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I. INTRODUCTION

The etymology of the word eikon traces it back to the word eikenai which is the transliteration of the word etkevar
[1] in the Greek language meaning ‘to resemble’ [2]. In the Greek language it evolved into the word eikon which is
the transliteration of the word etkov [1] meaning ‘image’ [2]. It was borrowed into the Latin language and later into
the English language as eikon. In the English language it transformed into the words icon and ikon which are the
variants of the word eikon. Notice that throughout its evolution it has meant ‘image.’

The main goal of this report is to understand the eikonal approximation in quantum mechanics and quantum
field theories. Approximations play a very important role in the understanding of processes that cannot be solved
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exactly. The Born approximation in quantum mechanics is an example of an approximation that has been extensively
used for studying low energy processes. In quantum field theories involving coupling constants smaller than one
we use the standard weak-coupling perturbation series which is parallel in its approach to the Born approximation
in quantum mechanics. In the 1950’s and 1960’s when high energy physics was ascending towards its peak, it was
realized among the high energy physicists of those times that the Born approximation is not a valid approximation for
studying processes involving high energies. This period in fact was the golden age in the development of the eikonal
approximation in quantum mechanics and quantum field theories. The descendents of this era took the theory of
eikonal approximation for granted in quantum mechanics and quantum field theories. There was prolific activity in
the application of eikonal approximation in high energy physics, especially in QCD.

The eikonal approximation was not born in the study of quantum mechanics. It originated far back in optics.
Light we know obeys Maxwell’s equations. In terms of Maxwell’s equations light is understood as a wave obeying a
wave equation. But two hundred years before Maxwell wrote down his equations scientists understood reflection and
refraction of light which was extensively studied under the branch of science called ray optics. Today in elementary
school we learn ray optics without ever introducing Maxwell’s equations. In ray optics we assume that light travels
in a straight line. This assumption works fine as long as the size of the obstacle is large compared to the wavelength
of light. This is called the eikonal approximation in optics. Here we make contact with the meaning of the word
eikon in the sense that eikon meaning ‘image’ is formed by light only in the straight line approximation. In processes
involving diffraction we encounter the limit of the validity of the eikonal approximation in optics. We quickly switch
over to Maxwell’s equations to study diffraction.

Optics is described by Maxwell’s equations which can be written as a wave equation with the dispersion relation
given by w = kc. Similarly, quantum mechanics is described in terms of Schrodinger’s equation which is a diffusion

equation (in imaginary time) with a dispersion relation given by w = g—ﬁj With this correspondence we ask the
question, can we not have a corresponding eikonal approximation in quantum mechanics? Yes we can. The eikonal
approximation in quantum mechanics works for processes involving the scattering of particles with large incoming
momentum and when the scattering angle is very small.

In the language of differential equations, the main advantage the eikonal approximation offers is that the equations
reduce to a differential equation in a single variable. This reduction into a single variable is the result of the straight
line approximation or the eikonal approximation which allows us to choose the straight line as a special direction.
The early steps involved in the eikonal approximation in quantum mechanics are very closely related to the WKB
approximation in quantum mechanics. The WKB approximation involves an expansion in terms of Planck’s constant
h. The WKB approximation also reduces the equations into a differential equation in a single variable. But the
complexity involved in the WKB approximation is that this variable is described by the trajectory of the particle
which in general is complicated. The advantage of the eikonal approximation is in the classical trajectory being a
straight line. Thus in this manner the eikonal approximation is a very stringent semi-classical limit.

A very comprehensive collection of work on scattering theory in general with a very extensive bibliography which
covers scattering theory in both electromagnetism and quantum mechanics is the book by Roger G. Newton [3]. A
couple of textbooks among many which I have used are [6] and [7].

An extensive list of literature on the theory of eikonal approximation in quantum mechanics and quantum field
theories developed between the years 1950 and 1970 is available in [4]. It is unanimously accepted by everyone that
R. J. Glauber’s lecture notes on eikonal approximation [5] is the best available work on the subject. Glauber’s lecture
notes addresses the question of the conditions for the validity of the eikonal approximations in quantum mechanics.
In the section on eikonal approximations in this article starting out from his ideas we derive the conditions for the
validity of the eikonal approximations more concretely. We verify our conclusions by evaluating the total scattering
cross section for the simplest potential (an inverted finite spherical well) using the eikonal approximation and by
comparing it with the result obtained by the partial wave expansion.

After our study of eikonal approximation in quantum mechanics we concentrate on quantum electrodynamics. To
study the eikonal approximation in quantum electrodynamics we need to first write the field theoretical equations in a
suitable form. Schwinger’s formalism for quantum electrodynamics is the most suitable for this purpose. We develop
Schwinger’s formalism in detail based on [15-18] in section V.

In section VI we concentrate on electron-electron scattering. We introduce the quenched approximation. We outline
the derivation of the electron-electron scattering in the eikonal approximation based on [19,20]. We point out the
similarity of the result of electron-electron scattering obtained in the eikonal approximation to the non-relativistic
scattering amplitude due to the Coulomb potential.

The terminology used in this study report is the following

f(8, ¢) = Scattering amplitude

Oscatt. = Scattering cross section



Oabs. = Absorption cross section

Otot. = Oscatt. T Tabs.-

II. SCATTERING IN QUANTUM MECHANICS

A scattering process in quantum mechanics is described by the solution of the Schroedinger equation
P v e = —ih i (1)
- 7 7,t) = —th—' (¥
2m ’ ’ ot ’

with the boundary conditions dictated by the requirement that the wave function ¢’(7,t) must have a component that
involves an incident plane wave with energy E = % moving in the positive z direction and another component that
involves a spherical outgoing wave. It should be emphasized that in scattering problems we do not require ¥’(7, t) to
go to zero at 7 — oo. In fact the scattering amplitude which is the quantity of interest is contained in the 7 — oo

(asymptotic) part of ¢'(7,t).

A. Formulation of the scattering problem

For the case when the initial beam can be described by a state of definite energy we can write

Y (7, t) = e F Bty (F) (2)

where 1 (7) satisfies the differential equation

[V2 + k2] 9(7) = U(Pw(7) (3)

with the boundary conditions on () dictated by the boundary conditions on v’(#,t). We have used the notation
k? = 2mE and U(F) = 2200,
The differential equation for () in eqn. (3) can be rewritten as an integral equation [8] given by

0l =9 + [ @ Gold Ul (®)
where ¢(7) satisfies the potential free equation
[VZ+ k2] ¢(F) =0 (5)
and the Green’s function Go(7,7") is the solution to

[V2 + k%] Go(7, ) = 6O (7 — 7). (6)

The boundary conditions on ¢(7) and Go(7, ") are prescribed by the boundary conditions on (7). The integral

equation in eqn. (4) is called the Lippmann-Schwinger equation [9]!. The solutions to ¢(7) and Go(7,7") are

¢(F) = Ag €7+ By e (7)
1 6ik|¢LF’| efik|FfF’|
Go(F,7) = —— - + B — 8
o) =17 7= 7 7= 7 ®
1Schwinger’s view of the paper was [10]: ‘... I thought the importance of the paper was the variational principle ... the so-

called Lippmann-Schwinger scattering equation is to me conventional scattering theory written in operator notation. Nothing
new. But that is what everybody paid attention to.’



with the constraint A+ B = 1. Using eqn. (7) and eqn. (8) in eqn. (4) the Lippmann-Schwinger equation takes the
form

- -
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Imposing the boundary conditions that the wave function consists of a component that is a plane wave moving in the
positive z direction and another that is an outgoing spherical wave we get

- 1 ezk\r—r |
N ik T 3./ — —
W(F) =Ag e yy d°r AT 7 U™ )p(). (10)

As we emphasized before the information related to the scattering amplitude is contained in the asymptotic region
of the wave function. In most of the problems of interest the potential V() is confined to a finite volume in space
and the detectors are very far from the region containing the potential. For these cases we can safely conclude r’ < r
and thus approximate

- r 2
F—l=r- " +0 (’“—)] (11)
T r
We can thus write
= 1 1 . X
2 ik m & 3,0 = ik(r—55) — —
Yr—oo(T) = Ag € yp /d roe U (™)) (12)
ik e'kr
= T4 f(0,0) (13)
where we have set Ag = 1 so that
1 —ik 7
£6.6) =~ [ &1 T TUEE) (14)

can be interpreted as the scattering amplitude, where K = kf . The illustration of the variables involved is shown in
fig. 1.
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T
7 = (rsinf cos ¢, r sin 0 sin ¢, r cos 6)
v k' = (ksin @ cos ¢, k sin 0 sin ¢, k cos 0)
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W E 7 = (b cos¢’, b sing’, ")
¢ =k
0 -
k,z

FIG. 1. Tllustration of the various variables used in the calculation. Note that 7, E’, and k are in spherical polar coordinates
and 7 is in cylindrical polar coordinates.

Often it is more useful to denote f(6,¢) as a function of k and & and thus write f(6,¢) = f(k’, k). Observe that
even though the information related to f(6, @) is contained in the asymptotic region of () the only contributions to
f(0,6) in eqn. (14) comes from regions where the potential is not zero. To complete the formulation of the scattering
problem we define the scattering cross section as

%Mhzfmufwwnz (15)



and the total cross section as
Otot. = Oscatt. T Tabs. (16)

where o,ps. is the absorption cross section which will be explicitly defined in eqn. (27).
To summarize this section on formulation of the scattering problem, we have concluded that a prescription to
evaluate the scattering amplitude is to use

10.0) =~ [ @ e FTUE ) a7)

where () is determined by solving
[V + K] () = U (P () (18)

under the boundary conditions described after eqn. (1).

B. Identities satisfied by the scattering amplitude

Starting from the Schroedinger equation we shall derive two identities satisfied by the scattering amplitude. The
first, the dynamical reversibility theorem was first derived by R. J. Glauber and V. Schomaker [11] in 1953. The
second, the optical theorem, is a statement of probability conservation in quantum mechanics written as a continuity
equation in reference to the scattering amplitude. The optical theorem was first derived by E. Feenberg [12] in 1932.

1. Dynamical reversibility theorem

In the Schroedinger equation if we write the wave function as
W7t R) = e FE( ) (19)

where 2mE = h*k?, we can quickly derive the following identity

G5 —ha) V2T k) = (75 K1) V2T ko) = (k] = K37 k) (7 k). (20)
Evaluating the above expression on a sphere of radius r — oo for the case | k1 |=| k2 | we have
% d§ : |:wr—>oo(7?7 _7{2) v2wr—>oo(7?; k_i) - wr—m)o(??; k_i) vzwr—»oo (7:: __]%2)} = 0 (21)

Using eqn. (13) in the above expression and evaluating the surface integrals after taking the limit r — oo we get [5]

fk2, ki) = f(—k1,—k2) (22)

where we have used the notation we defined for f(6, ¢) in the paragraph after eqn. (14). Thus the scattering amplitude
for a process going from ki to kg is identical to that of a process going from —ks to —k;. This is dynamical reversibility.

2. Optical theorem

In a very similar manner as we did in the earlier section (in this case we take the complex conjugate of the wave
function) we arrive at the following continuity equation

8p(F) = PN —
P24V (@) = s(7) (23)

where



o) = | 97
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Integrating the continuity equation over a sphere of radius r — oo and noting that the derivative of the p term does
not contribute because both the states have the same energy we get

Again using eqn. (13) in the above expression and evaluating the surface integrals after taking the limit r — oo we
get [5]

/0% dqs/OTr sin@ df | f(0,¢) |2 — lim % /d% [Im V()] | %(7) |*= 4% Imf(6 = 0). (26)
Using eqn. (15) and defining the absorption scattering cross section as
Ta, = Jim 2 [ (lm V)0 1)
we have the optical theorem
Oscatt. T Oabs. = 4_7T Imf(6 = 0). (28)
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III. PARTIAL WAVE EXPANSION

In this article we will be concerned with approximation methods for evaluating the scattering amplitude. In
particular we will be interested in the eikonal approximation to the scattering amplitude. After we have made an
approximation we would like to be aware of how much we have deviated from the exact result. The closest we can
have to an exact result in a scattering problem is the result got by the method of partial wave expansion. We shall
thus find it very useful to use the results obtained from the method of partial wave expansion as a benchmark.

The method of partial wave expansion breaks down the initial wavefunction into an infinite sum over angular
momentum components labeled by the quantum number [. The contribution to the scattering amplitude from each [
is calculated separately and called the partial wave scattering amplitude. The complete scattering amplitude is then
obtained by summing over all the partial wave scattering amplitudes. We say it is the closest we can have to an
exact expression because the solution cannot in general be written in a closed form. Nevertheless for an incoming
beam of a given energy characterized by the parameter k£ we can always define its angular momentum as ka where
a is the scattering length defined in section III B in terms of the partial wave scattering amplitude corresponding to
I = 0. It turns out that for most of the potentials the contributions from ! terms very much higher than ka converge
very rapidly and thus can be neglected. Physically this is understood as, only those beams that have sufficient initial
energy and those that pass through the scattering length of the potential are deflected.

If the method of partial wave expansion gives us the exact solution why do we need approximation methods?
Firstly because for almost all potentials (even for the simple Gaussian potential) we need to depend on numerical
computational methods to solve the radial differential equation. Secondly for high energy scattering problems we need
to sum over a large range of [.

For potentials involving a boundary beyond which the potential is zero it sometimes becomes possible to evade the
need for computational methods to a significant extent. For the simplest potential of this class, that of an inverted
finite square well, the radial differential equation mentioned above can be solved exactly. Thus we shall solve the
inverted finite square well in detail and use it for comparison with the results obtained from other approximation
methods.



A. Method of partial wave expansion

For a spherically symmetric potential of the form

V() =V(r) (29)
we can write the solution to eqn. (18) as
$() = (2L + 1)i' Ri(r) Pi(cos 0) (30)
1=0

where where R;(r) is the solution to the radial differential equation

d*>R; (T) 2 dR[(’I“) 9 (l+1)
d’l’2 ; d’l’ + k — T — U(T) R[(T) = 0 (31)
For potentials that die off faster than T% we can write the solution to eqn. (31) in the r — oo region to be
lim R;(r) = C {cos o ( lim jl(kr)) —sind; ( lim m(kr))} . (32)

Substituting eqn. (32) in eqn. (30) and using the identity

oo

e*reos? =N (21 + 1)i' 5y (kr) Py(cos 0) (33)
1=0
in eqn. (14) we have
CX)) e i 21 + 1)i' P(cos 6) [(Cl cosd; — 1) ( lim j[(/ﬂ‘)) — Csind; (rlggo m(kr)” . (34)
1=0
Using
Tli_)nolojl(kr) = % cos [kr —(+ 1)%]
_ % [r(zﬂ)eikr n i+(z+1)eﬂ'kr} (35)
rlglolo n(kr) = % sin [kr -+ l)g}

2kr

1 [Z._(H-Q)eikr ile—ikr} (36)

and equating the coefficients of e™*" and e =" in eqn. (34) we get
141 i5
10) =5 ; (20 + 1)i' Py(cos )i~V [Cre ™ — 1] (37)
0= Z 20+ 1)i' P(cos 0)i T [Cre=t — 1] (38)
=0
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The second equation above further reduces to C; = €' which when used in eqn. (37) to eliminate Cj gives

:ikz 91 + 1)Py(cos ) [e2 — 1] | (39)

This is the standard expression for the scattering amplitude given as a sum of partial waves. §;’s are defined as the
phase shifts in Bessel functions (which are trigonometric functions in the r — oo limit) as introduced in eqn. (32).

Observe that the phase shifts §;’s in eqn. (39) are in principle determined by solving the radial differential equation
in the presence of U(r) which can be solved analytically only for special cases. In practice the phase shifts are
evaluated by solving the radial equation numerically. For problems involving high energies a further complication
arises because we need to sum over a sufficiently high number of partial waves.

For the case of a inverted square well potential it is possible to solve the radial equation exactly. In the subsequent
section we shall write down an expression for §; for the inverted square well potential. We shall find it useful to
compare the results later when we are doing eikonal approximations.



B. Scattering length of a potential

The scattering cross section is obtained by squaring eqn. (39) and integrating over all directions. Using the
orthogonality of Legendre polynomials it turns out to be

A & .
Oscatt. = 73 (20 + 1) sin? ;. (40)
0
The contribution to the scattering cross section from the s-wave (I = 0) is
dm |
{Uscatt.}lzo = ﬁ Sllfl2 dp- (41)

The scattering length ‘a’ is defined as the radius of the sphere that will give a contribution in a classical scattering
problem equal to the s-wave contribution above. Correspondingly we write

{Uscatt.}[zo = 47Ta2. (42)
Thus we get

1
a= sin dg. (43)

Observe that sin dg will require the solution to the differential equation in eqn. (31) for [ = 0 which normally can only
be solved numerically.

C. Inverted finite spherical well potential

For a spherically symmetric potential of the form

[ V(r) for r<a
V() = { 0 for r>a 4
we can write
[ Ri(r) for r<a
Rulr) = { Ci [cos dyji(kr) — sinéim(kr)] for r>a )

where R;<(r) is the solution to equn. (31) for r < a. Requiring the wave function and its derivative to be continuous
and taking the ratio of the equations got by requiring the continuity we get

dRi<(r) .
ar e ka [#‘iajl(ka) - tandl%am(kza)} (46)
Ri<(a) [71(ka) — tan §;my (ka)]
The above expression can be solved for tan d; if Rj<(r) is known at r = a.
For an inverted square well potential defined by
_JV for r<a
V(F)_{O for r>a (47)
we further have
Ri<(r) = Biji(ar) (48)
where o = k4/1 — % with % < 1. For this case we can write the explicit expression for the phase shifts to be
NZ2(ka, aa)
-2 bl
0 = 49
SH ot N2(ka,aa) + D?(ka, aa) (49)
where
N(ka,aa) = aa ji—i(aa)ji(ka) — ka ji(aa)ji-1(ka)
D(ka,aa) = aa ji—1(aa)n (ka) — ka ji(aa)m-1(ka). (50)

In fig. 2 we plot oyot. versus ka% for the inverted spherical well potential for ka = 500.



Otot.

Ta?

partial wave (ka = 500)

v
ki
“E

2‘0 46 Sb Sb 160
FIG. 2. otot. versus ka% for ka = 500 using partial wave method.

IV. EIKONAL APPROXIMATION IN QUANTUM MECHANICS

In this section we shall convince ourselves that the eikonal approximation is valid for processes involving small angle

scattering and very large incoming momentum. More rigorously the conditions are % < 1 and V/LE <L ka K

In this stringent parameter zone the expression for scattering amplitude takes the form

50.60) = 5 [ e F [en® 1]

~ omi

where

The scattering cross section takes the form

oo k —+oo N
Oscatt, = 87Ta2/ dt t sin® [E/ dz' V(b’,z')} .
0

— 00

We shall derive the above formulas in this section.

A. Formalism for the eikonal approximation

In eqns. (17) and (18) we found the prescription for calculating the scattering amplitude to be

£6.0) =~ [ @ e FTUEE)

where () is determined by solving
(V2 + k2] () = U (7)1 (7).
To solve for ¢ (7) let us write
P(7) = e*T(7).

With the above substitution and with the choice & along the z direction eqn. (55) takes the form

1

(V/E)?"

(51)

(52)



[Zik% — U(b, z)] o(b, z) = —V2p(b, z) (57)

where we have used the notation ¥ = (g, z). We can write the formal solution to eqn. (57) as

o(b,2) =n(b,z) — /dzb’/ d2' Ge(b,2,0,2) V(b ') (58)
where 7(b, z) satisfies
0 > >
|:2’Lk& —U(b, z)] n(b,z) =0 (59)
and G, (5, 2,0, 2') satisfies
[mkaﬁ —U(b, z)} Ge(b,2,0,2") = 6@ (b—-V) 6(z—2) (60)
z

with boundary conditions on 7(b, z) and G (b, z, b/, 2') prescribed by the boundary conditions on (7). The solutions
to eqns. (59) and (60) are

- 1 [* u b.u
n(B.2) = e ot VO (61)
where we imposed the boundary condition 79 (b) = 5(b, z = —c0) = 1, and
' "] 1 ' 'Y L [* u ﬂu
Geb,2,V,2") = 5 6P (B 1) (= — =) emw [ dw UG (62)
i
1 L. . .
=3 S (b =) 0(z—2") n(b,z) n~L(b, 2"). (63)
i
Using eqns. (61) and (63) in eqn. (58) we have
7 o 1 ? =17 2 0 P
o0.2) =n0.2) 1= 5 [ a6 (Vb s ) 06.) (64
which after iteration takes the form
06,2 =00 1+ [ @k Vot + [ KT [ T kG Syt )
) ) e ) ,(92/ e ) ,(92/ e ) ) 762,/ e
where the expression for K (l;, 2, Vs, %) acting on an arbitrary function g(z) is given by
K(b,zV 3) (z)—_—l ~1(b, 2) v2+6—2 (b, 2) g(z) (66)
3 <y buaz g _2lkn ) b 82’2 no, g .

Using the above series expansion for (;5(5, z) in eqn. (56) and plugging it in eqn. (54) we can write the scattering
amplitude as

£0,0) = fO0,6) + FV0,8) + fP0,0) + ... (67)

where

1 +o0 AN -, -,
f(O)(97¢) — _4_ /d2bl/ dZ/ ez(k—k )7 U(bI,Z/) ﬁ(b/,Z/)

™ —00

1 +o0 e . .
f(l)(9,¢) — _4_ /de// dz' ez(k—k )7 U(b’,z’) 77(17/72/)/ dZNK(b/,ZH)

™

1 +oo AN - -, Z, — Z” —
f(2)(97¢) — _4_ /de// dz' ez(k—k )7 U(b’,z’) 77(17/72/)/ dZNK(b/,ZH)/ dZ/”K(b/,ZN/). (68)
™ —00 —00 —00

We have used K (b,z, Vs, %) = K(b,z) for compactness. The power in the exponent i(k — k') - # in the above
expressions can be explicitly written as

I 0
i(k — k') -7 = —ikb'sinf cos(¢p — ¢') + ikz'2sin? 3 (69)

The coordinates used are pictorially described in fig. 1.
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B. Validity of the eikonal approximation

Starting from the expression for f(°)(6, ¢) in eqn. (68) and switching to dimensionless variables z — at, b — aw
and V (b, z) — Vu(b, z) where ‘a’ is the scattering length, we can write

F(6.6) =~ (ka)*

- e 9@ (ka) + Z gV (ka) + ka (g) g% (ka) + (70)

where we have suppressed the 6 and ¢ dependence in ¢(")’s. The explicit expressions for the ¢(©), gg) and gg) are

+
g(O) — /d2w// Oodt/ efikaw' sinﬁcos(¢f¢/)+ikat'28in2%v(w/vt/) 77(117’,15’)
—o0

“+o0
901 < [ [ v o) ()
—c0
(1) 1 2 oo / 7ikaw’sinecos(¢f¢')+ikat’2sin2Q =1 4 1\2 P
9 :—Z/dw/ dt’ e 2o’ t') p(d’,t')
—oco
1 Foo ik ’ sin ’ ikat’ 102 0
_Z/d2w// dt/ efl aw’ sin 0 cos(¢p—¢")+ikat’2 sin 5,0(“—}»/, / ——/ / dt/// dt///‘v —»/ /// ‘
—oco
1 o oo
< Z/d%'/ dt’ v, ) /d2 / dt’ |v( |/ dt”/ at" | V2o, "))
—o0
(1) 7 +oo . 7o ’ . Ty s
9 = _g/d2w// dtl e—zkaw sin 6 cos(¢p—¢')+ikat 2 sin? 2’U(w t)n(u'f’,t’)/ dt”’U( —/ t”)2
o —o0

’ 1" 2
. + t t
_% /de// o0 & e—ikaw' sin 0 cos(¢p—¢')+ikat’2 sin? %U(u_f',t/) n(u’f’,t/)/ dt" |:/ dt"'VfU,v(zﬂl,t"')}
—o0

— 00 — 00

S
A

—+oo
195 << /d2 / dt’ [v(@ |/ dt” Jo(i  ¢")|°
400 " 2
/ d*w / dt' |v(a',t')| / dt"” / dt"'V? o ") (72)
It is easy to verify from the above expressions that for potentials that fall away faster than —= the contributions to

t\/_
g™’s are finite. For these potentials it can thus be concluded that major contribution to the scattering amplitude
v V2
comes from the zeroth order for ; < 1 and ka (E) < 1.

We shall later observe that the expression for the scattering amplitude obtained from the zeroth order eikonal
approximation satisfies the optical theorem only in the limit ka% — 00. This requirement can be achieved only if we
additionally require ka > WlE

Thus to summarize, the conditions under which the eikonal approximation holds are

V<<1 d ! <L ka K !
E o V/E S WiER

(73)

C. Zeroth order eikonal approximation

Thus for potentials that die out sufficiently fast and for conditions % < 1 and WlE < ka K (V/ B2 the zeroth
order contribution to (6, ¢) is the most significant. From eqns. (67), (68) and (61) we can write

—+o0
O :--/d%’/ dz FEIT U@ L) n(, )

+oo PY o
_ _4_ /d2b// dz' e—ikb' sin 0 cos(¢p—¢')+ikz’2 sin? %U(EI,Z/) eﬁ fimd“ U(b w“)' (74)
0 —o0
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For large incoming momentum and for small scattering angles most of the contribution to the scattering cross section
comes from angles less than or of order +. Thus in the zeroth order eikonal approximation we can approximate

—ikb' sin @ cos(¢p — @) + ikz'2 sin? g ~ —ikb'f cos(¢p — ¢'). (75)

Using eqn. (75) in eqn. (74) we have

2m —
f(O _ __/ b/db// d¢ —ikb’ 0 cos(dp—¢") / dz' U( / zwk f du U(b’,u)' (76)

We notice that the approximation involved in eqn. (75) allows us to carry out the z integral by substituting

ff/oo du U(l? ,u) for a new integration variable. After evaluating the z integral we get

k (e’ 2 o, , o
(0) 0 — bldb// doé' —ikb' 6 cos(p—¢") | Jix(b') _ 1 77
FO0.0) = o= [ var [ ag e [ 1] (77)
where
N TELEN R NETT 0 (78)
2F J_o e

For the case when the potential is independent of ¢ variable such that the scattering is symmetric about the z-axis
we can further carry out the ¢’ integral and thus get

kE [ oy
FO@) == / by Jo(kb'9) [emb ) 1] (79)
tJo
where we have used the identity
1 27 .
To(t) = = / de e=iteos? (80)
2 0

and Jo(t) = Jo(—t). For making the above expressions more illustrative we scale the integral variables with respect
to the scattering length of the potential defined in section III B by introducing the dimensionless integral variables u
and ¢ defined as z = au and b = at, where a is the scattering length of the potential. We also use V' to signify the
maximum value of the function V(7). In term of these variables scattering amplitude in eqn. (79) takes the form

f@) =a ka/ t dt Jo(t kad) {ei’m%ﬂt) - 1} (81)
? 0
where
&) = 11 o du V(at, au) (82)
T o2v ) e

Using eqn. (15) we have the expression for the scattering cross section to be

Tl — 9(ka) / tdt / ¢ dt’ eTikaBEw®) _ 1} [e*i’m%f(t’) - 1} / sin® df Jo(t kad)Jo(t' kab). (83)
Ta 0
We said earlier that % is a good estimate for the upper limit of the scattering angle #. Thus in the limit % < 1 we

can write sin§ ~ € and limit our range of integration in 6 from 0 to % Further introducing the integration variable
x = kaf we have

. %) %) ) ) , ka%
Tscatt. _ 2/ t dt/ ' dt’ [e“k“%f(t} - 1] [e‘lk“%g(t ) — 1} / z dz Jo(tx)Jo(t'z). (84)
0 0 0

ma?

Once we have the above expressions for the scattering amplitude in eqn. (81) and scattering cross section in eqn.
(84) we would like to check if the optical theorem is satisfied in the eikonal approximation. For potentials that are
not, complex the optical theorem can be stated as

12



Oscatt. — —5— Im f(O) (85)

Using eqn. (81) in eqn. (85) we have

scatt. o : V
Tscatt. _ 8/0 t dt sin® [lmf §(t)] ) (86)

ma?

Comparing eqn. (84) and eqn. (86) we conclude that under the conditions 1 < 1 and ka (%)2 < 1 alone the eikonal
approximation does not satisfy the optical theorem. The physical content of the optical theorem is the statement of
probability conservation in quantum mechanics. Can we save the eikonal approximation from violating the optical

theorem? Yes. We recognize that in eqn. (84) if we take the limit ka% — oo and use the identity

5t —t")

/OOO x dx Jo(tx)Jo(t'z) = (87)

we get exactly the expression required for the optical theorem to be satisfied. Thus we observe that even though
the expression for the scattering amplitude in the eikonal approximation is derived under the conditions % < 1 and

ka (%)2 < 1 alone, we still need to put an additional condition ka% > 1 for it to satisfy the optical theorem. Thus
we have the eikonal approximation valid under the conditions

1% 1 1
=<1 d — <k — 88
7 < an V/E < ka < L (88)
For a given ka, the second inequality above puts an upper and lower bound on % given by k—la < % < ﬁ This can
be rewritten in the form
v
D. Examples
1. Inverted finite spherical well potential
An inverted finite spherical well potential is defined as
V for r<a
V(F)_{O for r>a - (90)

Noting that b? + 22 = r? and thus integrating z from 0 to v/r2 — b2 we have for this potential

€ - —Vi-e

1
f0)=a l ka/ t dt Jo(t kab) [e—ilm% - 1}
¢ 0

1
Tscatt. _ 8/ t dt sin® {ka%\/l —tZ] : (91)
0

Ta?

In figs. 3 and 4 we plot ogcatt. versus ka% and compare it with the plots got using the partial wave method. Using
eqn. (89) for ka = 50, we have the region of validity to be 1 < ka% < 7, and for ka = 750, we have the region of

validity to be 1 < ka% < 27. These estimates for the region of validity are in agreement with the region where the
curves obtained from the eikonal approximation fit the curve obtained from partial wave method in figs. 3 and 4.
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FIG. 3. Comparison of eikonal and partial wave method (ka = 50) for the inverted finite spherical well.

Otot.
ma?
3.5
- - - partial wave (ka = 750)
3r —— eikonal

ka—

&<

FIG. 4. Comparison of eikonal and partial wave method (ka = 750) for the inverted finite spherical well.

2. Yukawa potential

Consider the Yukawa potential

where V = % and 72 = b% + 2z2. For this potential we get

do e—tcosh@ _ Ko(t)

1 [tee e~ VE+u? 00
e =3 [

- e
2/ VEE+u2 o

where K (t) is modified Bessel function of order zero. Using this in eqn. (81) we have

1 o o
f0)=a = ka/ t dt Jo(t kaf) [eZkaEKO(t) _ 1} _
¢ 0
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The contribution to the above expression from Jo(t kaf) dies off very fast. Thus to a good approximation we can say
that we get non-zero contribution to the integral for ¢ kafl < 1. Noting that in the eikonal approximation 8 < % and

1« ka% < WlE we conclude that non zero contributions to the integral comes from ¢ < 1. In the limit ¢ < 1 the
modified Bessel function takes the form

2
Ky(t) =~ In T ~y (95)

where v = 0.577 ... is the Euler’s constant. Further we observe that one of the terms in eqn. (94) contributes only at
0 = 0 and thus is a delta function. Overall after substituting « = kaf we get

) 1 e i
1(0) = ika5() — et ¥ On24ned ) / daJo ()2t ke E (96)
0

In terms of the gamma functions we have

o0 . T4+ 5+
/ daJ, (z)z' T2 = 221°‘+1M- (97)
0 [(3 —ia)
Thus we can write
r(1-iz2y)
1 2 kal
| £(6) losz0= £ (98)
2% (§)" kg T (142
E
where %ka% =2 using V = < and hk = p = mv. Observe that the above result is identical to the scattering

amplitude due to a Coulomb potential for small scattering angles using the approximation sinf = 6. It is worth
observing the interesting fact that the above result is independent of ‘a’

V. QUANTUM ELECTRODYNAMICS
A. Schwinger’s functional differential equations for quantum electrodynamics

We define the vacuum to vacuum persistence amplitude for electrodynamics in the presence of external sources

J (@) = {Ju(z), n(x),7(x)} to be
Z[T) = 0+ 0-)7. (99)
Using Schwinger’s quantum variational principle we can write
82[T) =i (04 | SWIA; J) [ 0-)7 (100)

where WI[A;J] is the action for quantum electrodynamics given in terms of the fields A(x) =
{A,(z), Fu(x),9(x),9(z)} interacting with external sources is J(z)

WI[A; J] = S[A] + /d4x [J#(2) Ay () + 7(2)e(2) + P(2)n(o)] (101)
where
4 1 v 1 v n .
S[A] = /d z {—gF“ (2)(0 Ay (2) = Oy Ap(2)) + 7 (2) Fr (2) + (@) [i9" 0 — m + ey Au(@)](2) | . (102)

Gauge invariance requires us to constrain the external source J,(x) to satisfy the condition 9*J,(x) = 0. Using
Schwinger’s quantum variational principle to vary Z[J] with respect to the fields A and the external sources J we
get
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0Z1TJ) =

+ i 5 (0 |
+ i 6AM(2)(04 |

=i 07(x)(0+ | ¥(2) [ 0-)7

i 01()(0+ |

SWIA, ]
on(z)
WA, TJ]
()
WA, TJ]
JAH(x)

[0-)7

+ i on(z) (04 |

102)7 + i 00() (05 |

[0-)7
+i () {04 [ 9(z) | 0-)7
+ 1 09 (2) [(iv" 0 — m)(04 [ ¥(2) | 0-)7 + e(04 | v Apu(2)v(x) | 0-)7

i (05 [9(@) [0-)7 (=9, = m) + €0 | ()"

SWIA, J]

A, (z) | 0=

w0
SWIAT]
o |0
+ i SFM (2)(04 | % 0.

>.7

)7

i 81 (2) (04 |

WA, J]
dJH(x)

i 6 (2) {04 | Ay(e) [0-)7

+n(2){0+ | 0-)7]

+i(@)(04 0-)7] 60 (a)

i SAM(@) [0y | (@) |0-)7 + (04 | @)pe) | 0-)7 + Ju(2){04 | 0-)7]

0 F ()5 [(04 | Fuu() 1007 — 10,004 | A(a) [ 007 — 0,04 | Au(a) [0-)7)] .

0_)7

(103)

In the above equation we have treated the variations in the fields to be c-number variations. Schwinger’s quantum
action principle states that Z[J] is stationary with respect to variations in the dynamical parameters (fields A(x) in

the present case). Thus we can write

YANS

()3T = (02 44(0) 07
(5 = (04 vta) [0
(5 = (04 ) [0
0 = (iv*0p —m){04 | ¥(x) | 0-) + {0y [y Au(@)(z) | 0-)7 +n(x)(04 | 0-)7
0= (04 | () | 0-)7 (—in" D, — m) + €04 | D(z)7* A ( )1 0-)7 +a(x)(04 | 0-)7
0=—0"(04 | Flun () | 0-)7 +e(04 | p(2)vu1p() | 0-)7 + Jy(2)(04 | 0-)7
0= (04 | Fu(x) [ 0-)7 —{8,(04 | Ay(z) | 0-)7 <0+ | Ap(z) | 0-)7 3.
Eliminating the fields in the above equations we get
[ - m i s oS a0 2191
o | T et ey i) s | = ) 217)
- {gwﬂ - amﬂ (~i)es, [é ]) — J'(x) Z1T) + e (i) 577?@ (i) ‘Z([f)]

(104)

(105)

(106)

(107)

These are the functional differential equations for Z[7]. This was first written down in this form by Julian Schwinger
[13,14]. Since Z[J] is the generating functional for the Green functions it has the information regarding all possible

processes in quantum electrodynamics.
quantum electrodynamics completely.

B. A formal solution to Schwinger’s functional differential equations

Conversely a solution to the above functional differential equations solves

Using Schwinger’s quantum variation principle in eqn. (100) for the variation of Z[J] with respect to e we have

07T

(22 OWI[A, ]

_ J
= (0 | =2 0

- /d4$ (04 [ P(@)r" A (2)ip() | 0-)7.
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Using eqn. (104) to eliminate the fields we get the first order differential equation

AN 4 N ) L0
= d*x (—1)——"(— — Z 1
2 =i [ e () ) s (i) 5 21T (109)
Which can be integrated to yield the result
217] = e J ' GOty e D 7. 7] (110)

Where Z.—o[J] is the generating function for the case when the photon field is not coupled to the fermion field. It is
fairly straight forward to show [19] that the solution to eqns. (105), (106) and (107) for the e = 0 case is

Ze:o[j] _ 6% fd4mfd4w'JM(w)Diu(m—w')Ju(m/)eifd4wfd4m/ﬁ(w)3+(w—w')n(m') (111)
where the Green functions DY”(xz — 2’) and Sy (z — ') satisfy the differential equations

(g0 — 8,0,) DY (x — 2') = g6 (z — ) (112)
(0~ m)S r — o) =6 (& — ) (13)

with the boundary conditions on the Green functions prescribed by the requirement |Z|?> < 1. Using eqn. (111) in
eqn. (110) we have

efefd‘lzfd4 !

For z;, y; being Grassmann variables we have the identity

/)6 fd mfd4m (z)S+(z—x )n(m’)e% fd4wfd4m’JM(m)Diy(m—w’)Ju(w’)' (114)

ot g b y; _ T B-(14AB) " F T n(i+A-B) (115)

where we have used the symbolic notation, @ (vector) for a’ and A (matrix) for A;; and Tr is the trace over the 4, j
indices. Generalizing the above result for the case of functionals dependent on Grassmann variables we have

fd4 fd4w 677(:1:) (z—z )5"(’”/)6«[(14 fd4m (z)N(z— z’ w fd4 fd4w 7(x)] N(§+MN)7l(m,w/)]n(w)eTrln(5+MN) (116)

where we have used the corresponding symbolic notation to suppress the integrals, Tr is the trace over both the
spinor and coordinate index, and ¢ is the Dirac delta function. Using the above identity, the expression in eqn. (114)
simplifies to

_ fd4 fd% 1(2) G [2,2"(= i) 55 )n(x) LLI(—i) 53] o 3 fd4mfd4I/JM($)D’jr”(:E—;p/)Ju(m’) (117)
where
LAl = ~Trln G, [z, 2'; A" + TrIn S, (z — /) (118)

with Tr denoting the trace over both spinor and coordinate index and the Green function G [z, a’; A*] satisfies the
differential equation

[—(i7"0, — m) + ey A, ()] Gy [z, 2'; AH) = 6D (z — ) (119)
with the boundary condition prescribed by the initial condition

lir% Gilz,o'; A*) = Sy (x — o). (120)

To get prepared for the next step we write down the following identity involving the Gaussian function and an arbitrary
function F(z) in terms of the real variable x

0

Ié]

) €370 = 37T 03355 bts [(by). (121)

Generalizing the above identity for functionals we have
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F[(—Z)i] 6% fd4wfd4w'Ju(m)D’jr"(w—w')JU(m/) _ 6% fd4wfd4w'Ju(m)D’jr"(w—w')JU(m/)

dJm
% { ok [d'e [ d*s’ sty DI (o-a') by F[A]} (122)
=[DJ
where A = [ DJ stands for A*(z) = [ d*a’ D} (x — 2')J,(2’). Using the above identity in eqn. (117) we have
— of L [dts [d*a' g (e) DY (w—a") (")
% {egfd4 fd x’ SAT(x) 'jr"(m—w/)(m,,#(z) eifd4mfd4m'ﬁ(w)G+[w,w/;A“]n(w) eL[A]} ) (123)
A=[DJ

We observe that our problem of determining Z[J] for quantum electrodynamics reduces to the evaluation of the Green
function G4 [z, 2’; A#] for an arbitrary A*(x). Any kind of approximate solution to G4 [z, z’; A¥] suggests a possible
non-perturbative approximate solution to Z[J].

C. Electron-electron scattering

We can expand Z[J] around Z[0] and thus write

2191 = 701+ [ e n(o) {%@ZM}H s a0 Zm}Hn(:c)
+/d4:v JH(x) {5J5(I)Z[‘7]}J_O+"'+T+"' (124)

where T is the quantity of interest in the electron-electron scattering process and is given by the expression

4
1
= (21 2)1 d'zy [ d*ay | diyr | d'ya Gale2)iis(z)ne (y2)no(y1) Gasop (@, y1, 2, y2) (125)

where we have explicitly introduced the Dirac indices for clarity and

[0 PR B
Gaventonmann) = {0 gt e e G AT}
= {eM[%] [G+[:v1,y1;A“] Gy [za, ya2; A¥) eL[A]}}

126
:f DJ,J=0 (126)

where we have introduced the short form for the operator

M [%] = %/d%/d‘lx’Mf@ Di”(:c—z')(u%(x). (127)

T will be interpreted as the probability amplitude for the electron-electron scattering process. Every process in
quantum electrodynamics can be generated out of the expansion in eqn. (124). It is due to this reason that Z[7] is
also called the generating function.

For the electron-electron process we shall be interested in the case when the sources of the process 7j(x1), 7j(x2), n(y1)
and n(y2) are interaction free states with well defined initial or final momentums. Thus we choose

i(x1) = e~ P u(py) [y p1,, +m]

n(y1) = eP¥ [yipl, + mlu(p))

M(x2) = e~ P2"20u(pa) [y p2,, + m)

n(y2) = P22 [y'ply  + mlu(ph). (128)

Accordingly T will be denoted as T'(p1, p}, p2, p5). In the next section we shall concentrate on approximate solutions
to T'(p1, py, P2, Ph)-
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VI. APPROXIMATION TO ELECTRON-ELECTRON SCATTERING
A. Quenched or ladder approximations

To start with we shall assume that e[l in eqn. (126) does not contribute. Further we assume that the operator M
in eqn. (127) act in such a way that they connect the two fermion propagators via photon lines. In the diagrammatic
language this amounts to omitting all those graphs that involve fermion loops and keeping only those graphs that
have photons exchanged between the fermion lines. This is called the quenched or ladder approximation. In this
approximation eqn. (126) reads

¢ a2 g2) = {25 (G for, i A7) Gl o 47]) 129
ABcD(T1, Y1, T2, Y2) € (G lzr, y1; AY] G2, y2; A A= DJ, I=0 (129)
where we introduced My in place of M to signify that it connects the two fermion lines. Using the identities
1
M2 =1 4 / dx eMMiz (130)
0
and
LG [x1,y1; A = G121, 25 AM] ey, Gz, y1; A¥) (131)
514‘“(2) +[+1, Y1, +[41, <, n U41<, Y1,
we thus get

T(p1,p}, P2, ph) = —Z/ dA 6’\M12/d421/d422 DI (21 — 22)
0

/d4xle 1T (py ) [y p1,, +m]Gy[ry, 215 AY e%&/d4y1€i”/1y1G+[zl,y1;Af][v“p'lﬂ+m]u(p’1)

X /d4$26_ipmﬁ(172)[7“p2u +m]G (w2, 20; A ey [ dMyae™2V2 G [z, yo; AL [ ph,, + mu(ph).  (132)

B. Eikonal approximation to G|z, y; A¥]

Next step is to evaluate G4 [z, y; A#] in the eikonal approximation. We defined G [z, y; A*] in eqn. (119) to satisfy
the differential equation given by

[—(iy"8, — m) + ev" Ay ()] G [z, y; A*] = 6@ (@ — ). (133)

In the eikonal approximation we have [19-22]
Gylz,y; AH] = Z/ ds e §(z —y — sg) eiefo drm " Au(@=T3), (134)
0 m

Using the above eikonal approximation to G4 [z, y; A#] in eqn. (132) it becomes possible to evaluate T (p1, p, p2, Ph)-
Here we shall simply state the result without the detailed steps in the derivation. We define

T(plapllaPQap/Q) = (277)46(4)(])1 +p/1 — D2 — pl2)M(p15p/15p25p/2) (135)

and in the eikonal approximation we have the result [19]

2

e (p1+p2)? (1 —if)
2m? (p1 —p)? D1 +is)

| M(p1,p1,p2,03) |= (136)

We notice the close similarity of the above expression to the non-relativistic scattering amplitude due to the Coulomb
potential. This is not surprising because eikonal approximation is a stringent semi-classical limit.
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