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On the Diagonals of a Cyclic Quadrilateral

Claudi Alsinaand Roger B. Nelsen

Abstract. We present visual proofs of two lemmas that reduce the proofs of
expressions for the lengths of the diagonals and the area of a cyclic quadrilateral
in terms of the lengths of its sides to elementary algebra

The purpose of this short noteisto give anew proof of the following well-known
results of Brahmagupta and Parameshvara [4, 5].

Theorem. If a, b, ¢, d denote the lengths of the sides; p, ¢ the lengths of the
diagonals, R the circumradius, and () the area of acyclic quadrilateral, then
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b= \/(ac + bd)(ad + be) ‘= \/(ac + bd) (ab + cd)

ab + cd ’ ad 4+ be
and

1
Q= iR (ab + cd)(ac + bd)(ad + be).

We begin with visual proofs of two lemmas, which will reduce the proof of the
theorem to elementary algebra. Lemma 1 is the well-known relationship for the
area of atriangle in terms of its circumradius and three side lengths; and Lemma 2
expresses the ratio of the diagonals of a cyclic quadrilateral in terms of the lengths
of the sides.

Lemmal. If a, b, c denote the lengths of the sides, R the circumradius, and K the

; __ab
area of atriangle, then K = %.
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Proof. From Figure 2,

Lemma 2 ([2]). Under the hypotheses of the Theorem, % = —Zgigg_
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Figure 3 Figure 4

Proof. From Figures 3 and 4 respectively,
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Therefore,
p(ab + cd) =q(ad + be),
p ad+ be
¢ abted

O

In the proof of our theorem, we use Lemma 2 and Ptolemy’s theorem: Under
the hypotheses of our theorem,

pq = ac + bd.
For proofs of Ptolemy’s theorem, see[1, 3].

Proof of the Theorem.

ac + bd)(ad + bc
g D (et bd(ad + be)
q ab+ cd
ac + bd)(ab+ cd
2y 0 loc+bd)ab+cd)
D ad + be
Q? ~ pqlab+ cd)(ad + bc)  (ac+ bd)(ab + cd)(ad + be)
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