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I 

Abstruct-Results from NBS experiments to realize the ohm and the 
watt, to determine the proton gyromagnetic ratio by the low field 
method, to determine the time dependence of the NBS representation 
of the ohm using the quantum Hall effect, and to maintain the NBS 
representation of the volt using the Josephson effect, are appropriately 
combined to obtain an accurate value of the fine-structure constant and 
of the quantized Hall resistance in SI units, and values in SI units of 
the Josephson frequency-to-voltage quotient, Planck constant, and el- 
ementary charge. 

I .  INTRODUCTION 
0 COMPARE critically predictions of quantum elec- 

requires an accurate value of the fine-structure constant a 
which is independent of QED. For example, a highly ac- 
curate, QED-independent value of (Y is necessary for ob- 
taining a theoretical value of the electron magnetic mo- 
ment anomaly a, from QED for comparison with the 
experimentally determined value of a, [ 13. 

Under the assumption that the quantized Hall resistance 
RH as measured using a quantum Hall effect (QHE) device 
is equal to h / e 2  ( h  is the Planck constant and e is the 
elementary charge), there are at present two virtually in- 
dependent ways of obtaining a reliable, QED-independent 
value of 01 from high precision experiments in the field of 
electrical metrology [2]. The first is to use the QHE and 
a direct realization of the ohm by means of a calculable 
capacitor to determine RH = h / e 2  in SI units, that is, in 
ohms: 

T trodynamics (QED) with experimental results often 

01 = poC/2R~ (1)  
where po = 4.rr X N/A2 exactly, is the permeability 
of vacuum and c = 299 972 458 m/s  exactly, is the speed 
of light in vacuum. 
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The second involves the use of the relation 

a3 = ~ P ~ R ~ Y ; / ( P ; / P B )  RHEJ (2 )  
where R, is the infinite mass Rydberg constant, yi is the 
proton gyromagnetic ratio (the prime indicates a spheri- 
cal, pure H 2 0  proton nuclear magnetic resonance or NMR 
sample at 25”C), p ; / p B  is the magnetic moment of the 
proton in units of the Bohr magneton, AH = h/e’ is again 
the quantized Hall resistance, and E, is the Josephson fre- 
quency-to-voltage quotient and is assumed equal to 2 e / h .  

Although (1) and (2) both involve RH, they do so in 
very different ways. Equation (1) requires RH in SI units, 
whereas (2) has the important property that it is indepen- 
dent of the electrical units used, that is, it holds if yb, RH, 
and E, are measured in SI units, or if y;l is determined by 
the weak or low-field method [3] and it, RH, and EJ are 
measured in terms of the EMF of an arbitrary battery and 
the resistance of an arbitrary resistor. Because of this 
property, method two does not require the direct realiza- 
tion of an SI electrical unit. Since the two methods in- 
volve radically different experiments but can yield (Y val- 
ues of comparable uncertainty, each can serve as a critical 
check on the other. 

Equation (1) is also noteworthy. Since po and c are ex- 
act quantities, it implies that if a is known with a certain 
fractional uncertainty, RH will be known in SI units (i.e., 
ohms) with the same fractional uncertainty. This is sig- 
nificant because the ComitC Consultatif d’Electricit6 
(CCE) of the ComitC International des Poids et Mesures 
(CIPM) has decided to recommend that starting on Janu- 
ary 1, 1990, practical or laboratory representations of the 
ohm be based on the QHE using an adopted value of RH 
in agreement with the SI value. This value is to be se- 
lected by the CCE at its September 1988 meeting and is 
to be used by all those laboratories which choose to base 
their ohm representation on the QHE [4]. 

Similarly, the CCE has decided to recommend that 
starting on January 1, 1990, all those laboratories that base 
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their practical or laboratory representation of the volt on 
the Josephson effect use a new value of the Josephson fre- 
quency-to-voltage quotient EJ = 2 e / h  in agreement with 
the SI value. This value, which is to replace the one sug- 
gested by the CCE in 1972 and used by most countries, 
is also to be selected by the CCE at its September 1988 
meeting [4]. 

11. NBS MEASUREMENTS 

We have been carrying out a number of experiments at 
NBS that are now yielding results and bear on the issue 
of a reliable value of a ,  and of RH and E, in SI units. 

1) maintenance of the NBS representation of the volt 
VNBs using Josephson 1-V arrays [ 5 ] ;  

2) determination of the NBS representation of the ohm 
- QNBs (which is based on the mean resistance of five 
Thomas-type wire-wound resistors) in ohms using 
the NBS calculable capacitor [6]; 

3) determination of the time dependence of the NBS 
representation of the ohm 8 NBS through comparisons 
with the quantized Hall resistance RH [7]; 

4) determination of the NBS electrical representation 
of the watt wNBS = V i B S / a N B S  in watts by equating 
electrical and mechanical power using a moving-coil 
force balance [8]; 

5) determination of -y;l by the low field method, 
-yL(low), in terms of the NBS representation of the 
ampere ANBS = VNBs/QNBs using a specially con- 
structed 2.1-m long, single-layer, precision sole- 
noid [9]. 

Two remarks about these determinations are in order. 
First, to minimize the contribution of uncertainties asso- 
ciated with laboratory electrical standards to the final un- 
certainties of the experiments, a great deal of effort is de- 
voted to the problem of standards calibration and 
monitoring. The goal is to ensure that QNBS and the ref- 
erence resistors used in the -y;l (low) and WNgj experi- 
ments are well known in terms of RH and that the Zener 
voltage references used in these two experiments are well 
known in terms of E,. Because of the need for close ties 
between these artifact standards and the invariant refer- 
ence resistance and voltage provided by the quantum Hall 
and Josephson effects, and because the QHE and Joseph- 
son effect apparatus are located in a building 1.5 km from 
that in which the 7; (low) and WNBs apparatus are located, 
this aspect of the experiments is not at all trivial. It re- 
quires the coordination of a number of different measure- 
ment systems and the collaboration and cooperation of 
many individuals. We are fortunate at NBS to have all of 
these efforts in one group and believe that the complexity 
and diversity of these five experiments precludes them 
from being undertaken at a single institution other than a 
national standards laboratory. 

Second, the values of RH we shall actually use to eval- 
uate (1) and (2) are based on the same measurements of 

I 

1 These are: 

R, in terms of &,S. Consequently, the two resulting val- 
ues of CY are not completely independent and the small 
correlation between their uncertainties should be consid- 
ered when comparing them or when combining them to 
obtain a single “best” value of a. Similarly, in principle 
the value of EJ obtained from the determination of WNBs 
is correlated with both values of CY through !INBs or RH, 
and in the case of the value of CY obtained from (2), 
through VNBs as well. These correlations (and others) are 
all taken into account in the calculations of Section 111 as 
appropriate. 

111. DATA, CALCULATIONS, AND RESULTS 

A .  Data 
Since July 1, 1972 [lo], the NBS representation of the 

volt VNBs has been based on the Josephson effect via the 
relation 

VNBs = vJ-NBS / E ,  ( 3 4  
with the following exact adopted value for the Josephson 
frequency : 

VJ-NBS = 483 593.420 GHz. (3b) 
Beginning February 10, 1987 [ 5 ] ,  Josephson arrays have 
been used to implement this definition of VNBS with an 
inherent one standard deviation uncertainty of 0.0089 
ppm, where ppm = part-per-million or 1 part in lo6. 
(Throughout, all uncertainties are meant to correspond to 
one standard deviation estimates.) 

Based on a realization of the ohm using the NBS cal- 
culable capacitor having a mean date of May 17, 1988, it 
was found that [6] 

QNBS = [ l  - (1.594 f 0.022) ppm] Q. (4)  

Since August 1983, QNBS has been monitored in terms 
of the quantized Hall resistance RH via the quantum Hall 
effect. If we write in analogy with (3a) 

!! NBS RH / ‘K-NBS (5)  
where the dimensionless quantity rK.NBS is equal to the 
numerical value of RH expressed in &BS, then the result 
of the monitoring may be written as [7] 

rK-NBs = 25 812.8 [1 + (1.842 0 0.011 6 )  ppm 

+ (0.052 9 _+ 0.004 0) 

x ( t  - 0.778 5 )  ppm/yr] ( 6 )  
where t is measured in years from January 1 ,  1987 and 
the intercept and slope uncertainties are uncorrelated. (The 
quantity TK-NBS, where the subscript K stands for von 
Klitzing, the discoverer of the QHE, is time dependent 
because E N B S  is based on the mean resistance of five time- 
varying artifact resistance standards. This is in contrast to 
VNBs which is based directly on the Josephson effect rather 
than on a group of electrochemical cells.) 

Measurements of WNBs = v$Bs/gNBS using the NBS 
moving-coil force balance having a mean date of May 15, 
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1988 yielded [SI: 

WNBs = [ l  - (16.69 _+ 1.33) ppm] W .  (7)  

Measurements of yb(low) in terms of TNBs 0: A N B S  = 

VNBs/QNBs with a mean date of April 3, 1988 gave the 
result 191 : 

yk(10w) = 2.675 133 76(29) 

x 10' s-l ~ ; i ~  (0.11 pprn). (8)  
(Here TNBS, the NBS representation of the tesla, is di- 
rectly proportional to AN,, since it is based on a precision 
solenoid of known dimensions carrying a current known 
in terms of ANBs.) 

B. Calculations 
For numerical convenience, here and throughout the re- 

mainder of this paper we consider the inverse fine-struc- 
ture constant a-' = 137 = 1 / a  rather than a. For ease 
of comparison, we present results in the form a-' = 
a!?l [ 1 + ( A  ? E )  ppm] which is equivalent to RH = R,[ 1 
+ ( A  ? E )  ppm], where a;' = 2Ro/p0c = 137.035 959 
5 . . .  exactly and Ro = 25 812.8 a exactly. Similarly, 
we give Ej = 2 e / h  in the form E, = Eo[ 1 + ( A '  E ' )  
ppm] with Eo = 483 594 GHz/V exactly, for ease of 
comparison with the value suggested by the CCE ip 1972 
which numerically is 483 594 X 10' [I 11. 

With the aid of (3, ( I )  may be written as 

a-' = 2 R H / ~ o c  = (2/~Cloc) rK-NBSQNBS (9)  
where it is assumed that the values for rK.NBS and QNBS 

correspond to the same time t. Using the value of rK.NBS 

given by (6) on the mean date of the NBS ohm realization, 
and the value of QNBS given in (4), we obtain from (9) 

a-' = a i ' [  1 + (0.280 ? 0.024) ppm] ( loa)  

= 137.035 997 9(32) ( lob)  

( 1 0 4  RH = 25 812.807 23(61) 0. 

In a similar fashion, with the aid of (3a) and ( 5 ) ,  (2) 
may be written as 

' /3 
a-1 = { (pb/pB) r~-NBSVJ-NBS/2pORmYb(10W)} (11) 
where as usual { } indicates numerical value only. Using 
the value of rK.NBS given by (6) on the mean date of the 
NBS yA(10w) measurements, the value of uj.NBS given in 
(3b), y;(low) as given in (8), the 1986 CODATA rec- 
ommended value for &/pB (fractional uncertainty = 
0.011 ppm) [3], and Rm = 10 973 731.573(4) m-I (frac- 
tional uncertainty = 0.0004 ppm) [12], a more up-to-date 
and accurate value than that of CODATA, (1 1) yields 

a-' = ai1[ 1 + (0.178 k 0.037) ppm] (12a) 

= 137.035 984 O(51) (12b) 

(12c) RH = 25 812.804 60(95) Q .  

(10); the two differ by (0.102 ? 0.043) ppm or 2.37 com- 
bined standard deviations. All relevant calculations and 
corrections are being reviewed in an attempt to under- 
stand the significance of this difference. 

The values of a-' given in (10) and (12) involve the 
assumption that RH is a measure of h / e 2  and thus of a-' 
( (  12) also requires the assumption 2 e / h  = EJ). A value 
of a-' independent of this assumption (but still requiring 
the assumption 2 e / h  = Ej ) can be obtained from our data 
via the following relation derived by using (1) to elimi- 
nate RH from (2): 

I = c(P;/PB) ~ , / 4 ~ m ~ i  ( 1 3 4  
which may be written as 

a-1 = { c(&/pB) ~J-NBS/4Rm2NBS~6(10w)}'i2. ( 13b) 

For historical reasons, the value of a-' obtained from 
(13b) is often referred to as the "Josephson junction value 
of alpha." Using the result 

dQNBS/dt = (-0.052 9 0.004 0 )  p a / y r  (14) 

implied by (6) to correct the value of QNss given in (4) to 
the mean date of the yb(10w) measurements, (3b) for 
uJ-NBS, (8) for ?;(low), the 1986 CODATA value for 
pb/pB, and the above value of R,, we find' 

a-' = a i ' [ l  + (0.127 ? 0.056) ppm] (15a) 

= 137.035 977 0177) (15b) 

(15c) RH = 25 812.803 29( 145). 

Equation (15) also differs from (10) by 2.37 combined 
standard deviations, as do (12) and (15) with each other. 
The reason is that the three values are highly interdepen- 
dent; any two of (9), (11), and (13b) determine the third. 
(The correlation coefficient of (10) and (12) is 0.040; of 
(10) and (15), -0.170 and of (12) and (15), 0.978.) 

To obtain Ej from the measurement of WNBs in watts, 
we first use the relation WNBs = V~Bs/Qms and (3a), ( 5 ) ,  
and (1) to write 

E: = vZNBS/QNBSWNBS (16a) 

= ~ ~ Z N ~ ~ T K - N B S / ~ L ~ C ~ - ' W N B S .  ( 1 6 ~ )  

Using (14) to correct the result for QNBS given in (4) to 
the mean date of the WNBs measurements, (3b) for vJ-NBS, 
and (7) for WNBS, we find from (16a) 

EJ = Eo[ 1 + (7.94 + 0.67) ppm] (17a) 

= 483 597.84(32) GHz/V. (17b) 

'Taking d!l..,/dt from quantized Hall resistance measurements does 
not negate the independence of this value of a-'  from the assumption RH This does not agree as as One like with 

that obtained from the realization of the ohm as given in = h / e '  The only assumption required IS that R, IS  time-independent. 
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Alternatively, we may use (16b) with rK-NBS from (6) and 
RH from (12c). The result is 

Ej = Eo[l + (7.99 IL- 0.67) ppm] (18a) 

= 483 597.87(32) GHz/V. (18b) 
If we repeat this calculation using RH from (15c), we ob- 
tain 

E, = Eo[ 1 + (8.02 L- 0.67) ppm] (19a) 

= 483 597.88(32) GHz/V. (19b) 

The differences among these three values of Ej see ((17)- 
(19)) are small compared to the uncertainties of the three 
values, which are completely dominated by the 1.33-ppm 
uncertainty of WNBS. Hence, the differences among the 
values of RH discussed above are not critical to deriving 
a value of Ej from WNBS. 

C. Final Results 
To obtain a single best value of a-' (or equivalently, 

RH) and of Ej from the NBS data, and subsequently values 
of h and e from these best values, we use the method of 
least squares as employed in fundamental constants ad- 
justments [3]. Taking a-' and Ej as the adjustable con- 
stants or unknowns, the observational equations for the 
three measured quantities Q N B S ,  y;(low), and W N B s  are 

1 

i 

a-' = ( 2 / ~ o c )  ~K-NBSQNBS 

ay-3 = [ (PL/PB)  ~ K - N B S V J - N B S / ~ P O ~ ~ ~ Y L ( ~ O W )  ] 
(20b) 

(20c) a- 'E:  = 2 v?-NBSrK-NBS IPOCWNBS 

which follow from (9), ( I I ) ,  and (16c). Then since RH = 
pOca- ' /2  = h/e2  and Ej = 2 e / h 2  

h = 4/RHE; (21a) 

e = ~ / R H E J .  (21b) 
It is apparent from (20) and (6) that rK-NBS ( t  = 0)  and 

drK-NBS/dt (i.e., the intercept and slope of (6)) could be 
taken as adjustable constants in addition to a-' and Ej. 
We choose not to for the following reason: because of 
their comparative simplicity and the extended period over 
which they have been carried out (i.e., about five years), 
we believe that at present, our quantized Hall resistance 
measurements are inherently more reliable than our other 
measurements (i.e.,  Q N B S  and $,(low)), more so perhaps 
than is indicated by their a priori assigned uncertainties. 
Consequently, we do not believe r K - N B s ( t  = 0)  or 
drK-NBS/dt should be subject to adjustment. Moreover, 
because of the structure of (20a)-(20c), taking these two 
quantities as adjustable constants yields identical values 
for a-' and Ej. In addition, the adjusted value of YK-NBS ( t  

*In principle, to calculate properly the uncertainty of h and e ,  the co- 
variance of a-' and E,, which is one of the outputs of the adjustment, must 
be taken into account. 

= 0)  would be only 0.0034 ppm smaller than the input 
value from (6) (0.3 standard deviations of the latter); and 

ppm/yr smaller than the input value from (6) (0.1 stan- 
dard deviations of the latter). 

To solve (20a)-(20c), we use: 1) (6) to calculate 
rK-NBS at the mean dates of the QNBS, yL(low), and J4"Bs 

measurements as before, 2) the values given above for 
these quantities as well as for uJ-NBS, pL/pB, and R,, and 
3) the correlated error least squares approach [13]. This 
latter method is employed to take into account the ap- 
proximate 0.012-ppm uncertainty in TK.NBS common to all 
three equations; some comparatively small systematic un- 
certainties associated with resistance measurements com- 
mon to the RH, Q N B S ,  $,(low), and W N B s  experiments; and 
for completeness the 0.0089-ppm uncertainty in imple- 
menting the definition of VNBs common to (20b) and ( 2 0 ~ ) .  
(All of these were also taken into account in the calcula- 
tions of the previous section.) 

The difference between the values of a-' from Q N B S  

and -y;l(low) indicated above (see (10) and (12)) is appar- 
ent in the least-squares treatment; the statistic ''chi 
square" (x2) for the adjustment is 5.60 compared with 
its expected value off = 1 ( f i s  the number of degrees of 
freedom); the Birge ratio is RB = [ ~ ~ / f ] ' / ~  = 2.37 com- 
pared with its expected value of 1. The probability that 
this value of x 2  has occured by chance is about 1.8 per- 
cent. The resulting adjusted value of a-' is ai' [ 1 + 
(0.252 f 0.020) pprn]. 

The above value of x 2  arises entirely from the differ- 
ence between the two values of a- ' ;  W N B s  does not con- 
tribute to x2 or to the determination of a-' since a-'E: 
0: 1 / W N B s  (see (20c)) and (20a) and (20b) do not ihvolve 
EJ. Thus a one variable (i.e.,  a-') least squares adjust- 
ment involving just Q N B S  and y;l(low) ((20a) and (20b)) 
yields the same adjusted value for a-' and also has x 2  = 
5.60 for f = 1 with Rs = 2.37. If RB = 2.37 is used as a 
multiplicative scale factor for the uncertainties of the one 
variable adjustment data so that x has its expected value 
of 1,3 and if the two variable (i.e.,  a-' and E,) adjust- 
ment is then repeated with these expanded uncertainties 
for (20a) and (20b) with the result that x 2  for this adjust- 
ment also has its expected value of 1, we find 

the adjusted Value Of dTK.NBS/dt would be Only 0.0004 

a-' = a i ' [ l  + (0.252 f 0.048) ppm] (22a) 

= 137.035 994 O(65) 

RH = 25 812.806 50( 123) Cl 

Ej = Eo[] + (7.96 k 0.67) ppm] 

( 2% ) 

(22c) 

( 2 3 4  

= 483 597.85(32) GHz/V (23b) 

(24) 

h = 6.626 070 4(88)  x J s (1.33 ppm) 

'The adjusted value of a-' is unchanged but its uncertainty is increased 
to 0.048 ppm = 2.37 X 0.020 ppm. 

r 
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Fig 1 Comparison of values of R, and 01 I discussed in the text (R, = 
25 812 8 Q, 010' = 2R0/p0c = 137 035 959 5 . . . ) Starting from the 
bottom of the figure, the equation number of the value as given in the 
text is (IO),  (12), (15), (22), (26) The lea\t squares value, (22). is 
shown with and without its uncertainty increased by the scale factor R,  
= 2 37, see text (As a comparison aid, the most accurdte value (26) 
and its uncertainty are indicated by dashed and full lines, respectively, 
as well as by the usual point and error bars ) 

EJ- 483 590 GHzN (GHz/V) 

7 50 8 00 8 50 9 00 

e = 1.602 176 70(107) x C (0.67 ppm). 

(25 1 
In Figs. 1 and 2 we graphically compare the principal 

values of a-' and EJ obtained throughout this paper from 
our data. Also included in Fig. 1 is the highly accurate 
but still preliminary QED value of cy-' obtained by Ki- 
noshita from the electron magnetic moment anomaly U, 

[14]: 

a-I(ue) = a { ' [  1 + (0.232 1 0.008 0) ppm] (26a) 

= 137.035 991 4( 11) 

R, = 25 812.805 99(21). 

(26b) 

( 2 6 4  
If this value of RH is used to calculate a value of E, from 
(16b), the result is 

Ej = E,[ 1 + (7.97 k 0.67) ppm] (27a) 

= 483 597.85(32) GHz/V. (27b) 
This value is also included in Fig. 2 as is the most precise 
result reported to date, that obtained by Kibble et al. [15] 
at the National Physical Laboratory (NPL), U.K.,  from 
their version of the moving-coil watt realization experi- 
ment: 

Ej = E o [ l  + (8.070 5 0.077) ppm] (28a) 

= 483 597.903 (37) GHz/V. (2% 1 
It should be borne in mind while examining Figs. 1 and 

2, especially Fig. 2, that the NBS values are highly inter- 
dependent. Indeed, all the values of Ej except that of NPL 
are essentially the same value since the uncertainty of 
WNBs is so overwhelmingly dominant. 

IV. CONCLUSION 

We have presented a detailed analysis of the currently 
available NBS results from ongoing experiments to real- 
ize the ohm, to realize the watt, to determine the proton 
gyromagnetic ratio by the low field method, to determine 
the time dependence of the NBS representation of the ohm 
using the quantum Hall effect, and to maintain the NBS 
representation of the volt using Josephson 1-V arrays. 
Either of our values for a-' and thus RH in SI units as 
derived from (1) and (2) (see (10) and (12)) is more ac- 
curate than any QED-independent value presently avail- 
able. This is even true of our least-squares adjusted value 
with expanded uncertainty, (22). All three values agree 
with the highly accurate QED value of a-' from the elec- 
tron magnetic moment anomaly, (26), since the difference 
from a - l ( u e )  for each is less than two combined standard 
deviations. However, the two values derived from (1) and 
(2) differ from each other by somewhat more than two 
combined standard deviations. Every effort will be made 
in the near future to understand if this difference is sig- 
nificant. 

Our values for E,, h ,  and e have rather larger uncer- 
tainties than their 1986 CODATA recommended counter- 
parts, although they are quite consistent with them. How- 
ever, it is expected that when the room-temperature 
magnetic field-generating solenoid of the NBS watt real- 
ization experiment is replaced by a specially constructed 
superconducting solenoid, the uncertainties of the NBS 
values will be reduced by between a factor of 15 and 50. 
This would make them the most accurate values avail- 
able. 
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