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Following [1, p. 18], the Abel Sums are taken as defined by

n

A5 330, D) = 3 (1) (k + 042 (1 — k 4y, )

k=0

Here x, y are indeterminates, n is a nonnegative integer, and p, g are arbitrary
integers.

The purpose of this note is to show the utility in their evaluation of auxiliary
sums, here called Associated Abel Sums, and defined by

Feying) =3 () (-0 G+ 0r = ko0 Q)

Indeed, the two are interrelated by

n

An%, 330, @) = 2, (Z) (4 x + 3 Falx,y +hksp+n—kq, )

k=0
Fux,v;p9) = Y (Z) (=D +x+ ) A, 0,y +k;p—mn,q). (4
k=0

(3) is verified as follows:

ALx, y;p, @)

— C n k k+p — k n—k+4q
L (g e+ 0 =k 4 y)
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= 3 (")t + 2P0 00—k -y

k=0

T (") 0 g x4y
I T O e LY
e T e T (I SR

=X (ot x I B =i+ yip + ).
(4) is verified by

i‘()( ¥+ X+ 9P Anlx, y + k0 — 1, 9)

=0

P

= % () C0r o+ x oy

X :: (n ; k) ( + x)pnHi(n — j + y)ern—i-k
= é‘b ::) (7)<n ; J) (=D (n+x+ WG+ x)pmH(n—j+ )ik
B é (’11) G+ xpmdn—j 4y

< :;( )( (1 4 x + ) (n — j + pyn—iei

= i (")(~1)"“’ (G+xpn—j+ye

Formula (3) is an evaluation of Abel Sums as a linear combination of
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Associated Abel Sums, whose coefficients are monomials in (n + x + y).
The next formula gives a simple expression for F,(x, y; p, g) in terms of
difference operators.

n

Fxyip ) = Y, (=D (k+ 07—k +y0 ()

k=0
=Y (Z)(_l)n-—k E ExPEn=Fyt
= (Ea: - Ew " xPy = (Aa: - Av)n x7y?

where E (E,) is the shift operator operating on x(y), and 4,(4,) is the
corresponding difference operator, i.e.

Ef(x,y) =f(x+1y), dof(xy) =Ffx+ 1) —fx)
This implies the instances:
Fo(x,y; p, 0) = A"x? (6)
Fy(x, y; p, 1) = yd"x? — ndn-1x? @)
F,(x, y; p,2) = y*4*x? — n(2y + 1) A»x? + 2 (;) An—2x?, ®

From Riordan [1, p. 203] we have for p > m:
o (P
Anxp =n!' Y (]) xP-i8(j, n) (9)
i=n

where S(j, n) are Stirling numbers of the second kind.
Thus we have

n

Ao, 730,00 = ¥ (1) (0 + x + yyr* drxre, (10)

k=0
This implies the instances: (for 0 < p < n, 4%x? = 0)

40575 =1,0) = 3 () k + 01 (0 — k + e

k=0

=(n-+ x4+ " x1 an



216 GILL KALAI

which is the original identity of Abel, and

Aux, y; =2,0) = (g) (n+ x + y)y A%2 + (’17) (n -+ x + y)r1 4lx?

_ Tt x )t (At x £ )
= oD + = . (12)
In general for p >0
n n ]
An(x, y; —p,0) = Y (k) (n + x + yyn dkxk-p
k=0
(13)
»-1 n
= n - x 4 p)rk Qhxkep,

Thus the number of terms in the sum is bounded for fixed p, (even if
A¥x*-? is written out as a polynomial in x).
For p = 0 and p = 1 we obtain

n n i
A 30,00 = 3 (I tr b x £k -kt = m Y CEEED
*=0 k=0 :

(14
An(X, ¥ ], 0) - Z (Z) (n + x4+ y)l» Arn—Fyn—k+1

k=0

(15)

:Ag(Z)(n+x+y)k(”“k+1)!(x+ )

Another evaluation of F,(x, y; p, q) for ¢ = 0, similar to (5), is:

q

Y (%) (k= x4y

j=0

Fasyipo ) = 3 (=0 () G + 97

n

-y (8) G0 x4 9y 3 () 0t e

i=0 . k=0

= ¥ () 0 0 x5 Ex 0 p = 4, 0)

YT o

i=0
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Similarly, (for ¢ > 0):

M=

A (x, y;p, q) = (q.) (=D (n+x+yY A, y;p+ g — ), 0)

J

0

.
1

I
=

<.
I
<

() = ot x4y

X

bl
p1s

(1) (1 + x + yy* dixpra-sss, (17)

In particular we have forp, ¢ >0, p + ¢ <n:

Fux, y; p, q) = 0. (18)

And therefore our evaluation (17) of 4,(x, y; — p, g)forp, g > 0,p > qisa
sum in which the number of terms is bounded for fixed p and q.

Finally we present an example of (4), the inverse of our main identity. For
O0<p<n

Y () (Z0F (1 + x + ¥ Al k + v p — 1, 0)
k=0 '
= Fu(x, y; p,0) = 0. 19

Particularly, forp =n — 1

> (B) (=D (1 + x + 9F Aualx, ¥ + ks —1,0)

k=0

= ¥ () D@ X+ pF G+ x =0, (0)

k=0

ACKNOWLDGEMENT

1 would like to express my gratitude to Professor M. A. Perles, under whose super-
vision this work was done, for his help and encouragement, and to Professor John Riordan
for his useful remarks and suggestions to this paper.

REFERENCES

1. J. RiorDAN, “Combinatorial Identities,” Wiley, New York, 1968.



