Appendix A. Gersgorin’s Paper from 1931,
and Comments on His Life and Research.

It is interesting to first comment on the
contents of Gersgorin’s original paper
from 1931 (in German), on estimating
the eigenvalues of a given n X n com-
plex matrix, which is reproduced, for the
reader’s convenience, at the end of this
appendix. There, one can see the origi-
nality of Gersgorin pouring forth in this
paper! His Satz II corresponds exactly to
our Theorem 1.1, his Satz III corresponds
to our Theorem 1.6, and his Satz IV, on
separated Gersgorin disks, appears in Ex-
ercise 4 of Section 1.1. In his final result of
Satz V, he uses a positive diagonal sim-
ilarity transformation, as in our (1.14),
which is dependent on a single parame-
ter o, with 0 < a < 1, to obtain bet-
ter eigenvalue inclusion results. This ap-
proach was subsequently used by Olga Taussky in Taussky (1947) in the
practical estimation of eigenvalues in the flutter of airplane wings! However,
we must mention that his Satz I is incorrect. His statement in Satz I is that
if A= la;;] € C"*" satisfies

laii| > ri(A) = Z la; j|, forallie N,
JEN\{i}

with strict inequality for at least one 7, then A is nonsingular. But, as we have

Appendix A.1l. Semen Aronovich
Gersgorin

seen in Section 1.2, the matrix A = Ll) 0

the above conditions, but is singular. (Olga Taussky was certainly aware of
this error, but she was probably just too polite to mention this in print!)
As we now know, her assumption of irreducibility in Taussky (1949), (cf.
Theorem 1.9 in Chapter 1) clears this up nicely, but see also Exercise 1 of
Sec. 1.2.

We also mention here the important contribution of Fujino and Fischer
(1998) (in German) which provided us with the biographical data below on

} is a counterexample, as A satisfies
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Gersgorin, as well as a list of his significant publications. This paper of Fujino
and Fischer (1998) also contains pictures, from the Deutsches Museum in
Munich, of ellipsographs, a mechanical device to draw ellipses, which were
built by Gersgorin. There is a very new contribution on the life and works of
Gersgorin by Garry Tee (see Tee (2004)).

10.

11.

12.

13.

Semen Aronovich Gersgorin

Born: 24 August 1901 in Pruzhany (Brest region), Belorussia

Died: 30 May 1933 in St. Petersburg

Education: St. Petersburg Technological Institute, 1923

Professional Experience: Professor 1930-1933, St. Petersburg Machine-
Construction Institute

SIGNIFICANT PUBLICATIONS

. Instrument for the integration of the Laplace equation, Zh. Priklad. Fiz.
2 (1925), 161-7.

. On a method of integration of ordinary differential equations, Zh.

Russkogo Fiz-Khimi. O-va. 27 (1925), 171-178.

On the description of an instrument for the integration of the Laplace

equation, Zh. Priklad. Fiz. 3(1926), 271-274.

On mechanisms for the construction of functions of a complex variable,

Zh. Fiz.- Matem. O-va 1 (1926), 102-113.

On the approximate integration of the equations of Laplace and Poisson,

Izv. Leningrad Polytech. Inst. 20 (1927), 75-95.

. On the number of zeros of a function and its derivative, Zh. Fiz.- Matem.

O-va 1(1927), 248-256.

On the mean values of functions on hyper-spheres in n-dimensional space,

Mat. Sb. 35 (1928), 123-132.

A mechanism for the construction of the function ¢ = 1(z — é), Izv.

Leningrad Polytech. Inst. 2 (26) (1928), 17-24.

On the electric nets for the approximate solution of the Laplace equation,

Zh. Priklad. Fiz. 6 (3-4) (1929), 3-30.

Fehlerabschatzung fiir das Differenzverfahren zur Losung partieller Dif-

ferentialgleichungen, J. Angew. Math. Mech. 10 (1930).

Uber die Abgrenzung der Eigenwerte einer Matrix. Dokl. Akad. Nauk

(A), Otd. Fiz.-Mat. Nauk (1931), 749-754.

Uber einen allgemeinen Mittelwertsatz der mathematischen Physik, Dokl.

Akad. Nauk. (A) (1932), 50-53.

On the conformal map of a simply connected domain onto a circle, Mat.

Sh. 40 (1933), 48-58.

Of the above papers, three papers, 10, 11, and 13, stand out as seminal

contributions. Paper 10 was the first paper to treat the important topic

of

the convergence of finite-difference approximations to the solution of
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Laplace-type equations, and it is quoted in the book by Forsythe and Wasow
(1960). Paper 11 was Gersgorin’s original result on estimating the eigenvalues
of a complex n X n matrix, from which the material of this book has grown.
Paper 13, on numerical conformal maps, is quoted in the book by Gaier
(1964). But what is most impressive is that these three papers of Gersgorin
are still being referred today in research circles, after more than 70 years!

Next, we have been given permission to give below a translation, from
Russian to English, of the following obituary of GerSgorin’s passing, as
recorded in the journal, Applied Mathematics and Mechanics 1 (1933), no.1,
page 4. Then, after this obituary, GerSgorin’s original paper (in German) is
given in full.

APPLIED MATHEMATICS AND MECHANICS
Volume 1, 1933, No.1

Semen Aronovich Gersgorin has passed away. This news will cause great
anguish in everybody who knew the deceased.

The death of a great scientist is always hard to bear, as it always causes
a feeling of emptiness that cannot be filled; it is especially sad when a young
scientist’s life ends suddenly, with his talent in its full strength, when he is
still full of unfulfilled research potential.

Semen Aronovich died at the age of 32. Having graduated from the Tech-
nological Institute and having defended a brilliant thesis in the Division of
Mechanics, he quickly became one of the leading figures in Soviet Mechanics
and Applied Mathematics. Numerous works of S.A., in the theory of Elastic-
ity, Theory of Vibrations, Theory of Mechanisms, Methods of Approximate
Numerical Integration of Differential Equations and in other parts of Me-
chanics and Applied Mathematics, attracted attention and brought universal
recognition to the author. Already the first works showed him to be a very
gifted young scientist; in the last years his talent matured and blossomed.
The main features of Gersgorin’s individuality are his methods of approach,
combined with the power and clarity of analysis. These features are already
apparent in his early works (for example, in a very clever idea for construct-
ing the profiles of aeroplane wings), as well as in his last brilliant (and not yet
completely published) works in elasticity theory and in theory of vibrations.

S.A. Gersgorin combined a vigorous and active research schedule which, in
his last years, centered around the Mathematical and Mechanical Institute at
Leningrad State University, as well as around the Turbine Research Institute
(NII Kotlo-Turbiny) with wide-ranging teaching activities.

In 1930 he became a Professor at the Institute of Mechanical Engineering
(Mashinostroitelnyi); he then became head of the Division of Mechanics at
the Turbine Institute. He also taught very important courses at Leningrad
State University and at the Physical-Mechanical Institute of Physics and
Mechanics.

A vigorous, stressful job weakened S.A.’s health; he succumbed to an
accidental illness, and a brilliant and successful young life has ended abruptly.
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S.A. Ger3gorin’s death is a great and irreplaceable loss to Soviet Science.
He occupied a unique place in the Soviet science - this place is now empty.

A careful collection and examination of everything S.A. has done, has
been made, so that none of his ideas are lost - this is the duty of Soviet
science in honor of one of its best representatives.
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HN3BREOTHA AKAJEMHY HAYE COCP, 1931
BULLETYN DN L'ACADEMI¥ DES SOJENOES DR 1'URSS

Closse dos soienods OYReZONMO MATOMATMUOUEKE
mathématiguos ot naturelloes 5 0CTOOTBORMRX NROYR

UBER NIX ABGRENZUNG DEIl EIGENWERTE EINER MATRIX
Yon 8, GERSOIGORIN
(Présenté par A, Krylov, membre de UAcadémie des Sciences)
§ 1. Habon wir efne Matrix

Gy gy - o Gy

) (ggs « oo G

( ) A 2 L

AR N

wo die Tolemente ,;, beliebige komploxe Zahlon sein dtixfon, und bozeichnon .
wir durch s, (k==1, 3,...n) ihre Eigonwerte, d. h. die Wurzeln der
Gleichung

Gy = By By, v by
D) Qpg—F <. . 8y
@) = (),
L I N DR N I B L T I I Y T R B 'Y
Uy Ung» <o By o8

8o gilt nach Bendixson und Hirxsch * dio Ungleichung
|| e,

wo o den Maximalwert allor Zahlon |a,,] bedentet.
Wit wollen im folgenden zeigen, dass man im allgemeinen viel schsir-
fore Aussagon fiber dic Lage der Eigenwerte machen kann,

* Sur les racinos daus fquetion fondamentnlo, Acta Mathomaticy, t. 25 {1000).
— 49 —
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760 8, GERSOIIGORIN

Wir beweigen zuntichst den folgonden Satz, dor einem von I.. Lévy?
tbor Matrizen mit reellen Elementen ausgesprochonen véllig analog ist.
Satz 1. Sind in der Matrix (1) die Bedingungon

(8) la‘-,-]?_E' | gy G=1,.. n
k

erfullt (wobei das Ungleichheitszeichen mindostens fr oinen Wort von ¢ gilt),
80 ist die Determinante A dieser Matrix gewiss von 0 verschisden.
Zum Beweis betrachten wir das zu der Matrix (1) zugehirige homogene
@leichungssystem
Gy Oy ~1=Brg Ty ==+ + v == Gy, 7, == V),

By Ty 4 Gy By~ -+ = By &, 20 ),

)

Qg By 4= Qo By == o2+ 4~ 0, & = 0.

Solite entgegen dor gemachten Annahmo A ==0 sein, so hat das
System (4) eine nichtverschwindende Lbsung z,° z.° ... #,° (wobel diese
Worte auch nicht alle oinander gleich sein kinnen). Sol |&,°| die gr¥ssto
untey den Zahlen ||, so dass

(5) LHRSEN (=t
Wir betrachten nun die p~te der Gleichungen (4), welche lautet
(6) Gy B ==~ ;l Bup T
Aus den Ungleichungen (8) und (5) folgt aber
121> 23 el 2
was mit der Qleichung (6) unvereinbar ist. Damit ist der Satz bewieson.*¥*

* Sur la possibilité de I'équilibre 6loatrique. 0. B. do PAurdémie des Sciences, t. XCII
(1881).

** % bedoutet die Summation abor lto Werte von %, aussor k==,

¢¢% Rino onalogo (borlegung wurdo schon fralior von J. Kusmin gum Bowois des
L. Tbvy'achen Bates verwondet.
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BER DI ABGRENZUNG DER BIGRNWERLE KINER MATKIX 761

§ 2. Verwenden wir den oben gofundenen. Salz zar Matrix

Gy =8y By ™
Oq» Ugy ™5, O
(7)
bpy> Oyg» Q== B

so finden wir, dass dle zugehtrige Doterminante. von O verschieden ist, falls
die Bedingungen

®) l%:*-*#IZZ' lag (i=1,...n)
=

(wo das Ungloichheitszeichen mindestens fiir cin < gilt) erfullt sind.

Die geomoirische Interpretation dieses Resultates filbrt uns auf den
folgenden Satz,

Satz II. Die Eigenwerte #,, . . . #, dor Matrix (1) Hegen nur innerhalh
des abgeschlossenen Gebietes @, das aus allen Kreisen K (t=1, ... n)
der e-Tbone mit den Mittelpunkten a,; und zugehdrigen Radien

&= 57;; lag|

besteht.

Tis knnn vorkommen, dass 7 von den Kreisen K (m==1,...%) 2u
einem zusammenhingenden Gobiet Z,,, susammentallen, woboi alle #ibrigen
Kreiso ausserhalh dieses Gebintos liegen. Ubex dio Verteilung der Eigenwerte
unter verschiedemen so definierten Gebieten Z ) kann der folgende Satz
ausgesprochon werden,

Satz T0. In jedem Gebiet H,, liegen genau m Kigonwerte der
Matrix (1).

Es sei H,, ans den Kroisen

). &

) Ki3’~' “ K,.'m

gebildot, 'Wir betrachten neben dor Matrix 4 eine andere Matrix A', bei
wolcher alle nicht in dex Diagonale stehende Elemente der Yoilen

B, Bgy v e By
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162 B, GURSORGORIN

vorschwinden, die tbrigen abor donjenigen der Matrix A gleieh sind. Dio
Matrix A’ hat sicher die Rigenwerte

Fidyy Mgtyre ++ Bigyiy

Nun fangen wir an die oben erwhlnten verschwindenden Ilomente der
Matrix A' von 0 bis zu ihren Wexton in der Matrix A so stetig zu verindern,
dass ibre absoluten Betriige monoton wachsen. Die Kroiso

Ko, Ky oo K
wachsen dabel stetig, bleiben jedoch jramer vou den tbrigen fosten Kreison X
der 2-Ebone getrennt. Da dio Jigonwerte der Matrix stotig von ihren Ele-
menten abhiingen, folgt daraus, dass in den Kreisen

A% S

immer m Eigonworto liegen mussen. Dio Zabl der Eigenworte in H,, kann
nicht m WUberschroiten, da jhre gesamto Anzahl in allen Gobioten H,
genau # gloich sein muss. Damit ist unser Satz bewieson.*

Lisgen alle Kroise K; gotrennt voneinander, was durch die Bedin-

gungen
(9) Ia‘.{——-aﬁlzz’la,.kl-p.z',ajk, (f=1,...0; §=09,...n; §>1)
k x

ausgedriickt werden kann, so sind alle Eigenwerto voneinandor abgegrenzt.
Da oine Gleichung mit rcellen Koefflzienton nur paarweise konjugierte
komplexe Wurzeln besitzon kann, foigt daraus unier anderen der folgende
Saiz,

Satz IV. Sind alle Elemente der Matrix (1) reel und bestehen die
Relationen (9), so sind die smtlichen Ligenwerte dieser Matrix reel.

§ 8. In allen vorstehendon Shtzen kann man statt der Zeilon die
Spalton heranzichen. Wir gelangon in dieser Weiso im allgemcinen zu einem
neuen System & von Kreisen K, welche auch zur Abgrenzung der Wurzeln
dienen kdnnen, Wir kénnen auch mehrere solche Kreissysteme bekommen,
indem wir unsére Matrix verschiedenen Transformationen unterwetfen, bei

* Der Satz bleibt auch dann richtig, wenn sich Hign) mit deu itbrlgon Krelsen von aussen
berithrt, so dass mau Lol Bostbnmung der Gebioto Him) Bolckie Borahrungon audaer acht lasgen
kana,
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UBRR DIF ABGRENZUNG DEN TIGENWURTE BINER MATRIX '+ 708 -

donen das Spektrum sich nicht #ndert. Man gelangt dabel im rligemeinon
2u ciner besseren Abgrenzung der Eigenwerte, da die lotzteren nur in
denjonigen Punkten liogon ditxfon, wolche afmtlichon Kreissystemon gehtren.
Gonauer: es soien die Kreissystemo G, (A=< 1,. . .Z) vorhanden, von denen
jodos aus don Kreigen K™ (i==1, ... n) bestoht. Wir stollow uns vox, dass
die Kreise von @G, in #, (n, < n) voneinandoer gatrennte zusarniaenblingendo
Gebiote

A, g%, ... u

zerfallen. Zu jodom Gebiet ™ (j==1, .. . n,) soll % von den Kreison E®
gohdren. Wir houoichnen weitor durch '531 5 ein Gebiot, welchos allen
Gobioton

2(1)  74(2) (1

a2, ...
gemeinsum ist (wo j) bestinmte Zahlen <, bedeuten). Dann liegen. im
@ebiot & . (es kanu auch nicht zusammenhingond sein) gensu m; .
Eigenwerte, wo . . .; dis kleinsto der Zahlen

W @ U]

ist.

Wir ktnnen diese Ubcrlogung in folgender Weiso verwenden, s sel ZI
oin aus don Krejsen

K, Ky, .. K (m<n)
bestehondes zusammonhtingendes Gebiet, welches von den anderen Kreisen K;

gotrennt Jiegt. Wir unterwerfon unsere Matrix 4 einer Yransformation mit
Hilfe dor Matrix §'==|g,[|, wo

o (S=zdp, igy . i)
$pp== C
1 (zdy, dgye - obm)

Die Zahl 0 <<« <1 ist noch spiiter genauor zu definieron. Dio trans-
formierte Matrix B==S48"" ontstoht aus 4 durch Multiplikation der
Reihon 4, 45, .. . 4, wit @ und Division der entsprechendon Spalten dwrch a.
Wir ktnnen « so wiihlen, dass die Xreise

K, , K, K,

My y By e By
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764 6, GERBCHGORIN

des Bereiches X, verklsinert werden, ohne die iibrigen Kreise X, welche
sich dabei vergrssorn, zu schnoiden (es daxf htchstons eine Berithrung von
aussen cintreten). Damit erroichen wir cine hessere Abgrenzung der in H_,
lisgenden Eigonwerte.

Wir wollen niher auf den Fall m == 1 cingehen. Jis sei I, oin isoliert
liegender Krois, Die Bedingungen fir « lauten dann

- 1 _
(10) Ia“-ajj|2’¢ Z l“(h' -+- '&'I“ji\"'zulajk" (f==1y...n; J9)
k

wobei E" dic Summation ither alle % mit Ansnahme k==1{ upd lk==y

k
bedeutet. Man kuun, wie leicht zn ersehen ist, allen liber « gostellten
Bedingungen geniigen, indem wir sotzen *

7 . Y i 7
lag; — ,'j|”‘2 |“jk!"‘\/(|“u"_"“jj|'“2 |“jk1)""4(“jc\2 |atez]
k % k
2D |aw
I

Wir kommen damit zum folgenden Resultat,

Satz V. Ist X, ein isoliert liogender Kreis des Gebietes G, so liegt
der wugehdrige Eigenwert iunerhalb des zu K; konzontrischen lkleineren
Kroises K; mit dem Radius

« === INAaX

R", = aRi =%

1 O RV 3 A ’
"‘mﬁxg[ﬁ"‘u.‘““jjl‘% |“jk|"\/(|“ii“'“jj|—% ]“jk.l) *”'“jﬂ% |“£li'

* Das Zefchen max bedoutot dos Maximum der nachstehenden Grisse ftir alle Werte
von j ausser j = 4.



Appendix B. Vector Norms and Induced
Operator Norms.

With C™ denoting, for any positive integer n, the complex n-dimensional
vector space of all column vectors v = [v1,vs,- -+, v,]T, where each v; is a
complex number, we have

Definition B.1. Let ¢ : C* — R. Then, ¢ is a norm on C" if

zg @Ex) f(zaulldx 61(Cnf)

1) @(x)=0 ifand onlyif x =0

(B1) i) @(7%) = [7lp(x) (any scalar 7, any x € C");
) px+y) <o) +ely) (alxyeC).

Next, given a norm ¢ on C", consider any matrix B = [b; ;] € C™™™, so
that B maps C" into C™. Then,

p(Bx)
(B.2) [|Bl|, := sup = sup ¢(Bx)
’ x#£0 o(x) p(x)=1

is called the induced operator norm of B, with respect to .

Proposition B.2. Given any A = [a; ;] € C"*", let 0(A) denote its spec-
trum, i.e.,
a(A) :={) € C: det(\ — A) =0},

and let p(A) denote its spectral radius, i.e.,

p(A) = max{|\|: A € o(A)}.
Then, for any norm ¢ on C",
(B.3) p(A) < [[All,.

Proof. For any A € o(A), there is an x # 0 in C" with Ax = Ax. Then, given
any norm ¢ on C", we normalize x so that ¢(x) = 1. Thus, from (B.1éii),
(B.2), and our normalization, we have

p(Ax) = [Alp(x) = [Al = p(Ax) < [[Allg - (%) = [|All,,

ie., [A| < [|A]|,. As this is true for each X € o(A), then p(A) < ||A]|,. |
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Proposition B.3. Let A and B be any matrices in C™*", and let ¢ be any
norm on C". Then, the induced operator norms of A+ B, and A - B satisfy

(B4)  [[A+ Bllp <[[All, +||Bll, and [[A- B[, <||All, - [|Bll,-
Proof. From (B.1) and (B.2), we have

|4+ Bll, = sup @((A+ B)x) = sup @(Ax + Bx)

p(x)=1 p(x)=1

< (Su)pl{sD(AX)W(BX)}
p(x)=

< sup p(Ax)+ sup @(Bx)
p(x)=1 p(x)=1

= [|Allp + ||B|l,-

Similarly, from (B.2)

p(A(Bx)) ¢(Bx)
|A - Bl|, = sup ———" < sup < [|Al[, - < [1All - 1IB]].
x#0 ‘P(X) x#0 @(X)
[ |
For x := [z1,%9, -+, 2,]T € C", perhaps the three most widely used

norms on C" are £1,¢5, and {,, where

n n %
1xlle, =D lwsls [xlle, == (Z xi|2> ;
j=1 i=1

and

[Ixlles := max fa].
1<i<n

(B.5)

Given any matrix C' = [¢; ;] € C"*", the associated induced operator norms
of C for the norms of (B.5) are easily shown to be

Il = (zmm

(B.6) and

1Cewe Zlaml ;

) Clle, = [p(CCH))2,

where C* := [¢; ;] € C"*".



Appendix C. The Perron-Frobenius Theory of
Nonnegative Matrices, M-Matrices, and
H-Matrices.

To begin, if B = [b; ;] € R™*" is such that b;; > 0 for all 1 < 4,5 < n,
we write B > O. Similarly, if x = [z1, 22, -+, 2,]T € R" is such that z; >
0 (z; > 0) for all 1 < i < n, we write x > 0 (x > 0). We also recall
Definition 1.7 from Chapter 1, where irreducible and reducible matrices
in C™*" are defined. Then, we state the following strong form of the Perron-
Frobenius Theorem for irreducible matrices A > O in C™*". Its complete
proof can be found, for example, in Horn and Johnson (1985), Section 8.4,
Meyer (2000), Chapter 8, or Varga (2000), Chapter 2. For notation, we again
have N :={1,2,---,n}.

Theorem C.1. (Perron-Frobenius Theorem) Given any A = [a; ;] € R™*",
with A > O and with A irreducible, then:
i) A has a positive real eigenvalue equal to its spectral radius

p(A);
it) to p(A), there corresponds an eigenvector x =
[xla T, 7xn]T > O;

11)  p(A) increases when any entry of A increases;
i)  p(A) is a simple eigenvalue of A;
v)  the eigenvalue p(A) of A satisfies

E :aiijj E Q4,5 T
eEN

. J . JEN
(C.1) sup{ min | — = p(A) = inf < max
x>0 | ‘€N X; x>0 | ieEN x;

In the case that A > O but is not necessarily irreducible, then the analog
of Theorem C.1 is

Theorem C.2. Given any A = [a; ;] € R™*" with A > O, then:
i) A has a nonnegative eigenvalue equal to its spectral radius

p(A);
it)  to p(A), there corresponds an eigenvector x > 0 with x #
0.

)

i11)  p(A) does not decrease when any entry of A increases;
iv)  p(A) may be a multiple eigenvalue of A;
v)  the eigenvalue of p(A) of A satisfies
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2 sty
. — inf JEN
(€2 A= |

Next, given A = [a;;] € R™*", then A is said (cf. Birkhoff and Varga
(1958)) to be essentially nonnegative if a; ; > 0 for all ¢ # j, (i,j € N),
and essentially positive if, in addition, A is irreducible. Similarly, we use
the notation

(C.3) 2" :={A=a;;] ER™" :a;; <Oforalli#j(i,jeN)},

which also is given in equation (5.5) of Chapter 5. We see immediately that
A is essentially nonnegative if and only if —A € Z"*".

For additional notation, consider any A = [a; ;] € C"*". We say that
M(A) := [ ;] € R™™™ is the comparison matrix of A if «;; := |a; ;|, and
a; ;= —|a; ;| for i # j (i, € N), i.e.,

a1 —larz| -+ —lai]

—lag 1| +lazz2| -+ —|agn]
(C.4) M(A) = : . )

—lan1| —lanz| -+ +lann

where we note that M(A) € Z"*", for any A € C"*". This brings us to our
next important topic of M-matrices.

Given any A = [a; ;] € Z"*", let p := MAX i, SO that A = ul — B, where
1€

the entries of B = [b; ;] € R"*" satisfy b;; = p—a;; > 0and b; ; = —a;; >0
for all + # j. Thus, b;; > 0 for all 1 < 4,5 < n, i.e., B > 0. Then, as in
Definition 5.4, we have

Definition C.3. Given any A = [a;;] € Z"*", let A = uI — B be as de-
scribed above, where B > O. Then, A is an M-matrix if 4 > p(B). More
precisely, A is a nonsingular M-matrix if © > p(B), and a singular M-
matrix if p = p(B).

With Definition C.3, we come to

Proposition C.4. Given any A = [a;;] € R™™"™ which is a nonsingular
M -matriz (i.e., A = ul — B where B > O with > p(B)), then A= > O.

Proof. Since A = uI — B where B > O with u > p(B), we can write that
A= p{I - (B/un)}, where p(B/u) < 1. Then I — (B/pu) is also nonsingular,

with its known convergent matrix expansion of

(C.5) {I =B/}~ =1+ (B/u)+(B/p)?*+--.

Since B/ is a nonnegative matrix, so are all powers of (B/u), and it follows
from (C.5) that
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{I—(B/u)}~' > O; whence, A™' = %{]_ (B/u)}~' > 0.

In a similar way (cf. Berman and Plemmons (1994), (A3) of 4.6 Theorem),
Proposition C.4 can be extended to

Proposition C.5. Given any A = [a; ;] € R"™*"™ which is a (possible singu-
lar) M -matriz (i.e., A = pl — B with B > O and p > p(B)), then, for any
X = [w1, 22, ,2,]T >0, A+ diag[xy,---,x,] is a nonsingular M -matriz.

Now, we come to the associated topic of H-matrices. Given A = [a; ;] €
C™ "™, let M(A) be its comparison matrix of (C.4).

Definition C.6. Given A = [a; ;] € C"*", then A is an H-matrix if M(A)
of (C.4) is an M-matrix.

Proposition C.7. Given any A = [a; ;] € C™*" for which M(A) is a non-
singular M -matriz, then A is a nonsingular H-matriz.

Proof. By Definition C.6, A is certainly an H-matrix, so it remains to show
that A is nonsingular. As in the proof of Theorem 5.5 in Chapter 5, given
any u = [u;, us, -+, U]’ € C", then the particular vectorial norm p(u) on
C" is defined by

(C6)  p(w) = [lual, fuzl, -, Junl]” (any w=[us,uz, -, un]" €CT).

Now, it follows by the reverse triangle inequality that, for any y =
[y1>y27 e 7yn]T in (Cn7

(CT) 1(Ay)il =D aijui| = laiil - il = > lai;

JEN JEN\{i}

“lysl - (any i € N).

Recalling the definitions of M(A) of (C.4) and p(u) in (C.6), the inequalities
of (C.7) nicely reduce to

(C.8) pP(Ay) > M(A)p(y) (any y € C"),

and we say that M(A) is a lower bound matrix for A. But as M(A) is, by
hypothesis, a nonsingular M-matrix, then (M(A4))~! > O, from Proposition
C.4. As multiplying (on the left) by (M(A))~! preserves the inequalities of
(C.8), we have

(C.9) (M(A)"'p(Ay) > p(y) (anyy e C").

But, the inequalities of (C.9) give us that A is nonsingular, for if A were
singular, we could find a y # 0 in C" with Ay = 0, so that p(y) # 0 and
p(Ay) = 0. But this contradicts the inequalities of (C.9). |
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It is important to mention that the terminology of H- and M- matrices
was introduced in the seminal paper of Ostrowski (1937b). Here, A.M. Os-
trowski paid homage to his teacher, H. Minkowski, and to J. Hadamard, men
who had inspired Ostrowski’s work in this area. By naming these two classes
of matrices after them, their names are forever honored and remembered in
mathematics.

The theory of M-matrices and H-matrices has proved to be an incredibly
useful tool in linear algebra, and it is as fundamental to linear algebra as
topology is to analysis. For example, one finds 50 equivalent formulations of
a nonsingular M-matrix in Berman and Plemmons (1994). Some additional
equivalent formulations can be found in Varga (1976), and it is plausible
that there are now over 70 such equivalent formulations of a nonsingular
M-matrix.



Appendix D. Matlab 6 Programs.

In this appendix, Professor Arden Ruttan of Kent State University has kindly
gathered several of the various Matlab 6 programs for figures generated in
this book, so the interested readers can study these programs and alter them,
as needed, for their own purposes.

Programs are listed on the following pages according to their figure numbers.
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Fig. 2.1

x=[-2.5:0.05:2.5];
y=[-2.5:0.05:2.5];;
[X,Y]=meshgrid(x,y) ;

hold on

plot([1], [0],’Marker’,’o’,’MarkerSize’,2)
plot([-1],[0], ’Marker’,’o’,’MarkerSize’,2)
axis equal
colormap([.7,.7,.7;1,1,1])

caxis([-1 11)

Z=abs (X+i*Y-1) . *abs (X+i*Y+1)-2.0"2;
contourf (X,Y,-Z-1,[-1 -1],°k’)

Z=abs (X+i*Y-1) .*abs (X+i*Y+1)-1.41"2;
contourf(X,Y,-Z-1,[-1 -1],°k’)

Z=abs (X+i*Y-1) .*abs (X+i*Y+1)-1.2"2;
contourf(X,Y,-Z-1,[-1 -1],°k?)

Z=abs (X+i*Y-1) .*abs (X+i*Y+1)-1.0"2;
contourf (X,Y,-Z,[0 0],°k’)

Z=abs (X+i*Y-1) .*abs (X+i*Y+1)-0.9"2;
contourf (X,Y,-Z,[0 0],°k’)

Z=abs (X+i*Y-1) . *abs (X+i*Y+1)-0.5"2;
contourf(X,Y,-Z-1,[-1 -1],°k?)
plot([-1],[0],’.k’)
plot([1],[0],’.k?)

title(’Figure 2.17)
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hold on

x=[-.5:0.05:2.5];
y=[-1.5:0.05:1.5];;
[X,Y]=meshgrid(x,y);

Z=abs (X+i*xY-1)-1;
contour(X,Y,-Z,[0 01,°k’)
y=[-.5:0.05:2.5];
x=[-1.5:0.05:1.5];;
[X,Y]=meshgrid(x,y);

Z=abs (X+ixY-i)-1;

contourf (X,Y,-Z,[0 0],°k’)
x=[-2.5:0.05:0.5];
y=[-1.5:0.05:1.5];;
[X,Y]=meshgrid(x,y);

Z=abs (X+ixY+1)-1;

contourf (X,Y,-Z,[0 0],°k’)
y=[-2.5:0.05:0.5];
x=[-1.5:0.05:1.5];;
[X,Y]=meshgrid(x,y);

Z=abs (X+ixY+i)-1;

contourf (X,Y,-Z,[0 0],°k’)

x=[-2.5:0.05:2.5];
y=[-2.5:0.05:2.5];;
[X,Y]=meshgrid(x,y);

Z=abs (X+i*Y-1) . *abs (X+i*Y-i)-1;
contourf (X,Y,-Z-1,[-1 -11,°k’)
axis equal
colormap([.7,.7,.7;1,1,11)
axis([-2.2,2.2,-2.2,2.2])

Z=abs (X+i*Y-1) .*abs (X+i*xY+1)-1;
contourf (X,Y,-Z-1,[-1 -1],°k’)
Z=abs (X+i*Y-1) . *abs (X+i*Y+i)-1;
contourf (X,Y,-Z-1,[-1 -11,°k’)
Z=abs (X+i*Y+1) . *abs (X+i*xY-i)-1;
contourf (X,Y,-Z-1,[-1 -1],°k’)
Z=abs (X+i*Y-1i) .*abs (X+i*Y+i)-1;
contourf (X,Y,-z-1,[-1 -11,°k’)
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Z=abs (X+i*Y+1) . *abs (X+ixY+i)-1;
contourf (X,Y,-Z-1,[-1 -1],°k’)
plot([0],[1],’.k?)
plot([0],[-11,’ .k’)
plot([1]1,[0],’ .k’)
plot([-11,[0],’ .k’)

text (0,.8,%i%)

text(0,-1.2,7i7)
text(1,-.2,°17)
text(-1,-.2,°-1’)

title(’Figure 2.27)
a=’Set Transparency of grey part to .5’

Fig. 2.7

x=[-2.5:0.05:2.5];
y=[-2.5:0.05:2.5];;
[X,Y]=meshgrid(x,y);

hold on

axis equal

caxis([-1,0]1)
colormap([.7,.7,.7;1,1,1])
axis([-2,2,-2,2])

Z=abs ((X+ix*Y) . 2-1)-1;

contourf (X,Y,-Z,[0 0],°k’)

Z=(abs (X+i*Y-1) .72) .*abs (X+i*Y+1)-1/2.0;
contourf (X,Y,-Z-1,[-1 -1],°k?)
plot([1],[0],’.k’, ’MarkerSize’,10)
plot([-1],[0],’ .k’, ’MarkerSize’,10)
text(-1.08,-.075,’-1")
text(1,-.1,71%)

text(0,-.2,°07)

text(-.3,.5,7 |z-1| |z+1|=1/2’)
text(-.3,-.6,’ |z -1|=1")

title(’Figure 2.77)
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x=[-2.5:0.05:2.5];

y=[-2.5:0.05:2.5];;

[X,Y]=meshgrid(x,y);

hold on

axis equal

caxis([-1,0]1)

colormap([.7,.7,.7;1,1,1])
axis([-2,2,-2,2])

Z=abs ((X+ix*Y) . 4-1)-1;

contourf (X,Y,-Z-1,[-1 -11,°k’)

Z=abs (X+i*Y-1) .*abs (X+i*Y-1)-1.0;

contourf (X,Y,-z-1,[-1 -11,°k’)

%plot ([1],[0], ’Marker’,’+’,’MarkerSize’,10)
%plot ([-1],[0], ’Marker’,’+’,’MarkerSize’,10)
a=’Set transparency to 0.5’

title(’Figure 2.9°)
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Fig. 3.2

x=[-.5:0.05:2.5];
y=[-1.5:0.05:1.5];;
[X,Y]=meshgrid(x,y) ;
Z=abs (X+ixY-1)-1;
contour(X,Y,Z,[0 0],°k’)
hold on

axis equal
colormap([.7,.7,.7;1,1,1])
caxis([-1 0])
axis([-2.2,2.2,-2.2,2.2])
y=[-.5:0.05:2.5];
x=[-1.5:0.05:1.5];;
[X,Y]=meshgrid(x,y) ;
Z=abs (X+ixY-i)-1;
contour(X,Y,Z,[0 0],’k’)
x=[-2.5:0.05:0.5];
y=[-1.5:0.05:1.5];;
[X,Y]=meshgrid (x,y);
Z=abs (X+i*xY+1)-1;
contour(X,Y,Z,[0 0],’k’)
y=[-2.5:0.05:0.5];
x=[-1.5:0.05:1.5];;
[X,Y]=meshgrid(x,y);
Z=abs (X+i*Y+i)-1;
contour(X,Y,Z,[0 0],’k’)

x=[-2.5:0.05:2.5];

y=[-2.5:0.05:2.5];;

[X,Y]=meshgrid(x,y);

Z=abs ((X+ix*Y) . 4-1)-1;
contourf(X,Y,-Z-1,[-1 -1],°k?)
%plot([1],[0], ’Marker’,’+’,’MarkerSize’,10)
%plot([2],[0], ’Marker’,’+’,’MarkerSize’,10)
title(’Figure 3.27)
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x=[0:0.05:5];

y=[-2:0.05:2];

[X,Y]=meshgrid(x,y);

caxis([-1 0])

colormap([.7,.7,.7;1,1,1])

Z=(abs (X+i*Y-2).72) .*abs (X+i*Y-1)
-abs (X+i*Y-1)-abs (X+i*xY-2);

contourf (X,Y,-Z-1,[-1 -11,°k’)

axis equal

hold on

Z=(abs (X+i*Y-2).72) .*abs (X+i*Y-1)
-abs (X+i*Y-1)+abs (X+i*xY-2);

contourf (X,Y,-Z,[0 0],’k’)

Z=(abs (X+i*Y-2) .72) .*xabs (X+i*Y-1)
+abs (X+i*Y-1) -abs (X+i*xY-2);

contourf (X,Y,-Z,[0 0],°k’)

text(2,.4,°(13)(2)7)

text(.7,.25,7(1)(23)7)

text(1.5,1.5,7 (1) (2)(3)?)

plot([1],[0],’.k*)

plot([2],[0],’.k’)

title(’Figure 3.4°)

text(1,-.2,°17)

text(2,-.2,727)

text(2,-.2,°07)
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Fig. 6.1

x=[-20:0.1:40];

y=[-20:0.1:20];

[X,Y]=meshgrid(x,y) ;

hold on

axis equal

axis([.5 7.5 -2 2])

colormap bone

brighten(.9)

Z=-100%bc1(X,Y) ;% 0.059759, 5.831406

contourf(X,Y,Z,[0 0],’k.?)

Z=-bc2(X,Y); % 0.063666, 4.693469

contour(X,Y,Z, [0 0],°k’)
Z=-bc3(X,Y); %3.617060, 32.247282

contour(X,Y,Z,[0 0],’k’)

plot([2.2679], [0],  kx’)

plot ([4],[-1],’kx’)

plot([4], [1], °kx’)

plot([5.7321],[0], kx’)

with files bcl, bc2, and bc3, respectively:

function mm=bcl(x,y)

z=x+ix*y;

mm=abs (z-2) . *(abs(z-4) ."2) . *abs (z-6)
-(abs(z-3)+1) .*(abs(z-5)+1);

function mm=bc2(x,y)
z=x+ix*y;
mm=abs (z-2) . *abs(z-4) - (abs (z-3)+1) ;

function mm=bc3(x,y)
Z=x+1i*y;
mm=abs (z-4) .*abs (z-6) -(abs(z-5)+1) ;
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x=[-20:0.1:40];
y=[-20:0.1:201;
[X,Y]=meshgrid(x,y);

hold on

Z=bb1(X,Y);
contour(X,Y,Z,[0 0], ’b--?)
Z=bb2(X,Y);

axis equal

axis([-15 35 -16 16])
contour(X,Y,Z,[0 0], ’b--?)

Z=bb3(X,Y);
contour(X,Y,Z,[0 0], ’b?)

Z=bb4 (X,Y);
contour(X,Y,Z,[0 0], ’b--?)
W=bb(X,Y);

contour(X,Y,W, [102.96 102.96])
x=[0.03:.0005:0.12] ;
y=[-.04:.0005:0.04] ;
[X,Y]=meshgrid(x,y);
Z=bb1(X,Y);
contour(X,Y,Z,[0 0])
Z=bb2(X,Y);
contour(X,Y,Z, [0 0])
Z=bb3(X,Y);
contour(X,Y,Z, [0 0])

Z=bb4 (X,Y);
contour(X,Y,Z, [0 0])
figure

hold on

Z=bb1(X,Y) ;

contourf (X,Y,Z,[0 0])
Z=bb2(X,Y);

contourf (X,Y,Z,[0 0],°k-’)
Z=bb3(X,Y);

contourf (X,Y,Z,[0 0],’k-")
Z=bb4(X,Y);

contourf (X,Y,Z,[0 0],’k-")
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Fig. 6.5

x=[-20:0.1:40];
y=[-20:0.1:20];

hold on

axis equal

axis([-15 35 -15 15])
caxis([-1 01)
colormap([.7,.7,.7;1 1 1])
[X,Y]=meshgrid(x,y) ;
Z=b1(X,Y)-1;
contour(X,Y,Z,[0 0],°k’)
Z=b2(X,Y)-1;
contour(X,Y,Z, [0 0],°k’)
Z=b3(X,Y)-1;
contour(X,Y,Z,[0 0],’k’)
Z=b4 (X,Y)-1;
contour(X,Y,Z,[0 0],°k’)
Z=bb(X,Y)-102.96;
contour(X,Y,Z, [0 0],’k?)
Z=bb1(X,Y) .*bb3(X,¥)-1;
contourf (X,Y,Z-1,[-1 -1],°k?)
plot([15],[0],’ .k’)
plot([-14 35],[0 0],’-k’)
text(0,-1,°07)
text(15,-1,°15)
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x=[0.03:0.001:.12];
y=[-0.04:0.001:0.04];
[X,Y]=meshgrid(x,y);

hold on

axis equal

axis([-.005 .12 -.04 .04])
colormap([1,1,1;.7,.7,.7]1)
Z=b1(X,Y)-1;
contourf(X,Y,Z-1,[-1 -11,°k’)
Z=b2(X,Y)-1;

contourf (X,Y,Z-1,[-1 -11,’k’)
Z=b3(X,Y)-1;
contourf(X,Y,Z-1,[-1 -11,°k?)
7=b4(X,Y)-1;
contourf(X,Y,Z-1,[-1 -11,°k’)
Z=bb1(X,Y) .*bb3(X,Y)-1;
contourf (X,Y,Z, [0 01,°k’)
plot ([-.005 .12],[0 01,’-k’)
plot([.0482],[0],’.k’)
plot([.0882],[0],’.k’)
plot([0],[0],’.k?)
text(.09,-.004,°0.08827)
text(.05,-.004,°0.04827)
text(0,-.004,°0°)
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a-convolution, 135
analysis extension, 20
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B-function, 151

bear lemniscate, 44
block-diagonal matrix, 165
Brauer Cassini oval, 36
Brauer set, 36

Brualdi lemniscate, 46, 47
Brualdi radial set, 59
Brualdi set, 47

Brualdi variation, 187
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Camion-Hoffman Theorem, 115
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closures, 61

column sum, 18
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domain of dependence, 145
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Fan’s Theorem, 23
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G-function, 128
Gersgorin disk, 2
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H-matrix, 201
Holder inequality, 21
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i-th Gersgorin disk, 2
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induced operator norm, 26

interactive supplement, 70
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K-function, 149
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loop of a directed graph, 12
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minimal GerSgorin set, 97
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near paradox, 68
nonsingular M-matrix, 129
nontrivial permutation, 117
norm ¢-tuple, 156
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Ostrowski sets, 22
oval of Cassini, 36
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partial order, 133
partition of C", 155
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Brauer set, 159, 186
Brualdi set, 160
Gersgorin set, 158, 186
Householder set, 166, 186
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partitioning of a matrix, 156
permutation matrix, 11
permutations on n integers, 20
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Brualdi set, 77
Brauer set, 76
Gersgorin set, 74
Perron-Frobenius Theorem, 201
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matrix, 158

proper subset of N, 7
Pupkov-Solov’ev set, 93

QR method, 32
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reciprocal norm, 157
reduced cycle set, 55
reducible matrix, 11

rotated equimodular set, 114
row sum, 2

S
S-strictly diagonally dominant, 85

second recurring theme, 23, 98, 129
semistrict diagonal dominance, 17
separating hyperplane theorem, 83
spectral radius, 5

spectrum of a square matrix, 1
star-shaped set, 103

strictly block diagonally dominant, 157
strictly diagonally dominant, 6
strong cycle, 45, 53

strongly connected directed graph, 13
support line, 80

T
Toeplitz-Hausdorff Theorem, 79
trivial permutation, 117

\%

variation of the partitioned Robert set,
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vectorial norm, 131, 153, 183

vertex set of a cycle, 56

vertices of a directed graph, 12
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weak cycle, 45, 53

weakly irreducible matrix, 51, 71
weighted Gersgorin set, 7
weighted row sum, 7
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induced operator norm, 26

reciprocal norm of A, 157

Brualdi lemniscate, 46

Brualdi set, 47

minimal Brualdi set, 123

partitioned Brualdi set, 160

complex numbers, 1

extended complex plane, 15

complex n-dimensional vector space of column vectors, 1
rectangular m X n matrix with complex entries, 1
i-th column sum of A4, 18

i-th weighted column sum for A, 22

convex hull of S, 82

diagonal matrix derived from A, 28

block-diagonal matrix, 165

Dashnic-Zusmanovich matrix, 88

intersected form of the Dashnic-Zusmanovich matrix, 89
field of values of A, 79

collection of functions f = [f1, fa, -
directed graph of A, 12
Householder set for A and B, 27
G-function, 128

partitioned Householder set, 166
Hermitian part of A, 79

identity matrix in C™*", 1
Jordan normal form, 7

Johnson matrix, 82

Brauer set, 36

(4,7)-th Brauer Cassini oval, 36
K-function, 150

lemniscate of order m, 43
lemniscate set, 43

comparison matrix for A, 202

 fnl, 127



226 Symbol Index

N the set {1,2,---,n}, 1

Py permutation matrix, 73

PSy(A) Pupkov-Solov’ev matrix, 93

R real numbers, 1

R™ real n-dimensional vector space of column vectors, 1
R™*™ rectangular m x n matrix with real entries, 1
ri(A) i-th row sum of the matrix A, 2

rX(A) i-th weighted row sum of A, 7

R2(A) partitioned Robert set, 166

oT boundary of a set T, 15

T closure of a set T', 15

nt T interior of a set T', 15

U0, directed arc of a directed graph, 12

V(y) vertex set of a cycle, 56

V2 (A) variation of the partitioned Robert set, 177
VA collection of real n x n matrices with nonpositive

off-diagonal entries, 129

v:=(i1 42 --- ip) cycle of a directed graph, 45
I;(A) i-th Gersgorin disk, 2

I'(A) Gersgorin set, 2

I (A) i-th weighted Gersgorin disk, 7
I (A) weighted Gersgorin set, 7
I'R(A) minimal Ger§gorin set, 97

T partition of C", 155

p(A) spectral radius of A, 5

a(A) spectrum of A, 1

© vector norm on C", 26

P collection of norm-tuples, 156

equiradial set for A, 39

extended equiradial set for A, 39
equimodular set for A, 98
extended equimodular set for A, 98

DEE
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&+

S
=

rotated equimodular set for A, 114
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