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1. Introduction

In papers of Lehmann and Honerkamp et al. 1-2 the elastic
scattering amplitude has bsen found for massless pions in the
low-snergy rangs { VT~ < 1 Ge¥) within the chiral quantum field
theory. Since at the tb.rodiold cncrg:fes it is rather important
to take account of the finite pion mass,the problem has naturally
emerged of extension of the previous results to the case of
massive pions. This pro_!:lcn has l;een solved in our paper 3 .

The expreasion ws huv; obtained lor the pion-pion ocatte-
ring mpiiztudu has turned oﬁt to be rather sultable for calcu-
lutingicattnring lengthes and eifective-range parayot.r. for
partill waves., In the energy ngion o< ,S’"fﬁztliasa partial '""u
uti-ty -11 rigorou- .'moqualitios obtain.d from cro-aing .y-wtry
and po.itivity propcrticl dua to unitarity 4 . mt themse gene-

ral nquiro-ntl on“thwrﬁ -ucnttoring n-p].itudo ers fulfilled

in 3 ;m:rc_oty.,;prov.&.‘, " “the. fact that at low oncrgiu (e YW,

£

| =92 MeV) the first orders of our perturbation theory



expannion in powera ol the parameter J'/‘,:-’ do contoin the
bapic information on the %% -scattering procens.

To start our consideration we brieflly recall the most im-
portant principles of chiral quantum field theory 1-3 & 1) The
bage of the theory is the chiral-invarient Lagrangians, therefore
the theory in the Born approximation satisfies the low-energy
theorems of current algebra. 2) In this theory the use is made of
the perturbation theory expansion in the dimensional perameter
j//; at energies coneiderably smallsr than #F/;, 3‘1,26'0'. where
[} ig the pion-decay constant. Thie energy scale arises natu-
rally in the chiral theories 1-3,5 . 3) In calculating higher or-
ders of the perturbation series expansion the superpropagator
(SP) method 18 used for regularization of the divergent diagrams.
By this method, for removing the ultravioslet divergsnces of the
diagrams it suffices to exploit the nonlinearity of chiral
Lagrangian. The SP regularization ie achieved through considering
the whole set of two-particle diagrams 6 . 4) In constructing
the puperpropagator a chiral-invariant mathod is employed for
summing all the two-vertex dlagrams. The method iy founded on
allowing for all possible reductions of matrixeiclents correapond-
ing to contractions of some lines on diagrame and decrease of the
number of vertices. This occurs dra to the presence of deriva-
tives in the interaction Lagrangian. Taking into Bccount of all
pospible reductions allows one to obtain the results independent
of cholce of a form of the chiral Lagrangian (in the limit »{r-o}').

%) . detailed analysis of this technique can be found in
papers by D.V.Volkov 7 , J.Honerkamp 8 and V.N.Pervushin 9 .



2. The # % -gcattering smplitude

Here the necesanory resulta of paper 3 are ligted briefly.
The scattering amplitucde is defined in the standard way
.. . . {%)
CglSTgiy) = I+ i@l Qpop-ps-pun
¢ (& D)
[,I, W AR 5 JAts) s, o Al ts)],

5
where IJ' (/:‘ '/’J‘, ¢ = //,, /‘5)', o= 401 /yd I the unit oatrix, a’;/. -
the Krenezker symbol.

In the one-loop approximation (i.e., all the baryon and
pion loops are considered to the 1/;:79 order ol perturbation
series expansion) the function ,4/,{;{1/} has the Torm 3 :

AR,
ﬁgva) Fao(35-1) « Fut 1115 80t) 2
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~T7a) 3N T-E) 3517 - TE 31 E-0) 51T,
where f: %m; /f:,.l':f/”)
A=e63 ; B=z05; C=3 ;[ d=-£5 . (4)
Trx) =1 - f{;x}” /’(/z)/‘/mz))
/If
gty Joexet s y(5-0%
= 7 ,xuﬁz._.ﬁ x>t o
4’[ ,,/ ;_‘]5(1-1/,)1/2

j& &g ﬂ_ X <0
{Relation (5) has bean derived in Appendix of paper 10 ),

The first term in eq. (2) is the Born term 11 ,the second
one ig the loop-diagram contribution. At energies much emaller
than 47/} formula (2) represents good expansion of the

¥ % elastic scatiering amplitude in the small parameter o/uz
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. _Scattering length

Following paper 12 let us introduce the notation

) _ 27 I, 5
<, —-ﬁﬂtz i G5n 20 (5), mn
ozelfolz dgf ; o(f’”=ff ; a(’I(I): C‘f , 8)
where I
Ir5 = £ '/’a&/a/x/7'[ X
éf /—f’) 2{5_1)(1 £ {l‘"l )- 9

Here CI,I are scattering l;ngtha. £ !I and ['PI effective-range
parameters, TIthe smplitude in the channel with isospin I, /::-(X)
the Legendre polynomials:
I _ % I g 2 I 10
T =z a/, 7‘; + 7 o(_, 7”7 . (10)

Tl = 2350 Ty = 30F0x; Tyt -038-21) . (4
7= (2 8+34)5 + (‘7’37*’%7 L)1)+ 865 ¢ €15 - WIFL Y ) - 226%),
1= (B-RYS-1)% + 0520 ~3(52) 0 T(F) +2 87%%),

17% = 283X ABAUE-fy 09~ £ +£ 422 - (35-0) 7566 k12

CO =T 17205 2] 1)L 1]

I =T e 22 s L2 fesin)f 12 4] 15,
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Meking use of the formula

: ayf_ #Y)°
£ [ B9 = S,

we obtain the velues for scattering’ lengths and effective-ranée

(13)




parameters presented in Teble 1.

For f»: 3 the above given formulae allow one to derive the

following eimple expressions for ecattering lengtha

@’ =(264i98+7) Zp

YO S W) 15)

Q’e,’ = _%{M‘-j/ -5 & , Z, =35 £ )

a,ez = (4,[2'3frg},.7£,

Tohe values we have calculated Tor scattering lengthe(given
in Table I) are in rather good sgreement with known experimental
data 12,13 and with the results of phenocmenoclogical approach of
Palou and ¥Yndurain 12 . Their model uses the Froissart-Gribov
representation. Table I algo lists the calculation results cor-
responding to the choice of parameters of their model which gives
the value (7, =0.15 (see Table II in 12 ).

All the peattering lengths for & 3 obey the inequality:

I I [(Pes)(be2) \

a < a, L (16

oz € g zei2lrs5) !

obtained rrom unitarity and analyticity of acattering amplitude

in papers 4,74 .

4. The 5°%’+ 5°5°amplitude in the interval 0<5=1

For the £% "-ri',g' S-wave
£ = g o [AG g e  Aut )]

in the interval 0«5 <1 A.Martin in paper 4 has found various

rigorous inequalities from unitarity and crossing symmetry. To

recall, let up write down thege inequalities:



v f < /z) vf
2) t';l»’l’,-f‘l 5%

\"-'l

7:7

» ] i Z,f'](”/,r)d.r' (18)
8 4l e (ot wm) = Fo (3575,
5) d‘-";:p <o, g« S 1Y,
SO O B P
SIS re) - 47 (828)
The direct calculations show that amplitude (2) obeys all the
above inequalitieg. Uur subsequent consideration makes it eesy
to see this.
Our mplitude in the range a_(,s-’-gj ias well described by the
approximate formula:
Alat ul = Fuuizi-t)s Fi (R B4 » 05 - 2] . 19
Hence,
F05) E Bt feBrA) s S e2)r3d n0] | (20
It ip quite easy to check that the parabolic function
fc""/j) = BUSFE48 v2) v 21)
obeys conditions (18) for arbitrary/@ »0 and d/ « Thus, %o ful~
1$il the MNaxrtin inequalities (18) it is sufficient %o rcquirclthat
the inequality 28B+4 >0 (22)
holdsa.
Since the condition (22)i8 fulfilled (see fo 'la (4))the lar-

tin inegualities (18) are satisfied.

E._Conclusion

The performed here analysis of the § 9 scattering amplitude
caleulated in 3 completsly proves the validity of perturbation
theory even for gtrong interactions in the chiral quantum fiald

theory at energies much smaller than the energy scale 45/; ~f,26’rv-



The information on the scattering amplitude contained in the twe
first orders of pexturhation theory ( 1,‘/;'1 and f/‘;;f ) quite cor-
rectly refleote all propertiss of the amplitude repulting from
thy very general assumptions 4 . The values ior acattering
lengths and effective-rangs parameters calculated in this appro-
ximation ars also well consistent both with the known experimen-
tal date and with the results of phenomemlogical description of
the § % -scattering amplitude.

#e would remind here that the value for the pion form fastor
we have obtained Iin the same approach 5a 1p in good cgreement
with experiment in the threshold ensr:y range, as well. Besides,
the plon radius

Vi ~ 0,65 fm (23)
ig rather consistent witk recent experimental data 15 . Correct
repults havs been found for the pion photoproduction and their
polarizabilities 5b .

In conclusion the authors thenk D.I.Blokhintgev, V.A.Mgshche-
ryskov, Yu.V.Parfenov, V.V.Serebryakov and D.V.Shirkev for
fruitrul discussions.
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