Dirichlet’s Test

January 31, 2011

Theorem 1. Let a, > 0 be a decreasing sequence, an, > ant1 and a, — 0. Suppose there is a number M

so that | Y7 bp| < M for all n. Then Y 1° anby, converges.

Proof. Define B,, =by +by+---+0b,,By=0. Then b, = B, — B,,_1 and

a1by + azbz + agbs + ... anb, = a1(B1 — By) + ax(B2 — By) + a3(B3 — B2) + ... ap—1(Bn-1 — Bn—2) + an(By

= Bl(al — CLQ) + BQ(CLQ — ag) + ... Bn,l(an,1 — an) + Bhay.

Let
n n—1
Sp = Zakbk and S,_1 = Z By(ar — ag+1)-
k=1 k=1

Then the preceding equation can be written as s, = S,_1+ Byay,. Since |B,| < M and a,, — 0, Bpa, — 0.
Now I claim that the series > ;_; Br(ar — ar+1) converges absolutely. We estimate |By(ap — ag41)| <
Map — ags1| = M(ay — agq1) since ap — agy1 > 0. The partial sums of the series > | (ar — axt1) are
ai — ap4+1. Since a, — 0 the series converges to a; and by comparison the series Y ,_; Br(ap — ax+1)
converges absolutely. We did not prove that >"7° anby, converges absolutely. We related the partial sums
to the series Y ;_; Bi(ar — ax4+1) which converges absolutely.
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