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Introduction 
I \t 

Supersymmetry' plays an important role in a recent field theory. 
Two main approaches exist to the construction of supersymmetric theo
ries: a component and a euperfield (superspace) ono. In the first of 
them the supersymmetry is realized on fields while in the second di
rectly on the вирегарасев. 

The superspace approach arises rather naturally and perhape пав 
some conceptual advantages compared with the component approach, in 
particular, an explicitly coveriant geometrical formulation of the 
supersymmetric theories. An important problem of thio approach is to 
find such зирегврасев that allow to formulate the supersymmetric the
ory in terms of unconstrained superf ielils. This problem is solved 

/2/ 
only in the case of N=1 supersymmatry when such в superapace turns 
out to be N=1 chiral superapace С ' . A crucial role in selecting 
this space cornea from the requirement of existence of an irreducible /l/ chiral representation in a curved superepace •" . 

Recently a chiral approach has been developted to superBymmetric 
theoriea. It is founded on the assumption of the simplest structure 
elements of superspace which are called "twistors" for the usuel 
space. The first papers on eupertwietors ' э ' и ' are devoted to solve 
classical equations. The structure approach is apparently more funda
mental than the superspace one, and therefore an idea arises to use 
the structure approach for selecting extended superspaces which are 
most adequate to the geometrical (superepace) description of euper
symmetric theories. 

In this paper we would like to point out one of possible ways 
of realizing this idea. This way is based on quantization of the ей- , 

in I pei'twistors ' , which are considered as fundamental ingredients of 
the superconformal group generators. This quantum supertwistors act 
in the superFock space by which one may construct unitary irre-
dicible representations (UIR) of the group SU(2,2/N). We will enow 
that such a construction selects some class of superspaces. 

In part I we define a canonical symplectic structure on the 
supertwistor врасе. In part II we quantize eupertwistore and construct 
superconformal algebra generators and oscillator-like UIR of N-exten-
ded conformal supergroup SU(2,2/N) in terms of the coherent states. 
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In part I I I we propose a consistent group interpretation of the exten
ded superspaces as parameters of the super coherent s t a t e s . We se lect 
some c lass of superspaces which are a straightforward general izat ion 
of the H=1 ch ira l superspaoe and find t h e i r group of t rans la t ions . 

I . Canonical Symplectic Structure on the Supertwiator Space 

The supertwistors define a (4+N)-dlmensional superapace 

where A and J f̂t are standard complex Weyl spinors and $C (i-i,--,N) 
are anticommuting complex variables* The dual supertwistor if, given 
by _ . 

T * - < / * • , * * , - > * > . (2) 
These objects transform according to the fundamental representation 
of the group SU(2,2/N)*' . We can define in the supertwistor space 
SU(2,2/H) an invariant bi l inear form 

It i s easy to check that the one form 

9 = T* at T* = ; i . ol A* + Tt'd]ik-Yl<l$i 

i s auperconformally invariant, too . The symplectic two-form on the 
aupertwistor space then i s given by 

(3) 
co s = d © = c o * / » d T * A d T * ; d c o s = 0 

с о 5 = Л ^ л ^ А ь + й " А ^ А А л с 1 / ? й - й ^ ' с ( ? ^ л с / ^ 

where the external product Л obeys the following r e l a t i o n s 

dp* Л dAe=-dAa Ad/** 

d I * A d / M e = - d / 7 e л с ! Л л

 ( 4 ) 

*r Some notat ion and supertwiator transformation ru les are given 
in Appendix A. 
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(5) 

/ 8 / 
The Foisson-brackets algebra i s determined ' ' on the sympXectic ma-
tiyf old as , _> 

where the arrows over derivatives mean right and l e f t d i f f e r e n t i a 
t i o n s . Using e q s . (3) and (4) we obtain 

/в/ 
These re lat ions define a superalgebra . 

The Poisson brackets (5) lead to the following canonical r e l a 
tions for the supertwistor components 

[Х^л=-£/ г «>Л в :1=<^ ( 6 ) 

They can be written in a more compact form 

tf'.Tpl-i'^ , (7) 
where 

/ d / 0 0 \ 
S% = о ft*o .) • 
~ p \ о о -Si*/ 

All the other Poisson brackets are equal to zero. 

I I . Quantization of the Supertwistors and Unitary Irreducible 
Representations of the Group SU(2.2/H) 

To quantize a c lasa ica l dynamical system means to construct a 
Hilbert-space representation of a given subsuperalgebra of the i n 
f inite-dimensional Lie euperalgebra of Foieson brackets ( 5 ) f which 
contains basic observables . We s h a l l require that the se lected 
subsuperalgebra includes the canonical variablee T and ~T as 
well as the enveloping algebra of the Lie superalgebra SU(2,2/N) * 

*j 
By d e f in i t i on observables are functions of supertwistore in

variant under the action of the SU(2,2/N) group. 
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The supertwistor operators *T and I obey in the Hilbert space 
canonical commutation relations 

where С 3 i s to be understood as an anticommutator between any 
two fermionic components and as в commutator otherwise. 

At f i r s t l e t us consider the N=1 case. We postulate that the 
Hilbert space contains vacuum s t a t e , i . e . , a minimal eigenvalues of 
the Hamiltonian. The Hamiltonian i s defined by 

where the matrix В has the following form 

в=(Г,) ; л-(Г.) 
a n d T = T + B -

We can define the vacuum s ta te expl ic i t ly with the help of the 
matrix В as follows; 

=r-L(^8)lo>=0;4(fl-B)Tio>=o. ( 9 ) 
2 

In a basis, in which A is diagonal 

A=(o -t) 
this amounts to setting 

a a + 

4 ' 
(10) 

(ч)ю>=о, 
where GL<s 1,2., Иг»— itZ and 

aio>=o 
i . e . , the operators Co. and (£м=(Ь ,Ц) are annihilation operators. 
The space Г i s then defined as the Hilbert-врасе closure of a set 
of vectors 0 i fOL + , 1 ( + )lO>, where 1* i s an arbitrary polynomial. 
Using (8) i t 1B easy to check that the operators <X, b and W sa
t isfy standard canonical commutation relat ions for Bose and Fermi 
annihilation and creation operators 

Cb w , Ъ%1~8*щ (и) 

The transformation between two bases ia realized with the help of 
the matrix P 
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В*= РВР~' Т ' = Р Т 
(12) 

p-CSS) s = ^ ) 
From (10) and (12) we find the relation between the creation and an
nihilation operators CL, b and Ц and the components of the super-
fcwistors in the realization (1), (2) 

ь-£(*-А> *-£lt-b ° 3 ) 

In the general case for any N the quantum supertwistore are de
fined by 

where , л * + 

(14) 

(15) 

and indices itj, К ,€ take values hj—li~->n j K,^= / , . . . , 0 ; 
n+<j |= A/'. 

The commutation relations are given by 

where 
Л а

Ь О 0 0 

« > ( ° «'*•£ )• < 1 6 ) 

- p \ о о о» о 
4 о o o ~V' 

The matrix В which connects the eupertwistor T and i t s dual T 
now i s given by 
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5а Ь О О О 

О О О "5к* 

The commutation relation between annihilation and creation operators 
"J and Ц can he find from eq. (16) 

а*лвч=5*ь

 ( l e ) 

The generators of the group SU(2,2/h-4-<J) can be constructed with 
the help of the supertwistor operators (14) ae fo l lows 

К%= Т%*Т^^_-у(1*В>*Л(« + В)Т + 

* Ф $ { * - Ь ) А ^ { 9 ' Ь ) Т (19) 

iV~ - i _ - T ( f l + B ) T - - * _ T ( f f - B ) T . ar2-h) 2(2-<p 

The group SU(2,2/h+<7) i s noncompact. An even subgroup of 
SU(2,2/n+(^) i s S(U(2,2)x U(»n-<p), «rhere SU(2,2) i e noncompaot with 
the maximal compact subgroup S(U(2)xU(2)). The maximal compact sub-
supergroup of SU(2,2/»H-(J) i s S(U(2/n)xU(2/q)) . 

From e q s . (19) we eee that there are s i n g u l a r i t i e s in the case 
n o — 2 • It i s because the group SU(2/2) has not a fundamental r e 
presentation ' ' , That contradicts our s tart ing proposit ion to const
ruct ganeratore from fundamental representations. Therefore we sha l l 
not consider these cases* Using methods developed by Bars and Gunaydin 

' we can construct the unitary irreducible representations of 
the group SU(2,2/n+<£) in the euperFock space F. 

Let. the se t of s ta tes Iф н7.'. > in F that transforms according 
to some irreducible representation of the maximal compact eubauper-
group S(U(2/n)xU(2/q) be annihilated by a l l operators K A

M . Then 
an in f in i te eat of atatee obtained by a repeated appl icat ion of the 
К м operators to the I Ф *'.'.'.> 
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|cW:.\> , кМФ*н:д> , к с

Р кМф*;;:.> . . . . 
forms the basis of unitary irreducible representations of supergroup 
SU(2,2/n+<^). 

The unitary action of the group SXH.2,2/П+ty ) in the supert'ock 
врасе F 1в given by 

The matrix M oan be represented in the following form ' ' 
/AC t - t V \ 

where the blocks % ь , V » and £ i> are functions of the super
group parameters. 

The fundamental representation can, in general, be decomposed 
as 

Lt= -fc.h , 
where h is an element of the maximal compact eubsupergroup 
S(U(2/n)xU(2/q)); and t,of the coset space 3U(2,2/n+q)/S(U(2/n)xU(2/q)). 
We can represent h as follows 

and t as 

-here H ^ . f - t a s y v S L y ) " , . 

The variablee 2 parametrizing the supercoset space SU(2,2/n+a)/ 
/S(u(2/n)xU(2/q)) tranaforms nonllnearly under the action of the 
group SU(2,2/ri4q) 

Z'^UZ-K/OC^H + S r ' , 
where an element of the fundamental representation has the following 
form 
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j _ « P I «M)- ( - ; - f •{••). 
Let us consider the set of states I Фи,'.'. > which transform 

under the irreducible representation of the eupergroup S(U(2/n)x 
xU(2/q) and are annihilated by the operators К* м . We define the 
supercoherent state as follows 

The supercoherent states form a complete basis of the unitary irre
ducible representations determined by the lowest state lOPn-,'.'. ^ • 
The unitary irreducible representations of the hf -extended super-
conformal group can be realized with the help of this basis on the 
superHilbert space of holomorphic functions of a complex variable 
Z (these representations belong to the holomorphic discrete se

ries) . 

III.Fundamental Supersnaces 
Unitary irredicible representations (analogs of UIR of the 

superconformal group constructed above) in the usual conforms1 
theory ' 9 ' can be reduced to the Poincare UIR. Therefore the para
meters of the ooherent states play the role of coordinates of the 
space-time. It i s naturally to connect the parameters of the super-
coherent Btates with coordinates of the extended euperspace. Then 
the scheme of constructing the UIR selects some class of super-
spaces which we wi l l call "fundamental". They are a straightfor
ward generalization of the N=1 chiral euperspace. The matrix struc
ture and group of translation of these superspaces are determined 
by the structure of the coset space SU(2,2/n+<j)/S(U(2/n)xU(2/q)). 

In the case N=1, for example, this coset space coincides with 
the chiral supers pace 

When l\f = 2 > we have only one superspace (as a consequence of the 
restriction h=£2tCJ#2) 

'-[Jvn X/ 
:* _ I •" w 1 (2D 

which i s parametrised with an additional complex scalar variable. 
In the general case ( W ^ 2 j one has a set of the fundamental 

superspaceв 
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where i = . 4 , . . . , n ; €ssi,.--,^ 

The superspace-translatlon generators are determined by the matrix 
of noncompaot generators 

aa+bt a a + y / \ 
у+ bit, Г'+ ft J • 

In order to construct them, we go back to our etarting bas i s ' 5 ' (1) 
and (2) 

Then for the translation generators we get 

5 B I K 

( 

(23) 

It i s easy to check that in the case of conformal group i.ff—0) we 
find only one hermitlan generator-operator of the momentum 
Pft((-=r̂ <yttand in the case N= i -usual translation generators of the 
supersymmetry 

^*^jr.,Q.-I>;TQ»,ff*i* P**. ( 2 5 ) 

The commutation relations for supertwistore (16) lead to the follow
ing algebra of the translation generators 

{Q»£,(hJ}= SiiPth, {ГЬ, , П /}= 5VP*»' 
С С ^ Л У Ч - ^ Л С С4',, 0»jl= 5^ Л*« (26) 
t C 4 ' € , n *e l -Cc 4 " f , 5» i ] «0 . 

The rest of the commutators and anticommutators equal zero. Now i t i s 
easy to relate the fundamental auperspec* parameters (22) with the 
standard paramatrization of translation group (26) element 
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For th i s reason we must solve the equation 

+ С* С M ' i 1 -e-xp L{e»l fr/> + П** *л *1 

using the Hausdorff formula. As a r e s u l t , we get the following r e l a 
tion between coordinates of the fundamental and f u l l (27) superapaoes. 

( x A ) ^ - = х « д - > ± < е с $ 1 + x * K < - \ i K x * & : ) 
( Bi)^i- e f t i - - ^ \i€X»e 

( A i ) ^ = A c * . 

From the aupertwistor structure of the SU(2,2/tt + <£ )_algebra ge 
nerators i t fo l lows that the conjugate scalar variable A should not 
be added to the fundamental super apace s ( i . e . , the superf ie lds on the 
fundamental superepace are ana ly t i ca l Э/дД C p ( Z ) = 0 ) because the 
generator С — V ^ does not commute with generators ( 2 4 ) . In order 
to have a closed algebra ( including С ) we must add, except A , 
the parameters which are related with the compact group generators. 

Conclusion 

The c l a e e i c a l supertwisotrs are ueually considered as simplest 
structure elements of the superspace. The whole c l a s s of superspaces 
can be found imposing different constraints on the c l a s s i c a l super-
twistors . 

In t h i s paper the quantum supertwietors are considered as s truc
ture elements of eupereymmetry generators. The supertwietortur opera
tors act in the Hilbert space on which the UIR of the superconformal 
group are constructed. We show that the quantization of the euper-
twistore and construction of the UIR allow to se l ec t some c lass of 
superepaoes which are a straightforward general ization of the 1Ы 
chiral superepace and to find t h e i r group of t r a n s l a t i o n s . 

The authors would l ike to thank E.S.Fradkin, JS.A.Tvruwv.J.Mie-
derle, V.I.Ogievetslcy and A.S.Sohwarz for useful d i scuss ions . 
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Appendix A 

Spinors A and Ra {,&,&=£,,.., 2) transform as usually un
der the group SL(2|C). Spinor indices are raised and lowered accor
ding to the rules: 

where £12 = - Г" = £ii = - £ ' * = / . 
The components of the supertwietors transform under the group 

3U(2,2/H) as follows 

Sfia- - iP*eA a -L %/<* +j (0*i &)??* + ф / / * 

where D and 6' are real, РАЙ and К * 6 are hermltian; L ьапйЗУ 
are elements of the algebras £> L ( 2., С ) and SU(N), respectively .{bat 
and V are antioommuting spinors. 

The supertwistors T and T can be represented as 

where .» . 

Then there exists a real matrix A with two positive and two nega-
/ Q / 

tive eigenvalues ' such that 
n = n + A . 

In the basis (1), (2) the matrix A has the following form 
A = ( 1 (?) * 

It i s suitable to introduce the matrix В 

/ A 0 \ 

which gives the relation between T and T 

I I 
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Литов Л.Б., Первуиин B.il. "• Е2-8ч-170 
Квантовые супертвисторы и фундаментальные суперпространства 

Квантовые супертвисторы рассматриваются как исходные элементы для постро
ения генераторов супералгебрь). Предлагается интерпретация суперпространства 
как параметров когерентных состояний, которые задают базис для унитарных не
приводимых представлении супергруппы. Показывается, что в случае расширечной 
суперсимметрии такой подход ведет к выделения определенного класса суперпрост-
ранств и групп их движения. Эти суперпространства Являются прямым обобщением 
кирального суперпространства (N • I ) и параметризованы дополнительными 
п х q (N - о + q; n * 2; q ф 2) скалярными переменными., 

I А. 

Работа выполнена в Лаборатории теоретической физики ОИЯИ. 
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Litov L.B., Pervushin V.'N. E2-84-170 
Quantum Supertwistors and (Fundamental Superspaces 

i 
Quantum supertwistors are considered as init ial elements for construc

ting superaloebra nenerators. An interpretation is proposed of superspace 
as parameters of coherent states. I t is shown that in the case of extended 
supersymmetry such an approach leads to the,separation of a class of super-
spaces and its group of motion. They are a straiohtfOrward general ization 
of the N = 1 chiral supersp>ce and are parametrized with an additional 
о x q (N - n + q) bospnic variables. , 
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