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1, Introduction 

In papers of Lehmann and Bonerkamp et al. 1-2 the elastic 
scattering amplitude baa been found for measless pionв in the 
low-energy range ( vIF* ^ 1 GeV) within the chiral quantum field 
theory* Since at the threahold energies it is rather important 
to take account of the finite pion mass,the problem has naturally 
emerged of extension of the previous results to the case of 
massive pions. This problem has been solved in our paper 3 • 

The expression we have obtained for the pion-pion scatte-
ring amplitude has turned out to be rather suitable for calcu
lating scattering lengths and effective-range parameters for 
partial waves. In the energy region tf^^V^/tffthese partial waves 
eatisty ail rigorous inequalities obtained from crossing syastetry 
and positivity properties due to unitarity 4 • That these gene
ral requirements опЙЬеНУ^"-scattering amplitude are fulfilled 
in 3 iottirepty, рготэд. the fact that at low energies (Vj? ̂  £fct-

f* *92 bfeVJ th # first orders of our perturbation theory 
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expannion in power о of the parameter /f do contain the 
basic information on the SFfT -scattering proceon* 

To atart our consideration we briefly recall the Boot im
portant principlee of chiral quantum field theory 1-3 ( 1) И м 
baoe of the theory is the cMral-invariant Lagrangians, therefore 
the theory in the Born approximation satisfies the low-energy 
theorems of current algebra. 2} In this theory the use is made of 
the perturbation theory expanaion in the dimensional parameter 
/fc* at energies considerably smaller than fy**/^ ~l£(rt¥% where 
/L is the pion-decay constant. This energy scale arises natu
rally in the chiral theories 1-3»5 . 3) In calculating higher or
ders of the perturbation series expansion the superpropagator 
(SP) method is used for regularization of the divergent diagrams. 
By this method, for removing the ultraviolet divergences of the 
diagrame it suffices to exploit the nonlinearity of chiral 
Lagrangian. The SF regularization is achieved through considering 
the whole set of two-particle diagrams 6 . 4) io constructing 
the superpropagator a chiral-invariant method is employed for 
summing all the two-vertex diagrams. The method is founded on 
allowing I'or all possible reductions of matrix elements correspond
ing to contractions of some lineв on diagrame and decrease of the 
number of vertices. This occurs dr.e to the presence of deriva
tives in the interaction Lagrangian. Taking into account of all 
possible reductions allows one to obtain the results independent 
of choice of a form of the chiral Lagrangian (in the limit ЩшО*жК 

n j A detailed analysis of this technique can be found in 
papers by D.V.Volkov 7 , J.Honerkamp 8 and V.N.Penrushin 9 . 
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2. The w ЯГ -Bcatterlm; ̂ plltuda 

Here the necessary resulta of paper 3 arc listed briefly. 
The scattering amplitude is defined in the standard way 

where f • (р£+рх)л, t =(р3-/^Г, "-(prp*)* J t h e u n X t natrix, J. _ 
the Krcnecker symbol. 

In the one-loop approximation (i.e., all the baryon and 
pion loops are considered to the ^/f** order of perturbation 
series expansion) the function /f(ft t u) hae the form 3 : 

Щ^-- f*.fv-,) * fcf nff.f.H). с г ) 

(3) 

where -— >» 

Jfx) = i - $£(M* M J I ' = 
(4) 

Mctf-iF*A£tjLj 

'/z o<x<i ijj=(%-t) (5) 

(Relation (5) has been derived in Appendix of paper 10 ), 
The first term in eq. (2) is the Born terra 11 ,the second 

one is the loop-diagram contribution. At energies much smaller 
than £{9Г/С. formula (2) represents good expansion of the 
ЛГ J5~ elastic scattering amplitude in the small parameter»^: 
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°*° = l(iw%) = £ • W 
3. Scattering lengths 

.-'allowing paper 12 let ue introduce the notation 
,Т(/г)_а 1 О" А Тутgi (7) 

off'***/ ; */<»**/ ; cSf"=Cf , (8) 
where ^ 

Here # ^ are scattering lengths • ^ and ̂ * effective-range 
parameters. T the amplitude in the channel with isospin I, P^f*) 

the Legendre polynomials: 

r/ = t(ss-t), T;/ = 3fj-j)x, re

z = -(3j-/). ( 1 1 ) 

/7 '* (г в +3/?)fi! <• (i^fe-jfti^) ,/fr ,c*r2- Wv-tfJt?) -//&%, 

(13) 

Making use of the formula 

we obtain the values for scattering' lengthe and effective-range 
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parameters preееntod in Table I. 
For ? %. 3 -he above given formulae allow one to derive tho 

following simple expressions for scattering lengths 

ae° =(2e*tX*e*7)Ze 

ae = j f*f-//•/)£, t ze-3sv. —yf̂ jj—. 

The values we have calculated for sca t te r ing lengths (j;iven 

in Table I ) are in ra ther good agreement with known experimental 

data 12,13 and with the r e s u l t s of phenomenological approach of 

Palou and Yhdurain 12 . Their model uses the Froissart-Gribov 

representat ion. Table I also l ie tB the calculat ion r e s u l t s cor

responding to the choice of parameters of t h e i r model which gives 

the value Ct% -0.15 (see Table I I in 12 ) . 

All the sca t te r ing lengths for с* 3 obey the inequal i ty : 

obtained from u n i t a r l t y and ana ly t i c i ty of sca t te r ing amplitude 

in papers 4»''4 • 

4. The Я'Я'-'8'Я"ьтйЬХа&» in tho in t e rva l 0 < S a l 

For the в°Я°~Я'Я°S-wave 

j-l'm = ffipxt/lfaW+Mfi") +/rfr.t.fi)] (17) 
in the in te rva l 0i*5*"1 A.Martin in paper 4 has found various 
rigoroue inequa l i t i es from u n i t a r i t y and crossing symmetry. To 
r e c a l l , l e t us wri te down these Inequa l i t i e s : 
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1) f,"fS) </."/*) , 0*f*i 

з ) /"rf) ъ 2fl}:°fs)c/i, ( 1 8 ) 

5) <Щ*! < 0 о if* v% 
6) *&Ж'>С. '•'/<, *,?* '•*% 
7> y/v/^ > yy^-v - //••(•^;, 
The direct calculations ahow that amplitude (2) оЪеуа all the 
above inequalities. Our subsequent consideration шакев it оьву 
to see this. 

Our mplitude in the range Offi t i ia well described by the 
approximate formula: 

/?fo l „i = f*j3s-4*f</,i//?f*+etf'<HJ) + Cf +2>J. ( 1 9 ) 

Hence, 

jC7,y; = f<*.*[(*в*/t)(sj*-й+2)+зЪ *.e] . (го 
It is quite easy to check that the parabolic function 

j/'tf) = j3fjrx*-4f +2) +y (21) 
obeys conditions (18) for a rb i t r a ry R >Q and V . Шла, t o fu l 
f i l the Martin inequal i t i es (18) i t i s suff ic ient to require that 
the inequality 2 В i-Д > 0 * 2 2 ) 

holds. 

Since the condition (22)is fu l f i l l ed (see fo ' l a (4)) the Mar

t in inequal i t i es (16) are sa t i s f i ed . 

5. Conclusion 

The performed here analysis of the fFff eca t tar ing amplitude 
calculated in 3 completsly proves the va l id i ty of perturbation 
theory even for strong in terac t ions in the ch i ra l quantum f i e ld 
theory at energise much smaller than the energy scale ^ЯГ/! * ft2Ce\t' 
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The information on tho sca t ter ing amplitude contained in the t^o 
f i r s t orders of perturbation theory ( /fi end /fir ) quite cor
rec t ly r e f l ec t s a i l proper t ies of the amplitude resul t ing from 
thb very general aBRUicptlone 4 - The valuee **or sca t te r ing 
lengths and effective-range parameters calculated in th i s appro
ximation ara a lso well consistent both with the known experimen
t a l data and with the r e s u l t s of phenomenological descript ion of 
the ff9Г - s ca t t e r ing amplitude. 

tfe would remind here tha t the value for the pion form fa j to r 
we have obtained in the same approach 5a in in good t;greei2i?nt 
with experiment in the threshold enerjy range, as wel l . Besides, 
the pion radius 

/< 4*>r - 0,€Sfm (23) 
i s ra ther consistent n t h recent experimental data 15 - Correct 
r e s u l t s have been found for the pion photoproduction and t h e i r 
p o l e r i z a b i l i t i e e 5b . 

In conclusion the authors thank D.I.Blokhintsev, V.A.bleahche-
ryakov, Yu.V.Parfenov» V.V.Serebryakov and D.V.Shirkev -for 
f ru i t fu l discussions* 
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Table I. 

^ Experiment Our values Values of paper 12 

a? [ojo; o.eoj О,!* 0,1 S Г 0, OH 

4? Г-0£0;-о,оз] - 0,042 -0,06S±0,025" 

af 'fo.ajz.o.oioj 0,031 0,01^0,0026 

* ; • 

l.l'tlO'3 (i,0?±O.Z7)iO~% 

«! / / , * i 0 s ; i , S i c ~ 3 J Xss--/с-3 (i/if±o~,or)- /o~3 

«1 [-2 /O*;JS-IO-*] zj.- w* ('3tg)/0~?' 

в; -1рЯ'0~* (•3#t i,i)-jo-s 

el -s,i.to's- П.Ш,1):-l°!~S 

cl 2IOr*:: Шз±о,Ш:Ю~* 
.•cf ifilflO^ '•'•;. (l,Z?tO,36)-IO's 

ai ijiio-* (3.2ii,£):/6~*: 
a; s-w-6'- (i/JtC,?) /6'6 

«1 2>0-e' (i?tO,g)•/0'e 
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