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Schur functions are...

Multivariate polynomials invariant under S,-action: o : Xx; = X5(j)

symmetric: 3x12+3x22—|—3x32—7x1x2—7x1X3—7x2X3

X1+ X2 + X3
X1X2 + X1X3 + X2X3

X1X2X3

not symmetric: 5x?+5x5+8x5 # 5x3+5x5+8x7



Schur functions are...

Multivariate polynomials invariant under S,-action: o : Xx; = X5(j)

symmetric: 3x12—|—3X22—|—3x32—7x1x2—7x1X3—7x2X3
e = X1t+X2+Xx3
€& = X1X2+ X1x3 + x2x3
€3 = X1X2X3
e = E XiyXiy© - X, or  hy= g Xiy Xip =+ Xi,
i <ip<:--<ip 1 <ip <<y
Polynomials in ej, e, ... orin hy, ho, ..., J

3hihy — h5 + 6hshy = 3h(112) — ha2) + 6h(31)



Schur functions are...

defined for a = (o, o, . . ., ay) by:

sa = | [(1 = Ri)ha,

i<j

Raising operator: Rjjh, = h“+(,,(]

Ri2h2) = hi12-1) = hz 1y

Raah162,751) = ha,6+1,2,7-15,1)




Schur functions are...

defined for a = (a1, ag, ..., ay) by:

sa = | [(1 = Rij)ha,

i<j

Raising operator: Rjjh, = hoie;—c;

Ri2h22) = hi2112-1) = h(3 1)

R24h(17672777571) = h(176+17277717571)

522 = (1—Ri2)hop = hyo—h3p



Schur functions are...

defined for a = (a1, aa, ..., ay) by:

sa = | [(1 = Ri)ha,

i<j

Raising operator: Rjjh, = h“+(,.,(j

Ri2h2) = hi12-1) = h 1y

Raah162751) = ha,6+1,2,7-15,1)

11 = (1—R12)(1—R23)(1—R13) ho11

= ho11 — h3o1 — h220 —h310 + h310 + h3o—1 + haoo — ha1—1

some terms cancel



Schur functions are...

defined for a = (o, g, . . ., ay) by:

sa = | [(1 = Ri)ha,

i<j

Raising operator: Rjjh, = h“+(,,”

Ri2h2) = hi12-1) = hz 1y

Roah162,751) = ha,6+1,2,7-1,5,1)

2 = (1—Ri2)hpo = hpo—h31
513 = (1—Ri2)h13 = h13—hpp = —s» not linearly independent

3 = (1—Ro3)hpz = hpz3—h3o =0



Schur function basis

Schur function straightening

52 = (1=Ri2)ha = hap—h31
s13 = (1= Ri2)h3 = hiz—hyp = —s» not linearly independent
523 = (1-Ro3)ho3 = ho3—h3p =0



Schur function basis

Schur function straightening

+s\ for a partition A
sa = [(1 = Rj)ha = {0
i<j

Partitions A = (A > -+ > A\, > 0)

A= (4,2,2,1) =

A NN

@ orthonormal basis for A
@ irreducible S,-modules

@ representatives for Schubert classes in H*(Gr)



Schur positivity example

Harmonic polynomials
M = polynomials killed by all symmetric differential operators
= linear span of all partial derivatives of Vandermonde

M is an S,-module

M =sp{A,2x1(x2 — x3) — X2 + X2, 2x2(x3 — x1) — X3 +x§, X3 — X1, X2 — X3, 1}

1—2 2—3 3—1




Harmonic polynomials

M = linear span of all partial derivatives of Vandermonde

decompose into irreducible submodules (indexed by partitions)

sp{A} @ sp{2xi(x2 —x3) — x5 +x3, X7 —2x2(x1—X3) — X3 } D sp{x3—x1, x0—x3} Dsp{1}
E 5 T oo

e How many times does a particular submodule occur? )




Harmonic polynomials

M = linear span of all partial derivatives of Vandermonde

decompose into irreducible submodules (indexed by partitions)

sp{A} & sp{2xi(x2 — x3) —X22+X§7 X12—2X2(X1 —X3)—x32} Psp{xs—xi,x2—x3} ®sp{1}
E 5 T oo

e How many times does a particular submodule occur? )

[Frobenius] replace irreducible A by sy

5@ + T + o + s = (atxe+xs)?

e Expand (x; + -+ + x,)" into Schur functions J




Combinatorial Bonanza

g1, = h21—h3o

= 2x1X0X3 + X1X1X2 + X1XoX2 + X1X1X3 + X1X3X3 + X20X3X3 + X2X2X3



Combinatorial Bonanza

g1, = h21—h3o

= 2x1X0x3 + X1X1X2 + X1XpX2 + X1X1X3 + X1X3X3 + X20X3X3 + X2X2X3

Young's Partition Poset

order: containment of shapes

cover: A > when g = A - box

‘>[|j and

>H '

Schur function = generating function of chains in Young's poset (tableaux)

®<<<

D < <[]2] <

1]3

=12 [ — X1X2X3

_ 3]
1

2[ — X1X2X3




The quantum craze

e Symmetric functions over Q(q)

2 2 | 2 2+17q 2 +17q
X X —X1Xp = ——— —_—
-9 T 1-9™" 2 1-9H" 2

@ Representation theory: graded modules
@ Geometry: quantum cohomology, string theory

o Combinatorics: g-counting

A+ +H B H— C+ra+2d+d +4q"



Harmonic polynomials

M = linear span of all partial derivatives of Vandermonde [

sp{A} @ sp{2x1(x2 — x3) —x22 —&—x327 X12 —2x(x1 —x3) —xg} Dsp{x3—x1,x2—x3} ®sp{1}
E i g or

degree 2 polynomials degree 1 polynomials

How many times does a particular submodule occur?

[Frobenius] irreducible — 5\

(xa+x+x)? = 5@ + SH] + SH] + ST



Harmonic polynomials

M = linear span of all partial derivatives of Vandermonde [

sp{A} @ sp{2x1(x2 — x3) —x22 —&—x327 X12 —2x(x1 —x3) —xg} Dsp{x3—x1,x2—x3} ®sp{1}
E i g or

degree 2 polynomials degree 1 polynomials

How many times does a particular submodule occur?

Frobenius irreducible of degree d — g% sy
[ ] g q



Macdonald goes wild (1980's)

Eigenfunctions of: Z H tX’_)):J H Tq.x; Z t1

IC[1,n] i€l i€l
[1=1 Jj¢&l

where Tq . (f(x1,...,%n)) = f(x1,...,qxXi,. .., Xn)



Macdonald goes wild (1980's)

Eigenfunctions of: Z H tX’_)):J H Tq.x; Z t1

IC[1,n] i€l i€l
[1=1 Jj¢&l

where Tq . (f(x1,...,%n)) = f(x1,...,qxXi,. .., Xn)

—49 > —4q
Fo et T

4
X22X3 + " _qufX3 + (t2 — 7q)x1x2x3

[Macdonald:1981] symmetric function basis over Q(q, t) )




Macdonald goes wild (1980's)

Eigenfunctions of: Z H tX’_)):J H Tgx; Z ¢1

IC[1,n] i€l i€l
[1=1 Jj¢&l

where Tq . (f(x1,...,%n)) = f(x1,...,qxXi,. .., Xn)

4 4 4
" _qleXQ + " _qu22X3 + " _qufX3 + (t2 — 7q)x1x2x3
[Macdonald:1981] symmetric function basis over Q(q, t) )

Conjecture: g, t-sum of funny functions [

o=t + (qt? + qt + t) i+ (%2 + 1) fig+ (¢t + gt + q)@;rqz%



q, t-Kostka coefficients

Macdonald polynomials
basis defined (obscurely) as eigenfunctions

Open problem: g, t-enumeration J

# of monomial terms = # of tableaux

o=t + (qt? + qt + t) i+ (%2 + 1) fig+ (¢*t + gt + q)@jJqufE

w

N

w

N

N

N
= wl-h[
= Ml-h[
~[nofw]

4
[1]2]3]4] [1]2]3][1]2]4][1]3]4] [1]2] [1]3




Garsia-Haiman modules, M,

M,, = span of partial derivatives of A, |

L yix
AH] =det |1 y» Xo| = X3y2 — y3X2 — ¥1X3 + y1X2 + ¥3X1 — y2X1
1 ys x3
Sn-module in Q[x1, ..., Xn, Y1, - -, Yn] Under o : Xiy; = Xo(i\Yo(j) J

M1 = sp{1} @ sp{xs —x1,x1 —x2} @sp{y3 —y1,y1 — yo} ®sp{Ap 1)}
~—— — N ,

[mm]
(0,0)

degree 0 iny degree 1 in x (1,0) E

) ()

Hop = t°¢°sm +  pgq + e’y + thlsé
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q, t-Kostka coefficients

11121314] 12] 13 14| I214] 1314l 131 14l 141 14}
1113141 1112141 1112131 11131 11121 121 121 131 [3]

1141 11131 I112] |2

B

= O (665 ) 4 (95 ) g (4 €40 gy 0 5
= P+ (t+ 62+ ¢t°) s+ (¢ + gt gt 1+qt+qt2)s§j+q3g

?) s+ (
Hi = ot (a2 + G+ 5t (76 + Dt (¢ + ot + a) g 407
(

3 2 3

Hi, = tsrm+ (Pt + gt + 1) 3.+ (¢°t + ) s+ (¢°t + ¢* + q) s.+a Qﬁ
+

Hem = sz + (¢ 46 4 ) i+ (7 0%) g5+ (¢ + 0+ @) g o’y



q, t-Kostka coefficients

11121314] 12] 13 14| I214] 1314l 131 14l 141 14}
1113141 1112141 1112131 11131 11121 121 121 131 [3]

1141 11131 I112] |2

B

Hy= sz (6414 ) 3t (B ) 3t (142 0) g+

My = s+ (t+ 7+ q°) g+ (£ + qt°) s+ (1 + gt + qt%) s§j+q8g
Hp = tPsam+ (gt + gt + t) s+ (¢°° + Vgt (Pt + gt + g SQJJrq %
( 3 2 3

Ho, = tsmm + (@2t + gt + 1) 1.+ (6%t + q)ag+
_l’_

—

Hors = Sem + (0 + 6+ 9) i + (7 + 0') g+ (6" + 0" + & Sgﬁqsﬂ



q, t-Kostka coefficients

2-bounded shapes

B H
positive sum of  t-positive sum of
q, t-monomials Schur functions
/—’A’_/%
HE:t4(Sag+ts&D—|—tngm)+< +t3 S, + o —|-< +ts§j+t2558>

:(55+t3&m+t2scm)+(tq+q) —i—ts&m <+t5§]—|—t5EH>
— (@sgngsBIJr tsmjj) (g+gq )(s§3+tsam)+q <qsg+qts§j+ tsaﬂ>

Hern = (%85 + 9S4 + Som) + (67 + q:*‘)(qsgj + S&m) +q* (q25g +ag+ 5EB>



Bounded Macdonald polynomials

3-bounded shapes
o B

sitive sum of t-positive t-positiv
t-monomials  gym fSh sum fSh

HEZf4((8aa)+t(sam+tsm)+q(f2+f3)( + t95) + +t5§)+t

Hy =t((sm) + t(fap + tsm)) (1+m3@;+mﬁ)+q«ﬁ+qQ+4%@

Hi = (s8) + H(3m + tsmo) + (0 + 9) (3, + ) +q<(s§+t9§]>+f25aa)

Hi=@(sp) + (o + tsmm)) + (0 + @7 ﬁ%+@ﬁ4ﬂ%(ﬁ+ﬁ9+¢%b
(

Horn = (9% + 483 + Stm) + (62 + ¢°)



Conjecture [Lapointe,Lascoux,M:1998]

() () (2
H il 5@
@3) (3) Séz) ) (3)
E o ] Saa
HE — (ot (s + t5em) ) + (B4 D) (s, + tsm) +( (s§+ tsy) +t2f;£)

)
Hy = tas+ (s + tsm))+ (1+ a) (g, + i) +q<9§+tﬁ> +t2%ﬂ>
e = ottt (a0 g+ ) + (g 1) + )

For each k > 0, there are symmetric functions s/(\k)(x; t) which |

S

@ form a basis for the span of k-bounded Macdonald polynomials
@ are a t-positive sum of {s, I

and of Schur functions)



2 decades pass...

Schur
Proposed Definition basis symmetric positivity branching
[1998:Lapointe,Lascoux,M] v v
Tableaux and katabolism
[2003:Lapointe,M] v v

Jing vertex operators
[2008:Lam,Lapointe,M,Shimozono]
Bruhat order on type-A

affine Weyl group
[2010:Chen,Haiman] v
GL4(C)-equivariant Euler
characteristics (Demazure operator)
[2012:Assaf,Billey]

Quasisymmetric functions
[2015:Dalal,M] v v
Inverting affine Kostka matrix




Special case when t =1

Definition [2004:Lapointe, M]

k-Schur functions are functions satisfying Pieri rule
(weak order on type-A affine Weyl group)

positive
k-Schur functions basis symmetric products branching
[2004:Lapointe,M] v v V' /2

Quantum cohomology of
Grassmannian
[2006:Lam] v v v
Schubert representatives
for the affine Grassmannian
[2008:Lam,Lapointe,M,Shimozono] v v v
[2010:Lam,Lapointe,M,Shimozono] v
Generating functions for marked
chains in Bruhat order on type-A
affine Weyl group




Underlying combinatorics

Bruhat order on Grassmannian elements of affine symmetric group J

@ shapes have no cell with hook-length k + 1

ofefefe]

o]
| e cell has hook-length 7

@ ordered by containment

EEEB<§E<%EBJ<§EBJ<§EEB< 1 << 1 << 1 <<

111
1171

T
III!H

N

Y e
© ©

ul|~ ~fo

© © ©
[__

Nfw wlo
s o
0




Underlying combinatorics

Bruhat order on Grassmannian elements of affine symmetric group J

@ shapes have no cell with hook-length k + 1

ofefefe]

o]
| e cell has hook-length 7

@ ordered by containment

%<%<%ﬁ<%&<%ﬂ£<

111
1171

A
A
A

Y e
© ©

ul|~ ~fo

Nfw wlo
© © ©
[__

s |o
0

@ mark one ribbon in skew of A < p
skew of adjacent shapes = copies of a ribbon




k-Schur functions

[3]
-CuCHCH 2] N\
1[3]
(3]
'CICHC& 2] | — 3 x1X0X3
13
[3]
-CmComCL 3 l Va
1|2

[Lapointe,Lam,M,Shimozono:2008]

strong marked tableaux generating functions

sf\k) _ Z S weight(T)
T




For each k > 0, k-Schur functions are symmetric functions which
o form a basis for AK = Z[hy, ha, ..., hy]
@ are a positive sum of k 4+ 1-Schur functions

@ are a positive sum of Schur functions

structure constants are positive J

e generalized Young (Specht) modules e intersections in flag variety

e Gromov-Witten invariants e stable Schubert polynomials

e Stanley symmetric functions e Hecke algebras at roots of unity
e WZW conformal field theories e positroids

e knot invariants e quantum cohomology

e affine Stanley functions e affine Schubert calculus

without direct combinatorial interpretations



Wanted: Schur positive bases...

(2) () )
== il 5@
% —~
(3) ®3) o) % (3)
i u P .

HE: T+t e+ ) + (t2+t3)(9§]+f%n)+((5g+t5§) 1 (55),

Mysterious branching

Sg\k)(X; t) = Z (positive t polynomial) 5}3"‘*‘1) )
m



k-Schur Catalan functions

° [Schur positivity]

° [k-Schur functions]

o (Catalania)



Attempts with the graded case

Schur
basis symmetric positivity branching
[1998:Lapointe,Lascoux,M] v v
Tableaux and katabolism
[2003:Lapointe,M] v v

Jing vertex operators
[2008:Lam,Lapointe,M,Shimozono]
Bruhat order on type-A

affine Weyl group
[2010:Chen,Haiman] v
GL4(C)-equivariant Euler
characteristics (Demazure operator)
[2012:Assaf,Billey]

Quasisymmetric functions
[2015:Dalal,M] v v
Inverting affine Kostka matrix




A proposed k-Schur candidate

S;\((X; t) _ Z tspin(T) XT

strong marked tableaux T

spin encodes # and location of the marked ribbons and their height.

3]
-CmCHCH 2] ¢
1[3]
3]
-CmCHCH 2 [ — (14t +t) x1xox3
1{3
3]
-CaCmcClL 3 | Ve
1(2

@ symmetric?
@ basis for bounded Macdonalds?

@ Schur and k + 1-Schur positive?



Catalan root ideals

. flipped, inside a box, above the diagonal

enumerated by Catalan numbers



Catalan root ideals

Upper order ideal of roots

I
V= {(1,4),(1,5),(1,6).(2,5).(2,6)}




Catalan functions

Upper order ideal of roots

I
V= {(1,4),(1,5),(1,6).(2,5).(2,6)}

[Panyushev,Chen-Haiman (2010)]

For W and v € Z¢

HWiNat) = [ 1—tRy) s, (%)

(ij)ev




Catalan functions

Upper order ideal of roots

@ Schur functions

HOa = T (- tRy) lsy(x) = 5(x)

no roots



Catalan functions

Upper order ideal of roots

1
¥ = {all roots}

@ Macdonald polynomials at g =0

HAT A)(x t) = JJ(1 - tRy) Fsa(x)

i<j



Catalan functions
Upper order ideal of roots

!

¥ = {roots lie above blocks}

@ Parabolic Hall-Littlewood functions
(t-analog of Schur function products)

HO ) = [ (1= tRy) s (x)

parabolic ideal



Catalan functions

Upper order ideal of roots

H0: (444322)) (i t) = [ (1 tRy) " saaasza(x)
{(14),(15).(16)}

= (1+tRyg+ 2R+ - YA+ tRi5+t? R+ - - )(1+tRi6+t2 R+ - - ) Saa4320
= (1+tR14+t2R124—|-t3Rf4+' : '-l-tR15+t2R14R15+t3R14Rf5+' ©+ ) 444322

2 3 2
= 5444322+ 15544312+ 1" S644302+ 17 S7443 12+ - -+ 1544321+ 1" Spas311+ -



Catalan functions

Upper order ideal of roots

H(D; (444322))(x; t) = [T (= tRy) " saaaza(x)
{(14),(15),(16)}
= (1+tRyg+ 2R+ - YA+ tRi5+t? R+ - - )(1+tRi6+t2 R+ - - ) Saa4320
= (14 tRy+ 2R+ 3R+ -+ tR1s+t° RigRis+ 2 Ria R+ - - ) S444302
= S444322+ tS54a312-+ £ 644302+ 125744312+ + +tS544321+ 2 S644311F -

straightening introduces negatives!

2 3 2
= s444322 + 0 — 17 Sp44311 — 17 S744310 + - - + t S544321 + t° Se44311 +



Catalan functions

Conjecture

For any upper order ideal of roots:
H | |l I
M M

H(W; M) (x; t) = H (1 — tR;) 'sn(x) is t-Schur positive
(if)ev

T

and partition A,

H(W; (4322)) = s4320 + 0 — t% 56311 — 257310 + - - - + t S5301 + t* S6311 + - -

= S4322 + tS5321



Catalan functions

Conjecture

For any upper order ideal of roots:

and partition A,

H(W; M) (x; t) = H (1 — tR;) 'sn(x) is t-Schur positive

H(W; (4322)) = s4320 + 0 — t% 56311 — 257310 + - - - + t S5301 + t* S6311 + - -

= S4322 + tS5321

Conjecture [Chen,Haiman:2010]
k-Schur functions are some subclass of H(W; \)(x; t) J




Yet another proposal for k-Schur functions

k-Schur root ideal for A
WEA) = {(i, i +)) :J > k= Aj}
= root ideal with kK — \; non-roots in row |

\ll4(3, 3,2,2,1,1) = < row / has 4 — \; non-roots

k-Schur Catalan function

SO = HWkO) N = T (- tRy) s
(i)ev()




k-Schur Catalan function

sam =[]  (1—tRy) 'sazo J

(i.j)EW5(4322)

w5(4322):% — {(13).(1.4)

= (14tR14+12R2 +- - )(1+tR13+t? R%+- - - ) s4300

= (1+tR13+t2R123—|-t3Rf3—|—' : '+tR14+t2R14R13—|-' -+ ) S4322
= S4300 + ts5312 + 1286302 + toS73_12 + - - - + tS5301 + t2Se311 + - -

straightening introduces negatives!

2 3 2
= s300+ 0 — 1t 56311 — t7 S7310+ - - -+ t S5301 + t7 S311 + -



Where do we stand?

Are these functions the same? [

@ k-Schur Catalan functions
HWA ) = [ @—-tRy) sy
(i)ewk(N)
@ Strong k-Schur functions
skxit) = Z gspin(T) , T

strong marked tableaux T

Can we prove anything about either definition? [

) () (2)
B !
AL f—/a ’_(3) S—
, ) % SE &
:E(H)\ - _SBI— — :Eli
Sﬁ(l) = (st (s + tsam) ) + (82 4 £) (g, + ts) + (-‘EJF ts) +1° (sm)



Are these functions the same?

@ k-Schur Catalan functions

HWA ) = [ @-tRy) sy

(ievk(N)

@ Strong k-Schur functions

Si((X; t) _ Z tspin(T) XT

strong marked tableaux T
Equivalent to Pieri rule
eLsgk) _ Z $Spin s/gk) efséj) _ 5@. + stk 4 ¢k

marked chains:A—pu



Are these functions the same?

@ k-Schur Catalan functions

HWA ) = [ @—tRy) sy
(i)evk(\)

@ Strong k-Schur functions
eﬂ-sg\k) — Z tspin Sl(l,k)

marked chains:\—p

Pieri rule for Catalan functions

ef‘ H(V;v) = Z HW; v —€y, —--—€i)

h<ip<-<liy

eir H(WK(322),H,) = H(WX(322), ) + H(W(322),H) + H(V*(322),H)
need straightening 1 1 need WX(H)



Shocking discovery

Shift invariance

1L (k+1) _ (k)
R WE T




Shocking discovery

Shift invariance

1 (k+1) (k)

mysterious branching 5&") — Z 7777 5(k+1)

follows from Pieri! ejsg\’:“ly = Z ¢50in(T) g(k+1)

v—sA+1¢




Shift invariance for s\ = H (W5(\); \)

Property: WK(\) = WAF1(\ + 1%)

# non-roots in row i of WK(\) = k — )
=(k+1)— (N +1)
= # non-roots in row i of WkH1(\ +1¢)

« 4 - 2 non-roots

v4(3,3,2,1,1,1) =

+ 5 - 3 non-roots

W5(4,4,3,3,2,2) =




Shift invariance

Property: Wk(\) = WkT1()\ 4 1%) J

v4(3,3,2,1,1,1) = 1 =V>(4,4,3,2,2,2)
\

Catalan Pieri
e H(W; A+ 19) = H(V; \)

P

WAFL(A+16)=Wk(X)

Theorem

et H (wk“(,\ IR 16) —H (W"(A); )\)




k-Schur Catalan functions

Pieri rule

ej‘ﬁf\lfli)(x; t) = Z t5PIn g(k+1) (x 1)
v<+1¢

Shift invariance

1 (k+1) _ (k)
€ Sxy1e A

|
3
\,

Corollaries
@ Branching

sf\k)(x; t) = Z 5P g(k+1) (x: 1)

@ k-Schur Catalans = spin strong tableaux functions



Theorem [Blasiak,M,Pun,Summers]

Schur

basis symmetric positivity branching
[1998:Lapointe,Lascoux,M] v v
Tableaux and katabolism
[2003:Lapointe,M] v v v v
Jing vertex operators
[2008:Lam,Lapointe,M,Shimozono] v v v v
Bruhat order on type-A
affine Weyl group
[2010:Chen,Haiman] v v v v
GLy(C)-equivariant Euler
characteristics (Demazure operator)
[2012:Assaf,Billey] v v v v
Quasisymmetric functions
[2015:Dalal,M] v v
Inverting affine Kostka matrix
[2018:Blasiak,M,Pun,Summers] v v v v

Catalan functions




Future.. and THANK YQOU!

@ k-Schur function expansion of k-bounded Macdonald polynomials [

2
2 1 2,

P
Hp= (38 + toi, + ts0m) + (tq + q)<3§3 + tsaﬂ) +q? (s§ + ts3 +t°3)

@ Conjecture: Catalan functions are Schur positive for dominant weights
Refinement: k-Schur positivity when non-roots are bounded by k

maximum non-roots in row is 3

\
[

o affine Schubert calculus



