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1 Introduction

The notion of “time”, in general relativity, is many-sided [1, 2, 3].

General relativity is invariant with respect to general coordinate transformations in-
cluding the reparametrizations of the “initial time-coordinate” ¢ s ¢/ = t/(t).

The Einstein observer, in GR, measures the proper time as the invariant geometrical
interval.

The Hamiltonian reduction [1] of cosmological models inspired by GR [1, 2, 3] reveals
the internal dynamical “parameter of evolution ” of the Dirac invariant sector of physical
variables [4, 5, 6, 7, 8]. In cosmological models this “evolution parameter” is the cosmic
scale variable, and the relation between an invariant geometrical interval and dynamical
“evolution parameter” (the “proper time” dynamics) describes data of the observational
cosmology (the red shift and Hubble law).

In this paper we would like to generalize the Hamiltonian reduction with internal
evolution parameter to the case of field theories of gravity.

For researching the problem of “time” in a theory with the general coordinate trans-
formations [1], one conventionally uses [9, 10] the Dirac-:ADM parametrization of the
metric [11] and the Lichnerowicz conformal invariant variables [12] constructed with the
help of the scale factor (i.e. the determinant of the space metric).

The Dirac-ADM parametrization is the invariant under the group of kinemetric trans-
formations. The latter contains the global subgroup of the reparameterization of time
t = t' = ¢'(t). The Hamiltonian reduction of such the time-reparametrization invariant
mechanical systems is accompanied by the conversion of one of the initial dynamical vari-
ables into parameter of evolution of the corresponding reduced systems. York and Kuchar
[9, 10] pointed out that such variable in GR (which is converted in the evolution parameter)
can be proportional to the trace of the second form.

In the contrast with [9, 10], we suppose that the second form can be decomposed on
both global excitation and local one.

The ADM-metric and the Lichnerowicz conformal invariant variables allow us [13, 14]
to extract this evolution parameter of the reduced system, in GR, as the global component
of the scale factor. ;

The main difficulty of the Hamiltonian reduction in GR is the necessity of separation
of parameters of general coordinate transformations from invariant physical variables and
from quantities including the parameter of evolution and proper time.

Recently, this separation was fulfilled in the cosmological Friedmann models {7, 8}
with the use of the Levi-Civita canonical transformation [15, 16, 17), which allows one
to establish direct relations between the Dirac observables of the generalized Hamiltonian
approach and the Friedmann ones in the observational cosmology (the red shift and the
Hubble law) expressed in terms of the proper time.

It has been shown that in this way one can construct the normalizable wave function
of the Universe so that the variation of this function under the proper time leads to the
“red shift” measured in observational cosmology [8).

We show that the Hamiltonjan reduction of GR distinguishes the conformal time as
more preferable than the proper time from the point of view of the correspondence principie
and causality [18]. The usage of the conformal time (instead of the proper one) as a
measurable interval can be argued in the conformal unified theory (CUT) [19, 20] based
on the standard model of fundamental interactions where the Higgs potential is changed
by the Penrose-Chernicov-Tagirov Lagrangian for a scalar field [21].

The content of the paper is the following. In Section 2, we use a model of classical
mechanics with the time reparametrization invariance to introduce definitions of all times



used in the extended and reduced Hamiltonian systems. Section 3 is devoted to special
relativity to emphasize the main features of relativistic systems with the frame of reference
of an observer. In Section 4, we consider the Friedmann cosmological models of expanding
Universe to find the celation between the evolution parameter in the reduced Hamiltonian
system and the proper time of the Einstein-Friedmann observer. In Section 5, a dynamical
parameter of evolution is introduced in GR as the global component of the space metric, and
an equation for the proper time in terms of this dynamical parameter is derived. Section
6 is devoted to the construction of conformal invariant theory of fundamental interactions
to analyze similar dynamics of the proper time in this theory.

2 Classical mechanics

We consider a reparametrization invariant form of classical mechanics system

ity
WE [p;, gi; po, golt, N) = fdt (—poéo +> pigi — NHE(qo,po,q.-,pa)) ) (1)
i i
where
HE(‘]O:PO:‘]hP:‘) = [_p0+ H(pilqi)l (2)

is the extended Hamiltonian.
The action (1) was constructed from

%(2)
W2 p;, gilgo] = / dgo [Zm% - H (p;,q.-)] 3
a0{1) ¢
by the introduction of a “superfluous” pair of canonical variables (pg, go) and the Lagrange
factor (N).
The reduction of the extended system (1) to (3) means the explicit solution of the
equations for “superfluous” canonical variables and the Lagrange factor

W
W_O = -—po+H(Pi,‘Ii) =0v (4)
W R
E_O = p=0, (5)
§W
I = 0 = dgo = Ndt = dT. (6)

Equation (4) is a constraint; eq. (5), is the conservation law; and eq. (6) establishes the
relation ‘between the evolution parameter of the reduced system (3) and the “Lagrange
time”, which can be defined for any time reparametrization invariant theory with the use
of the Lagrange factor

dT = Ndt. ()

The “Lagrange time” is invariant (7'(¢) = T(t)).

In the considered case, these two times, qo and T, are equal o each other due to the
equation for “superfluous” momenta. However, in the following, we shall mainly consider
opposite cases.

Here, we would like to emphasize that any time reparametrization invariant thecory
contains three times:



M) the “mathematical time” (t) {with a zero conjugate Hamiltonian (4) as a constraint},
this time is not observable,
L) the "Lagrange time” T (7) constructed with the help of the Lagrange factor,
D) the dynamical “parameter of evolution” of the corresponding reduced system (3), which
coincides in this case with the “superfluous™ variable (go).

The last two times are connected by the equation of motion for the “superfluous”
momentum.

3 Relativistic mechanics

Let us consider the relativistic mechanics with the extended action
1y N
WE [pi, ¢i3 po, qolt, N] = /dt (-Poq'o + o pidi - o [-pb 4l + m2]) . ®)
t i

In this theory, one usually solves the constraint —p3 + p? + m? = 0 with respect to the
momentum with negative sign in the extended Hamiltonian. As a result we get

sW S

so that the conjugate (superfluous) variable converts into the evolution parameter of the
corresponded reduced systems described by the actions:

70(2)

W&, [pi, gilgo] = / dgo [E pidi F P} + mz] . (10)

90(1) !

The latter correspond to two solutions of the constraint.
The variation of action (8) with respect to the “superfluous” momentum po gives

114 dg Po . ? m
0
dpp ~ i +Nm—0‘:> T(qo)i—iojdqo\/m' (1)
On the solutions of the equations of motion (11) represents Lorentz transformation of
the proper time go of a particle into the proper time T of an observer: T = gov/1 — v%.
In this theory we have again three times: ’
M) the “mathematical time” (t) (with a zero conjugate Hamiltonian as a constraint), this
time is not observable,
L) the "Lagrange time” T constructed with the help of the Lagrange factor and given by
(11); this time coincides with the proper time of an observer,
D) the dynamical “parameter of evolution” of the corresponding reduced system (10),
which coincides with the proper time of a particle.
In contrast with the mechanical system considered above, the evolution parameter (D)
differs from the “Lagrange time” (L) which coincides with proper time of the Einstein-
Poincaré observer. The latter is defined as the measurable time interval in SR.



4 Classical and quantum cosmological models

We consider the cosmological model inspired by the Einstein-Hilbert action with an elec-
tromagnetic field [2, 3, 5, 6, 7, 8}

WR(g

W= /d"t\/_[ Mm uu(A)F“"( )]- (12)

If we substitute the Friedmann-Robertson-Walker (FRW) metric with an interval

. &
452 = g,.dadz® = }()[N2A? — yfde’da’) ; OR(y) = o (13)
0

into the action, this system reduces to the set of oscillators. It is described by the action
in the Hamiltonian form [6, 8}

12
1d : 2
WE [p/, 453 po, aolt NJ]= /dt ( Podo + 53— (poso) + ) _psf — Nc [—Z—o + hz(ao)]) )
t !
’ (14)
where ka2
b (a0) = =T + Hoa by, ), (15)

the variable ay is the scale factor of metric (13), k = 41, 0, —1 stands for the closed, flat and
open space with the three-dimensional curvature (6kry?). We kept also the time-surface
term which follows from the initial Hilbert action [6].

The equation of motion for the matter “field” corresponds to the conservation law

SHu(ps, ) =0. (16)

Let us consider the status of different times (M, L, D) in the theory.
M) The main peculiarity of the considered system (12) is the invariance with respect to
reparametrizations of the initial time

t— t' = t'(2). (17)

This invariance leads to the energy constraint and points out that the initial time ¢ is not
observable.

L) The “Lagrange time” tr of the extended system (14) coincides with conformal time 7 [8]
of the Einstein-Friedmann observer who moves together with the Universe and measures
the “proper time” interval ds|4.=o

diF = agN.dt = aodn. (18)

D) The reduction of the extended system (14) by resolving the constramt = 0 with
respect to the momentum with negative sign in the extended Hamiltonian dlstmgumhes
the scale factor as the dynamical parameter of evolution of the reduced system [5, 2, 3, 6].

The constraint .
-Bin?=0 (19)

has two solutions

{po)x = £2h (20)
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that correspond to two actions of the reduced system (like in relativistic mechanics con-
sidered in Scction 3). The substitution of (20} into eq. (1) leads to the action

2q(2)
df d
R . .
Wilpy, flao) = / day [;PJ;I(TO:FZhidTO(aoh) (21)
ag(1)

with the evolution parameter ag.
We can sce the equation of motion for “superfluous™ momentum py of the extended

system (14)

14 dag dag '

= =200 — 9T _y 2

8po 0= m 2th dn ¢ (22)
(together with constraint (20)) establishes the relation between the conformal and proper
times (18) of the observer and the evolution parameter ag (similar to (6) and (11))

ap
ne =+ / deh™':  dty = ap(n)dy. (23)
0

Those times can be calculated for concrete values of the integral of motion
Hy = E.. (21)

Equation (23) presents the Friedmann law [22] of the evolution of “proper time™ with
respect to the “parameter of evolution™ ag.

The eztended system describes the dynamics of the “proper time”™ of an obscrver with
respect lo the evolution parameter.

This proper time dynamics of an observer of the Universe was used by Friedmaun [22]
to describe expansion of Universe. This expansion is connected with the Hubble law

2= D)\ i)+ .. (25)
ao(t[-‘)

where Hy(tr) is the Hubble parameter and I is the distance between Earth and the
cosmic object radiating photons.

To reproduce this proper time dynamics the variation principle applied to the reduced
system (21) should be added by the convention about measurable time of an observer (18).

In particular, to get direct relation to the observational cosmology (25) of the Wheeler-
DeWitt [23] wave function based on the quantum constraint

5wl (a If)—o-(” ——‘1—) (26)
4 whDw 2o =0 po—z'duu

equation (26) should be added by the convention of an observer about the measurable time
interval (18). In this context, it has been shown (8] that there are the Levi-Civita type
canonical transformations [15] of “superfluous™ variables

(o, a0) — (11, %)
for which the constraint (19) becomes linear

~N+ Hy=0. (27)



The conformal time of the observer coincides with the evolution parameter. and the new
reduced action completely coincides with the conventional quantum field theory action of
matter fields in the flat space

n(2)
d,
Wlps. fln) = /dfl [ijd—{7¥HM(Pj,f)]~ (28)

(1) 4

In this case, the WDW equation {26) of the new extended system coincides with the
Schrodinger equation of the reduced system (refft)

d
im‘l‘i(ﬂlf) = Hp ¥+ (9lf)- (29)

We can get the spectral decomposition of the wave function of Universe and anti-Universe
over “in” and “out” solutions and eigenfunctions of the operator Hps with the quantum
eigenvalues E (Hpy < E|f >= FE < E|f >)

Wi i)
w+(n+m:z[ W) < E\f > 0(n)al) + e ) < Eif 5 6(-ny)a (03,,]

E

(30)

=) swi-)
Y_(n-1f) =3 [ W) < BIf > 0(n_)B), + e WE ) < Bl >t o(—n-mf,.:’,] ,

&

(31)

where W};i)(q) is the energy part of the reduced actions (21) [6, 8)
20(2)
W d =
E (M)=%F [ dao|2h - d—ao’(floh) = Eng, (32)

apfl)
ozf:')), O‘E;‘):) are operators of creation and annihilation of the Universe (¥,) with the
conformal time +) and 6("‘), 6(0;‘:) are the ones for the anti-Uniyerse (¥_) with the
conformal time n_, (23).

If we recall the convention { 18) of an observer and variate the wave function {30} with
respect to the proper time {x, we get the red shift energy E'/ag forming the Hubble law.
This wave function has simple interpretation, the same time of evolution as in the classical
theory, and bears direct relation to the observable red shift.

We have got the renormalizable function of the Universe, as we excluded the superfluous
variables from the set of variables of the reduced system.

To obtain this clear quantum theory, we should use the Einstein-Hilbert action (12),
conformal invariant observables, and the Levi-Civita prescription for the Hamiltonian re-
duction, which leads to the conventional matter field theory in the flat space with the
conformal time of an observer.

One can say that the Hamiltonian reduction reveals the preference of the conformal
time from the point of view of the principle of correspondence with quantum field theory
in the flat space (28) [8].



5 General relativity

5.1 Variables

The purpose of the present paper is to analyze the problem of “proper time” dynamics in
the exact Einstein-Hilbert-Maxwell theory

WE(g, A) = fd“z\/—[ (“)R——F,,,,(A)F""(A)] (psz,,/%), (33)

where Mp; is the Planck mass.
The initial points of our analysis are the (3 + 1) foliation of the four-dimensional man-
ifold [11]
(ds)? = gudztdz” = N2dt? — ¢Ddz'dr’ ; (dr' = do’ + N'dt) (34)

and the Lichnerowicz conformal invariant variables [12]
Ne=llg®eN; g5 =1lg@N S gl =1); a=pllg®Ne  (35)

which are convenient for studying the problem of initial data [1, 9, 10} and the Hamiltonian
dynamics.
With this notation the action (33) reads

=2
WE, = / diz [—NC%R(“)(gC) + @8, (N.0"3) — %F,‘.,(A)F“"(A)] . (36)

In the first order formalism, the action (33) in terms of the variables (34), (35) has the
form

t2
= (Pa, A; Py g°, Pa,alt]—/dt/d3 [Z PrDof - PDoa—-N’H+S} (37)
t f=g,A
where
P2 Pl

H=-—+67 o —R+’HA,('HA——P§+ F,_,F")

is the Hamiltonian density, R is a three-dimensional curvature
R =RC)(g5;) +8a7"2Aa'/?; Aa = 8;(97 8;a), (38)

S is the surface terms of the Hilbert action (33), Pa, P,, P, are the canonical momenta,
and

2 2
Dod = 8@ — Ox(N*a) + —3~&6ka, Dogf; = dogf; — VilN; — V;N; + §6kgij" (39)

DpA; = 60A; —8:A0 + F,‘J’Nj (40)

are the quantities invariant (together with the factor dt) under the kinemetric transforma-
tions [13)

t =t =t'(t); zF o * =224 2%, N o N'... (41)
In this theory we also have three “times”:
M) The invariance of the theory (37) under transformations (41) (in accordance with our
analysis of the problem in the previous Sections) means that the “mathematical time” ¢ is

not observable.
7



L) The invariant “Lagrange time” defined by the Lagrange factor N,
dT.(z,t) = N(z,t)dt (42)

coincides with the measurable proper time in ADM parametrization (34) within the factor

afp:

a(z,t)dT(z,t)
p .

D) The dynamical parameter of evolution of the reduced physical sector as “superfluous”

variable of the extended system (37) - a generalization of scale factor ap in cosmology.
For the choice of the “superfluous™ variable in GR we use the results of papers [13]

where it has been shown that the space scale @(z,t) contains the global factor (ao(t))

dT(z,t) = ds|gz=0 = (43)

a(z,2) = ao(t)A(z, t) (44)

which depends only on time and it does not convert into a constant with any choice of the
reference frame in the class of kinemetric transformations, where we impose the constraint

/ BxA(z, )2 °’\(T’ g (45)

which diagonalizes the kinetic term of the action (37).
The new variables (44) require the corresponding momenta F, and P). We define
decomposition of P, over the new momenta Py and P

_ P A /
P=224P————; &)z, )P, = 0), 46
Pl Ochde’I%f: (| &’zA(z, )Py =0) (46)

so that to get the conventional canonical structure for the new variables:
/ &2(P.Dod) = do / PP+ ao / PP, Do & 40Py + / $eP DX, (47)

The substitution of (46) into the Hamiltonian part of the action (37) extracts the “super-
fluous” momentum term

2
/ dzN PI = P? [ / Pl ] + —17 / d3zN PL. (48)
N, ag

Finally, the extended action (37) acquires the structure of the extended cosmological model
(14)

WE[Pf,f; Po, aolt] = ?dt ([f dal' Z PfDof] bt iIoPg

f=ga AN
? (49)
-1
+B (o] - fdach’}{p) ,
where Hp is the Hamiltonian # without the “superfluous” momentum part:
1| pg P2 2 N2
Hr a—g[—-4—+6/\—2 +ﬂ0 R+7{A (50)

For simplicity we neglect the space-surface term.



5.2 Reduction

Now we can climinate the “superfluous” variables ag, I% resolving the constraint

sw P . 5 AL _
/dsz}\":m =0= % = (/ da;[/\’(.%]") (/ (['{l‘f) (.’)])

with respect to the momentum #%. This equation has two solutions that correspond to
two reduced systems with the actions

ap(2) 2/, \2 /2
WEPr fla) = [ dao| S PiDusF ( / d“mzm) ( / rf‘r7> )] (52)
ao(1) f=hged o
with the parameter of evolution ag, where
Dy =Pt (53)
ag

is the covariant derivative with the new shiflt vector ¥* and vector field A,,. which differ
from the old ones, in (39), by the factor (iag)~'.

The local cquations of motion of systems (52) reproduce the invariant sector of the
initial extended system and determine the evolution of all variables (£, f) with respect to
the parameter ap

(Pr(z ), f(z,1),...) = (Pr(z,a0), f(z,a0)....). (54)

The actions (52) are invariant under the transformations Ne(z,t) = Nl = f(£).N.. In other
words, the lapse function N.(z,¢) can be determined up to the global factor depending on
time:

Ne(z,1) = No()N (2, 1). (55)

This means that the reduced system looses the global part of the lapse function which
forms the global time of an observer

Nodt = d; (n(t") = 0(2)) (36)

like the reduced action of the cosmnological model lost the lapse function which forms the
conformal time of the Friedmann obscrver of the evolution of the Universe considered in
the previous Section).

We call quantity (56) the global conformal time. We can define the global lapse Tunction
No(t) using the second integral in eq. (51)

4 Maa o
ld','—(é 57
/r IN,. NolD)' (57)

where lp is the constant which can be chosen so that A(z,f) and A(r. 1) in the Newton
approximation have the form

Nz, ) =1+4+6n(x)+...; A, t) = p(l + 6 () + ... (58)

where 6y, 85 () are the potentials of the Newton gravity.



5.3 The proper time dynamics

To research the evolution of the system with respect to the global conformal time of an
observer (56), we shall use the short notation

/d%Ncup = loNoh%{ap) = o No [kz +h% + ol 2] , (59}

where k% and I'~2 correspond to the kinetic and potential parts of the graviton Hamiltonian
in eq. (30), h is the electromagnetic Hamiltonian.

The equations for superfluous variables #%. ag and global lapse function (which are
omitted by the reduced action (52}) have the form

SWE .
No 3N =0 = (Pg)i = :tzlgh(ag), ((10)
W2 o P=lotwa) (=) (61)
6&0 - o= udag 0% - d77 !
SWE P
— =0 0= =
5Py = 9= o (62)
These equations lead to the conservation law
k
(a") + (h%) +a3(T™%) =0 (63)

and to the Friedmann-like evolution of global conformal time of an observer (56)
ag
Meay(ao) = % [ doh™! (@) (64)
o

The integral {64) can be computed, if we know a solution of the reduced system of equations
(54) as functions of the parameter of evolution ag. To get this equations, we should change,
in eq. (52), N by N(z,t) (as we discussed above).

The conservation law (63) allows us to verify that the red shift and the Hubble law for
our observer

Z(D)= E(Taét—_dp—) —1=D-Ho+..; (tF(T)) = O/dfl'ao(fll)) ‘ (65)

reproduce the evolution of the Universe in the standard cosmalogical models (with the
FRW metrics), if we suppose the dominance of the kinetic part of the Hamiltonian or the
potential one, in accordance with the ap-dependence of this Hamiltonian.

In the first case (k% # 0,hp = ™! = 0), we get the Misner anisotropic model [5}; in
the second case, the Universe filled with radiation (k% = 0;hg # 0;T~! # 0). In both the
cases, the quantities (k4, hg,T'~') play the role of conserved integrals of motion which are
constants on solutions of the local equations.

The “Lagrange time” differential (42) is

dT(z,t) = N(z,n)dy. (66)

In the quantum theory, the integrals of motion become conserved quantum numbers (in
accordance with the correspondence principle). Each term of the spectral decomposition

10



of the wave function over quantum numbers can be expressed in terms of the proper time
of an observer to distinguish “in” and “out” states of the Universe and anti-Universe with
the corresponding Hubble laws (87).

Attempts (8] to include an observer into the reduced scheme (by the Levi-Civita canon-
ical transformation [15, 16, 17) of the extended system variables to the new ones for which
the new “superfluous” variable coincides with the proper time) show that the conformal
time and space observables are more preferable than proper time and space. The confor-
mal time leads, in the flat space limit, to the quantum field theory action [6] and does not
violate causality [18)] (in contrast with the proper one). The conformal space interval does
not contain singularity at the beginning of time [6, 7, 8]. In the next Section we try to
remove these defects changing only the convention of measurable intervals and keeping the
physics of the reduced system unviolated.

6 Conformal Unified Theory (CUT)

6.1 The formulation of the theory

Our observer in his (3+1) parametrization of metric can see that the Einstein-Hilbert
theory, in terms of the Lichnerowicz conformal invariant variables (35), completely coincides
with the conformal invariant theory of the Penrose-Chernicov-Tagirov (PCT) scalar field
with the action (except the sign)

<I>2
WrT(e, )= [ d's [—\/_—g;R“’(g) + ¢ap(¢_—ga“<b)] (67)
if we express this action also in terms of the Lichnerowicz conformal invariant variables:

oc = Lg% g2, = |1g™)|| 7 gu s V=9° = N.. (68)

From (67) we get the action
2
WPCT[ C|gc] = /d4z [_NC%R(”(QC) + (Pcau(Nca“‘Pc)] s (69)

which coincides with the Einstein action (36) if we replace @ with ¢.. However, in contrast
with the Einstein theory, the observables in PCT theory are conformal-invariant quantities,
in particular, an observer measures the conformal invariant interval

(ds)? = gt de*dz® = N2di? - ¢da'di . (70)

with the conformal time 5 and the conserved volume of the conformal invariant space (as
gl = 1).

Following refs. [24, 19, 20, 25], we can identify the PCT-scalar field with the modulus of
the Higgs dublet and add the matter fields as the conformal invariant part of the standard
model (SM) for strong and electroweak interactions with the action

WM (nen,V,biod = [ &' (L5 + Nol-oueF + vacB - Mehd), ()
where LM is the scalar field free part of SM expressed in terms of the conformal invariant
variables of the type of (68) [20], B and F are the mass terms of the boson and fermion

fields respectively: _
B = Dn(Dn)*; F = ()R + h.c. (72)

11



They can be expressed in terms of the physical fields (V/?, %), in the unitary gauge,
B =VPY;;VP: F = 32 Xagt} (73)

which absorb the angular components (n) of scalar fields (here Yi;, Xop are the matrices
of coupling constants).
We have introduced the rescaled scalar field g,
PHe = XPe (74)

in order to ensure a correspondence with ordinary SM notation. The rescaling factor x
must be regarded as a new coupling constant which coordinates weak and gravitational
scales [19]. (The value of x is very small number of order of %‘F{% where m.,, is the mass of
weak boson W.)

The conformally invariant unified theory (CUT) of all fundamental interactions

wCUT[g. VP 9P, g] = WFCT (g, g.] + WM (g, VP, 9P, g] (75)

does not contain, in the Lagrangian, any dimensional parameters.

6.2 Reduction

We can apply, to CUT, the analysis of the notions of “times ” in the previous Sections.

The scalar field in CUT acquires the feature of the scale factor component of metric
with the negative kinetic energy and the evolution parameter ag can be extracted from the
scalar field. It is convenient to use for global component the denotations

¥e(z,t) = polt)a(z,t); N = No(t)N (z,1) (76)
so that the expression for the extended action has the form

2]

PZ
WEUT(Py, f; Py, golt) = / (/ &z E PyDof — Fopo ~ No [—.&%0 + Hl[‘PO]D dt,

f f=a,9¢.Fsm
(77
where Fspy is the set of the SM fields,
2
H o] = /d%N?{(p,, f,90) = hEyr(po) Vo, Vo= /daz% (78)

is the Hamiltonian of the local degrees of freedom, the Newton perturbation theory for
a, N begins from unit (a=1+..., A/ =1+..)), (the time-surface term is omitted).
The reduction means that we consider the extended action (77) onto the constraint

% =0. = (R): =12/ Hy. (79)
The reduced action
P2=wo(12)
Wf(P/!f|¢0)= / d‘PD{(/dazzplDwf):F2 VOHI} (80)
er=wo(ty) !

is completed by the proper time dynamics.

12



6.3 The proper time dynamics

The equations cf global dynamics (which are omitted by the reduced action (80)) have the
form

SWE
SN = 0 = (P)+ = F2Wheur(vo). (81)
No
sWE , d ., ., d
- = V-t h2 () =2 8
P 0= F Vod%hcor(vo), (f o ) (82)
SWE dyo (Po)+
_ - = = they, . 83
5P, (dn )i A theur(vo) (33)

where the effective Hamiltonian density functional has the form
k3 ; 2 2,2 4
heyr = 99_:2 + b + phwo + T5%00” + Ago”, (84)

in correspondence with the new terms in the CUT action.
These equations lead to the Friedmann-like evolution of global conformal time of an
observer

Yo
(o) = / dohgir(9), (85)
0
and to the conservation law
(k/zﬁ), 2\¢ 2y —2\¢ 2 ! 4 TN
e + (hg) + (#E) wo + (Tg") wo® + (A) '@ = 0. (86)

The red shift and the Hubble law in the conformnal time version

¥a (o) 1
— IR |~ Do Hpe; Hyw =
wo(mo — D¢} Hub b = o)

reflects the alteration of size of atoms in the process of evolution of masses [26. ).

In the dependence on the value of g, there is dominance of the kinetic or the potential
part of the Hamiltonian (84), (86) and different stages of evolution of the Universe (85) can
appear: anisotropic (k% # 0) and radiation (h} # 0) (at the beginning of the Universe).
dust (g} #; I'g?) and De-Sitter A # 0 (at the present time).

In perturbation theory, the factor a(z,t) = (1 + &,) represents the potential of the
Newton gravity (8,). Therefore, the Higgs-PCT field, in this model, has no particle-like
excitations (as it was predicted in paper [19]). Let us show that the scalar field as a function
of the proper time (7)) (85) gives the Newton coupling constant at present time 1.

2(De) = di”»:u('l) (87)

6.4 Cosmic Higgs vacuum

Let us show that value of the scalar field in CUT 1s determined by the present state of the
Universe with observational density of matter py, and the Hubble parameter f .

For an observer, who is living in the Universe, a state of “vacuum™ is the state of the
Universe at present time: |Universe >= |Lab.vacuum >, as his unilied theory pretends to
describe both observational cosmology and any laboratory experiments.

In correspondence with this definition, the Hamiltomian (78) can be split into the large
(cosmological - global) and small (Jaboratory local) parts

Hylwo) = punVo + (I = puaVo) = pealo) Vo + 1y,. (RR)
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where the global part of the Hamiltonian pua(w)Vo can be defined as the “Universe”
averaging
< Universe|Hs|Universe >= py,Vo, (89)

so that the “Universe” averaging of the local part of Hamiltonian (88) is equal to zcro
< Universe|Hp{Universe >= 0. (90)

Let us suppose that the local dynamics (Hr) can be neglected if we consider the cos-
mological sector of the proper time dynamics (60), (61), (62)

swk H; iy I
— =0. = py =2V nt — =2V, o+ +0<_) 91
No Po o\/pU Vo 0V PU N Ve (91)

SWE _ M) . Hy _ (L)
6P0 —0-=><dn ;t_i VO_ PUn+v0— PUn + 0 Vo . (92)

The evolution of the proper time of an observer with respect to the evolution parameter
o determines the Hubble “constant”

1 dg(m0) _ pua(wo) (93)

Hifup = — =YP )
Heb = Go(mo) dno @o(10)

The last equality follows from eq.(92) and gives the relation between the present-day value
of scalar field and the cosmological observations:

voua{m0) (94)

B(n=mno) = Hir(m0)
If pyn = per, where
3H21u6MI2’1
Por =~ (95)

as it is expected in the observational cosmology. The substitution of (95) into (94) leads

to the value of scalar field
_ 3
@(n=10) = Mpiyf o, (96)

what corresponds to the Newton law of gravity.

6.5 The dust Universe

The present-day Universe is filled in by matter with the equation of state of the dust at
rest. This means the “vacuum” averaging of the mass term in the SM Hamiltonian is equal
to the mass of the Universe Mp, while other terms can be neglected:

. . : - . def
puaVo = @o(n) < Univ | / PrNabe Xapbp|Univ. >% Mp = go(n) <15 > Vo, (97)
14

where < ny > is the conserved integral of motion. In this case, the proper time dynamics
is described by eq. (92) with the density

d
pun(90) = wo < mp >; 7";9 =Vipo <mp > (98)
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We get the evolution law for a scalar field

172
eo(n) = <m > (99)

and the Hubble parameter Hyys(n)

1dgy 2
Hypy = ——F—=-. 100
Hob = odn 1 (100)
The barion density
3HY M}
oo = Qopu; (pun = 2L (101)

is estimated from experimental data on luminous matter (2 = 0.01), the flat rotation
curves of spiral galaxies (S = 0.1) and others data [27] (0.1 < S < 2).

We should also take into account that these observations reflect the density at the time
of radiation of a light from cosmic objects Q(no — distance/c) which was less than at the
present-day density () = o due to increasing mass of matter. This effect of retardation
can be roughly estimated by the averaging of Q(no — distance/c) over distances (or proper
time)

y= % (102)
{{ dnf2(n)

For the dust stage the coefficient of the increase is ¥ = 3. Finally, we get the relation of
the cosmic value of the Planck “constant” and the GR one

P(n=rmo) [8x _ _
‘ (Mpl)_\/; = /7 (esp)/ b = wo, (103)

where h = 0.4 + 1 is observational bounds for the Hubble parameter.

From data on Qo we can estimate wp: wo = 0.04 {luminous matter), wo = 0.4 (flat
rotation curves of spiral galaxies), and 0.4 < Qq < 9 (others data [27]) for lower values of
h (h=04). .

6.6 The local field theory .

As we have seen in cosmological models there is a Levi-Civita canonical transformation to
new variables for which the “Lagrange time” coincides with the evolution parameter and
the extended system converts into a conventional field theory. In general case it is difficult
to find the exact form of this LC transformation. However we can proof the equivalence
of our reduced system with conventional field theory with measurable conformal time in
next order of the expansion in V;! - the inverse volume of the system

The next order of the decomposition of (80) over V! defines the action for local

excitations da 1
N = - $Po
d = 2Vpy/ d@o + H. ————_—+0(——) 104
Podyo (1) PUn(‘PD) Po L(‘PO) m A 3 ( )
where pyn(¢po) is determined by the global equation (93), and

dgo

A PUnz‘PO)

=dng (105)
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in accordance with eq.(92). The reduced action (80) in the lowest order in Vg ! (91)
has the form of conventional field theory without the global time-reparametrization group
symmetry

W, (ps, o) = Wiy (@) + Wiy (27, f1po) (106)
n
W,y (s, fl@o) = /dn (/ &z Xlzp/an - Hb(p/,fls‘a(n))) : (107)
m

Really, an observer is using the action for description of laboratory experiments in a very
small interval of time in the comparison with the lifetime of the Universe 7o

m=m-&m=n+& <L, (108)

and induring this time-interval o(%) can be considered as the constant

ol +€) % pol0) = Menyf . (109)

In this case we got the c—model version of the standard model [19].

7 Conclusion

In the paper we discussed the status of measurable interval of time — “proper time” in the
scheme of the Hamiltonian reduction of GR and conformal unified theory (CUT) invariant
with respect to general coordinate transformations.

This invariance means that GR and CUT represent an extended systems {ES) with
constraints and “superfluous” variables. To separate the physical sector of invariant vari-
ables and observables from parameters of general coordinate transformations, one needs the
procedure of the Hamiltonian reduction which leads to an equivalent unconstraint system
where one of “superfluous” variables becomes the dynamical parameter of evolution.

We have pointed out this “superfluous” variable for considered theories {which converts
into the evolution parameter of the reduced system) using the experience of cosmological
models and the Lichnerowich conformal invariant variables.

The dynamics of proper time of an observer with respect to the evolution parameter
of the reduced system is described by the equation of ES for the “superfluous” canonical
momentum.

Just this “superfluous” equation of ES determines the “red shift” and Hubble law in
cosmological models, GR, and CUT. To reproduce the Hubble law in quantum theory, the
reduced scheme of quantization of GR and cosmology should be added by the convention of
an observer about measurable time interval. Normalizability of a wave function is achieved
by removing the “superfluous” variable from the set of variables of the reduced system.

From the point of view of the principles of causality and correspondence with the field
theory in the flat space the considered Hamiltonian reduction of GR prefers to treat the
conformal time as measurable.

We formulated the conformal invariant theory of fundamental interactions where an
observer measures the conformal time and space intervals. This theory unifies gravitation
with the standard model for strong and electroweak interactions and has no any dimensional
parameters in the Lagrangian. In fact, in practice, only the ratios of dimensional quantities
are the subject of experimental tests. Roughly speaking Planck mass is nothing but a
multiplicity of the proton mass.
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We described the mechanisin of appearance of mass scale using as the example the
dust stage of the evolution of the Universe and have shown that the value of scalar field
at present time can be determined by the cosmological data: density of matter and the
Hubble constant expressed in terms of the Planck mass.
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T'vinraszos JILH. u ap. E2-98-114
JlnHaMHKa cOGCTBEHHOIO BpEMEHH B OOLIEH TEOPHH OTHOCHTE/IBHOCTH
H KOHGOPMHOH OOBLEAHHEHHOH TEOPHH

Pa6oTa nmocBsiueHa aHATH3Y MOHATHA COOCTBEHHOTO BpeMeHH B O0LUeH TEOPHH OTHOCHTEJILHOCTH.
Hcnone3ys B kayecTse MPHMEPOB MOAETH FAMHJIBTOHOBOH MEXaHHKH, CNICHHATLHOH TEOPHH OTHOCHTENDb-
HOCTH H KOCMOJTOTHH, KOTOPbIE HHBADHAHTHB OTHOCHTE/ILHO penapaMeTpPH3alMK BPEMEHH, MBI 06CYXtaeM
METOX FaMHIBTOHOBOH PERYKUMH, MPH KOTOPOM OfIHA H3 MEPEMEHHBIX MEPBOHAYaNbHOH PaCIIHPEHHOMH
CHCTEMBbI CTAHOBHTCA MapaMETPOM 3IBOMIOLHH PETYUHPOBAHHOH CHCTeMH. MBI nonydyacM >paBHCHHS
JIHHAMHKH COGCTBEHHOTO BpeMeHH HalmiolaTens OTHOCHTENBLHO MapamMeTpa 3BOJIIOLHH PEAYHHPOBAHHOM
cucTeMbl. MMEHHO 3TH ypaBHEHHs ONMMCHIBAIOT GpHAMAHOBCKHE HabmofaeMele (3akoH Xab6na, kpacHoe
CMeLLEHHE) B KOCMONOTHYECKHX Monenax. B obumeii Teopun oTHocHTenbHOCTH MeTpHKa ATIM 1 koHdop-
MHO-HHBAapHaHTHbIE MepeMeHHbie JIHXHEPOBHYA NO3BOJIAIOT H3BNEYb MAPaMETP 3BOJIIOLHH PEXyLIHPOBAH-
HO#M CHCTEMH, KaK MoGanbHylo KOMIIOHEHTY MPOCTPAHCTBEHHON METPHKH, 4 NORYYHTh YPAaBHEHHS THNA
(DpHiaMaHa 118 coGCTBEHHOrO BpeMeHH HaGmioyarens B TeopuH DiiHwreiHa. [IpHHIMNB COOTBETCTBHA
H MPHYMHHOCTH BBIIEAIOT KOHGOPMHOE Bpema HabNionatesis Kak Gonee npeanoyTHTENBHOE, YeM coGCT-
BEHHOE BpeMs. M paccMaTpHBacM KOH(POPMHO-HHBADHAHTHYKO 00 BbEIMHEHHYIO TEOPHIO, Il KOHOPMHOE
BpeMs CTaHOBHTCS H3MepAeMbM I Habmouarens. Dta TeopHs OCHOBaHA Ha CTaHJIAPTHOH MORENH
tyHIaMEHTANBHBIX B3AHMOREHCTBHI, B KOTOPOii IHHAMHKa CKATAPHOIO MONS ONMHCHIBACTCA TArPaHXHAHOM
Menpoysa—Yepuukopa-TarpoBa W WIKaTa MacC JMEMEHTApPHHX YaCTHU MIPaeT pPofib Mapamerpa 3BO-
nrounn. O6cyxiaeTcs kocMonords BeenenHoit B koHgopMHOil 0fbeaMHEHHOH TEOPHH.

PaGoTa ButnonHena B JlaGopatopuu Teopetnycckoit ¢u3nku uM. H.H.Boromo6osa OUAH.
Mpenpunt OGBEIYHEHHOTO HHCTHTYTa SACPHBIX HccnenoBanuit. HyGua, 1998

Gyngazov L.N. et al. E2-98-114
Proper Time Dynamics in General Relativity and Conformal Unified Theory

The paper is devoted to the analysis of the notion «paper time» in general relativity. Using
as examples the models of the Hamiltonian mechanics, special relativity, and cosmology which
are invariant under the reparametrization of time, we discuss the method of Hamiltonian reduction
in which one of the initial extended system becomes a parameter of evolution of the reduced system.
We derive the equation of dynamics of the «proper time» of an observer with respect to an evolution
parameter of the reduced system. In cosmological models, this equation describes the Friedmann
observables (the Hubble law, the red shift). In GR, the ADM-metric and the Lichnerowicz conformal
invariant variables allow us to extract the evolution parameter of the reduced system as the global
component of the space metric and to derive the Friedmann like equation for the «proper time» of an ob-
server in the Einstein theory. The principles of correspondence and causality distinguish the conformal
time of an observed as more preferable than the proper one. We corisider a conformal-invarian theory
where the conformal time becomes measurable for an observer. This conformal unified theory (CUT)
is based on the standard model of fundamental interactions in which dynamics of the scalar field
is described by the Penrose~Chernicov-Tagirov Lagrangian and the elementary particle mass plays part
of the evolution parameter. The cosmological evolution of the Universe in CUT is discussed.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical Physics, JINR.
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