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The paper concerned with the controllability of nonlinear fractional naairianeous (NI) impulsive
integrodifferential stochastic delay system (ISDS). Some sufficiemdlitions for the controllability of
fractional NI impulsive ISDS have been derived by the new appradcheasure of nhoncompactness
in finite dimensional space. This NI impulsive ISDS is more reliable for thelution process in
pharmacotherapy. By using Mdnch fixed point theorem, existencétsdgave been proved. The result is
new in the finite dimensional setting with NI impulse.
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1. Introduction

In the real-world phenomena, stochastic models explairfuhetions of intrinsic noise, uncertainty,
extrinsic noise and variability in the system and have atitcithe research communities in recent days.
Stochastic model is more realistic and challenging one vdoampared with deterministic model. Due
to random environment noises, deterministic models oftectifate, so it is apt to move to stochastic
systems. Stochastic control is a developing field of cdrtiggothesis that deals with the existence
of uncertainty of the integrodifferential stochastic gystdescribed ilmAhmed & El-Borai (2018)
Balasubramaniaret al. (2018)

Generally, in the real-life modelling systems the fleetatnges in the state can be characterized
through impulsive equations. The theory of impulsive d#fetial equations (DEs) have been established
by Lakshmikantharet al. (1989) The fractional impulsive equations consist of two compugef
solutions via continuous and discontinuous, which desdtile fleeting/sudden changes in the system.

The instantaneous impulse reaction may not describe thandigs of evolution processes in
pharmacotherapy, for instance taking into account the gg®dhe haemodynamic equilibrium of
an individual. In case of sublimation of low or high levels glucose, one can prescribe some
intravenous drugs injecting into the body (insulin). Th&dduction of the drugs within the blood-
stream and therefore the consequent absorption of the bmdgradual and continuous processes.
Thus, we don't expect to use the quality of the impulsive diowks to write down this process.
In this situation, a new impulsive action occurs, which tstaat an arbitrary fixed point and it
will be active on a finite time interval. Concurrently, in maengineering and other disciplines
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2 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

noninteger order DEs play a major role to develop the noairiaheous (NI) models in the fields,
including biological sciences, chemical sciences, playssciences, medical sciences, engineering,
industries etc. Many of the researchers have studied thadidral order instantaneous impulsive
differential system, se&Vang et al. (2011, 2014) Zhang et al. (2010) Recently NI impulsive
differential systems have more applications and becomalpppmongst the researchers, sédbas &
Benchohra (2015)Abbaset al. (2015) Agarwalet al. (2016, 201720173; Gautam & Dabas (2015)
Pandeyet al. (2014) Saravanakumar & Balasubramaniam (2020panget al. (2016) Wang & Lin
(2015)

Controllability plays a vital role in qualitative behaviowf the dynamical system. Sufficient
conditions for the controllability of nonlinear DEs with Nhpulses have been studied Byimar et
al. (2018) The qualitative behaviours have been extracted and extetwlthe fractional dynamical
systems defined by Caputo, Riemann-Liouville (R-L) andétisense, for more details one can see the
literature Kexue & Jigen, 2011Kilbas et al., 2006 Kolmanovskii & Mysyshkis, 1992Samkoet al.,
1993.

Motivated by the above, we study the controllability of tianal order NI impulsive ISDS in finite
dimensional setting. Existence of NI impulse with or with@tochastic results have been derived
using semigroup theory approach, deeckanet al. (2014) Pandeyet al. (2014) But there is no
literature available to focus on NI impulsive ISDS in finidémensional space. Controllability result
is obtained from the solution represented in Mittag—Leftld-L) functions for different intervals by
using fractional calculus, Grammian matrix and Monch fixeiht theorem.

In this paper, we derive the sufficient conditions for thatrollability of the following nonlinear
fractional NI impulsive ISDS described by

Coext)y = Ax(t) + Bu(t) + f (£, x(t), x(t — h))
t
+/A(s,x(s),x(s— h))dw(s), t € (g,tjﬂ], j=0,1,2,...,m
0
X(t) = Ij(t,x(t)), te (tj,sj] ji=12,...,m
X(t) = ¢(t) e B te[-hO0] (1)

wherea € (0, 1), x € R" is the vector describing the NI state of the stochastic aystet) € R™Mis a
control input to the stochastic dynamical systedrand3 aren x n, n x mmatrices. Alsou € %,4 an
admissible control function, which is quadratically integle and4,-measurable processed amds an
n-dimensional Wiener process.

Let ¢ is an.Ay, measurabl®"-valued stochastic variable and Bt= {¢ : [-h, 0] — L,(£2,R"), ¢
is continuous everywhere expect poistahere¢ (s™), ¢(s") satisfyg(s™) = ¢(s")}. The nonlinear
functionsf : J := [0,b] x R" x R" — R", A : J x R" x R" — R™" are measurable and
bounded functions arid: (t;, 5] x R" — R" are measurable and bounded functiong ferl, 2,...,m
and denote NI impulses and IQt = (tjytj+1]1 j = 1,2,...,m, such that the impulse times satisfy

O=t =5 <t =8 <th...,< ty < 8, <ty = bbe prefixed numbers. Alsx(t;") and

x(tj+) denote right and left hand limits, respectively, fgt) att = t;, X, € B satisfies;(s) = x(t +9),
s e [—h, 0] is a state history.
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTAL STOCHASTIC DELAY SYSTEM 3

The above model can describe the circumstance concerningemodynamical harmony of an
individual, seeYan & Yang (2020) On account of a decompensation (for instance, high or layvess
of glucose) physician recommends some intravenous maatisainsulin). Since the presentation of
the medications in the circulatory system and the ensuisgrélation in the body are progressive and
persistent cycles, one need to decipher the above circoogsts an incautious activity, which begins
unexpectedly and remains dynamic on a limited time stretch.

The results are innovative in the following directions

() In the finite dimensional space, no one derived the adlatbility results for fractional NI
impulsive ISDS.

(i) The system ) is an abstract model for studying the dynamics of periodaiigion processes
in pharmacotherapy.

(i) Sufficient conditions are derived for controllakiifiresult by using Ménch fixed point theorem
by constructing solutions in terms of M-L function.

The paper is exhibited as follows: In Section 2, some badioitiens on fractional calculus and
few lemmas are provided. In Section 3, solution represiamat fractional NI impulsive ISDS and the
controllability results are demonstrated with the aid obateollability Grammian matrix defined in the
sense of M-L matrix function. Some sufficient conditions derived in Section 4, for the systefi) (o
be controllable by utilizing the Ménch fixed point theorefncomputational example demonstrates for
the validity of theoretical results in Section 5. In Sect@rconclusion is drawn.

Notations:

Let (£2, A, P) be the complete probability space with a probability meafuon §2. Let { A;|t € J}
is the filtration generated byw(s) : 0 < s < t} defined on the probability space2(.A, P). Let
Lo(£2, A, P,R™) = L,(£2,R")— be the space of alli;- measurable square integrable random variables
with values inR".

Let C(J,L,(£2,RM) simply denoted byC,(J), the Banach space of continuous maps frtbimto
L,(£2,R"). Define norm ofp on Bas||¢|l, = sup {E||¢>(s)||2}2

se[—h,0

B, = = PCUJ,Ly(2,R")

[x 1J — Ly(2,RM), X/J; € C(JJ-, L,(£2,R"), and there exist(tj*) andx(tj*)

With x(t) = X(t7), %o = (1) € B, j = 1,2,...., m},

Wherex/J- is the restriction ok to J, Bwith || - || = [IXll5, = sup {E||x(t)||2}2 is a Banach space.
te[-h

Fort € J andx € B, we havex, € B, E denotes the mathemaucal expectatlon operator of a stichas
process with respect to the given probability meagere
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4 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

2. Preliminaries

DEerFINITION 1. Podlubny (1998)he R-L integral of ordetr with lower limit zero for a functionf :
[0,00) —> R is defined as

t
1
@, HM) = / (t—9°%(9ds, t>0, a>0,
I ()
0
provided the right side is point-wise defined ond0), wherel"(-) is the Gamma function.

DEFINITION 2. Podlubny (1998he R-L derivative of ordes with the lower limitzero for a function
f :[0,00) — Ris represented as

_ (o )
ZEHO = a)dtn/(t ods t-0n-l<a<n

DeriNiTION 3. Podlubny (1998he Caputo fractional derivative of orderwith the lower limitzero
for a functionf : [0, c0) — R is represented as,

t
C75,H)1 = ﬁ / (t—9" " (g)ds
0

Ig:"fn(t), t>0, O<n—1<a<n.

DEFINITION 4. Miller & Ross (1993)A two-parameter function of the M-L type is defined by theisgr
expansion

-~ 2
M = —_— .

Lemma 1. Mao (1997)Letp > 2 andA e L(J, R™™) such that

E/|A(s)|pds< 0.
0

Then

b b

P
E /A(s)dw(s) P < (p(pTl)) /|A<s)|pds
0 0

To state Mdnch fixed point theorem, we provide some of thémneary results.
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTAL STOCHASTIC DELAY SYSTEM 5

First, we introduce the Hausdorff measure of noncompastfdbsIC) 3(-) defined on each bounded
subsetZ of Banach spacg by (%) = inf{e > 0 : % has afinitec — netin x}.
The properties oB(-) are listed below

LeEmMMA 2. Banas & Goebel (1980)et x be a Banach space argd, B, C x be bounded, then the
following properties hold:

(1) B, is precompacte— B(B;) =0

(2) B(B,)) = B(B,) = B(conv B;) wheres, andconv(3,) are closure and the convex hull &f,
respectively;

(3) B(B)) < B(B,) whereB; C B,;

(4) B(By+ By) < B(By) + B(By) whereB; + B, = {X+VY; X< By, Y € By};
(5) B(BLU By = max{f(By), B(B)};

(6) B(ABy) = [AIB(By) foranyr € R;

(7) IfZ c C@,y) is bounded thep(Z(t)) = B(2Z) forallt € J, whereZ(t) = {z(t) : ze Z C x}.
Further, ifZ is continuous od, thent — Z(t) is continuous od and

B(2) = supZ(®);t e J};

8) If Z c CQ, X) is bounded and equlcontmuous ther> B(Z(t)) is continuous onl and
t

ﬁ(f Z(s)ds) < fﬁ(Z(s))dsfor allt e J, Wheref Z(s)ds = [fz(s)ds zZe Z}
0

(9) Let{z,}° be a sequence of Bochner integrable functions fdomto x with [z, | < m(t)
for almost allt € J and everyn > 1, wherem(t) e L(J,RT), then the functiony(t) =

t t
BUYa(9}2 ) € LI, RY) and satlsf|e$3({ [ Yn(9)ds;n > 1]) <2[y(9)ds.
0 0

LeEMMA 3. Banas & Goebel (198Q)et x be a Banach space, and tetc PC(J, x) be bounded and
equicontinuous. TheB(D(1)) is piecewise continuous ahand (D) = supB(D(t)) where D(t) =
ted

{x() : x e D}.

LEmmA 4. Denget al. (2018)(Mdnch fixed point theorem) Lebis a closed convex subsetpf0 € D.
If the mapH : © — x is continuous and of Mdnch type thatlissatisfies the propertyl C D, M is
countableM c co({0} U H(M)) = M is compact, thefil has a fixed point irp.

To prove the main part of the results, we consider the folhgnassumptions fgr=1,2,...,m.
For allx,y € R" andt € J the functionsf, A andlj are measurable and bounded functions satisfy
the following conditions

(Al): There exist some constarks, K 4, K; > 0, such that
() EIft,x(®),x(t — hy) — f (&, y), yt — )% < K¢ lIx = yli2
(i) BEJATX®), X —h) — At,y®),yt — h) |2 < K, Ix—yl?
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6 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

(i) B[t x()) — 16, yO)I? < KjlIx = ylI>.
(A2): There exist some constarits, K ,, K; > 0
() EIf,xt),xt — )2 < Ke(d+ [x]12)
(i) ElA®x®),x(t —h)IZ < K,@+ (X1
i)y Bl x@)lI? < K@+ [x]2).

(A3): There exist constanty;, Q4, Q; > 0, such that for a countable subget= {x"}7°, C 3,

M B(fE XX~ ) < QD)
0 B(ACKDAC— 1)) = QuB(D)
M B(5Exw) = QB®).

(A4): The linear system ofl] is controllable on the interval.
(A5): T = max{M* M* M*} < 1 where
1<j<m 1

<
I

tol
4Rl Qs +/4Q,]

Vi = 4[RQ + 2 RIQs + VBQ,l].

For convenience define the following constants,jfer1, 2,.
SUIO{EIII\/I (A}, R = sup {E|M, (A(t—S])"‘)II}

te( q
R, = sup{EnMa,a(A(t —99[},R = sup (E[M,4(At—9]},
tety te(§ 41l
lo = IWiogy 12Ty = IWgy 1171 = Elx, 121 = Elix, 1%

In addition, set

Mo = 3t(2:R2{(1+2||B|| 18*11710R3 2a)(Kf+t1KA>}

_ p2« .
M = 4[R7K + R —{1+31B)? 157 2R }(Kf+bKA>] j=12....m
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTAL STOCHASTIC DELAY SYSTEM 7

3. Solution representation

Fort € [0,t,], consider the following nonlinear fractional ISDS

t
Cooxt) = Ax(t) + Bu(t) + f(t, x(t), x(t — h)) +/A(s, X(s), X(s — h))dw(s), t € (0,t,]
0
Xt) = ¢), te[-hDO0]. 2)

Taking the Laplace transform (LT) o&)( one can get

() — L7IXO0) = AX(S) + B(s) +f(s) + A(9)
(1 — DR = £ 1p0) + Bu(s) +f(s) + A(s)

-1

o S 1 ) 1, 1.
X9 = GO+ G a0+ G O w40

wherel is an identity matrix.
Taking inverse LT and by M-L function, one can obtain the Holuas

t
Xt = M, (At%)¢(0) + /(t — s)“‘lMava (At - s)"‘)[Bu(s) + (s, X(9),X(s— h))
0

S

—i—/A(r,X(r),X(r — h))dw(r)]ds,
0

which is the solution forZ).
Fort e (t1,s1], X(t) = 11 (t, X(t)).
Fort € (s;,1,], consider the systeni) as

Cgox(t)

t
AX(t) + Bu(t) + f(t, x(t), xt — h)) + / A(S,X(9),X(s— hy)aw(s), t € (s, 1,]
0

XM = 11(tx®), te(tys] 3
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8 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

Using the similar process as above by taking LT, then iniéfdgy convolution, one can get the solution

for (3) as

t
X(M) = 15(5, X(S))IM,, (A(t — s)%) + / (t— 9" M, o (At — S)“)[BU(S) + (s, X(9), x(s = h))
S

S

+/A(r,x(t),x(r - h))dw(t)]ds.
0

Proceeding like this, the systert) for generak e (Sj,tj+1], j=1,2,...,mis described as

CoUx(t) = AX() + But) + f (t, x(t), x(t — h))
t
+/A(s,X(S).X(S—h))dW(s), te (st i=12...,m
0
LX), te,sli=12....m 4)

X(t)

Taking LT, inverse LT by convolution one can get the solufion(4) as

t
Xt = (s, X(§)M, (At — §)%) + /(t - s)“‘lMa’a (At — s)"‘)[Bu(s) + f(s, (), x(s— h))
3

S

+/A(r,x(t),x(r - h))dw(r)]ds.
0

DEFINITION 5. Mao (1997)A R"-valued.A,-adapted stochastic processt)},. ; is called a solution of
equation {) for {f(t,x(t),x(t — h))} € LYJ;RM), A(s,x(5),X(s — h)) € L2(J; R™M) andlj(t,x(t)) €
L4, 51); R™ provided the following integral equation holds
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(6 (1), te[-h,0]
t
My (At () + [(t — 9% M, (At — s)“)[Bu(s) +f(s,X(5),X(s— h))
0
+fSA(r,x(r),x(r — h))dw(t)]ds, te[0,t]
xt)=1 o0 (5)
lj(tlx(t))v te(tj,%], J:1,2,,m
t
(5, X(§))M, (At — §)%) + 91f (t—9* 1M, , (At — S)"‘)[BU(S) +f(s,%(s),X(s— )
S
+ [ AT, X(T),X(T — h))dw(r)]ds te (st i=12...,m,
L 0
where the control function is given by
- t1
B*M,, o (A*(t; — )W {xtl — My (AE)$(0) — [(t; — 9%~IM, , (At; — 9%)
0
x[f(s, X(8), X(5 — h)) + j‘A(r,x(r),x(r _ h))dw(t)]ds}, te[0,1,]
0
0, tet,s],j=1,2,...,m
Uy (1) = 5] tj]+1 (6)

B'Ma o (A" = DTy Xy = 1§ XM (AT =) = [ (3 =972
|

S
My o (At 41 — s)"‘)[f (S.X(9),X(S— M) + [ A(T,X(r),X(r — h))dw(r)]ds},
0

te(%ytj_;,_]_], j=1,2,...,m.

In order to show that the systerh) (s controllable, one can verify blue theit) = ¢(t) ont € [—h, O]
andx(b) = x, in the remaining interval. By using the control functionidefl in ©) into (5) one can
easily see that(0) = ¢(0) andx(b) = x, on timeb, which means1) is controllable.

THEOREM 3.1. Mahmudov & Denker (2000 he linear control system is controllable dnif the
controllability Grammian matrices

Git1
= /(tj+l — )“*lMa,a(A(b - 9%)BB*M, ,(A*(b - 9)*)ds Aa.e,j =0,1,2...,m,
S

Wis 411

are positive definite for somig,, ; = b > 0.

Proof: SinceW are positive definite, then they are nonsingular, and hencé are well defined.
Take the control function defined i),
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10 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

Fort € [0,t,], we have

X(t) = My (AL*)p(0) + / (t; — 9% M, o (Alty — 9*)BB*M, , (A*(t; — 9*)Wg i

{ — M, (A)$(0) — / (t; — 9% My o (At — s)”‘)[f (s, X(9), X(s — h))

t1

+/ AT, X(1),X(t — h))dw(r)]ds} + /(tl - s)“‘lMa,aA(tl — 99f (s, x(8), X(s— h))ds

0

t1 S

+ / (t1 — 9% M, o (At — s)"‘)( / AT, X(2), X(t — h))dw(t))ds

0
X(t) = X,

Fort (g,tjﬂ],j =1,2,..., mwe have

Gir1

X(tiyg) = Ij(%,x(%))Ma(.A(t—q)“)—i—/(tH_l— )" My o (A(t 1 — 9*)BB*M,,

S
XAy = 9 MY 1[0 = 1 XM (Al — 9

Gi1
/ (i1 — 9 My o (Altiyq — S)“)[f (s,X(9), X(s — h))

|
s

+/A(r,x(r),x(r - h))dw(r)]ds}
0

fit1

/ (41— 9% M, L (At g — 9 (5 X(9), X(s— h))ds

ti1 s

/(tJ+1 — 9" M, (At — S)"‘)(/A(t,x(r),x(t — )dw(r) )ds

0
X(tj+1) = th+l'

Thus, systeml() is controllable fott € [0, b].
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTAL STOCHASTIC DELAY SYSTEM 11

On the other way, if it is not positive definite, for [0, b], 3 a nonzera?, such that?*W[ﬁ‘b]@ =

O thatis
b
/ Z*(b— 9" M, (A(b — 9)BB*M,, , (A*(b — 9*)Z ds = 0.
0

Then
Q/*Ma’a(A(b —-9"B=0.

Since 3 control inputsu, (t) andu,(t), such that

b
X(b) = 1;(5,X(§))M, (Ab — §)%) + / (b= 9" "MMy 4 (A(b — 9)[ (5, X(9, X(5 — 1))
0
S

+/ AT, X(1), X(T — h))dw(T) + Bul(s)]ds= 0
0

b
Y = 1j(§,X(§)M, (Ab — 5)) + /(b — 9% M, o (Ab - S)"‘)[f (s,X(9), (s — h))
0

S
+/A(r,x(r),x(r — hy)dw(z) + Buz(s)]ds= 0.
0

Combining @) and Q), we get
b
= b9 M, (A - 99)B[uy(®) - 1(9]ds = .
0

Multiplying #°* on both sides ofg), we have

b
VY = / (b —9*M, , (A(b — 9*)Z*Buy () — Uy(s)]ds = 0.
0

()

(8)

9)

(10)

By (7), *M, o (A(tj+1 —9*)B =0, we obtain?z*% = 0. Thus,? = 0, which is a contradiction.
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12 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

4. Controllability of NI impulsive stochastic system
This section deals with the controllability results for fv®posed systerni).

THEOREM 4.1. Assume that hypotheses (A1)—(A5) hold and the corredipg linear system oflj) is
controllable onJ. Then, the nonlinear fractional NI impulsive ISDS is coliible onJ provided that

I = maX{Mo, KJ'M]} < 1.

1<j=m

Proof:
DefineB, = {x:x € B, ||x||§;b < r} be a closed, bounded and convex subset of
Define a nonlinear operatdt : B, — B, as

[o0), te[-h,0]
t
M, (At*)¢ (0) + fl(tl - s)"“lMa,a (At — s)“)[Bu(s) + f(s,%(8),X(s— h))
0
t
+ [ Ae,x(@),x(x h))dw(r)]ds, te ot
0

(HX) (1) =
1 (t, x(D), te sl j=12....,m

t
1(§, X(§)M,, (At — §)%) + [(t - 9% IM,, , (At — s)“)[Bu(s) + f(s,x(8), X(s = h))
!

S
+ [ AT, X(D),X(T — h))dw(r)]ds, te Sty i=12...,m
0

Step 1: H maps bounded sets into bounded sets;in

We need to provéiHx||? < N,N > O fort € [0,t], te (tj,q] andt (q,tjﬂ],
j=121,2,...,m
Fort € [0,1,]

t

2
EIE)®? < 4[||Ma<At“>E||¢<0)||2+( / (t— 9 ~ds) M, (At — 9]
0

x [ ElU® I21BI2 + BN & x(0, x(t — )|

s 2
+E”/0 AT, X(T), X(T —h))dw(r)H ”
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTAL STOCHASTIC DELAY SYSTEM 13

Using (A2), Lemmal and other estimates one can computet ferf0, t;]

A

E[u®)|?

ty
- 2
< 4B IPREIo{ Bl 12 + REEIS )12 + ( / (t, — 9 ds) RS
0

S
x [E||f(t,x(t),x(t — )2+ EH / AT, X(2), X(T — h))dW(r)Hz]}
0

IA

IA

t2(x+l

. 2 _
HB*IPRglo |1 + RS @17 + L3RR, (L+ 1) + L RER , (L + 11%) |

a2
t2a

4181 RElo{l + RIS 02 + L5 RE(K; + R )L+ X1 .

a?

Also, fort € (s,,4],j=1,2,...,m

Efu®|?

Therefore, fott € [0, t;]

E|l (Hx)||?

=<

IA

IA

IA

418" PR Bl , 12 + REEI (5, X(§ )1
G+1 5

+(/(tj+1 — 9°~1ds) R Elf (6, x(0), x(t — W)
5

S
+E)| / AT, X(7), X(z — h))dw(s) Hz]}
0

_ . (t 1 —8)% __
418" 2R {1, + R (L + 1X]) + %R,?Kf(ﬂ IXI1%)

(tj+1 _ %)20:4—1
t——z
o

_ o (t.,—s)% _ _ i}
415 12R {1, + [RAIK; 12 + %R,?(Kf + (41— K]

x(@+ 1%}

RKA(L+ X}

t20l _ 2o
4{REII¢ )12 + 42, RAIBIZIB* 1 ZTo 1 + RIS ()2 + ;RS

1 tl
o a?

_ _ 2o _
*(K; + 1K 0)(1+ ||x||2)} + LRR + 4R+ ||x||2)}
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14 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

II(HX)||2

IA

(1+4 SRAIBI2 ||B*||2|O)R2||¢>(O)||2+16 S RAIBIZIB*

{2 P
% (1+ 4L RIBIZIB I7To) R L5 (Ry + iR 1)1+ 1)

12

Np(say).

Fort e (tj,ﬁ], j=12...,m

E|l (Hx)||?

A

< {1t x®)[1%)
K (1+ [Ix]1%).
Rj(l +1)

Nj (say).

A

II(HIx) |12

IA

12

Fort e (g,tjﬂ], j=1,2,...,m we have

E|HX)|* < 4{R?R,-<1+ Ix11%) + 4%;2%)%&“||6||2||B*||21}{I,- + RK (1+ (X1
o G Rf(Kf + (41— PR+ XD}
B Rf(Kf + (41— PR+ XD
I(Hx) % < 16@3-“”6”2”6*”25!]

(1+4MR,“IIBII 181125 [REK

(t: _ _
+- R,-Z(Kf + (41— 9KH]A+D

IA

16—F§“||B|| 1820 + (1 + 4—R,“||B|| 181121
__ b _
= N(say).

TakeN = 1max{No, N, N} i=1,2,...,m, then for eaclx € B,, we havel|Hx||? < N.
<j<
Step 2: H is continuous ors,.
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTAL STOCHASTIC DELAY SYSTEM 15

Let the sequence(t)}o° ; C B, with X" — xasn — oo in B,. Then, the following are true due to
the continuity off, A andlj,j =1,2,...,mash — oo

(A5): f(t, X", x"(t — h)) — f(t,x(t),x(t — h))
A, X)), X"t — h)) — A(t, x(t), X(t — h))
16, X"(1) — 1 (&, X(V)).
Using Lebesgue dominated convergence theorem, one can have

3{E| gt’ (t = 92, (At~ 9Bl (®) — u]as|
+5 {t (t =97 M, o (At = 9%)

x[f(s,X"(5), X"(s— h)) — f (S, X(9), X(S — h))]dsH 2

+E] gt (t =9 M, , (At — 9] g (A0 — )
— AT, X(1), X(T — h)))dw(t)]ds}, te[0,1]

B 6, x"(®) = 16 )| tet,sl j=12...,m
E[(HX") () — (Hx)®)]1> =
4EI15(5.() — (5. X IZIM, (At — )]
E| %fa 9 M, (A~ 9B () - (S]ds]
+8 J (t— 9 M, (At — 9%

[ (5, X(5), X'(5 — h)) — (S, X(S), X(S — h))]dsH ?

t S
+EH [t =9%"IM, (At — s)“)[f (A(t,xn(t),xn(t —h)
5 0

|- A X(@),X(x - h)))dw(t)]ds}, te .yl i=12,...,m

which tends to zero as— co. Thus,H is a continuous operator ag
Step 3: H is equicontinuous.
Let pq, pp € [0, 1] With O < p; < p, < t;. Then,

E||(HX)(pp) — (HX) ()12

02

2

< 7{EIM,(49) = MAGIZISO1 + B[ [ (2~ 97 MM, 1 (AGo, — 5 Bu91cs]
o1

pL
2
AE] [0 = 9 M (Al = 9% = (o1 = 977 M, (AGpr — 9B, (91|
0
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16

+E

+E

+E

+E

J. PRIYADHARSINI AND P. BALASUBRAMANIAM

P2
2
/ (P2 = 9% My 4 (Alp, = 9T (5,X(9), X(s — )|

pL

pL

2
/ [(P2 = 977 M, (Al = 9) = (o1 = 9" My 4 (A(py = 9T (5.X(9), X(5— )]
0

02 s )
| / (P2 = 9 My o (Ao, — 9°)( /O A X(1),X(x — h)dw() ) ds|
pL

p1
| / [(02 = 9 ™My o (Alpy = 9°) = (p1 = 97 My o (Alpy — 9]
0

x (/OSA(r,x(r),X(r — h))dw(t))dsHZ}.

Thus,

I (FIX) (0,) — (HX) (pp) |2

P2
< 7{||Ma<Ap%>—Ma<Api‘>n2n¢<0)||2+@ / 1oz = 9"~ M (Alpz = 911
p1

< IBII2lIug(9)112ds + p; /

X [1BI12uy(s) || 2ds +

1

0

02
@ / (03 — 9% "M, o (A(py — 9121 (5, X(S), X(s — h)) | °ds

P1

1
+p1 / 1oy — 9% My o (A(p2 — 9%) — (o1 — 9% M, o (A(py — 9]
0

x |1 (5, %(9), x(s — h))||2ds +

P2
@/ (o2 = 9% My o (Ao = 912

o1

s 2
XH/O A(‘L’,X(‘C),X(‘L’—h))dW(‘E)H ds

I[Py — 9 My o (Ao — 9%) — (o1 — 9* M, (Ao — 9M]IIZ
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTAL STOCHASTIC DELAY SYSTEM 17

p1
+pl/ I[(op — )“71Ma,a(u4(;02 —9%) —(pg — )o‘*lMa,a(A(pl —9M)]1?
0

: 2
XH/A(t,x(t),x(t — h))dW(r)H ds}
0

asp, — p,, the RHS of the above inequality tends to zero.
Forpq, 05 € (tj,sj],j =12....mt < p < pp <5, 0necan estimate

A

E[|(HX) (0p) — H) (o) 1> < Elll; (02, X(1) — 1oy, X))

Thus, | (HX) (o) — EX) (o[> < [1;(p2, X(1) = 1 (o1, X(®)]|?

A

asp, — pq, the RHS— 0.

Similarly for py, 0, € (5.44], | = 1,2,....m § < p; < p, < 4, One can compute the
following estimate

E||(HX)(0p) — (HX) ()12

= 7{BIl(§x)M, (A, = 9%) = 1j(5, X§)IM, (Alpy = 9]

02

2
+E / (02 — 9% M, (A(p, — s)“)BuX(s)dsH
o1

pL
2
+E / (P2 = 97 M o (A = 9%) = (b1 — 9" M, (Alpy — 9”)]Buy ()0
Ei

02
2
+E ‘ / (02 — 9% My o (Ao, — 9 (S, X(), X(S — h))dsH
p1
o1

+E / [(p — 9 M, o (A(p, —9*) — (p, — 9 *
S

2
x M, o (A(py — 9*)]F(,X(5), X(5 — h))ds”
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18 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

S

02
+E| /(,02 — 9% M, (A(p, — s)"‘)(/ AT, X(1), X(T — h))dW(r))dSHz

1 0

o1
4E] 1002 9 M0 (Alos = 9 = (01~ 9% My, (Al — 5]
!

S

x (/ AT, X(1), X(T — h))dw(r))ds”z.

0

Thus,

IEX) () = EODIZ < 7{11(5,X(§)IM (Al = 9) = 1§, X§NIM, (Alpr = 97
( )a P2
+% / 1002 — 9% M, o (Ao, — 9)I2I1BI12lIUy(s)12ds
p1
p1

+(p1 — ) / I[(o; — 9% My o (A(p; — 9%) — (py —9)**
S
XMy o (A(py — 92 IBIPllug(s) |1 %ds

P2
+ee b _o,pl) / 102 — 9 *M, (Ao, — 9 IIIf (5, X(5), X(s — h))||°ds

p1

p1
+(pg — Sj)/ I[(py — 9 My o (Ao, — 9*) — (o —9* 1
S
(py — pp)*
(07

XMy o (ACpr = 9] IIF (5, X(9), (s — h)) [ *ds +
P2 s 5
< [ 1002 = 9% MM, 1 (A, = 9P| /O A, X(@),X(x = Wadw(o)| “ds

1

P1
+(p1 — ) / I[(oy — 9% M, o (A(p; — 9%) — (py —9)* 1
S

; 2
My (Aloy = 9012 [ Az, xo) e~ yaweo) o]
0
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTAL STOCHASTIC DELAY SYSTEM 19

asp, — pq, the RHS of the above inequality tends to zero. THilsnaps3, into an equicontinuous
family of functions.
Step 4: The following conditions are proved to apply Monch fixed adheorem (Lemmd).
Claim 1: H is Lipschitz continuous.
Letx,y € B, fort € [0, t,]. Using (A1), Lemmal and other estimates, we have

E|[(Hx)(t) — (Hy)(t)||?

IA

1
t(Y
32 [t~ 9 LM, Aty — 5N IBIZEIL® -y o1
0
+EIf (8 X(9),X(5 — ) = f(5,y(9), (s — )

S
+EH /[A(t,x(t),x(t —h)) — AT, y(0),y(t — h))]dw(r)Hst]}
0

2 2 2 A b 2
= 3LR{21BIPIBIPI6RE L5 (K¢ + K p)lIx

+(Ks + 4K X — yllz}

£ 20 2 A 2
< 3R] (14 2B121B" PIGREL ) 0¢, + 4K, | Ix— v

12

MglIx — y||2

t 20 2 AL
whereMy = 315R3[ (1-+ 21BIZIB*I2I0REL-) (K; + 4K,

Fort (tj,sj]

A

E||(HX) (1) — (Hy)®)[> < E[Il;(t,x() — 1t y)[?
Kilx—yl% j=1,2,...,m

IA

Fort € (s,t4], one can compute

_ (t _ )2(1
EIEO® - E)OI® < 4{RKIx— 2+ Fq?%nzsnznuxm —u, 2

1 — %)m 2
+ I RRIK + (41— 9K

o
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20 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

] (1) %
AR Ix -1+ R,-Z%{auzsn 1B 2RT —%
(J+1 %)

IA

X[Ks + (G0 = KX = VI + TE T K+ g — K aTIX = Y]

IA

4[F‘zszj + F&f%{u 38| ||B*||2R4lﬁ}

X[Ky + (1 — K, Ix =y

IA

_ e
AR+ R~ (14315 2) 5 25 }(Kf +bK ) |Ix = yI1

12

M lIx — yII?

5,2 b %12 2a
whereM, = 4[Rj K+ R~ {1+3||B|| 1B '34' }(Kf —I—bKA)]

Takel’ = max{Mo, K Mj}, sincel” < 1, for allt € J, H is Lipschitz continuous.

<J<
Claim 2

Suppose thad C 3, is countable andd < co({0} U H(D)), we show thatp is relatively compact.

Without loss of generality, we assume that= {x"}>°,. By Step 3, it is easy to verify thab C

co({0} UH(D)) is equicontinuous od. We need to estimatg(?») = 0, whereg is the Hausdorff MNC.

By using Lemma, we haves (Hx(t)) = ,B(IF]IX(t)).
As M, (At*) is compact8[M,, (At*)¢ (0)] = 0 remaining terms for € [0, t;]

t
(Hx)(t) = / (t— 9% M, , (At — 9*)Bu(s)ds

t

+ / (t— 9 IM,, , (At — 9™)F (s, X(5), X(s — )
0
t

S
+/(t — s)“‘lMa‘a(A(t — s)"‘)/A(r,x(r),x(r — h))dw(z)]ds
0 0

= M, + A, +
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTAL STOCHASTIC DELAY SYSTEM 21

t

,3( / (t—9% M, , (At — 9*)Buy (s)ds)
0
t

-7 (/ (E= 9" 7IMg o (At = 9 BB My o (A"t = 9" W
0

B D1, )

t
x{ . / (t1 — 9% M, (At; — 9 (5, X"(9), X"(s— h)ds
0

t1
- / (ty — 9 M, o (At — 9%)
0

x(/sA(r,x”(t),Xn(r _ h))dw(t))ds}::l).

0

By Lemmaz2 and (A3), we have

B (113, )
< 2(;3({ Otl(t1 — 9% IM,,  (Aty — 9)F(5,x"(9), X" (s — h))ds}::l)
+6({ Otlal — 977 M, o (Al — 99| ( /O T A X — h))dW(r))z]%ds]:;))
< 2({ Otl(tl — 9" M, o (At — s)"‘)ﬂ(f (s, x"(s),X"(s— h)))ds
11 S
+ [ =9 M e =98 ([( [ Ao - ) Pes] ™))
0 0
S
: 2(%R2Qf _hepeo B(00e +932s) + %RZ(/ [ - h))]zd(t))%
- 0
X _hs<u€}:io ﬁ({x”(@ + s)}ﬁil))
- o+ e g, s o)
< 22R)[Q + vQs] sup A(bC01L).

te[0,t1]
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22 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

In a similar fashion, we have

t

,3({/( — 9 IM, , (A(t — 9 (5, X(5), X" (s — h))ds} =1)

sup ﬂ({x O+ 9} 1)

—h<6<0

2 Rfo sup ,3({X () el 1)

te[0,t1]

B 0N2,) =
0
< 2taR
= 2Ry
=
t
A1 0I2,) =

0

S

X[(/A(‘L’,Xn(‘t),xn(‘r - h))dw(r))z]éds}::l)

0

o

t
2—R
o 2

IA

IA

S

B({ [ =9 M At -9

1

(/ [A(I,Xn(t),xn(t - h))]zd(t))% s ﬂ({x”(e + s)}gil)

0

21R,/5Q, sup A(0CWDIRS).

te[0,t1]

Combining the above inequalities, we obtain that

B (1 )52,)

IA

=<

Using Lemma 2.7, we have

A1 M1,

B ON2) + (XK + B D))
2Ry + ViQl sup 8 ()

+2 Rfo sup ,3({X (9)Fed 1)

te[0,t1]

Lot RZ\FQA sup ﬂ({x 0} 1)

te[0,t1]

45R,IQ; + V5Q,T sup A(BOONES).
o te[0,t1]

= M*B(D).
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTAL STOCHASTIC DELAY SYSTEM 23

Fort € (t;, 5], compute

oK) = (1A

IA

2Q; sup ,3({x”(9+s)}§il)

—h<6<0

IA

s 002

Using Lemma 2.7, we have

B(IECW®RL) = MA@,

AsM, o (At — sj)"‘) is compacts[M,, (At — q)“)¢(0)] = 0 remaining terms for € (s tj+l]

t
H)®) = 15, X )M (At — $)Y) + / (t = 9 M, o (At — 9*)Bu(s)ds
5

t
+ / (t—9* M, o (At — 9 (5,X(5), X(s — h))
El
t

S
+ / (t— 9" M, o (At 3 — 9%) / AT, X(1), X(t — h))dw(t)]ds
5 0

= H1+H2+H3+H4.

Now, we estimate the following

s oxs) = #([ig @M Ac-99}" )

<= RAWE§ XD

RQ, "6 + 92
= RQsup p(1X'0+9),)
=

RQ sup A(0C®12,)

te[% vtj+l]
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24 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

t
5({H2x”(t)}gil) — ,8( / (t—s)“*lMa'a(A(t—s)"‘)Ban(s)ds)
3
t

= B( [ = 9 M (A - 99BE M, (A" - 9,
!

Gita

x{ =18 XM, (Al 41 - §)°) - /(t,+1—s)°‘ "My o (Al g — 9%

Gi1
xf (s, X"(s), X"(s — h))ds — /(J+1 — 9 M, (At 1 — 9%)

|
s

x(/A(t,Xn(r),xn(t _ h))dw(r))ds}:il).

0

By Lemma2 and (A3), we have
tir1

BEX0N2) = 28({RQB(00 +9)724) / (t0 =9 My o (Alt —9%)

Gyl
xB(F (s X9, X"(s— ) ds + J/(tj+1 — 9 M, (At — 9))
5
S
xﬁ([(/ AT, X)X — h))dw(r))z]%ds}:il))

0
Z(Qij J+la §)” R‘[Qf +‘/(tj+l—sj)QA]) iugpi ,8({x 0 +9)2 1)

2(Ro + P R[Q + G- 9a]) s p(0w1z.))

te(§ tjtal

A

IA

t
Al / (1= 9 MMy o (A = 9 (5 X'(9), X"(s — )ds] )
§

(t—sp

A1 )2,)

IA

IA

RQ sup (000 +9)12y)

—h<6<0

(1 — 9"
2123 R sup (1)

o tE(% !tj+l]

A
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTAL STOCHASTIC DELAY SYSTEM 25

t

pEocmiz) = p({ -9 M At - 99
5
x[(/sA(r,Xn(r),X”(t _ h))dw(r))z]%ds}:il)
0
< o _j)a R (/Os [A(r,xn(r),xn(r _ h))]zd(r))%

x  sup ﬂ({Xn(9+S)}ﬁil)

—h<6<0

(
Hl RJ ({11 —9)Q, sup ﬂ({x ((9) i 1)

te(s iyl

Combining the above inequalities, we have

B OIR) = A(HXOR) + (X WKL) + B((HAX D),

N—

+8((pC 01, )

_ 2(|32ij (J+l Sﬁ) RJI:Qf+ (j+l %)QA])
X sup ﬂ({x (t)}gil)JFZRij sup ﬂ({xn(t)}ﬁil)

te(s bl te(s il
G — 9

+2————RQ sup B({(X"®IL

o 3 te(g 41l ( " )

+ (H—l %)CH-J.

RQs sup p(b012y)

te (% !tj+1]

4RQ + = T=R|Q +,/t1 ~9)Q )
X sup ﬁ({x 1)

te(s tj+1]

(H—l )"

IA

< 4(RQ + -R[Q +vbay)) sups (IX'(0)72, ).
Using Lemma 2.7, we have

B WIR,) = WA
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TakeT = max{M*, Mj*, Mj*}, by (A5) T < 1, for allt € J; therefore, Mdnch condition to be verified.

1<j<m
By Lemma2, we obtain that8(») < ﬁ(c‘o({O} U H(ﬂ)))). This impliesg(D) = 0, D is relatively

compact set. Hence, we derive tlihas a fixed point inp, which is a solution of systeni). Hence,
the systemZX) is controllable.

5. Computational example

Consider the following NI impulsive ISDS as

1 X (t = 0.2) Ux,(s—0.2e"s
D05y () — 1 1 / 1
10 =20 +wO+3 (1 33— 0.2 +X8(t — 0.2)) " Jo 3 MO
t _ ~s
D°'5x2(t) = Xy (1) — Uy(t) +/ dez(s), te (tj,sj], j=0,1...,m
0
1 .
X(t) = Zx(t’tj“]’ j=1,2...,m
x(t) = ¢ (1), t € [-0.2,0], (11)

wherex € R?, ¢ = 0.5, 0=ty =5 <t; =05<s <ty...,< t, < s, <t = 1are prefixed

numbers,J = [0, 1]. Here
01 10
=19 o5

x1(t—0.2) x1(s—0.2e"t 0
f(t,x(t) = 5(1+x§(t—0.g)+x§(t—0.2)) . A X() = 3 yo(s-0.26"!
3

0

The Mittag—Leffler matrix function of the systems is giveyn b

M, (Ab%) — ( _Sgs g)

where

o (=DipAe

_1)ip@+Da
S = —0.1666.

S Ry T I
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Now the controllability Grammian matrix is described asovel

b
W = / (b— 9" [M, o (Ab — 9*)BI[M, , (A(b — 9*)B]*ds
0

b
- / (b— 541 Pi+P5 PPy PP, oo
0 PiP3+ PP, P{+Pj

Here
o P, P
Ma,a(A(b_ S) ) = ( _Fl)3 Pi) ’
(—1)i (b — 93
P,= P,= o L L T _0.7477
1 4 =0 T 2ja + o)
(=Dl(b— 9@+
P,= —P,= -3 = —0.4203.
2= ~Pa= 20 g ¢ Da]
Therefore,

1
[t 051(05590 0
W= /0 1-08 ( 0 05990) %

= 0.2166,

which is positive definite for anyo > 0. Therefore, the corresponding linear system If) (is

controllable on [0, 1]. It is easy to compute that the nordirfeinctions satisfy the assumptions stated in

the Theoremt.1 Further

1
E|If (8, % (£), % (t — h)) — (£, %(1), %(t — h)[|2 < 2—5E||x1—x2||2
1
EJ At X, (1), X (t — h)) — A(t, X (1), %(t — h)[|? < §e—2t Ellx, — X,|?
1 .
Elll(t,x(5_0) — [t X% )N < = Elx — %% j=1,2...,m

16
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Here
My = 3x %:5 x 0.73571+ 2 x 0.2929x 4.6 x 0.7357x %} (2—15 +0.067)
= 2.2x 1.29x 0.107
— 0.2761.
K, = 0.0625.
M = 0.486.
Therefore,

I' = maxM,, Kj,Mj}
= max0.2761,0.0625,0.486< 1,

thus, the systeml(l) is controllable on [0, 1].

RemARrk 1. Some sufficient conditions for the controllability ofmimear stochastic impulsive system
have been obtained byarthikeyan & Balachandran (2011Controllability of nonlinear DEs with
NI impulses in second-order have been studieKhynar et al. (2018) Controllability of fractional
stochastic with Poisson jumps have been derive8dpiyaraj & Balasubramaniam (2018) series of
sufficient conditions have been derived in this manusgwpich differ from the above existing literature
in terms of NI impulse conditions and Ménch fixed point therrin finite dimensional settings.

REMARK 2. Here a special type of impulse is used in the sense of Cdpadtional DEs in finite
dimensional stochastic settings. This type of DEs are usedodel the dynamics of evolution process
in pharmacotherapy. This process starts abruptly at soniméspend their actions continues in a finite
interval. Hence, we derived the controllability resultsMinimpulsive ISDS in finite dimensionadk".

ReEMark 3. The model in 1) is associated with a typical cycle for the streamlining tooinof
advancement measures in pharmacotherapy. In particudathivwk about the accompanying disentan-
gled circumstance concerning the haemodynamical harmbay andividual. For the situation of a
decompensation, one can recommend some intravenous makca

Since the presentation of the medications in the circwasystem and the ensuing ingestion of
the body is gradual, hence it is a continuous processes; wdeaxpher the above circumstance as an
imprudent activity, which begins unexpectedly and remdyrgamic on a limited time stretch.

From a practical view, the incredible abilities of partiaibsidiaries in displaying elements of
complex stochastic systems and processes, it appears tederaging to utilize fragmentary analytics
to abnormal body balance measures all the more preciselyéanfuture. We comment that the
applications inspiration for the investigation of the gyst(11) is identified with the fractional stochastic
differential control system administering the dynamictegswith fractional order and NI impulses one
can refer (Vanget al. 2016 Yan & Yang 2020).
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6. CONCLUSION

This paper provides sufficient conditions for controlldhiof NI impulsive ISDS by using MNC based
on Ménch fixed point theorem. The controllability Grammiaratrix is employed by means of M-L
function. Finally, an example is provided to show the effesiess of the proposed results.
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