rel ation (37) in dica t es qualitative l y th at the actua l freezing 
point depression should be small er th an th at expected f r om c la ss ic
al th eo ry , a r es ult which is consistently confirmed for d il uted 
electrolytic solut i ons . The quantitie s 1< ands which appear in 
equ ation (.57) are determined by formulas (GG) and (J.3) (t he l a tter 
one with assoc i ated table). As explained in the preceding pa ra
gr ap h, o i is a measur e for the e ffect of th e finite s i ze of the 
i ons which di sa ppear s for very small concent r ati ons , s inc e o then 
approaches unity. Therefore, if •·re f i r s t consider th e limiting 
laws va lid f or highl y diluted so lutions, we h~ve for this limitin g 
case: 

E1 x Iv;zr 
lo= 1 -6 DkT Iv ; (38) 

Further, from equation (22) : 

and since : 

N 
n;= V;JI = V;n 

introducing the volume concentration, n, of the dissolved mole
cules, we have: 

It follow s that for very low concent ration s: 

(38') 

where n Ivi de s ignat es th e number of total ions per cubic centi
meter in the so lution, and: 

w = (Iv, ·z;1)"' 
Iv; 

(39) 

sha ll be called th e "va lency f actor ," since it measu r es the ef fect 
of th e valencie s, z i, on th e phenomena . It i s best not to con~ id er 
fo, but it s deviation from unity, and thu s to write for ve r y low 
conce ntration s : 

(40) 
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Flrst, this formula expresses the dependence of 1 - / 0 on 
concentration, stating in this regard: 

Law No. 1 

For all electrolytes and in the limit for small concentra 
tions, the percentage deviation of the freezing point de
pression from its classical value is proportional to the 
square root of the concentration. 
It js possible to state this law as a general la~, because , in 

highly diluted solutions, al l electrolytes can be considered as 
completely dissociated into ions. However, the region of complete 
dissociation is, in practice, only reached by strong electrolytes. 

Second, equation (39) makes a statement on the effect of the 
valencies of the ions which may be formulated as foll ows: 

Law No. 2 
If the dissolved mol ecule dissociates into v 1,.vi•••Vs 
different ions l, • • • i, ••• s with the valencies z 1 •• • zi .• • z 5 , 

then, for low concentrations, the percentage deviation of 
the freezing point depression from it s classical value is 
proportional to a valency factor, w, which can be computed 
from: 

UI = (X~;Z~)S/t 
Iv ; 

AB an example for the calculation of this valency factor 
Table II is presented, where the type of the sa l t is determined 
by the exampl e given ln the left column, and the value of w is 
given in the ri ght column: 

Table II 

Type Val ency factor, kl 

XCl 1 .. 1 

CaCl2 G fZ = 2.83 
CuS04 4 .g_ = 8 

AlCla .3 {S = 5.GO 
Al 2 (SO.J 3 6 V6 =16.6 

Thus the influen ce of the ions increases considerably with 
incr easing valency which also is in accordance with the qua li ta
tive prediction. 

Third the solvent also has an effect in keeping with the 
well known' suggestion by Nernst intended to explain the ionizing 
force of solvent ,,ith high dielectric const,;m t. According to 
equation (40), we have: 
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Law No. 3 

For low concentrations the percentage deviation of th e freez
in g point depression from the classical value is inversely 
proportional to the 3/2th power of the dielectric constant of 
the solvent . 
The other constants apoea ring in equation (40) are the elemen-

tary char~e e = 4.77 x 10- 10 e.s.u., Boltzmann's constant k: 1.346 x 10- 18 

erg, and the temperature, T, which.latter is present exp l icitly 
and implicitly, since the dielectric constant, D, varies with T. 

If we deal with diluted solutions in the conventional sense, 
o can no l qnge r be repl aced by unity, and equation (37) applies, 
which reads explicitly: 

As shOVfn by Table I, as well as by the formula (33) from which the 
table is derived, oi continuously dec r eases with increasing con
centration and finally decreases as: 

3 3 
x;= x2ar 

i.e., inversely proportional to the concentration, since K is pro
portional to the square root of th is quantity . According to (41) 
the deviation 1 - / 0 increases proportiona l to the square root of 
the concentration for very small concentrations, then, for higher 
concentrations, in view of the effect of o, i.e ., in view of the 
finite diameter of the ions, the deviation will reach a maximum, 
and finally decrease inversely proportionally to the square root 
of the concentration. Even though this statement contains an ex
trapolation to higher concentrations of equation (41) which is not 
entirely justified, it seems to describe the behavior of concen
trated so lutions (compare sectio n IX). In fact, measurements sho,• 
a maximUJTI of 1- / 0 as a characteristic of the curves for the freez
ing point depression. Ho,vever, we believe that the phenomenon of 
hydration (compare the last section) also cont ributes considerab ly 
to the formation of the maximum. A numeri cal comparison of theory 
and experiments will be given in section IX. 

VIII . Dissociation Equilibrium 

Not limiting our considerations to strong electrolytes only , 
a dissociation equilibrium will exist between undissociated mole
cules and ions. However, the equilibrium is not to be computed by 
means of the classical formula, because also in this instance the 
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mutual electric forces have a disturbing influence. How this can 
be taken into consideration in accordance with our theory shall 
now be computed. We start again with the expression (29) for the 
thermodynamic potential~ of the solution: 

I s ~ it 

•11 = ~N;(<p,·- k loge;)+ l N;~ ~,.,. 
11 1 3D T 

some of the particles present in the solution will carry an 
electric charge, while others will be ele ctri call y neutral . Fbr 
the latter, we will have simply z . = O. The solvent shall be 
indicated by the subscript o. We

1
now undertake, in a well-kno,,m 

procedure, the variation of the numbers H· , and calculate the asso
ciated changes in the potential. This 1!ads to: 

; =' i:1 

If it is taken into account that, according to the defining equa
tion (22) : 

the quantity x may depend on all numbers N1 ••• N5 • If in the third 
sum the indices of summation, i and j , are interchanged, ~ may be 
written in the form: 

•=, , _, 
6~ •=1,cJN0(rp0 - klogc 0) + .,2'6N , [rp.--k logc,· + 

3
ir (zhcx,· + .,2'N 1z/d~;t> 

3
3;,)] 

i = l l = l 

However, ox/oNi can be calculated from the definition of x. We 
obtai .n, provided the linear re lat ion regarding the volume is re
tained, 

, 
z,~ - v;l; n1tl 

I 

V 

If the conventional assumption is made that a chemical reaction 
may take place in the solution, where the proportions: 

247 
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6f\\:dN : : .. . 6N ; : .. . : d!•:, = 
= µ1:µ1: . • . µ;: .. . µ, 

hold, the condition of equilibrium follows from the expression 

,-=, ; =, ; =, l ',i'" z .: _d(_xx_;)I 

2 µ <r E~.. 2 I • I I I dx I - ~ ; ,,; + .. . ( .. ~ 2)'!..:=::...:...-- --µ ; og c,· _ ~-,;- 6 Dk T 2 ,u;z;-X; + .u; z;- - V; ";' 111z; 1 ~· : f 
i = I i = I i = I - II j z l 

f= I 

(42) 

for th e variation of the potential . Thi s condition is distinguish
ed from th e clas s ical condition bv th e add itional term on the 
ri ghthand s ide. If th e activity ~oe fficient fa is introduc ed , as 
was done in the introduction, by putting: 

' ~µ , loge;= log(/. K) 
I 

where I r ep re se nts the classical constant of equ ilib rium, the 
activity ooefficient is defin ed by the relation: 

'= • 1 'i'n z_: _d(_xx_,) 
I Etx ~ .t + c• ~ .),- 1 11 dx log • - 6l5icf ~ 2µ;z, X; µ; z,· - V;., n1z,· - ,-. .. -,--- ' 

I ~ t i = 1 _ n1z1 
f • I 

(43) 

Accor ding to this formula it is, of course, poss ibl e to provide · a 
special ac t ivity coefficient fo r eac h atom or mol ec ule taking part 
i n th e r eac ti on by putting: 

with: 

log/. = µ 1 log/ ,.1 + ... 
µ1 log/.'+ . .. µ, log /.' (44) 

Then, however, as equation (44 ') ind i cates by the appea r ance of ", 
this coe f ficie nt referr ed to a definite type of molecule does not 
solely depend on quantities which a r e rel ate d to thi s type of 
a tom. 

Here again simplif icatio ns a r e posRible by limitation to 
lower con ce ntrations. In this case: 

• 
t•,· _:: 11;Z/ 

I 
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is negligible compared with zf; if this is done, the volume of th e 
dissolved substance is considered negligible compar ed with the 
total volume . Thus: 

Finally we can find the limiting value of the activity coefficient 
for increasingly diluted solutions. In thi s limit, where the 
effect due to the dimension of the ion vanishes, we can put x= 1, 
and obtain: 

(45') 

Since x depends on the properties of .all ions (is affected by their 
valency), the s peci a l coefficient fa 1 i s , not even in this limiting 
case, exclusivelv a function of the pro perties of the ith ion. We 
shall not discu s s thi s limi t ing l a•v in detail, and only observe 
that here again in the limit proportionality exists between log 
fa and the square root of the concentration. 

IX . Comparison of Freezing Point Depression 
with Experimental Results 

Figure 2 is a representation of the characteristic behavior of 

... ,so • 

... . 
9 . 
... . 

L. 110 , . . 
. •• I .so . . . . ,, ,. . . 

~: . 
C . •.. 

r . •HI . . .. .. , ... ... 
Figure ~ 

'4 
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stro~ electro l ytes . A magnitude vy which measures the i~n ~on 
centrat ion is plotted on the hori1:ontal axis, wher e Y, as 1nd1cated 
before* designates the concentration of the electrolyte in ~o les per 
lit er , while v = ~v · represents the number of ions i nto •vhich th e 
molecule of the salt

1
dis~ociates . Four representatives KCl, K2S04, 

La(N03}3 and MgS04 were chosen f r om four types d ifferin ~ in th e 
valencies of their ions. KCl d i ssociates into two univalent io ns , 
K2S04 in two univalent and one bivalent i on, La{N03 }3 in t hree 
univa l ent and one t riv a l ent i on , and MgS04 in two bivalent ions. 
If we designate the free ~i tu?; ooint dep r ess i on expected from 
classical theo r y for complete dissociation with 6k, and the ob
e~rved free~irui; point dep r ess i on with 6 , the expression: 

i.e., the pe rcenta ge deviation from the classical value was found 
and plotted as ordinate. According to sec tion VII we can also put: 

8= I -/ n 

thus represented,0measures the dev iation of the osmotic coeffi
ci ent from its limiting value 1. Since in a solution with water 
as so lv ent: 

11. = 117. 1.860° (47) 

a point on the abscissa corresponds, for al l elect rolyt es, to a 
concentration which should pr oduce the same freezing point depres
s ion provided the mutua l forces are disregarded. We plotted the 
observed values and omitted to connect corresponding points by a 
curve in order to avo id any preconceived interpretation. This 
method, however, is possible only because recent and exce llent 
meas ure ments by American research workers of the freezing point 
depression at low co ncentrations are availab le. The measurements 
in Figure 2 are taken f r om Adams and Hall and Harkins.a 

It is evident that the deviat i on 8 does not increase for low 
concentrations with the f ir st or eve n hi gher powers of the concen
tr ation as r equi r ed by the law of mass action . Further the curve 
demonstrates the strong effect of the ion valenc y. 

•ror the salts K2 S04 , La(N03)3, MgS04 the concentration y• 1n moles 
per 1000 g. water ls substituted t or y, as given by the author s 
c t~~ below, since 1n the ab sence or density measurements tor 
th ese salt so lutions at Z'T3°, a conve r s ion to moles per liter 
could not be carried out; thls means only an 1ns 1gn1t1 cant devla
tlon t or the low concentrations considered here. 
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Our theory requires that, for very l ow concentrations, the 
percentage deviation 0 be propo rt iona l to the square root of the 
concentration and that the factor of proportionality depend st r ong
ly on the valency of the i ons. According to equations (39) and (40) 
we have (assuming the molecule dissociates into v1 ••• v -••• v ions · 
with the valencies z 1 •• • zi ... z

5
): 

1 
s 

with the valenc y factor: 

w '' (
Iv -z.2)s:1 

-== Iv; (49) 

First we want to express the number of ions n per cc. as the con
centration y measured in moles per liter . We take the value 6.06 x 
10 23 for Loschrnidt's number; then: 

It is further asswned that£= 4.77 x 10- 10 e.s.u . , k • 1.34 6 x 10- 18 erg, 
and since the following deals with the freezing point depression of 
solutions having water as a solve nt, T z 273 . The dielectric con-
stant of water i s ca lcul ated from the interpolation formula" gi ven 
by Drude. We find for o0c.: 

D --= 88.23 

Using thes e figures, we get (with Xvi = v): 

V 4.iu: .. r.= I --nv=o.231 - 108 y vr-
DkT cm 

and hence: 

8 = o.27ow'\lv7 (50) 

Our quantity~ becomes with the above numerical valu es: 

In Figure 3 observed values 10 of 0 have been plotted against 
a new abscissa yvy, the experimental points have been interconnect
ed by straight line s . Further, four straight lines start in g at the 
origin are presented, ,.,hich illustr ate the limitin g l aw exp res sed 

251 
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Figure 3 

by equation (50). The four t ypes of salts in the figure have th e 
valency factors: 

w=1, w=1Y2, w- 3¥3 , w = 8 

the st r aight lines cor r espond to these values . It will be seen 
that for low concentrations the st r aight lines ar e actual ly approxi

mated, so that, apparently, the limiting law involvin g the square 
r oot of the concentration corr esponds to the fac t s . Further the 
~bsolute values of the slope - co!'llputed by means of the dielect ric 
constant equal to 88. 23, and distinguished theoretica l ly only by 
the valency factor (as expre s sed in equation (50) by the factor 

0 . 270 w) - are confirmed by experiment . However, Figu r e 3 indi
cates that early deviations from the limiting law take place. This 

i s in ag r eement "'ith the conside r ations in sect i on III and equation 
(51), according to which , even for uni-univalent elect rolyt es , the 

characteristic length 1/~ is of the order of magnit ude of the ion 

diameter alr eady fo r y = 1, so that it is no longer permissib l e to 
neglect it. We have further ba sed our theory on the simplified 
ve r sio n, equation (21 '), of the potential equatio n . This al so may 
have some effect. However, we pointed out (see footnote on page 227) 
that this latter effect is theoretically compar ati ve l y in sign ifi
cant. The expe rim ental results also in dicate th at the deviations 
from the l imiting l a~ ar e ca used by the indi vidu al pr operties of 
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the ions . To show this, we present Figure 4. Here observations 

e 

o,~ ,,oVi'j 

Figure 4 

of uni-univalent ions, exclusively, are entered* as~ function of 
~ (sinc e, here, v • 2). The straight line repr esents the limit
ing law discussed above ; !111 curves approach this line for lo,v con
centrations. The deyiations vary greatly in ma~nitude, and, it 
qhould be noted, are in the order Cs , K, Na, Li for the sa lt s of 
chlorine. Thi s is the same order as is obtained if the alk a li ions 
s.re arranged according t o decreasing mobility, an orde r which is in 
contradiction with the ass umed dimension of the ions, and which 
was correlated only recently by Born 11 with the relaxation time of 
water f or electric polari~ation following from dipole theory. To 
afford orientation with r egard to th e •·,ork by Ghosh, the curve for 
0, as evaluated by this theory, i s given in the fi~ure by a dashed 
line. It shou ld be valid for all sa lts, and , moreover, has a 
vertical tan ge nt at the origin . 

*Besides the measurements already cited, we used here measurements 
by H. Jahn, z. phys . Chem., 50, 129 (1905); '5Q, 31 (1907) (LiCl, 
CsCl); E, w. Washburn and Hacinnes, J. Am. Chem. Soc. , 33, 1686 
(1911) (LiCl, CsN0 3 ); w. H. Harkins and W. A. Roberts, ibid., 38, 
2658 (1916)(NaCl) (concentration partly in moles pe r 11te r , partly 
moles per 1000 g. water). 

25 3 
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·theory improved The question now is: to what extent can our ~d 1 de 
h · div1 ua -,.,ith r eisard to the ion dimensions, ac count for t e in W h 

viations. The conditions are illustrated in Figure 5. e ave 

Figure 5 

again chosen the f our electrolytes of the four types previously 
mentioned, and plotted the observed values of 0 as a function of 
{vy. According to equation (41) we obtain, taking into account 
the dimensions of the ions (upon introduction of the numerical 
values) : 

, r=. :Ev;zr G; 
B = t-/o = o.27owyvy .,, r 

-'ll ; Z 

254 

where a . designates the function of the argument x. • ~a - tabulated . . ( ) . . in Table I and given by formula 33, and where ai denotes the 
l ength which measures the size of the ith ion with respect to its 
surroundings. At the present state of affairs, it did not appea r 
advisable to us to study the separate ion dimensions , but to cal
culate with an average diameter a equal for all ions of one elec
trolyte. Then all ai become equal, and the exp ression: 

e = o.:?70 w) f vy a(xa) (53) 

is obtained for 0. For the determination of the magnitude of a, 
we crose, for the time, only one observed value, the one corres
ponding to the highest concentration, and then plotted the curve-
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resulting from the theoretical formula (53) with the a thus ob
tained-in the figure. Four dashed straight lines radiating from 
the origin (tangents to the curves) represent the limiting law 
(50) for strongly diluted solutions . Agreement with the observa
tions is very good, particularly in view of the determination of 
constants from a single observed value.* The figure is supple
mented by the following tables: 

Table III. 
KCL(a : 3. 76 x 10- ecm) 

2y ,/zy e e 
observed cal culated 

0.0100 0.100 o. 0214 0.0237 
0.0193 0. 139 0 . 0295 0. 0313 
0.0331 0 , 182 0. 0375 0. 0392 
0,0633 0.252 0.0485 0,0499 
0 . 116 0.341 0.0613 0.0618 
0.234 0. 484 0. 0758 

In each first column i'> entered the ion concentration vy, in 
the second column th e value of the abscissa ,/vy in Fi gure 5, in 

*The method ror the determlnatlon or a ls expla i ned ln detall tor 
La(N0 3 )s as an example. For Y' = O. 17486, 0'= 0.2547 was ob
served; slnce v • 4, the abscissa becomes (VY') 2 = 0.836, Accord
ing to the llmltlng law (50) ror extreme dllutlon, we would ob
tain wlth"' "' 3/3 (corresponding to equation 49 ror V 1 = 1, V 2 = 
3, z 1 " 3, z 2 = -1) a value or 0 = 1. 173, the actually observed 
value l s obtained rrom th1s llmltlng value by multlplication with 
o. 216. According to e:iuatlon (53) thls ractor ls equal to o. 
From Flgure 1 we rind that an abscissa x = 1((1"' 1,67 belongs to 
the ordinate o = o. 216; rurther rrom equation (51) by substl
tutlng .fvyt "'0.836, the value or x = 0,336 x 10- 8 cm- 1

• Conse
quently, a diameter 

a• x/x • 4.97 x i0- 8 cm. 

corresponds to the observed data. 
(For the salts K2 S04, La(N0 3 )3, t1gS04, the concentration y• is 
given 1n moles per 1000 g. water and used ro r the determination or 
0 which 1s, thererore, designated by 0• • For the low concentra
tions considered here, the resulting dev1at1ons are very small; 
a conversion or y• toy would not glve a noticeable change 1n the 
values ror 0' observed, 0' calculated, and a.) 

255 
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Table IV. 
K2 S0 4 (a. • Go 69 X 10- e cm} 

3y ' ~3y ' e e 
observed calculated 

0 . 00722 0,0906 0 . 0647 0 . 0612 
0.0 121 0 . 110 0.0729 0.0724 
0 . 0185 0.136 0 . 0776 0 . 0871 
0.03 12 0.176 0.101 0.108 
0 . 0527 0.229 0. 128 0.132 
0.0782 0 . 280 0 . 147 0.152 
0. 136 0 . .369 0.178 0 .183 
0 . 267 0 . 516 0.220 0 . 217 
0 . 361 0.600 0. 238 

Table V. 
La. ( NO 3 J 3 ( a. 4, 97 X 10- 8 cm} 

e e 
4-y' R observed calcu l ated 

0 . 00528 0 . 0728 0 . 0684 0 . 0828 
0 . 0142 0. 119 0 .11 0 0 .1 21 
0 . 0322 0.179 0 .1 51 0.157 
0 . 0343 0.185 0 .1 58 0 .1 61 
0 . 0889 0.298 0 . 197 0.204 
0 . 0944 0.308 0 . 201 0.207 
0 . 173 0.418 0.223 0 . 230 
0.205 0 .453 0.229 0.235 
0 . 346 0.588 0.243 0 . 248 
0 . 599 0.836 0 . 255 

Table VI. 

NrSO.(a = 3.35"' 10 -e cm) 
e e 

2y ' J2Yt observ ed calculated 

0,00640 0 . 0800 0.160 0, 147 
0.0107 0 . 103 0.199 0.1 79 
0.0149 0.122 0.220 0.203 
0.0262 0.162 0 . 258 0.248 
0.0534 O.&n 0.306 0 . 311 
0 . 0976 0 . 312 0 .349 0.368 
0.138 0 . 372 0 . 392 0.400 
0.242 0 .4 93 0.445 
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the third co lumn the observed va lue of 0,* and in th e f our th 
c olumn the value of th e sa me quantity computed from equat i ons 
(53 ) and (51). The figur e corresponding t o th e high est conce n
tration is not entered here, since f r om it in each inst ance the 

' ' average diameter a , given in the title of the tables , was computed . 

Finally , in Figure 6, is g iven a representation of the theory 

KCI 

Figure 6 

and observation of KCl solutions with ~ater as solvent. In dis
cussing thi s figure, it is our prin c ipal intention to present a 
fe w indications r ega rdi ng the beh avi or of c oncentr ated so luti ons; 
incidentally, we int end to s how how large th e d isc repan cies ar e 
between the sep arat e r es ult s g iven in the literature in spi t e of 
hi gh acc ur acy claimed by the ind ividual observers. For this pur
pose the f igure contains all observations on KCl solutions s ince 
1900 that we found. 1 2 As abscissa i s chosen , as before, ffy, 
where y de~otes, accor ding to our definition , t he concentration in 
mole s per liter s olution. All information referrin~ t o co ncen tra
tions measured differently, is here ca lcul ated for these conce n
trati ons by mea ns of the rreasured densi ties 13 of KCl solutions . 
The ordinate is agai n designated by 0, it does not , ho•,eve r, e,c
actly repreqent th e ·previous expres s ion: 

In fact, not even the cla ss ical theory pre scribes proportionality 
between freezing point depression and concentration for concentra
ted solutions . First, this is so becaus e log (1-c) and not the 
concentration itself appea rs in the cla ss ic a l equation . Second , 
the differenc e between th e thermodynamic potentials of i ce and 
wat er is no longe r given with sufficient accurac y by the fi rst 

*see pre vi ous t ootnote. 
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term of th e Taylor expansion, proportion a l to 6, th: s~co nd tenn, 
involving 6 2 , must be retained. Accordingly, in this in 5t ance, 
we hav e to use the complete equation (34). For KCl we have n1: 
"2 = n and z 1 • z 2 • 1, further we shall again replace the two ion 
diameters a 1 and a 2 by an average value a. Then equation 34 may 
be rearranged as follows: 

A (c,-c,: Q) ] E
1

X - z ....:...._ .a.._'"Fi"""P'""' +Iog(1-2c) - - 6DkTo T
0 

2 R re. l 0, 
(54) 

The term on the left-hand side ~as nOl'r computed for different con
centrations. For this purpose c,, - Cp • \Tas put equal to 3. 6, 
corresponding to an approximate value for c,,• = 14.4, extrapolated 
from Nernst's measurements 14 of the specific heat of ice at 273°. 
It is further required for the comput at ion to know the relation 
between the molar concentr ati on c and the volume concentration y. 
By means of the observed density of the so lution, this relation 
can be readily given, however, here as well as in the derivation 
of the equation, the molecular weight of water has a certain ef
fect. Though this effect vanishes in the first approximation, it 
can not be eliminated from the second - order terms. Inasmuch as 
the effect is of second order only, its influence is considerably 
reduced; we have, therefore , used the simple molecular weight 18, 
throughout. Finally the quantity 2nv 0 in the denominator can be 
put equal to: 

'.JIIVo """ 2.QO_Y_ 
1000 

where 0 0 designates the molar volume of ~ater. Provided no mutual 
electric effect of the ions was present, the left-hand term should 
give ~era for substitution of the observed freezing point depres
s ion. Actually it gives a finite value, and we designate this 
finite value by -8. Then, according to the theory, this differ
ence 0 must be represent ed by the ri ght-hand term so that: 

E1 X 
8 = 6DkTa (xa) = o.270Y27o (xa ) . (S,) 

should hold . It can be ascertained that the definition for 0 
obeyed here is, in the limit, identical with the one given above 
for 101, concentrations. 

The points entered in the figure have the or dinates calculated 
from the observations in the manner indicated . The curve in the 
figure repr ese nts the right-hand term of equation (55) under the 

. - ' assumption that a• 3.76 x 10 8 cm. This value of a was deter-
mined from one observation by Adams, according to which the ex
perimental value 0 = 0 . 0758 is associated with y ~ 0 . 117. The 
straight line which is also given in the figure again represents 
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the limiting law for extreme dilution corresponding too; 1. It 
may be stated that, up to concentrations of approximately one mole 
per liter, the observations are well represented by the curve . 
For higher concentrations, the observations sh01v a maximum for 8. 
The theoretical curve also has a maxifTIUlll; this is so flat, however, 
that it is hardly indicated, as shown by the figure. We are in
clined to consider this discrepancy at high concentrations as 
factual, and wish to present a few pertinent remarks in the next 
section. 

X. General Remarks 

From the preceding discussion it .may be concluded that it is 
inadmissible from a theoretical as well as from an experimental 
point of view to consider the electric energy of an ionic solu
tion to be essentially determined by the average mutual distance 
of the ions. Rather, a quantity which measures the thickness of 
the ion atmosphere or, to connect with something known better, the thick
ness of a Helmholtz double-layer proTes to be a characteristic 
length. In view of the fact that this thickness depends on the 
concentration of the electrolyte, the electric energy of the solu-
tion also becomes a function of this quantity. The fact that this 
thickness is inversely proportional to the square root of the con
centration is responsible for the characteristic appearance of 
the limiting laws for highly diluted solutions . Though we must 
decline to talk in terms of a lattice structure of the electrolyte 
in the conventional sense, and though, as shown by the develop-
ment of the subject, taking this image too literally l eads to in
admissible mistakes, it still contains a grain of truth. To make 
this clear, the following two imaginary experiments are carried 
out. First, we take an element of space, and consider it placed, 
repeatedly, at arbitrary positions in the electrolyte. It is clear 
that, in a binary electrolyte, we shall find therein positive and 
negative ions with equal frequency. Second, we take the same 
spatial element, and again place it repeatedly in the electrolyte, 
now not arbitrarily, but always such that it is, for instance, 
located at a definite distance (of several angstrom unit s ) from 
an arbitrarily selected positive ion . Now we shall not find posi-
tive and negative charges with equal frequency, the negative 
charges will prevail in number. In that the oppositely char ged 
ions, on the average, prevail in number in the immediate surround-
ings of each ion, we can see, correctly, an analogy to the crystal 
structure of the NaCl type, where each Na ion is immediately 
surrounded by 6 Cl ions ~nd each Cl ion by 6 Na ions. However, 
it is to be considered an essential characteristic of the electro 
lytic solution that t .he measure for this order is determ ined by 
the thermal equilibrium between attracting forces and temperature 
movement, while it is definitely predetermined for the crystal. 

259 
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The computat ions and comparison •vith experience •vere carried 
out by ta k ing the conventional dielectric constant f or th e su r
roundin g so lv ent . The success justifies this assumption . Though 
this pr ocedu r e i s j ustifi abl e f or l ow concentrations, it shou ld 
cause mistakes for higher concentrat ion s . In fact, it foll ows from 
dipole theory that for high field intens i ties, dielectrics ~ust 
show sa tur ation phenomena si~ilar t o the kn~'ITl magnetic sa t~ration. 
The r ecen t experiments by Herweg11> may be taken as an expe ri mental 
confirm ati on of this theoretical r equ ir ement. Since at a di st ance 
of 10- 7 cm. from a s ing ly charged ion, a fiel d inten s ity of approx ~ 
mately 200 , 000 vo lt /cm. i s t o be expected, we shou ld be prepa r ed to 
observ e sornethiru!; of thP.se saturation phenomena . It ••roul1, of 
cour se , be very interestin~ if ~n 3tt empt to sepa rate thi ~ effect 
in its conseque nces from the observat ion 9 were succes sf ul, the more 
so that nature put s at our disposal field intensitie s of a magni
tu de hardly attainable otherwise •'fith convention a l experimental 
means. 

In another re s pect concentrated solutions shou ld show a 
special behavior. If many i ons ar e present in the surroundings of 
each s ingle ion, this can be r ega r ded as a change of the sur rou nd
ing medium with respect to it s e l ect rical prop e rties, an effect 
which has not been taken into account in the preceding theory . The 
manner in which this may bec ome effe ctive may be indic ated by the 
following considerations. Let us consider one fixed ion and 
anoth er mobile ion , oppositely charged, and investigate the amount 
of work r equi red to r emove th e mobile ion. Thi s work may be r e 
garded as composed of t•'fo parts: (1) the i on ~vill require a cert~in 
amount of •vork for it s r emoval, and (;:;) we sha ll ga in work by fill
ing the space , previously taken up by th e ion, with sol vent. Ex
periments concerning the heat of dilution actu a lly provide an indi
cation of the ex i~tence of such conditions . Let us take, f or ex
ample, a HN03 solution of initially low concentration and dilute it 
with a lar ge quantity of water (i.e., so much th at furth er dilution 
would not camie any hea t effect) , cooliru:s ,.,ill take l)l ace , i.e., 
work must be done in th e sense of the previous con s ider ations to 
sep a rate th e ion s fr om one anothe r. If the initial so luti on has a 
higher conc ent r at ion, then, in the same e~peri ment , he at is gene 
rated, i . e ., worY is obt~ined, if the surrounding of each ion is 
fre ed oJ a sufficient number of other ion s whic h are replac ed by 
~ater molecules. In conventional l aru:suage, it is said that a pre
domin ant hydration of the ion s occurs, and that this i s to be r e
garded as an exothermic process . Obviously the above considera
tions intend an explanati on of this so - called hydration on a pur e ly 
electric bas is. In fact an app r oximate computation can be carried 
through which gives th eo retic a lly Berthelot's rule, va lid in this 
connection for th e depende nce of th e heat of dilution from the 
initial concentration, and which makes pl~u s ible the order of magni 
tude of th e expe r imentally determin ed nwnerical coefficient of this 
rule . These considerations have some bearing on the f r eezing roint 
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obAervations inasmuch as the y suggest the possibility of computi~ 
why and to what extent the curves found for the percentage devia
tion 0 (compare the case of KCl) bend downward for hi ~her concen
trat io ns and may even cross the abscissa provided the concentration 
is high enough . In this instance, the freezing point depression 
exceeds the one expected from class ic al theory (also, as may be 
stated explicitly, if the cl assical theorv is used in its unabbre
viated form) . Until now, one has been re~igned, in such case s , to 
talk about hydration. 

However, before conditions for concentrated solutions can be 
investi ga ted, it must be sho •·m th at the irrever s ible process of 
electric conduction in Rtrong el ect rolytes can a is o be understood 
quantitatively from our po int of v ie•v. We reserve the detailed 
pre sent ation of this ~ubject for a future article. Here only the 
basic idea s , which will be discussed more thoroughly in that paper , 
may be indicated. If an ion moving in a liquid is subjected to ~he 
influence of an external field, the surrounding ions will have to 
move constantly in order to form the ion atmosphere. If wen°" 
assume for a moment that a charge is suddenly generated in the 
electrolyte, an ion atmoqphere will have to appear which requires 
a certain time of relaxation for its formation. Similarly, for a 
moving ion, the surrounding atmosphere will not attain its equili
brium distribution and thus cannot be computed on the bas is of the 
Boltzmann-Maxwell principle . However, the determination of its 
charge distribution can be carried through on the basis of an ob
viou s interpretation of the equations for the Brownian movement . 
It can be estimated qualitatively in which direction this effect, 
caused by the presence of a finite relaxation time, will be opera
tive . At a point in front of the moving ion (i.e., a point tovard 
which it moves) the electric density of the ion atmosphe re must in
crease "!ith time; it must decrease for a point behind the ion. As 
a consequence of the r el~xation time, the density in front of the 
ion will be slightly smaller than its value at equilibrium; behind 
it, hc:mever, it will not yet have decreased to its equilibrium 
value. Consequently , during the movement there al ~ays exists a 
sli~htly l a r ge r electrical density of the ion atmoqphere behind 
the ion than in front of it. Since cha rge density in the atmos
phere 3nd cha r ~e of the central ion a lw3vs carry opposite signs, 
~ force braking the ion movement will occur, ind e pendent of its 
si~n, and obviously this force will increase ~ith increasing con-
centration . 

This is one effect which operates in the same sense as a de
crease in dissociation calculated on the bas i s of Ostwald's dilu
tion iaw. However, still another effect is present which must be 
taken into co nsideration. In the vicinity of an ion are pre
do~inently ions of the opposite si~ n, which under the influence 
of the external field ~ill, of course, move in the opposite direc
tion. These ions will , to a certain degree, drag alon~ the sur
rounding solvent, thus causing the conairlered sing le ion not to 

26 1 
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move rel at iv e to a s tation ary so lvent but r elative to a s olvent movin~ in th e opposite d ir ect ion. Since, ap par e ntl y , thi s effect incr eases with in creasing concentration, ,.,e hg.ve a second effect operati~ in the same sense as a decrease in dissociation. The effect can be calculated quant it a tiv ely according to the principles use d by Helmholt z for th e tre atment of electrophoresis . 
The co!!1llon f actor of the two e ffect s j ust ment ioned consists, as is sh~,n by the comput ations, in th e fac t that both a r e c losely relate d to the thickness of the ion atmosp her e , and that, therefore, the gene rate d fo r ces ar e proportional to th e squa r e r oot of the concentr a tion of the electrolyte, at l east in the limit for ve ry low concentrations. Thus we obta in a law, foun d by Kohl r ausch 18 

ac cording to which for low concentrations the percenta ~e devia ti on of th e moleculg.r conductivity fr om i ts limiting value a t infinit e dilution is proportion al to the squa re root of the concentration . Also the proportionality factor thu s fi nds a molecu l a r interpretation. 
Anticipating the detailed representation of electrolytic conductivity in prospect for a following article, we can state as an over-all re su lt th at the view, according to which st rong electrolytes are completely dissociated, is entirely supported . 
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