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The paper concerned with the controllability of nonlinear fractional noninstantaneous (NI) impulsive
integrodifferential stochastic delay system (ISDS). Some sufficient conditions for the controllability of
fractional NI impulsive ISDS have been derived by the new approachof measure of noncompactness
in finite dimensional space. This NI impulsive ISDS is more reliable for the evolution process in
pharmacotherapy. By using Mönch fixed point theorem, existence results have been proved. The result is
new in the finite dimensional setting with NI impulse.
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1. Introduction

In the real-world phenomena, stochastic models explain thefunctions of intrinsic noise, uncertainty,
extrinsic noise and variability in the system and have attracted the research communities in recent days.
Stochastic model is more realistic and challenging one whencompared with deterministic model. Due
to random environment noises, deterministic models often fluctuate, so it is apt to move to stochastic
systems. Stochastic control is a developing field of control hypothesis that deals with the existence
of uncertainty of the integrodifferential stochastic system described inAhmed & El-Borai (2018);
Balasubramaniamet al. (2018).

Generally, in the real-life modelling systems the fleetingchanges in the state can be characterized
through impulsive equations. The theory of impulsive differential equations (DEs) have been established
by Lakshmikanthanet al. (1989). The fractional impulsive equations consist of two components of
solutions via continuous and discontinuous, which describe the fleeting/sudden changes in the system.

The instantaneous impulse reaction may not describe the dynamics of evolution processes in
pharmacotherapy, for instance taking into account the process the haemodynamic equilibrium of
an individual. In case of sublimation of low or high levels ofglucose, one can prescribe some
intravenous drugs injecting into the body (insulin). The introduction of the drugs within the blood-
stream and therefore the consequent absorption of the body are gradual and continuous processes.
Thus, we don’t expect to use the quality of the impulsive conditions to write down this process.
In this situation, a new impulsive action occurs, which starts at an arbitrary fixed point and it
will be active on a finite time interval. Concurrently, in many engineering and other disciplines
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2 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

noninteger order DEs play a major role to develop the noninstantaneous (NI) models in the fields,
including biological sciences, chemical sciences, physical sciences, medical sciences, engineering,
industries etc. Many of the researchers have studied the fractional order instantaneous impulsive
differential system, seeWang et al. (2011, 2014); Zhang et al. (2010). Recently NI impulsive
differential systems have more applications and become popular amongst the researchers, seeAbbas &
Benchohra (2015); Abbaset al. (2015); Agarwalet al. (2016, 2017, 2017a); Gautam & Dabas (2015);
Pandeyet al. (2014); Saravanakumar & Balasubramaniam (2020); Wang et al. (2016); Wang & Lin
(2015).

Controllability plays a vital role in qualitative behaviour of the dynamical system. Sufficient
conditions for the controllability of nonlinear DEs with NIimpulses have been studied byKumar et
al. (2018). The qualitative behaviours have been extracted and extended to the fractional dynamical
systems defined by Caputo, Riemann–Liouville (R-L) and Hilfer sense, for more details one can see the
literature (Kexue & Jigen, 2011; Kilbas et al., 2006; Kolmanovskii & Mysyshkis, 1992; Samkoet al.,
1993).

Motivated by the above, we study the controllability of fractional order NI impulsive ISDS in finite
dimensional setting. Existence of NI impulse with or without stochastic results have been derived
using semigroup theory approach, seeFeckanet al. (2014); Pandeyet al. (2014). But there is no
literature available to focus on NI impulsive ISDS in finitedimensional space. Controllability result
is obtained from the solution represented in Mittag–Leffler (M-L) functions for different intervals by
using fractional calculus, Grammian matrix and Mönch fixedpoint theorem.

In this paper, we derive the sufficient conditions for the controllability of the following nonlinear
fractional NI impulsive ISDS described by

C
D
αx(t) = Ax(t)+ Bu(t)+ f (t, x(t), x(t − h))

+
t
∫

0

∆(s, x(s), x(s − h))dw(s), t ∈ (sj, tj+1], j = 0, 1, 2,. . . , m

x(t) = Ij(t, x(t)), t ∈ (tj, sj] j = 1, 2,. . . , m

x(t) = φ(t) ∈ B, t ∈ [−h, 0] (1)

whereα ∈ (0, 1), x ∈ R
n is the vector describing the NI state of the stochastic system, u(t) ∈ R

m is a
control input to the stochastic dynamical system,A andB aren × n, n × m matrices. Also,u ∈ Uad an
admissible control function, which is quadratically integrable andAt-measurable processed andw is an
n-dimensional Wiener process.

Let φ is anA0 measurableRn-valued stochastic variable and letB = {φ : [−h, 0] → L2(Ω,Rn),φ
is continuous everywhere expect pointss whereφ(s−),φ(s+) satisfyφ(s−) = φ(s+)}. The nonlinear
functions f : J := [0, b] × R

n × R
n −→ R

n, ∆ : J × R
n × R

n −→ R
n×n are measurable and

bounded functions andIj : (tj, sj] ×R
n → R

n are measurable and bounded functions forj = 1, 2,. . . , m
and denote NI impulses and letJj = (tj, tj+1], j = 1, 2,. . . , m, such that the impulse times satisfy

0 = t0 = s0 < t1 ≤ s1 < t2 . . . ,< tm ≤ sm < tm+1 = b be prefixed numbers. Also,x(t−j ) and

x(t+j ) denote right and left hand limits, respectively, forx(t) at t = tj, xt ∈ B satisfiesxt(s) = x(t + s),
s ∈ [−h, 0] is a state history.
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTIAL STOCHASTIC DELAY SYSTEM 3

The above model can describe the circumstance concerning the hemodynamical harmony of an
individual, seeYan & Yang (2020). On account of a decompensation (for instance, high or low degrees
of glucose) physician recommends some intravenous medications (insulin). Since the presentation of
the medications in the circulatory system and the ensuing assimilation in the body are progressive and
persistent cycles, one need to decipher the above circumstance as an incautious activity, which begins
unexpectedly and remains dynamic on a limited time stretch.

The results are innovative in the following directions

(i) In the finite dimensional space, no one derived the controllability results for fractional NI
impulsive ISDS.

(ii) The system (1) is an abstract model for studying the dynamics of periodic evolution processes
in pharmacotherapy.

(iii) Sufficient conditions are derived for controllability result by using Mönch fixed point theorem
by constructing solutions in terms of M-L function.

The paper is exhibited as follows: In Section 2, some basic definitions on fractional calculus and
few lemmas are provided. In Section 3, solution representation of fractional NI impulsive ISDS and the
controllability results are demonstrated with the aid of a controllability Grammian matrix defined in the
sense of M-L matrix function. Some sufficient conditions are derived in Section 4, for the system (1) to
be controllable by utilizing the Mönch fixed point theorem.A computational example demonstrates for
the validity of theoretical results in Section 5. In Section6, conclusion is drawn.
Notations:

Let (Ω,A,P) be the complete probability space with a probability measureP onΩ. Let {At|t ∈ J}
is the filtration generated by{w(s) : 0 ≤ s ≤ t} defined on the probability space (Ω,A,P). Let
L2(Ω,At,P,Rn) = L2(Ω,Rn)− be the space of allAt- measurable square integrable random variables
with values inRn.

Let C(J, L2(Ω,Rn)) simply denoted byCn(J), the Banach space of continuous maps fromJ into

L2(Ω,Rn). Define norm ofφ on B as‖φ‖
B

= sup
s∈[−h,0]

{E‖φ(s)‖2} 1
2

Bb = = PC(J, L2(Ω,Rn))

=
{

x : J → L2(Ω,Rn), x/Jj ∈ C(Jj, L2(Ω,Rn)), and there existx(t−j ) andx(t+j )

with x(tj) = x(t−j ), x0 = φ(t) ∈ B, j = 1, 2,. . . , m
}

,

wherex/Jj is the restriction ofx to Jj, B with ‖ · ‖ = ‖x‖
Bb

= sup
t∈[−h,b]

{E‖x(t)‖2} 1
2 is a Banach space.

For t ∈ J andx ∈ Bb we havext ∈ B, E denotes the mathematical expectation operator of a stochastic
process with respect to the given probability measureP.
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4 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

2. Preliminaries

Definition 1. Podlubny (1998)The R-L integral of orderα with lower limit zero for a functionf :
[0,∞) −→ R is defined as

(Iα0+f )(t) = 1

Γ (α)

t
∫

0

(t − s)α−1f (s)ds, t > 0, α > 0,

provided the right side is point-wise defined on [0,∞), whereΓ (·) is the Gamma function.

Definition 2. Podlubny (1998)The R-L derivative of orderα with the lower limitzero for a function
f : [0,∞) −→ R is represented as

(Dα
0+f )(t) = 1

Γ (n − α)

dn

dtn

t
∫

0

f (s)

(t − s)α+1−n
ds, t > 0, n − 1< α < n.

Definition 3. Podlubny (1998)The Caputo fractional derivative of orderα with the lower limitzero
for a functionf : [0,∞) → R is represented as,

(CD
α
0+f )(t) = 1

Γ (n − α)

t
∫

0

(t − s)n−α−1f n(s)ds

= I
n−α
0+ f n(t), t > 0, 0< n − 1< α ≤ n.

Definition 4. Miller & Ross (1993)A two-parameter function of the M-L type is defined by the series
expansion

Mα,β(z) =
∞
∑

p=0

zp

Γ (pα + β)
, z ∈ C.

Lemma 1. Mao (1997)Let p ≥ 2 and∆ ∈ Lp(J,Rn×m) such that

E

b
∫

0

|∆(s)|pds < ∞.

Then

E

∣

∣

∣

∣

∣

∣

b
∫

0

∆(s)dw(s)

∣

∣

∣

∣

∣

∣

p ≤
(p(p − 1)

2

)
p
2
b

p−2
2 E

b
∫

0

|∆(s)|pds.

To state Mönch fixed point theorem, we provide some of the preliminary results.
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTIAL STOCHASTIC DELAY SYSTEM 5

First, we introduce the Hausdorff measure of noncompactness (MNC)β(·) defined on each bounded
subsetB of Banach spaceχ by β(B) = inf {ǫ > 0 : B has a finiteǫ − net in χ}.

The properties ofβ(·) are listed below

Lemma 2. Banas & Goebel (1980)Let χ be a Banach space andB1, B2 ⊂ χ be bounded, then the
following properties hold:

(1) B1 is precompact⇐⇒ β(B1) = 0;

(2) β(B1) = β(B̄1) = β(conv B1) whereB̄1 andconv(B1) are closure and the convex hull ofB1,
respectively;

(3) β(B1) ≤ β(B2) whereB1 ⊆ B2;

(4) β(B1 + B2) ≤ β(B1)+ β(B2) whereB1 + B2 = {x + y; x ∈ B1, y ∈ B2};
(5) β(B1 ∪ B2) = max{β(B1),β(B2)};
(6) β(λB1) = |λ|β(B1) for anyλ ∈ R;

(7) If Z ⊂ C(J,χ) is bounded thenβ(Z(t)) = β(Z) for all t ∈ J, whereZ(t) = {z(t) : z ∈ Z ⊂ χ}.
Further, ifZ is continuous onJ, thent → Z(t) is continuous onJ and

β(Z) = sup{Z(t); t ∈ J};

(8) If Z ⊂ C(J,χ) is bounded and equicontinuous, thent → β(Z(t)) is continuous onJ and

β(
t
∫

0
Z(s)ds) ≤

t
∫

0
β(Z(s))ds for all t ∈ J, where

t
∫

0
Z(s)ds =

{ t
∫

0
z(s)ds; z ∈ Z

}

;

(9) Let {zn}∞1 be a sequence of Bochner integrable functions fromJ into χ with ‖zn(t)‖ ≤ m̂(t)
for almost all t ∈ J and everyn ≥ 1, wherem̂(t) ∈ L(J,R+), then the functionψ(t) =

β({yn(s)}∞n=1) ∈ L(J,R+) and satisfiesβ
({ t
∫

0
yn(s)ds; n ≥ 1

})

≤ 2
t
∫

0
ψ(s)ds.

Lemma 3. Banas & Goebel (1980)Let χ be a Banach space, and letD ⊂ PC(J,χ) be bounded and
equicontinuous. Thenβ(D(t)) is piecewise continuous onJ andβ(D) = sup

t∈J
β(D(t)) whereD(t) =

{x(t) : x ∈ D}.
Lemma 4. Denget al. (2018)(Mönch fixed point theorem) LetD is a closed convex subset ofχ , 0 ∈ D.
If the mapH : D → χ is continuous and of Mönch type that isH satisfies the propertyM ⊂ D, M is
countable,M ⊂ c̄o({0} ∪ H(M)) ⇒ M̄ is compact, thenH has a fixed point inD.

To prove the main part of the results, we consider the following assumptions forj = 1, 2,. . . , m.
For all x, y ∈ R

n andt ∈ J the functionsf ,∆ andIj are measurable and bounded functions satisfy
the following conditions

(A1): There exist some constantsKf , K∆, Kj > 0, such that

(i) E‖f (t, x(t), x(t − h))− f (t, y(t), y(t − h))‖2 ≤ Kf ‖x − y‖2

(ii) E‖∆(t, x(t), x(t − h))−∆(t, y(t), y(t − h))‖2 ≤ K∆‖x − y‖2
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6 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

(iii) E‖Ij(t, x(t))− Ij(t, y(t))‖2 ≤ Kj‖x − y‖2.

(A2): There exist some constants̄Kf , K̄∆, K̄j > 0

(i) E‖f (t, x(t), x(t − h))‖2 ≤ K̄f (1 + ‖x‖2)

(ii) E‖∆(t, x(t), x(t − h))‖2 ≤ K̄∆(1 + ‖x‖2)

(iii) E‖Ij(t, x(t))‖2 ≤ K̄j(1 + ‖x‖2).

(A3): There exist constantsQf , Q∆, Qj > 0, such that for a countable subsetD = {xn}∞n=1 ⊂ B,

(i) β

(

f (t, xn(t), xn(t − h))
)

≤ Qfβ(D)

(i) β

(

∆(t, xn(t), xn(t − h))
)

≤ Q∆β(D)

(i) β

(

Ij(t, xn(t))
)

≤ Qjβ(D).

(A4): The linear system of (1) is controllable on the intervalJ.

(A5): Υ = max
1≤j≤m

{M∗, M∗
j , M̄∗

j } < 1 where

M∗ = 4
tα1
α

R2[Qf +
√

t1Q∆]

M∗
j = 2Qj

M̄∗
j = 4

{

R̄jQj + bα

α
Rj[Qf +

√
bQ∆]

}

.

For convenience, define the following constants, forj = 1, 2,. . . , m
R1 = sup

t∈t1
{E‖Mα(Atα)‖}, R̄j = sup

t∈(tj,sj]
{E‖Mα(A(t − sj)

α)‖},

R2 = sup
t∈t1

{E‖Mα,α(A(t − s)α)‖}, Rj = sup
t∈(sj,tj+1]

{E‖Mα,α(A(t − s)α)‖},

l̄0 = ‖W−1
[0,t1]‖2, l̄j = ‖W−1

(sj,tj+1]‖2, l = E‖xt1‖
2, lj = E‖xtj+1

‖2.
In addition, set

M0 = 3
t2α1

α
R2

2

{(

1 + 2‖B‖2‖B∗‖2l̄0R4
2

t2α1

α

)

(Kf + t1K∆)
}

,

Mj = 4
[

R̄j
2
Kj + R2

j
b2α

α2

{

1 + 3‖B‖2‖B∗‖2R4
j l̄j

b2α

α2

}

(Kf + bK∆)
]

, j = 1, 2,. . . , m.
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTIAL STOCHASTIC DELAY SYSTEM 7

3. Solution representation

For t ∈ [0, t1], consider the following nonlinear fractional ISDS

C
D
αx(t) = Ax(t)+ Bu(t)+ f (t, x(t), x(t − h))+

t
∫

0

∆(s, x(s), x(s − h))dw(s), t ∈ (0,t1]

x(t) = φ(t), t ∈ [−h, 0]. (2)

Taking the Laplace transform (LT) on (2), one can get

sα x̂(s)− sα−1x(0) = Ax̂(s)+ Bû(s)+ f̂ (s)+ ∆̂(s)

(sαI − A)x̂(s) = sα−1φ(0)+ Bû(s)+ f̂ (s)+ ∆̂(s)

x̂(s) = sα−1

(sαI − A)
φ(0)+ 1

(sαI − A)
Bû(s)+ 1

(sαI − A)
f̂ (s)+ 1

(sαI − A)
∆̂(s)

whereI is an identity matrix.
Taking inverse LT and by M-L function, one can obtain the solution as

x(t) = Mα(Atα)φ(0)+
t
∫

0

(t − s)α−1Mα,α(A(t − s)α)
[

Bu(s)+ f (s, x(s), x(s − h))

+
s
∫

0

∆(τ , x(τ ), x(τ − h))dw(τ )
]

ds,

which is the solution for (2).
For t ∈ (t1, s1], x(t) = I1(t, x(t1)).
For t ∈ (s1, t2], consider the system (1) as

C
D
αx(t) = Ax(t)+ Bu(t)+ f (t, x(t), x(t − h))+

t
∫

0

∆(s, x(s), x(s − h))dw(s), t ∈ (s1, t2]

x(t) = I1(t, x(t)), t ∈ (t1, s1]. (3)
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8 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

Using the similar process as above by taking LT, then inverseLT by convolution, one can get the solution
for (3) as

x(t) = I2(s1, x(s1))Mα(A(t − s1)
α)+

t
∫

s1

(t − s)α−1Mα,α(A(t − s)α)
[

Bu(s)+ f (s, x(s), x(s − h))

+
s
∫

0

∆(τ , x(τ ), x(τ − h))dw(τ )
]

ds.

Proceeding like this, the system (1) for generalt ∈ (sj, tj+1], j = 1, 2,. . . , m is described as

C
D
αx(t) = Ax(t)+ Bu(t)+ f (t, x(t), x(t − h))

+
t
∫

0

∆(s, x(s), x(s − h))dw(s), t ∈ (sj, tj+1], j = 1, 2,. . . , m

x(t) = Ij(t, x(t)), t ∈ (tj, sj], j = 1, 2,. . . , m. (4)

Taking LT, inverse LT by convolution one can get the solutionfor (4) as

x(t) = Ij(sj, x(sj))Mα(A(t − sj)
α)+

t
∫

sj

(t − s)α−1Mα,α(A(t − s)α)
[

Bu(s)+ f (s, x(s), x(s − h))

+
s
∫

0

∆(τ , x(τ ), x(τ − h))dw(τ )
]

ds.

Definition 5. Mao (1997)A R
n-valuedAt-adapted stochastic process{x(t)}t∈J is called a solution of

equation (1) for {f (t, x(t), x(t − h))} ∈ L1(J;Rn), ∆(s, x(s), x(s − h)) ∈ L2(J;Rn×n) and Ij(t, x(t)) ∈
L1((tj, sj]);R

n) provided the following integral equation holds
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTIAL STOCHASTIC DELAY SYSTEM 9

x(t) =











































































φ(t), t ∈ [−h, 0]

Mα(Atα)φ(0)+
t
∫

0
(t − s)α−1Mα,α(A(t − s)α)

[

Bu(s)+ f (s, x(s), x(s − h))

+
s
∫

0
∆(τ , x(τ ), x(τ − h))dw(τ )]ds, t ∈ [0, t1]

Ij(t, x(t)), t ∈ (tj, sj], j = 1, 2,. . . , m

Ij(sj, x(sj))Mα(A(t − sj)
α)+

t
∫

sj

(t − s)α−1Mα,α(A(t − s)α)
[

Bu(s)+ f (s, x(s), x(s − h))

+
s
∫

0
∆(τ , x(τ ), x(τ − h))dw(τ )

]

ds, t ∈ (sj, tj+1], j = 1, 2,. . . , m,

(5)

where the control function is given by

ux(t) =







































































B∗Mα,α(A
∗(t1 − t)α)W−1

[0,t1]

{

xt1 − Mα(Atα1)φ(0)−
t1
∫

0
(t1 − s)α−1Mα,α(A(t1 − s)α)

×
[

f (s, x(s), x(s − h))+
s
∫

0
∆(τ , x(τ ), x(τ − h))dw(τ )

]

ds
}

, t ∈ [0, t1]

0, t ∈ (tj, sj], j = 1, 2,. . . , m

B∗Mα,α(A
∗(tj+1 − t)α)W−1

[sj,tj+1]

{

xtj+1
− Ij(sj, x(sj))Mα(A(t − sj)

α)−
tj+1
∫

sj

(tj+1 − s)α−1

×Mα,α(A(tj+1 − s)α)
[

f (s, x(s), x(s − h))+
s
∫

0
∆(τ , x(τ ), x(τ − h))dw(τ )

]

ds
}

,

t ∈ (sj, tj+1], j = 1, 2,. . . , m.

(6)

In order to show that the system (1) is controllable, one can verify blue thatx(t) = φ(t) on t ∈ [−h, 0]
andx(b) = xb in the remaining interval. By using the control function defined in (6) into (5) one can
easily see thatx(0) = φ(0) andx(b) = xb on timeb, which means (1) is controllable.

Theorem 3.1. Mahmudov & Denker (2000)The linear control system is controllable onJ if the
controllability Grammian matrices

W[sj,tj+1] =
tj+1
∫

sj

(tj+1 − s)α−1Mα,α(A(b − s)α)BB∗Mα,α(A
∗(b − s)α)ds

∣

∣

∣

A
a.e, j = 0, 1, 2. . . , m,

are positive definite for sometm+1 = b > 0.

Proof: SinceW are positive definite, then they are nonsingular, and hence, W−1 are well defined.
Take the control function defined in (6).
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For t ∈ [0, t1], we have

x(t1) = Mα(At1
α)φ(0)+

t1
∫

0

(t1 − s)α−1Mα,α(A(t1 − s)α)BB∗Mα,α(A
∗(t1 − s)α)W−1

[0,t1]

×
{

xt1 − Mα(Atα1)φ(0)−
t1
∫

0

(t1 − s)α−1Mα,α(A(t1 − s)α)
[

f (s, x(s), x(s − h))

+
t1
∫

0

∆(τ , x(τ ), x(τ − h))dw(τ )
]

ds
}

+
t1
∫

0

(t1 − s)α−1Mα,αA(t1 − s)α)f (s, x(s), x(s − h))ds

+
t1
∫

0

(t1 − s)α−1Mα,α(A(t1 − s)α)
(

s
∫

0

∆(τ , x(τ ), x(τ − h))dw(τ )
)

ds

x(t1) = xt1.

For t ∈ (sj, tj+1], j = 1, 2,. . . , m we have

x(tj+1) = Ij(sj, x(sj))Mα(A(t − sj)
α)+

tj+1
∫

sj

(tj+1 − s)α−1Mα,α(A(tj+1 − s)α)BB∗Mα,α

×(A∗(tj+1 − s)α)W−1
[sj,tj+1]

{

xtj+1
− Ij(tj, x(sj))Mα(A(tj+1 − s)α)

−
tj+1
∫

sj

(tj+1 − s)α−1Mα,α(A(tj+1 − s)α)
[

f (s, x(s), x(s − h))

+
s
∫

0

∆(τ , x(τ ), x(τ − h))dw(τ )
]

ds
}

+
tj+1
∫

sj

(tj+1 − s)α−1Mα,α(A(tj+1 − s)α)f (s, x(s), x(s − h))ds

+
tj+1
∫

sj

(tj+1 − s)α−1Mα,α(A(tj+1 − s)α)
(

s
∫

0

∆(τ , x(τ ), x(τ − h))dw(τ )
)

ds

x(tj+1) = xtj+1
.

Thus, system (1) is controllable fort ∈ [0, b].
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTIAL STOCHASTIC DELAY SYSTEM 11

On the other way, if it is not positive definite, fort ∈ [0, b], ∃ a nonzeroY , such thatY ∗W[sj,b]Y =
0 that is

b
∫

0

Y
∗(b − s)α−1Mα,α(A(b − s)α)BB∗Mα,α(A

∗(b − s)α)Y ds = 0.

Then

Y
∗Mα,α(A(b − s)α)B = 0. (7)

Since,∃ control inputsu1(t) andu2(t), such that

x(b) = Ij(sj, x(sj))Mα(A(b − sj)
α)+

b
∫

0

(b − s)α−1Mα,α(A(b − s)α)
[

f (s, x(s), x(s − h))

+
s
∫

0

∆(τ , x(τ ), x(τ − h))dw(τ )+ Bu1(s)
]

ds = 0 (8)

Y = Ij(sj, x(sj))Mα(A(b − sj)
α)+

b
∫

0

(b − s)α−1Mα,α(A(b − s)α)
[

f (s, x(s), x(s − h))

+
s
∫

0

∆(τ , x(τ ), x(τ − h))dw(τ )+ Bu2(s)
]

ds = 0. (9)

Combining (8) and (9), we get

Y =
b
∫

0

(b − s)α−1Mα,α(A(b − s)α)B[u1(s)− u2(s)]ds = 0. (10)

Multiplying Y ∗ on both sides of (9), we have

Y
∗
Y =

b
∫

0

(b − s)α−1Mα,α(A(b − s)α)Y ∗
B[u1(s)− u2(s)]ds = 0.

By (7), Y ∗Mα,α(A(tj+1 − s)α)B = 0, we obtainY ∗Y = 0. Thus,Y = 0, which is a contradiction.
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4. Controllability of NI impulsive stochastic system

This section deals with the controllability results for theproposed system (1).

Theorem 4.1. Assume that hypotheses (A1)–(A5) hold and the corresponding linear system of (1) is
controllable onJ. Then, the nonlinear fractional NI impulsive ISDS is controllable onJ provided that

Γ = max
1≤j≤m

{M0, Kj, Mj} < 1.

Proof:
DefineBr = {x : x ∈ Bb, ‖x‖2

Bb
≤ r} be a closed, bounded and convex subset ofB.

Define a nonlinear operatorH : Bb → Bb as

(Hx)(t) =















































































φ(t), t ∈ [−h, 0]

Mα(Atα)φ(0)+
t1
∫

0
(t1 − s)α−1Mα,α(A(t1 − s)α)

[

Bu(s)+ f (s, x(s), x(s − h))

+
t1
∫

0
∆(τ , x(τ ), x(τ − h))dw(τ )

]

ds, t ∈ [0, t1]

Ij(t, x(t)), t ∈ (tj, sj], j = 1, 2,. . . , m

Ij(sj, x(sj))Mα(A(t − sj)
α)+

t
∫

sj

(t − s)α−1Mα,α(A(t − s)α)
[

Bu(s)+ f (s, x(s), x(s − h))

+
s
∫

0
∆(τ , x(τ ), x(τ − h))dw(τ )

]

ds, t ∈ (sj, tj+1], j = 1, 2,. . . , m.

Step 1: H maps bounded sets into bounded sets inBr.
We need to prove‖Hx‖2 ≤ N, N > 0 for t ∈ [0, t1], t ∈ (tj, sj] andt ∈ (sj, tj+1],

j = 1, 2,. . . , m.
For t ∈ [0, t1]

E‖(Hx)(t)‖2 ≤ 4

{

‖Mα(Atα)E‖φ(0)‖2 +
(

t
∫

0

(t − s)α−1ds
)2

‖Mα,α(A(t − s)α)‖2

×
[

E‖u(t)‖2‖B‖2 + E‖f (t, x(t), x(t − h))‖2

+E

∥

∥

∥

∫ s

0
∆(τ , x(τ ), x(τ − h))dw(τ )

∥

∥

∥

2]
}

.
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTIAL STOCHASTIC DELAY SYSTEM 13

Using (A2), Lemma1 and other estimates one can compute fort ∈ [0, t1]

E‖u(t)‖2 ≤ 4‖B∗‖2R2
2l̄0

{

E‖xt1‖
2 + R2

1E‖φ(0)‖2 +
(

t1
∫

0

(t1 − s)α−1ds
)2

R2
2

×
[

E‖f (t, x(t), x(t − h))‖2 + E

∥

∥

∥

s
∫

0

∆(τ , x(τ ), x(τ − h))dw(τ )
∥

∥

∥

2]}

≤ 4‖B∗‖2R2
2l̄0

{

l + R2
1‖φ(0)‖2 +

t2α1

α2 R2
2K̄f (1 + ‖x‖2)+

t2α+1
1

α2 R2
2K̄∆(1 + ‖x‖2)

}

≤ 4‖B∗‖2R2
2l̄0

{

l + R2
1‖φ(0)‖2 +

t2α1

α2 R2
2(K̄f + t1K̄∆)(1 + ‖x‖2)

}

.

Also, for t ∈ (sj, tj+1], j = 1, 2,. . . , m

E‖u(t)‖2 ≤ 4‖B∗‖2R2
j l̄j

{

E‖xtj+1
‖2 + R̄2

j E‖Ij(tj, x(sj))‖2

+
(

tj+1
∫

sj

(tj+1 − s)α−1ds
)2

R2
j

[

E‖f (t, x(t), x(t − h))‖2

+E

∥

∥

∥

s
∫

0

∆(τ , x(τ ), x(τ − h))dw(s)
∥

∥

∥

2]}

≤ 4‖B∗‖2R2
j l̄j

{

lj + R̄2
j K̄j(1 + ‖x‖2)+

(tj+1 − sj)
2α

α2 R2
j K̄f (1 + ‖x‖2)

+
(tj+1 − sj)

2α+1

α2 R2
j K̄∆(1 + ‖x‖2)

}

≤ 4‖B∗‖2R2
j l̄j

{

lj +
[

R̄2
j ‖K̄j‖2 +

(tj+1 − sj)
2α

α2
R2

j (K̄f + (tj+1 − sj)K̄∆)
]

×(1 + ‖x‖2)

}

.

Therefore, fort ∈ [0, t1]

E‖(Hx)‖2 ≤ 4
{

R2
1‖φ(0)‖2 + 4

t2α1

α2
R4

2‖B‖2‖B∗‖2l̄0

{

l + R2
1‖φ(0)‖2 +

t2α1

α2
R2

2

×(K̄f + t1K̄∆)(1 + ‖x‖2)

}

+
t2α1

α2
R2

2(K̄f + t1K̄∆)(1 + ‖x‖2)

}
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14 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

‖(Hx)‖2 ≤
(

1 + 4
t2α1

α2 R4
2‖B‖2‖B∗‖2l̄0

)

R2
1‖φ(0)‖2 + 16

t2α1

α2 R4
2‖B‖2‖B∗‖2l̄0l

×
(

1 + 4
t2α1

α2 R4
2‖B‖2‖B∗‖2l̄0

)

R2
2

t2α1

α2 (K̄f + t1K̄∆)(1 + r)

∼= N0(say).

For t ∈ (tj, sj], j = 1, 2. . . , m

E‖(Hx)‖2 ≤ ‖Ij(t, x(t))‖2)

≤ K̄j(1 + ‖x‖2).

‖(Hx)‖2 ≤ K̄j(1 + r)

∼= Nj(say).

For t ∈ (sj, tj+1], j = 1, 2,. . . , m, we have

E‖(Hx)‖2 ≤ 4
{

R̄2
j K̄j(1 + ‖x‖2)+ 4

(tj+1 − sj)
2α

α2 R4
j ‖B‖2‖B∗‖2l̄j

{

lj + R̄2
j K̄j(1 + ‖x‖2)

+
(tj+1 − sj)

2α

α2 R2
j (K̄f + (tj+1 − sj)K̄∆)(1 + ‖x‖2)

}

+
(tj+1 − sj)

2α

α2 R2
j (K̄f + (tj+1 − sj)K̄∆)(1 + ‖x‖2)

}

‖(Hx)‖2 ≤ 16
(tj+1 − sj)

2α

α2
R4

j ‖B‖2‖B∗‖2l̄jlj

+
(

1 + 4
(tj+1 − sj)

2α

α2 R4
j ‖B‖2‖B∗‖2l̄j

)[

R̄2
j K̄j

+
(tj+1 − sj)

2α

α2 R2
j (K̄f + (tj+1 − sj)K̄∆)

]

(1 + r)

≤ 16
b2α

α2 R4
j ‖B‖2‖B∗‖2l̄jlj +

(

1 + 4
b2α

α2 R4
j ‖B‖2‖B∗‖2l̄j

)

×
[

R̄jK̄j + b2α

α2 R2
j (K̄f + bK̄∆)

]

(1 + r)

∼= N̄j(say).

TakeN = max
1≤j≤m

{N0, Nj, N̄j}, j = 1, 2,. . . , m, then for eachx ∈ Br, we have‖Hx‖2 ≤ N.

Step 2: H is continuous onBr.
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Let the sequence{xn(t)}∞n=1 ⊂ Br with xn → x asn → ∞ in Br. Then, the following are true due to
the continuity off ,∆ andIj, j = 1, 2,. . . , m asn → ∞
(A5): f (t, xn(t), xn(t − h)) → f (t, x(t), x(t − h))

∆(t, xn(t), xn(t − h)) → ∆(t, x(t), x(t − h))

Ij(t, xn(t)) → Ij(t, x(t)).

Using Lebesgue dominated convergence theorem, one can have

E‖(Hxn)(t)− (Hx)(t)‖2 =















































































































































































3
{

E

∥

∥

∥

t
∫

0
(t − s)α−1Mα,α(A(t − s)α)B[uxn(s)− ux(s)]ds

∥

∥

∥

2

+E

∥

∥

∥

t
∫

0
(t − s)α−1Mα,α(A(t − s)α)

×[f (s, xn(s), xn(s − h))− f (s, x(s), x(s − h))]ds
∥

∥

∥

2

+E

∥

∥

∥

t
∫

0
(t − s)α−1Mα,α(A(t − s)α)

[ s
∫

0

(

∆(τ , xn(τ ), xn(τ − h))

−∆(τ , x(τ ), x(τ − h))
)

dw(τ )
]

ds
}

, t ∈ [0, t1]

E‖Ij(t, xn(t))− Ij(t, x(t))‖2, t ∈ (tj, sj], j = 1, 2,. . . , m

4
{

E‖Ij(sj, xn(sj))− Ij(sj, x(sj))‖2‖Mα(A(t − sj)
α)‖2

E

∥

∥

∥

t
∫

sj

(t − s)α−1Mα,α(A(t − s)α)B[uxn(s)− ux(s)]ds
∥

∥

∥

2

+E

∥

∥

∥

t
∫

sj

(t − s)α−1Mα,α(A(t − s)α)

×[f (s, xn(s), xn(s − h))− f (s, x(s), x(s − h))]ds
∥

∥

∥

2

+E

∥

∥

∥

t
∫

sj

(t − s)α−1Mα,α(A(t − s)α)
[ s
∫

0

(

∆(τ , xn(τ ), xn(τ − h))

−∆(τ , x(τ ), x(τ − h))
)

dw(τ )
]

ds
}

, t ∈ (sj, tj+1], j = 1, 2,. . . , m,

which tends to zero asn → ∞. Thus,H is a continuous operator onBr
Step 3: H is equicontinuous.

Let ρ1,ρ2 ∈ [0, t1] with 0 < ρ1 < ρ2 ≤ t1. Then,

E‖(Hx)(ρ2)− (Hx)(ρ1)‖2

≤ 7
{

E‖Mα(Aρ
α
2 )− Mα(Aρ

α
1 )‖2‖φ(0)‖2 + E

∥

∥

∥

ρ2
∫

ρ1

(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)Bux(s)ds
∥

∥

∥

2

+E

∥

∥

∥

ρ1
∫

0

[(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)− (ρ1 − s)α−1Mα,α(A(ρ1 − s)α)]Bux(s)ds
∥

∥

∥

2
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16 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

+E

∥

∥

∥

ρ2
∫

ρ1

(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)f (s, x(s), x(s − h))ds
∥

∥

∥

2

+E

∥

∥

∥

ρ1
∫

0

[(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)− (ρ1 − s)α−1Mα,α(A(ρ1 − s)α)]f (s, x(s), x(s − h))ds
∥

∥

∥

2

+E

∥

∥

∥

ρ2
∫

ρ1

(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)
(

∫ s

0
∆(τ , x(τ ), x(τ − h))dw(τ )

)

ds
∥

∥

∥

2

+E

∥

∥

∥

ρ1
∫

0

[(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)− (ρ1 − s)α−1Mα,α(A(ρ1 − s)α)]

×
(

∫ s

0
∆(τ , x(τ ), x(τ − h))dw(τ )

)

ds
∥

∥

∥

2}

.

Thus,

‖(Hx)(ρ2)− (Hx)(ρ1)‖2

≤ 7
{

‖Mα(Aρ
α
2 )− Mα(Aρ

α
1 )‖2‖φ(0)‖2 + (ρ2 − ρ1)

α

α

ρ2
∫

ρ1

‖(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)‖2

×‖B‖2‖ux(s)‖2ds + ρ1

ρ1
∫

0

‖[(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)− (ρ1 − s)α−1Mα,α(A(ρ1 − s)α)]‖2

×‖B‖2‖ux(s)‖2ds + (ρ2 − ρ1)
α

α

ρ2
∫

ρ1

‖(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)‖2‖f (s, x(s), x(s − h))‖2ds

+ρ1

ρ1
∫

0

‖[(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)− (ρ1 − s)α−1Mα,α(A(ρ1 − s)α)]‖2

×‖f (s, x(s), x(s − h))‖2ds + (ρ2 − ρ1)
α

α

ρ2
∫

ρ1

‖(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)‖2

×
∥

∥

∥

∫ s

0
∆(τ , x(τ ), x(τ − h))dw(τ )

∥

∥

∥

2
ds
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTIAL STOCHASTIC DELAY SYSTEM 17

+ρ1

ρ1
∫

0

‖[(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)− (ρ1 − s)α−1Mα,α(A(ρ1 − s)α)]‖2

×
∥

∥

∥

s
∫

0

∆(τ , x(τ ), x(τ − h))dw(τ )
∥

∥

∥

2
ds
}

asρ2 → ρ1, the RHS of the above inequality tends to zero.
Forρ1,ρ2 ∈ (tj, sj], j = 1, 2,. . . , m, tj < ρ1 < ρ2 ≤ sj, one can estimate

E‖(Hx)(ρ2)− (Hx)(ρ1)‖2 ≤ E‖Ij(ρ2, x(t))− Ij(ρ1, x(t))‖2

Thus,‖(Hx)(ρ2)− (Hx)(ρ1)‖2 ≤ ‖Ij(ρ2, x(t))− Ij(ρ1, x(t))‖2

asρ2 → ρ1, the RHS→ 0.
Similarly for ρ1,ρ2 ∈ (sj, tj+1], j = 1, 2,. . . , m, sj < ρ1 < ρ2 ≤ tj+1, one can compute the

following estimate
E‖(Hx)(ρ2)− (Hx)(ρ1)‖2

≤ 7
{

E‖Ij(sj, x(sj))Mα(A(ρ2 − s)α)− Ij(sj, x(sj))Mα(A(ρ1 − s)α)‖2

+E

∥

∥

∥

ρ2
∫

ρ1

(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)Bux(s)ds
∥

∥

∥

2

+E

∥

∥

∥

ρ1
∫

sj

[(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)− (ρ1 − s)α−1Mα,α(A(ρ1 − s)α)]Bux(s)ds
∥

∥

∥

2

+E

∥

∥

∥

ρ2
∫

ρ1

(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)f (s, x(s), x(s − h))ds
∥

∥

∥

2

+E

∥

∥

∥

ρ1
∫

sj

[(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)− (ρ1 − s)α−1

×Mα,α(A(ρ1 − s)α)]f (s, x(s), x(s − h))ds
∥

∥

∥

2
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18 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

+E

∥

∥

∥

ρ2
∫

ρ1

(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)
(

s
∫

0

∆(τ , x(τ ), x(τ − h))dw(τ )
)

ds
∥

∥

∥

2

+E

∥

∥

∥

ρ1
∫

sj

[(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)− (ρ1 − s)α−1Mα,α(A(ρ1 − s)α)]

×
(

s
∫

0

∆(τ , x(τ ), x(τ − h))dw(τ )
)

ds
∥

∥

∥

2
.

Thus,

‖(Hx)(ρ2)− (Hx)(ρ1)‖2 ≤ 7
{

Ij(sj, x(sj))Mα(A(ρ2 − s)α)− Ij(sj, x(sj))Mα(A(ρ1 − s)α)‖2

+ (ρ2 − ρ1)
α

α

ρ2
∫

ρ1

‖(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)‖2‖B‖2‖ux(s)‖2ds

+(ρ1 − sj)

ρ1
∫

sj

‖[(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)− (ρ1 − s)α−1

×Mα,α(A(ρ1 − s)α)]‖2‖B‖2‖ux(s)‖2ds

+ (ρ2 − ρ1)
α

α

ρ2
∫

ρ1

‖(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)‖2‖f (s, x(s), x(s − h))‖2ds

+(ρ1 − sj)

ρ1
∫

sj

‖[(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)− (ρ1 − s)α−1

×Mα,α(A(ρ1 − s)α)]‖2‖f (s, x(s), x(s − h))‖2ds + (ρ2 − ρ1)
α

α

×
ρ2
∫

ρ1

‖(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)‖2
∥

∥

∥

∫ s

0
∆(τ , x(τ ), x(τ − h))dw(τ )

∥

∥

∥

2
ds

+(ρ1 − sj)

ρ1
∫

sj

‖[(ρ2 − s)α−1Mα,α(A(ρ2 − s)α)− (ρ1 − s)α−1

×Mα,α(A(ρ1 − s)α)]‖2
∥

∥

∥

s
∫

0

∆(τ , x(τ ), x(τ − h))dw(τ )
∥

∥

∥

2
ds
}
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FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTIAL STOCHASTIC DELAY SYSTEM 19

asρ2 → ρ1, the RHS of the above inequality tends to zero. Thus,H mapsBr into an equicontinuous
family of functions.
Step 4: The following conditions are proved to apply Mönch fixed point theorem (Lemma4).
Claim 1: H is Lipschitz continuous.

Let x, y ∈ Br, for t ∈ [0, t1]. Using (A1), Lemma1 and other estimates, we have

E‖(Hx)(t)− (Hy)(t)‖2 ≤ 3
{ tα1
α

t1
∫

0

(t1 − s)α−1‖Mα,α(A(t1 − s)α)‖2
[

‖B‖2
E‖ux(s)− uy(s)‖2

+E‖f (s, x(s), x(s − h))− f (s, y(s), y(s − h))‖2

+E

∥

∥

∥

s
∫

0

[∆(τ , x(τ ), x(τ − h))−∆(τ , y(τ ), y(τ − h))]dw(τ )
∥

∥

∥

2
ds
]}

≤ 3
t2α1

α2 R2
2

{

2‖B‖2‖B∗‖2l̄0R4
2

t2α1

α2 (Kf + t1K∆)‖x − y‖2

+(Kf + t1K∆)‖x − y‖2
}

≤ 3
t2α1

α2
R2

2

{(

1 + 2‖B‖2‖B∗‖2l̄0R4
2

t2α1

α

)

(Kf + t1K∆)
}

‖x − y‖2

∼= M0‖x − y‖2

whereM0 = 3
t2α1

α2 R2
2

{(

1 + 2‖B‖2‖B∗‖2l̄0R4
2

t2α1

α

)

(Kf + t1K∆)
}

.

For t ∈ (tj, sj]

E‖(Hx)(t)− (Hy)(t)‖2 ≤ E‖Ij(t, x(t))− Ij(t, y(t))‖2

≤ Kj‖x − y‖2, j = 1, 2,. . . , m.

For t ∈ (sj, tj+1], one can compute

E‖(Hx)(t)− (Hy)(t)‖2 ≤ 4
{

R̄j
2
Kj‖x − y‖2 + R2

j

(tj+1 − sj)
2α

α2 ‖B‖2‖ux(t)− uy(t)‖2

+
(tj+1 − sj)

2α

α2
R2

j [Kf + (tj+1 − sj)K∆]‖x − y‖2
}
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20 J. PRIYADHARSINI AND P. BALASUBRAMANIAM

≤ 4
[

R̄j
2
Kj‖x − y‖2 + R2

j

(tj+1 − sj)
2α

α2

{

3‖B‖2‖B∗‖2R4
j l̄j
(tj+1 − sj)

2α

α2

×[Kf + (tj+1 − sj)K∆]‖x − y‖2
}

+
(tj+1 − sj)

2α

α2 [Kf + (tj+1 − sj)K∆]‖x − y‖2
]

≤ 4
[

R̄j
2
Kj + R2

j

(tj+1 − sj)
2α

α2

{

1 + 3‖B‖2‖B∗‖2R4
2l
(tj+1 − sj)

2α

α2

}

×[Kf + (tj+1 − sj)K∆]
]

‖x − y‖2

≤ 4
[

R̄j
2
Kj + R2

j
b2α

α2

{

1 + 3‖B‖2‖B∗‖2R4
2l̄j

b2α

α2

}

(Kf + bK∆)
]

‖x − y‖2

∼= Mj‖x − y‖2

whereMj = 4
[

R̄j
2
Kj + R2

j
b2α

α2

{

1 + 3‖B‖2‖B∗‖2R4
j l̄j

b2α

α2

}

(Kf + bK∆)
]

.

TakeΓ = max
1≤j≤m

{M0, Kj, Mj}, sinceΓ < 1, for all t ∈ J, H is Lipschitz continuous.

Claim 2:
Suppose thatD ⊆ Br is countable andD ⊆ c̄o({0} ∪ H(D)), we show thatD is relatively compact.

Without loss of generality, we assume thatD = {xn}∞n=1. By Step 3, it is easy to verify thatD ⊆
c̄o({0} ∪H(D)) is equicontinuous onJ. We need to estimateβ(D) = 0, whereβ is the Hausdorff MNC.

By using Lemma2, we haveβ(Hx(t)) = β(Ĥx(t)).
As Mα(Atα) is compact,β[Mα(Atα)φ(0)] = 0 remaining terms fort ∈ [0, t1]

(Hx)(t) =
t
∫

0

(t − s)α−1Mα,α(A(t − s)α)Bu(s)ds

+
t
∫

0

(t − s)α−1Mα,α(A(t − s)α)f (s, x(s), x(s − h))

+
t
∫

0

(t − s)α−1Mα,α(A(t − s)α)

s
∫

0

∆(τ , x(τ ), x(τ − h))dw(τ )]ds

:= Ĥ1 + Ĥ2 + Ĥ3
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β

(

{Ĥ1xn(t)}∞n=1

)

= β

(

t
∫

0

(t − s)α−1Mα,α(A(t − s)α)Buxn(s)ds
)

= β

(

t
∫

0

(t − s)α−1Mα,α(A(t − s)α)BB∗Mα,α(A
∗(t − s)α)W−1

[0,t1]

×
{

−
t1
∫

0

(t1 − s)α−1Mα,α(A(t1 − s)α)f (s, xn(s), xn(s − h))ds

−
t1
∫

0

(t1 − s)α−1Mα,α(A(t1 − s)α)

×
(

s
∫

0

∆(τ , xn(τ ), xn(τ − h))dw(τ )
)

ds
}∞

n=1

)

.

By Lemma2 and (A3), we have

β

(

{Ĥ1xn(t)}∞n=1

)

≤ 2
(

β

({

∫ t1

0
(t1 − s)α−1Mα,α(A(t1 − s)α)f (s, xn(s), xn(s − h))ds

}∞

n=1

)

+β
({

∫ t1

0
(t1 − s)α−1Mα,α(A(t1 − s)α)

[(

∫ s

0
∆(τ , xn(τ ), xn(τ − h))dw(τ )

)2] 1
2
ds
}∞

n=1

))

≤ 2
({

∫ t1

0
(t1 − s)α−1Mα,α(A(t1 − s)α)β

(

f (s, xn(s), xn(s − h))
)

ds

+
t1
∫

0

(t1 − s)α−1Mα,α(A(t − s)α)β
([(

s
∫

0

∆(τ , xn(τ ), xn(τ − h))dw(τ )
)2] 1

2
ds
}∞

n=1

))

≤ 2

(

tα1
α

R2Qf sup
−h<θ≤0

β

(

{xn(θ + s)}∞n=1

)

+
tα1
α

R2

(

s
∫

0

[

∆(τ , xn(τ ), xn(τ − h))
]2

d(τ )
) 1

2

× sup
−h<θ≤0

β

(

{xn(θ + s)}∞n=1

)

)

≤ 2
tα1
α

R2

[

Qf +
√

t1Q∆

]

sup
−h<θ≤0

β

(

{xn(θ + s)}∞n=1

)

≤ 2
tα1
α

R2

[

Qf +
√

t1Q∆

]

sup
t∈[0,t1]

β

(

{xn(t)}∞n=1

)

.
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In a similar fashion, we have

β

(

{Ĥ2xn(t)}∞n=1

)

≤ β

({

t
∫

0

(t − s)α−1Mα,α(A(t − s)α)f (s, xn(s), xn(s − h))ds
}∞

n=1

)

≤ 2
tα

α
R2Qf sup

−h<θ≤0
β

(

{xn(θ + s)}∞n=1

)

≤ 2
tα1
α

R2Qf sup
t∈[0,t1]

β

(

{xn(t)}∞n=1

)

β

(

{Ĥ3xn(t)}∞n=1

)

≤ β

({

t
∫

0

(t − s)α−1Mα,α(A(t − s)α)

×
[(

s
∫

0

∆(τ , xn(τ ), xn(τ − h))dw(τ )
)2] 1

2
ds
}∞

n=1

)

≤ 2
tα

α
R2

(

s
∫

0

[

∆(τ , xn(τ ), xn(τ − h))
]2

d(τ )
) 1

2
sup

−h<θ≤0
β

(

{xn(θ + s)}∞n=1

)

≤ 2
tα1
α

R2

√

t1Q∆ sup
t∈[0,t1]

β

(

{xn(t)}∞n=1

)

.

Combining the above inequalities, we obtain that

β

(

{Ĥxn(t)}∞n=1

)

= β

(

{Ĥ1xn(t)}∞n=1

)

+ β

(

{Ĥ2xn(t)}∞n=1

)

+ β

(

{Ĥ3xn(t)}∞n=1

)

≤ 2
tα1
α

R2[Qf +
√

t1Q∆] sup
t∈[0,t1]

β

(

{xn(t)}∞n=1

)

+2
tα1
α

R2Qf sup
t∈[0,t1]

β

(

{xn(t)}∞n=1

)

+2
tα1
α

R2

√

t1Q∆ sup
t∈[0,t1]

β

(

{xn(t)}∞n=1

)

≤ 4
tα1
α

R2[Qf +
√

t1Q∆] sup
t∈[0,t1]

β

(

{xn(t)}∞n=1

)

.

Using Lemma 2.7, we have

β

(

{Ĥxn(t)}∞n=1

)

= M∗β(D).
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For t ∈ (tj, sj], compute

β

(

{Ĥxn(t)}∞n=1

)

= β

(

{Ij(t, xn(t))}∞n=1

)

≤ 2Qj sup
−h<θ≤0

β

(

{xn(θ + s)}∞n=1

)

≤ 2Qj sup
t∈(tj,sj]

β

(

{xn(t)}∞n=1

)

.

Using Lemma 2.7, we have

β

(

{Ĥxn(t)}∞n=1

)

= M∗
j β(D).

As Mα,α(A(t − sj)
α) is compact,β[Mα(A(t − sj)

α)φ(0)] = 0 remaining terms fort ∈ (sj, tj+1]

(Hx)(t) = Ij(sj, x(sj))Mα(A(t − sj)
α)+

t
∫

sj

(t − s)α−1Mα,α(A(tj+1 − s)α)Bu(s)ds

+
t
∫

sj

(t − s)α−1Mα,α(A(t − s)α)f (s, x(s), x(s − h))

+
t
∫

sj

(t − s)α−1Mα,α(A(tj+1 − s)α)

s
∫

0

∆(τ , x(τ ), x(τ − h))dw(τ )]ds

:= Ĥ1 + Ĥ2 + Ĥ3 + Ĥ4.

Now, we estimate the following

β

(

{Ĥ1xn(t)}∞n=1

)

= β

({

Ij(sj, xn(sj))Mα(A(t − sj)
α)

}∞

n=1

)

≤ R̄jβ({Ij(sj, xn(sj))}∞n=1)

≤ R̄jQj sup
−h<θ≤0

β

(

{xn(θ + s)}∞n=1

)

≤ R̄jQj sup
t∈[sj,tj+1]

β

(

{xn(t)}∞n=1

)
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β

(

{Ĥ2xn(t)}∞n=1

)

= β

(

t
∫

sj

(t − s)α−1Mα,α(A(t − s)α)Buxn(s)ds
)

= β

(

t
∫

sj

(t − s)α−1Mα,α(A(t − s)α)BB∗Mα,α(A
∗(t − s)α)W−1

(sj,tj+1]

×
{

− Ij(sj, xn(sj))Mα(A(tj+1 − sj)
α)−

tj+1
∫

sj

(tj+1 − s)α−1Mα,α(A(tj+1 − s)α)

×f (s, xn(s), xn(s − h))ds −
tj+1
∫

sj

(tj+1 − s)α−1Mα,α(A(tj+1 − s)α)

×
(

s
∫

0

∆(τ , xn(τ ), xn(τ − h))dw(τ )
)

ds
}∞

n=1

)

.

By Lemma2 and (A3), we have

β

(

{Ĥ2xn(t)}∞n=1

)

≤ 2β
({

R̄jQjβ

(

{xn(θ + s)}∞n=1

)

+
tj+1
∫

sj

(tj+1 − s)α−1Mα,α(A(tj+1 − s)α)

×β
(

f (s, xn(s), xn(s − h))
)

ds +
tj+1
∫

sj

(tj+1 − s)α−1Mα,α(A(t − s)α)

×β
([(

s
∫

0

∆(τ , xn(τ ), xn(τ − h))dw(τ )
)2] 1

2
ds
}∞

n=1

))

≤ 2
(

R̄jQj +
(tj+1 − sj)

α

α
Rj

[

Qf +
√

(tj+1 − sj)Q∆

])

sup
−h<θ≤0

β

(

{xn(θ + s)}∞n=1

)

≤ 2
(

R̄jQj +
(tj+1 − sj)

α

α
Rj

[

Qf +
√

(tj+1 − sj)Q∆

])

sup
t∈(sj,tj+1]

β

(

{xn(t)}∞n=1

))

β

(

{Ĥ3xn(t)}∞n=1

)

≤ β

({

t
∫

sj

(t − s)α−1Mα,α(A(t − s)α)f (s, xn(s), xn(s − h))ds
}∞

n=1

)

≤ 2
(t − sj)

α

α
RjQf sup

−h<θ≤0
β

(

{xn(θ + s)}∞n=1

)

≤ 2
(tj+1 − sj)

α

α
RjQf sup

t∈(sj,tj+1]
β

(

{xn(t)}∞n=1

)

D
ow

nloaded from
 https://academ

ic.oup.com
/im

am
ci/advance-article/doi/10.1093/im

am
ci/dnab004/6168108 by guest on 12 M

arch 2021



FRACTIONAL NONINSTANTANEOUS IMPULSIVE INTEGRODIFFERENTIAL STOCHASTIC DELAY SYSTEM 25

β

(

{Ĥ4xn(t)}∞n=1

)

≤ β

({

t
∫

sj

(t − s)α−1Mα,α(A(t − s)α)

×
[(

s
∫

0

∆(τ , xn(τ ), xn(τ − h))dw(τ )
)2] 1

2
ds
}∞

n=1

)

≤ 2
(t − sj)

α

α
Rj

(

∫ s

0

[

∆(τ , xn(τ ), xn(τ − h))
]2

d(τ )
) 1

2

× sup
−h<θ≤0

β

(

{xn(θ + s)}∞n=1

)

≤ 2
(tj+1 − sj)

α

α
Rj

√

(tj+1 − sj)Q∆ sup
t∈(sj,tj+1]

β

(

{xn(t)}∞n=1

)

.

Combining the above inequalities, we have

β

(

{Ĥxn(t)}∞n=1

)

= β

(

{Ĥ1xn(t)}∞n=1

)

+ β

(

{Ĥ2xn(t)}∞n=1

)

+ β

(

{Ĥ3xn(t)}∞n=1

)

+β
(

{Ĥ4xn(t)}∞n=1

)

= 2
(

R̄jQj +
(tj+1 − sj)

α

α
Rj

[

Qf +
√

(tj+1 − sj)Q∆

])

× sup
t∈(sj,tj+1]

β

(

{xn(t)}∞n=1

)

+ 2R̄jQj sup
t∈(sj,tj+1]

β

(

{xn(t)}∞n=1

)

+2
(tj+1 − sj)

α

α
RjQf sup

t∈(sj,tj+1]
β

(

{xn(t)}∞n=1

)

+2
(tj+1 − sj)

α+1

α
RjQ∆ sup

t∈(sj,tj+1]
β

(

{xn(t)}∞n=1

)

≤ 4
(

R̄jQj +
(tj+1 − sj)

α

α
Rj

[

Qf +
√

(tj+1 − sj)Q∆

])

× sup
t∈(sj,tj+1]

β

(

{xn(t)}∞n=1

)

≤ 4
(

R̄jQj + bα

α
Rj

[

Qf +
√

bQ∆

])

sup
t∈J
β

(

{xn(t)}∞n=1

)

.

Using Lemma 2.7, we have

β

(

{Ĥxn(t)}∞n=1

)

= M̄∗
j β(D).
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TakeΥ = max
1≤j≤m

{M∗, M∗
j , M̄∗

j }, by (A5)Υ < 1, for all t ∈ J; therefore, Mönch condition to be verified.

By Lemma2, we obtain thatβ(D) ⊆ β

(

c̄o({0} ∪ H(D))

)

. This impliesβ(D) = 0, D is relatively

compact set. Hence, we derive thatH has a fixed point inD, which is a solution of system (1). Hence,
the system (1) is controllable.

5. Computational example

Consider the following NI impulsive ISDS as

D0.5x1(t) = x2(t)+ u1(t)+ 1

5

( x1(t − 0.2)

1 + x2
1(t − 0.2)+ x2

2(t − 0.2)

)

+
∫ t

0

x1(s − 0.2)e−s

3
dw1(s)

D0.5x2(t) = x1(t)− u2(t)+
∫ t

0

x2(s − 0.2)e−s

3
dw2(s), t ∈ (tj, sj], j = 0, 1. . . , m

x(t) = 1

4
x(t, tj+1], j = 1, 2. . . , m

x(t) = φ(t), t ∈ [−0.2, 0], (11)

wherex ∈ R
2, α = 0.5, 0= t0 = s0 < t1 = 0.5 ≤ s1 < t2 . . . ,< tm ≤ sm < tm+1 = 1 are prefixed

numbers,J = [0, 1]. Here

A =
(

0 1
1 0

)

, B =
(

1 0
0 −1

)

f (t, x(t)) =
(

x1(t−0.2)
5(1+x2

1(t−0.2)+x2
2(t−0.2))

0

)

, ∆(t, x(t)) =
(

x1(s−0.2)e−t

3 0

0 x2(s−0.2)e−t

3

)

The Mittag–Leffler matrix function of the systems is given by

Mα(Abα) =
(

S1 S2
−S3 S4

)

where

S1 = S4 =
∑∞

j=0
(−1)jb2jα

Γ (2jα + α)
= −0.33777

S2 = −S3 = −
∑∞

j=0
(−1)jb(2j+1)α

Γ [(2j + 1)α]
= −0.1666.
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Now the controllability Grammian matrix is described as below:

W =
∫ b

0
(b − s)α−1[Mα,α(A(b − s)α)B][Mα,α(A(b − s)α)B]∗ds

=
∫ b

0
(b − s)q−1

(

P2
1 + P2

2 P1P3 + P2P4
P1P3 + P2P4 P2

1 + P2
2

)

ds.

Here

Mα,α(A(b − s)α) =
(

P1 P2
−P3 P4

)

,

P1 = P4 =
∑∞

j=0
(−1)j(b − s)2jα

Γ (2jα + α)
= −0.7477

P2 = −P3 = −
∑∞

j=0
(−1)j(b − s)(2j+1)α

Γ [(2j + 1)α]
= −0.4203.

Therefore,

W =
∫ 1

0
(1 − 0.6)0.5−1

(

0.5590 0
0 0.5990

)

ds

= 0.2166,

which is positive definite for anyb > 0. Therefore, the corresponding linear system of (11) is
controllable on [0, 1]. It is easy to compute that the nonlinear functions satisfy the assumptions stated in
the Theorem4.1. Further

E‖f (t, x1(t), x1(t − h))− f (t, x2(t), x2(t − h))‖2 ≤ 1

25
E‖x1 − x2‖2

E‖∆(t, x1(t), x1(t − h))−∆(t, x2(t), x2(t − h))‖2 ≤ 1

9
e−2t

E‖x1 − x2‖2

E‖Ij(t, x1(sj−1))− Ij(t, x2(sj−1))‖2 ≤ 1

16
E‖x1 − x2‖2, j = 1, 2,. . . , m.
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Here

M0 = 3 × 0.252×0.5

0.52 × 0.7357
{

1 + 2 × 0.2929× 4.6× 0.7357× 0.252×0.5

0.5

}( 1

25
+ 0.067

)

= 2.2× 1.29× 0.107

= 0.2761.

Kj = 0.0625.

Mj = 0.486.

Therefore,

Γ = max{M0, Kj, Mj}
= max{0.2761, 0.0625, 0.486} < 1;

thus, the system (11) is controllable on [0, 1].

Remark 1. Some sufficient conditions for the controllability of nonlinear stochastic impulsive system
have been obtained byKarthikeyan & Balachandran (2011). Controllability of nonlinear DEs with
NI impulses in second-order have been studied byKumar et al. (2018). Controllability of fractional
stochastic with Poisson jumps have been derived bySathiyaraj & Balasubramaniam (2015). A series of
sufficient conditions have been derived in this manuscript, which differ from the above existing literature
in terms of NI impulse conditions and Mönch fixed point theorem in finite dimensional settings.

Remark 2. Here a special type of impulse is used in the sense of Caputofractional DEs in finite
dimensional stochastic settings. This type of DEs are used to model the dynamics of evolution process
in pharmacotherapy. This process starts abruptly at some points and their actions continues in a finite
interval. Hence, we derived the controllability results onNI impulsive ISDS in finite dimensionalRn.

Remark 3. The model in (11) is associated with a typical cycle for the streamlining control of
advancement measures in pharmacotherapy. In particular, we think about the accompanying disentan-
gled circumstance concerning the haemodynamical harmony of an individual. For the situation of a
decompensation, one can recommend some intravenous medications.

Since the presentation of the medications in the circulatory system and the ensuing ingestion of
the body is gradual, hence it is a continuous processes; we can decipher the above circumstance as an
imprudent activity, which begins unexpectedly and remainsdynamic on a limited time stretch.

From a practical view, the incredible abilities of partial subsidiaries in displaying elements of
complex stochastic systems and processes, it appears to be encouraging to utilize fragmentary analytics
to abnormal body balance measures all the more precisely in the future. We comment that the
applications inspiration for the investigation of the system (11) is identified with the fractional stochastic
differential control system administering the dynamic system with fractional order and NI impulses one
can refer (Wanget al. 2016; Yan & Yang 2020).
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6. CONCLUSION

This paper provides sufficient conditions for controllability of NI impulsive ISDS by using MNC based
on Mönch fixed point theorem. The controllability Grammianmatrix is employed by means of M-L
function. Finally, an example is provided to show the effectiveness of the proposed results.
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