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1.    Iiitrotiuctloa 

The purpoee of thie note le to give a Eethoil for »ol'flng a problem relatei 

to tho traveling aaioonan problem.    It ssaos vorthvhlle to give a ümcrlptlon 

of the original probl«n.    One foramlatlon is to find the shortett rout» for a 

ealosman etartlng frcn Vaahlngton, visiting all the state» capitals and t w 

retomlag to Vfaahlngtoa,   tfon goaorally, to find the •hortwst olosod eurrs 

containing n given points in the plane. 

Clearly, It la suiTloiant to consider curves made up of line sognonto 

joining yair« of the given points. Also, unless all the points lie cm a 

straight line, the optimal path will not pass through eny point twice.   Hence 

the pro Men can le stated as follova: 

Arrange the n points in a oyolio order so that the sum of the 
distance betvoen oonsooutivu points Is a nlnlnum. 

In this statoaent of the problem, arbitrary real nuaben can be assigned 

as tht> "dlatanoea" beuveen ordered pairs of distinct points.    Thus, the "distance" 

from A to B need not be the sane as from B to A.   We sJuiIX sometimes refer to the 

"lo-ngth" of A3 instead of the "dlotance" from A to B. 

rHnce there are only a finite nmber of pavhe to consldsr, the problem 

consistfl in finding a method for picking out the optimal path when n la moder- 

ately large, say n ^ ?0     In this o-iso, ther« are mors CUan 10     possible paths, 

so we can not ntenly try theaa all.    Even for ae fe» as 10 points, acme short 

cuts are doalmble. 

| Ü    Aotuallj',  the prollom way go baclc to V. B. Hamilton.    See R. W. Ball: 
Matheaatlcal Kecreati ->rui on the HaElltjnlan ,-juio. 

** In thie paper I shall not be eancemed with the various possible 
applications of the problem «olved here. 
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g.    Stateaumt of the problaa 

AB unsucceaaful attempt to solve the above problon led to a ■olutlon of 

the following: 

Given n points and all the "dlstanoos" "oetireen  rrdered pairs of dlatlno't 

point«.    Tha proolcja Is to find a System of ordered circuit« Buoh that: 

1.    Each point HOB an exactly one circuit. 

11.    Each circuit contains at least S points, 

111.    Ho circuit paaoes through the same point more than once. 

Iv.    The total "length" of the jlrculta la a minimum. 

Kow«ver at  ^Irs-;. glance, it looks more dlfficttlt than the irsvellng 

salesman problm, for there are obviously many more systeitiB of circuits than 

circuits.    Actually the topological characterization of a syetem of circuits 

is much simpler than that of a single circuit and can be use'l to solve this 

problem. 

The method presented hero of handling this problata will enable us to obsck 

vbether a given aysbeni of circuits is optimal or, If not, to find a better one. 

I bell<rra It voulA us fdafilule to apply it to as nony as ^0 points provided 

suitable calculating equipment Is available. 

3.    liqacrlptloa of the nethod. 

ilumbor the points 1, S,  ..., n.     »ut P •    |id. . ||   , vhere d,    is the distance 

From 1 to ,j, d.. = 0.    Let   /'   be the set of directed Be(iBient« oo!iq?rlslng the 

proposed system of circuits.   We »ish to detenulne if this System Is optimal or. 

If not,   to find a better system. 

Conetruct the auxiliary matrix 3 ■   jjoj .|j   as f JIIOWB: 

Kor each 1, determine 1"  so tliat 11'  t  J     .    Then put, 
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*n, = * ^o 

and 

B1J = dJl'  - dll' for ^ ^   • 

Now think of the B-matrix ao Giving now "dlatanoeo" hstvftan tha giy»n 

points and look for a closed circuit of nsgatlve     S-length.    If tber« Is euch 

a circuit, It will have from 2 to n polnta.   Suppose    t> « I li.,.lk Is a cir- 

cuit of no^tlvB S-length.    Then make up a now systam of olroulto  /   by modify- 

ing   J   In the following way: 

Bociove Add 
« i 

1 1 1,1 0 0 ^  o 
I I 

Mi laii 

Vk ^ 

The new aystan of circuits J, , thus obtained, lias a shorter total D-length 

than ji . In fact. If we let ZArJ-) bs the length of Ö. Measured by the 

ottrlz kt then 

^(i')« (^U) +  S(C) • 

Wa then apply the sane procedimj to fi   . 

Suppose ve con not find a circuit of negatlre C-longth. Then we attaept 

to show that A   Is optlaal. To do this, enforce the triangle inequality, 
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8i,i ^ "ij + "kj-* that la' lf "u > Bik + »kj r*^e9 »ij ^ -ik + •w  "n**9 

rvplacenianta etui be oarriod out la anj' order. 

If a matrix la erentually obtained for which the triangle Insquallty holds, 

then </ la the heat «yBt«n of olreulta. If not, there isuat "« aone circuit of 

nsRatlve G-Xongth. To find one, wt muat keep track of the ohaagea Bade In the 

3-nalrii. For example, under the i, j  eutry in the S-aatrix, write (ij) . Then 

if ei. 1« replaced hy 8lk + Bk , replace the (IJ) by (IkJ). Slmlleucly, If »^ 

la replaced by «j^ ♦ B^m'  thwi "P1*0« (^J) *T (1H/MJ). (Here K, II and M 

are rinita aenueooea of moaben fnM 1 to n.) Thus, the entry in the 1, J 

place will alvaya be the length of the path indicated from 1 to J. If there 1« 

a negative circuit in the C-matrlx, then at aooe atage a negative number can be 

put on the main dlagunal of the modified S-oatriz. We can then eoaily obtain 

the correepanding circuit la the S-natrlz. 

h.   ä numerical exanple 

/Vs an example, ve talcs a aet of eix pointa with the following diataiuoe 

mAtrix: 

0 1 1» 2 8 7 

c 0 5 2 1 9 

k 3 0 7 2 6 

5 5 5 0 It 6 

6 1 5 7 0 h 

3 9 1 O 6 0 

1, J and k need not be dlatinot. 
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As a first trial ayato» of olroulta jj   tal» th* tvo circuit« 12331 and 

\&>,.   Than   / =  112, 25, 53, 51, ^> &I •   Hu»« 1* « 2, 2« « 5, y . I, 

b' = o, 5' - 3 and 3' "I.   Naxt oonatruot tha S-wtrlz: 

0 +10 +7     A      0     46 

+7 0 +1     +3 ♦00   +5 

f«? 42 0+1 +2     -1 

-1 +1 -2       0 -1»     +00 

-1 0 +00      0       0-4 

0 0 +5      + ao +5       0 

S 

We new look for a cloaad olrouit of nagatlTe S-langth.    Aftar a fav trials, 

«a find tha olrcult    ö = 45625»» »1th S-loagth - -6.   Wa obtain $* frcm Ji  by 

rwtovlu« 46, 53, 64, 25 aal 31 froa   4 «^ adjoining 56, 65, 24, 35 and 41.   Wa 

than obtain tha 4    aatrlx: 

0     +0C   ♦',' +4      0 .te 

0       0     +5 +*5 +5       0 

♦6-10 +2 ♦<^ +4 

+ o0    +1      -1       0 ♦! -2 

•••3     +5     +2 +4      0 +(io 

♦3     +4     ♦» +4 +4 0 

s 
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Slnoo v» do not find a negatlvt cirouit In Q1, v« ti-y to enforo« th» 

triar^J« laeouallty; keeping track of the ofaaagM ve aato In oat« ttere la a 

negativ circuit.   V« givo on« Intexnadlata natrlx at an «nonple and th» rixul 

«c In vhloh the trlangl« Inequality holda. 

0 ♦5 +2 A 0 +2 

(11) (1*2) (153) (1*) (15) (1W) 

0 0 ♦2 +* 0 0 

(a) (22) (2153) (a*) (215) (26) 

-i -1 0 +2 

• 

-1 -1 

(ja) (32) (33) (3*) (3215) (326) 

-2 -2 -1 0 -2 -2 

(«V321) (1*52) (»»3) (WO (!*5215) (W) 

♦1 +1 ♦2 ♦4 0 ♦1 
(5321) (532) (53) &) (55) (5526) 

4-2 +£ +5 A +2 0 

(Ä321) (Ä52) (A3) (A) (Ä3215) (66) 

IntaxMtdiat« modified oatrlx 
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0 +1 +2 A 0 +1 

(11) (1532) (155) (HO (J-5) (15526) 

0 0 *2 A 0 0 

(21) (22) (2155) (2lJf) (215) (26) 

-1 -1 ü +a -1 1 

(321) (32) (53) (5»») (5215) (926) 

-8        -2       -1        ■'       -2       -2 
(^321)      (J»52)     (>»5)      ("A)    (^a^)     (46) 

+1 ♦1 +2 4l» 0 +1 

(5321) (552) (55) (5^) (55) (5526) 

+2 +2 +3 A 42 0 

(643S1) (6^52) (A3) (6U) (61*3215) (66) 

Final S'-matrix with A -Inequality holdlns 

E«w« J  1« t)M optlaol «yitMi of circuit«. Tt ecemiiX»  of the tvo circuit« 

12IH and 3563 and ha« I>-length ■ 15. 

1.   JUBtlfioatloo of th» nethod. 

Pint, notice that a «et of u directed «esnent« aatlsflM 1 - ill of 

Sectlcn 1, If anl only If 
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1. Eaoh of tlM n point« Is aa Initial point of out of the ■Mwat«. 
2. liach of the n point« Is a tsmisal point of ons of tta« sscpMNits; 
5.   Each ssgssnt is bstvssn distinct points. 

To SM this, think of the tazmln&l points as a panautation of ths initial 

points.   Tiüe psjfnutatlon csan bs «zprssssd as a product of cyclic psnutatloa«. 

Ttassa ars ths circuits. 

This insurss that, if thsrs is a olrouit   C   of nsgatirs S-l«agth and if 

,i     3a ohtalasd fr«i  -J   ty ths rule glTso in Section 3, thsa  -i    vill also 

h* an admlssibl» systoa of circuits.   This is olsar sinos, if a «sgasnt with 

Initial point   a   Is raBOTsd, ans is aluo added and oomrerssly.    Similarly, 

for ths t«T.ainal points.   Hsooe 1 and 2 rssialn satisfiad.   Furthsxqors, If   C 

is of nsfjatlTe S-length, it oan not contain any ssgssnts In oooaan with </ , 

for ths«» beiTs G-length + <a ; tharofors, ths ssoaants added to  / ten hstvssn 

distlnot point«. 

Let    C/ =. i^...^ .    Thon 

K  iC) -«j i   **il   * ... +nKi 
0 1 * k o 

■ iv; - v:» *(d^ ■ v;1 * - Mv; ■ Ss1 

Esses /D(i") - £-((/)  ■*  ^g(d).    Ilws, ws see tbat If thsro is a circuit d 

of nagatiTs S-length, then -J    Is not an optimal systiat aad ws oan cmstnast 

a sjstoE. J    of shorter total langth. 

Cownrssly, 1' if    is rot optimal, than w will shew that there Is a circuit 
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C    of Begatlv« G-langth.    Let »'      b« a «ystaa of olroulta of nhortar total 

S-leogth than J .   Lot ''■/.   b« the act of se9«onta In J   Vut not In o^     and 

/   be the «et of M^aents In /    hut not In  J .   Let 

CL m < l.i i iilx»  •■•» ^^f    •    TI*"n ■"■* oomlit of a set of segMuta 

vlth the same Initial point« aa in   ^-, with the same tenalnal point« aal the 
4?       r        * •    > 

aaoie numher jf ae^sonta.    Hence let   t-'   =    ',   J 1  ,   ..., J 1     ;■       , vhnr« 
COO K  ft    J 

J0» Ji»  •••. ^ 1« a pamutation of   io, lx,   ,.., lk   . Th« 

a.   ,♦ a.   ,+•••♦«    , 

lacppeaa the pamutatlon "as the product cf cjTjles, aaj 

^i» ^8/  •••»  C*.   The» hy raeumnglns and solleotlng tana of 

a,  .   * 4,   ,   ♦ ••• ♦ a.  , 

•wo at« that thl« aim la .luat 

»her»    0lt  C/8j  ,.,f   (/   are the olroulta aorraapondln« to the o/ola« of the 

p<Mtoutatlon.    Henoe 
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Clnoa   4     la shortar tbim   •/ , oiu> of the olreults    Cn   ...     C .      moat have 

nasatlvo     o-l«gtb.    Tberafurs    »  is optimal If and only If then» Is ;» elosod 

oiroult of ns^atlrt S-longth. 

It ZWIIAIIW to shew that t?i» non-sxlat«nos of a olrenlt of nsgatlT» S-lsngth 

Is o ulvalont to the oxlstanoe of a modified G-natrlx for which the triangle 

Inequality holds.   Asstme first that A is « modified S-aatrlx and that the triangle 

inequality holds in A.    Let   ^   be a circuit of negstlt« G-length.    It eozrespoods 

to a olroult   C    of nogatire A-length.   Let    6   a i0liie •'- \'    'nma 

C. si is ... iv i> also of nagatlTE* A-ls&gth since     a. 4   5 ai i    * ai i 

Bsoaoe, if there is any clrouit of negative A-le&gth ve san find a one-point 

oiroult of negative length i.e. for sane 1, a.. < 0.   But this ie impossible 

since the& a,,  f a..      a,, contrar}- to the assumption that the triangle in- 

equality holds. 

on *.hu other band, if there is no circuit of uogative C-length ve can 

«iforoe the triangle inequality.    The resulting matrix will gire In the 1, J 

place tho 0-length of the shortest path from 1 to J.    If there is no circuit 

of negative length,  »here clear!. is a shortest path between any two points. 

JB: Je 


