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Summary

This doctoral research work focuses on the simulation of progressive collapse
of reinforced concrete structures. It aims at contributing to the ‘alternate
load path’ design approach suggested by the General Services Administra-
tion (GSA) and the Department of Defense (DoD) of the United States, by
providing a detailed yet flexible numerical modelling tool.

The finite element formulation adopted here is based on a multilevel ap-
proach where the response at the structural level is naturally deduced from
the behaviour of the constituents (concrete and steel) at the material level.
One-dimensional nonlinear constitutive laws are used to model the material
response of concrete and steel. These constitutive equations are introduced in
a layered beam approach, where the cross-sections of the structural members
are discretised through a finite number of layers. This modelling strategy al-
lows deriving physically motivated relationships between generalised stresses
and strains at the sectional level. Additionally, a gradual sectional strength
degradation can be obtained as a consequence of the progressive failure of the
constitutive layers. This means that complex nonlinear sectional responses
exhibiting softening can be obtained even for simplified one-dimensional con-
stitutive laws for the constituents.

This numerical formulation is used in dynamic progressive collapse sim-
ulations to study the structural response of a multi-storey planar frame sub-
ject to a sudden column loss. The versatility of the proposed methodology
allows assessing the influence of the main material and design parameters in
the structural failure. Furthermore, the effect of particular modelling options
of the progressive collapse simulation technique, such as the column removal
time or the strategy adopted for the structural verification, can be evaluated.

The potential strain rate effects on the structural response of reinforced
concrete frames are also investigated. To this end, a strain rate dependent
material formulation is developed, where the rate effects are introduced in
both the concrete and steel constitutive response. These effects are incor-
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porated at the structural level through the multilayered beam approach. In
order to assess the degree of rate dependence in progressive collapse, the
results of rate dependent simulations are presented and compared to those
obtained via the rate independent approach. The influence of certain param-
eters on the rate dependent structural failure is also studied.

The differences obtained in terms of progressive failure degree for the
considered parametric variations and modelling options are analysed and
discussed. The parameters observed to have a major influence on the struc-
tural response in a progressive collapse scenario are the ductility of the steel
bars, the degree of symmetry and/or continuity of the reinforcement and
the column removal time. The results also depend on the strategy considered
(GSA vs DoD). The strain rate effects are confirmed to play a significant role
in the failure pattern. Based on these observations, general recommendations
for the design of progressive collapse resisting structures are finally derived.
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Résumé

L’effondrement progressif est un sujet de recherche qui a connu un grand
développement suite aux événements désastreux qui se sont produits au
cours des dernières décennies. Ce phénomène est déclenché par la défail-
lance soudaine d’un nombre réduit d’éléments porteurs de la structure, qui
provoque une propagation en cascade de l’endommagement d’élément en élé-
ment jusqu’à affecter une partie importante, voire la totalité de l’ouvrage.
Le résultat est donc disproportionné par rapport à la cause. La plupart des
codes de construction ont inclus des prescriptions pour le dimensionnement
des structures face aux actions accidentelles. Malheureusement, ces procé-
dures se limitent à fournir des ‘règles de bonne pratique’, ou proposent des
calculs simplifiés se caractérisant par un manque de détail pour permettre
leur mise en œuvre.

Cette thèse de doctorat intitulée Simulation de l’Effondrement Progressif
des Structures en Béton Armé: Influence des Paramètres Materiaux et de
Dimensionnement et Investigation des Effets de Vitesse a pour but de con-
tribuer à la simulation numérique de l’effondrement progressif des structures
en béton armé. Une formulation aux éléments finis basée sur une approche
multi-échelles a été développée, où la réponse à l’échelle structurale est dé-
duite à partir de la réponse au niveau matériel des constituants (le béton
et l’acier). Les sections des éléments structuraux sont divisées en un nom-
bre fini de couches pour lesquelles des lois constitutives unidimensionnelles
sont postulées. Cet outil permet une dégradation graduelle de la résistance
des sections en béton armé suite à la rupture progressive des couches. Des
comportements complexes au niveau des points de Gauss peuvent être ainsi
obtenus, et cela même à partir de lois unidimensionnelles pour les constitu-
ants.

Cette formulation est utilisée pour la simulation de l’effondrement pro-
gressif d’ossatures 2D, avec prise en compte des effets dynamiques. La ver-
satilité de la présente stratégie numérique permet d’analyser l’influence de
différents paramètres matériaux et de dimensionnement, ainsi que d’autres
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paramètres de modélisation, sur la réponse structurale face à la disparition
soudaine d’une colonne.

Les effets de la vitesse de déformation sur le comportement des matériaux
constituants est aussi un sujet d’attention dans ce travail de recherche. Des
lois constitutives prenant en compte ces effets sont postulées et incorporées
au niveau structural grâce à l’approche multi-couches. Le but est d’étudier
l’influence des effets de la vitesse de chargement sur la réponse structurale
face à la disparition d’un élément porteur. Les resultats obtenus à l’aide de
cette approche avec effets de vitesse sont comparés à ceux obtenus avec des
lois indépendantes de la vitesse.

Les différences dans la réponse à la disparition d’une colonne sont analysées
pour les variations paramétriques étudiées. Les paramètres ayant une influ-
ence importante sont notamment: la ductilité des matériaux constituants
et la disposition et/ou la symétrie des armatures. Les effets de vitesse sont
également significatifs. Sur base de ces résultats, des recommandations sont
proposées pour le dimensionnement et/ou l’analyse des structures face à
l’effondrement progressif.
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Introduction

A general introduction to the framework of progressive collapse is
given in the present chapter. The motivation of this research and the
adopted methodology are also presented, followed by the outline of the
manuscript.

1.1 General introduction

Progressive collapse may be described as a situation originated by the failure
of one or more structural members following an abnormal loading event. This
local failure leads to a load redistribution in the structure, which results
in an overall damage to an extent disproportionate to the initial triggering
event. This occurs on account of the residual structure not being able to find
an alternative equilibrium state by redistributing loads in the surrounding
elements. The General Services Administration of the United States defines
this phenomenon as ‘a situation where local failure of a primary structural
component leads to the collapse of adjoining members which, in turn, leads
to additional collapse. Hence, the total damage is disproportionate to the
original cause’ [1]. Other definitions found in the progressive collapse related
literature are: ‘collapse of all or a large part of a structure precipitated by
failure or damage of a relatively small part of it’ [2]; ‘a catastrophic partial or
total structural failure that ensues from an event that causes local structural
damage that cannot be absorbed by the inherent continuity and ductility
of the structural system’ [3]... While a number of different definitions of
progressive collapse coexist, the notion of disproportionality is common to all
of them [5]. The best-known progressive collapse scenarios in recent history
have often been a result of terrorist attacks. Nevertheless, other scenarios
such as natural hazards or accidental actions (gas explosions, earthquakes...)
may also be the triggering event leading to a disproportionate structural
failure.
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1.1 General introduction

The partial collapse of the 22-storey Ronan Point apartment tower in
Newham (east London) in 1968, drew the interest of the research community
towards this phenomenon for the first time. A gas explosion in a corner of
the 18th floor blew out a load-bearing wall, which in turn caused the collapse
of the upper floors due to the loss of support. The impact of the upper floors
on the lower ones led to a sequential failure all the way down to the ground
level [2]. As a result, the entire corner of the building collapsed, as can be
observed in Figure 1.1. This partial collapse was attributed to the inability
of the structure to redirect loads after the loss of a load-carrying member. It
is a particularly representative example since the magnitude of the collapse
was completely out of proportion with respect to the triggering event.

Figure 1.1: Ronan Point building after collapse, London 1968.
Source: [6].

Another famous example of disproportionate collapse occurred in Okla-
homa City in 1995. The Alfred P. Murrah Federal Building collapsed following
the explosion of a bomb truck, which initially damaged between one and four
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1. Introduction

ground columns [7]. This partial loss of support resulted in the failure of the
transfer girder located right above the failing columns and led to the conse-
quent collapse of the upper floors. The final result was the collapse of about
half of the total floor area of the building. Figure 1.2 shows the building
before and after the partial collapse. The Oklahoma City bombing pushed
the American institutions to investigate the mechanism that led to such a
catastrophic failure. One year later, in 1996, the Federal Emergency Man-
agement Agency (FEMA) via the Building Performance Investigation Team
(BPAT) released the report entitled The Oklahoma City Bombing: Improv-
ing Building Performance Through Multi-Hazard Mitigation [10]. The final
conclusion was that ‘Many of the techniques used to upgrade the seismic
resistance of buildings also improve a building’s ability to resist the extreme
loads of a blast and reduce the likelihood of progressive collapse following an
explosion’ [10]. Later works confirmed that the collapse could have been re-
duced by about 50% if seismic detailing had been provided to this reinforced
concrete structure. Fully continuous reinforcement could have reduced both
the structural damage and the casualties by 80% [11]. According to [7], it
was the combined effects of the direct blast damage and the structural con-
figuration that led to the progressive collapse that occurred.

Figure 1.2: A.P. Murrah Federal Building before and after collapse, Ok-
lahoma City 1995. Sources: [8, 9].

The issue of progressive collapse was brought to the forefront again af-
ter the attacks against the World Trade Center towers in New York City in
September 11, 2001 (illustration in Figure 1.3). The large number of casual-
ties and the economic loss that accompanied this multiple collapse brought a
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1.2 Motivation and methodology

renewed interest in the subject among other federal institutions of the United
States, such as the General Services Administration (GSA) and the Depart-
ment of Defence (DoD), which released their Progressive collapse analysis
and design guidelines for new federal office buildings and major moderniza-
tion projects [1] and Unified Facilities Criteria (UFC): Design of buildings to
resist progressive collapse [15] respectively.

Figure 1.3: Progressive collapse mechanism of the WTC towers accord-
ing to Bažant et al. Reproduced from [12].

In short, the fact that the most representative examples of progressive
collapse have occurred in the last decades has led to both American and
European general building codes to include guidelines for the evaluation of
the potential for progressive collapse [1,15,16]. However, most of these docu-
ments are based on simplified analysis approaches or they merely give general
recommendations for the mitigation of the consequences of a structural lo-
cal failure. Hence, increasing interest is being drawn in the civil engineering
research community to derive new specific design rules against progressive
collapse. Nevertheless, it appears to be a very ambitious task to propose a
general analysis procedure applicable to every loading scenario and building
type.

1.2 Motivation and methodology

The present doctoral work deals with the modelling of reinforced concrete
(RC) frames in the framework of progressive collapse analyses. The method-
ology developed here uses a direct transition from the behaviour of concrete
and steel at the constituent level to the response of the structural members
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1. Introduction

at the global scale. A multilayered beam formulation is adopted, where the
structural members are discretised through a finite number of layers for which
one-dimensional constitutive relations are described.

The complexity of quantifying the rotational capacity of RC members has
been demonstrated in the literature dealing with the behavioural character-
isation of RC structures [48]. This complexity stems from the heterogeneous
nature of the beams cross-sections, which are constituted of various materials
(concrete and steel) with different constitutive behaviour. In particular, the
numerical representation of the material response of concrete constitutes the
major difficulty of the present modelling problem. It is a non-trivial task due
to the multiple particularities of concrete behaviour: the different response
in tension and in compression, the discrete character of the tensile failure,
the softening nature of the compressive behaviour which involves a strain
localisation at the structural level, the confining effect of the transversal re-
inforcement in compressive concrete, the characterisation of the strain rate
effects, etc.

The global response of a RC member depends on the design options,
such as the amount and position of the steel reinforcing bars, as well as on
the material properties of their constituents, in both the elastic and plastic
range, such as the strength, ductility, etc. Hence the interest of a multilevel
approach where the response at the structural scale is directly and naturally
derived from the response at the constituents level: it avoids the need for pos-
tulating closed-form relationships between generalised stresses and strains at
the sectional level, preventing the related identification problem whenever
the design and/or material parameters need to be modified or when a rate
dependent approach is considered. Furthermore, it allows for a gradual sec-
tional strength degradation, as a consequence of the progressive failure of the
constitutive layers, as it will be explained later. This also means that rather
complex nonlinear sectional responses exhibiting softening can be obtained
even with simplified 1D constitutive laws for the constituents. Conversely,
the advantages offered by the present formulation are counterbalanced by
the higher computational cost required by a multiscale approach.

The sudden column loss technique will be used for simulating the abnor-
mal loading event that causes localised structural failure, and which could
give rise to progressive collapse. This technique assumes the instantaneous
removal of a load-bearing member, to study the ability of the structure to
redistribute loads among the remaining elements. It is considered as a useful
tool for the assessment of structural robustness.
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1.3 Structure of the manuscript

1.3 Structure of the manuscript

This dissertation is organised as follows.Chapter 2 provides the state-of-the-
art in the progressive collapse analysis techniques and presents the scope and
objectives of the present contribution. In Chapter 3 the rate independent
material behaviour of concrete and steel is described and corresponding 1D
constitutive models are proposed. The multilayered beam description used
for the modelling of the reinforced beam elements is detailed, followed by the
time integration scheme used for the dynamic computations. An experimen-
tal illustration of the model is performed for a single simply-supported RC
beam. Other numerical issues related to the present computational analysis
such as the problem of strain localization are also presented.

The application of the proposed methodology in the simulation of pro-
gressive collapse of RC structures is presented in Chapter 4, where a planar
frame representing a building front section is subjected to a sudden column
loss. A reference solution is obtained for a structure designed according to
the Eurocodes. This section also presents the results for varying material
constitutive parameters of concrete and steel, which are varied in a realistic
range of values obtained from the literature. The influence of other design
parameters, such as the reinforcement rate and/or detailing, are analysed.
As far as the technique of the sudden column loss simulation is concerned,
the effect of the column removal time in the structural failure pattern is also
assessed. The influence of the location of the removed column is studied, as
well as the procedure (in terms of load combination) adopted for the pro-
gressive collapse analysis.

Chapter 5 focuses on the investigation of the strain rate effects on struc-
tural progressive collapse. A material strain rate dependent formulation is
described here and the related results are compared to those obtained via
the rate independent approach. The influence of certain design and material
parameters in the rate dependent response is likewise assessed.

A discussion of the overall findings is given inChapter 6, along with some
concluding remarks and recommendations. Finally, the future prospects are
discussed.
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2

Progressive collapse analysis
procedures

The state-of-the-art in the field of progressive collapse retrofitting and
analysis techniques is presented in this chapter and the most popular
current approaches are reviewed and discussed. The contribution of the
present thesis to the field of progressive collapse simulations is finally
introduced.

2.1 State-of-the-art

Various approaches for progressive collapse mitigation can be found in the
literature. Different classifications of such design strategies exist as well [1–
4,13–15,17]. The first contributions to the subject [3,4] identified three basic
design methods for progressive collapse prevention:

• Event control: protection against incidents that might cause progressive
collapse.

• Indirect design: preventing progressive collapse by specifying minimum
requirements with respect to strength and continuity.

• Direct design: considering resistance against progressive collapse and
the ability to absorb damage as a part of the design process. The ‘spe-
cific local’ resistance method and the ‘alternate path method’ have been
identified as the two basic approaches to direct design.

Slightly different categorisations have been proposed since. According to
[13, 14], the following design strategies are the most often mentioned in the
literature and have made their way into the design codes:

• High safety against local failure
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2.1 State-of-the-art

– Specific local resistance of key elements (direct design)
– Non-structural protective measures (event control)

• Design for load case ‘local failure’ (direct design)

– Alternate load paths
– Isolation by compartmentalization

• Prescriptive design rules (indirect design)

Leaving aside the subtle differences between the existing classifications,
and discarding the ‘event control’ as a structural design approach, the two
main types of (strictly speaking) design strategies that can be discerned are:

• Indirect design: based on common ‘good practice’ rules

• Direct design: requiring specific analytical or numerical computations

2.1.1 Indirect design

The ‘indirect design’ approach is included by many international standards
such as the GSA [1], the DoD [15] and the Eurocodes [16]. However, it fails
to give specific guidance for the collapse-resistant design of structures. For
instance, the GSA recommends the following list of general features, as a
‘supplementary guidance’ that must be considered in the initial phases of
structural design, prior to the structural analysis, in order to ‘provide for a
much more robust structure and increase the probability of achieving a low
potential for progressive collapse’ for reinforced concrete structures [1]:

• Redundancy: Redundancy tends to promote an overall more robust
structure and helps to ensure that alternate load paths are available
in the case of a structural element(s) failure. Additionally, it generally
provides multiple locations for yielding to occur, which increases the
probability that damage may be constrained.

• The use of detailing to provide structural continuity and duc-
tility: It is critical that the primary structural elements (i.e., gird-
ers and beams) be capable of spanning two full spans. This requires
both beam-to-beam structural continuity across the removed column,
as well as the ability of both primary and secondary elements to deform
flexurally well beyond the elastic limit without experiencing structural
collapse. In this document, primary structural elements are defined as
the essential parts of the building’s resistance to abnormal loads and
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2. Progressive collapse analysis procedures

progressive collapse (thus columns, girders, roof beams, and the main
lateral resistance system). The secondary structural elements are all
other load bearing members (floor beams, slabs, etc.).

• Capacity for resisting load reversals: It is recommended that both
the primary and secondary structural elements be designed such that
these components are capable of resisting load reversals in the case of
a structural element(s) failure.

• Capacity for resisting shear failure: It is essential that the primary
structural elements maintain sufficient strength and ductility under an
abnormal loading event to preclude a shear failure such as in the case
of a structural element(s) failure. When the shear capacity is reached
before the flexural capacity, the possibility of a sudden, non-ductile
failure of the element exists which could potentially lead to a progressive
collapse of the structure.

TheDoD, in turn, presents the ‘Tie Forces’ method as indirect approach:
it prescribes a tensile force capacity of the floor or roof system, to allow the
transfer of load from the damaged portion of the structure to the undam-
aged portion [15]. The ability of developing catenary effects is thus considered
an essential characteristic to be fulfilled by the residual structure. A similar
approach was employed by the British standards after the Ronan Point col-
lapse [15] and is currently used in the Eurocodes [16].

The pertaining document EN 1991-1-7 [16] issued by the European
standards provides strategies for safeguarding civil engineering works against
accidental actions. These strategies are classified in two main groups depend-
ing on the identified or unidentified character of the accidental action:

• Strategies based on identified accidental actions:

– Designing the structure to have sufficient minimum robustness
– Preventing or reducing the action (protective measures)
– Designing the structure to sustain the action

• Strategies based on limiting the extent of localised failure

– Enhanced redundancy (alternate load paths)
– Key element designed to sustain notional accidental action
– Prescriptive rules (integrity and ductility)
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2.1 State-of-the-art

At a glance, the delimitation between the above-mentioned measures may
appear vague. They are sometimes subject to the designer’s interpretation,
since no quantification is given for most of such concepts. The definition of
robustness itself remains unquantified; it is described here as ‘the ability of a
structure to withstand events like fire, explosions, impact or the consequences
of human error, without being damaged to an extent disproportionate to the
original cause’.

Although this document specifies the design actions for which the struc-
tures should be resistance checked as a function of their ‘consequence class’,
no details are given concerning the type of analysis that should be considered.
For instance, the recommended strategies for a consequence class of ‘upper
risk’ (comprising structures greater than 3-4 storeys but not exceeding 15)
would consist of a provision for horizontal and vertical ties. Alternatively,
the building should be checked to ensure that upon the notional removal of
each supporting member (one at a time in each storey of the building) the
building remains stable and that any local damage does not exceed a cer-
tain limit. The recommended value for this limit is 15% of the floor area, or
100 m2, whichever is smaller, in each of two adjacent storeys. Whenever the
notional removal of such elements results in an extent of damage in excess
of the agreed limit, they must be designed as ‘key elements’. A ‘key element’
should be capable of sustaining an accidental design action of 43 kN/m ap-
plied in horizontal and vertical directions (in one direction at a time) to the
member and any attached components. In spite of the descriptive nature of
such design measures, no additional specification is provided for their practi-
cal accomplishment in what refers to analysis techniques or element-removal
conditions.

2.1.2 Direct design: ‘Alternate load path’

Standards and Guidelines

In contrast to the measures pertaining to the ‘indirect design’, which are char-
acterised by an absence of detailed procedures, the ‘direct design’ presents
itself as a practical alternative for the progressive collapse mitigation. It con-
stitutes the main design strategy in the GSA [1] and DoD [15] guidelines.
More specifically, the ‘alternate load path’ (ALP) method is adopted. Most
of the current literature on progressive collapse is based on this technique.
The present research work also aims at contributing to this approach.

The ALP method consists in considering stress redistributions through-
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2. Progressive collapse analysis procedures

out the structure following the loss of a vertical support element [1,4,15]. The
structure is bound to find alternative paths for the forces initially carried by
the failing elements. It is thus a threat-independent approach to progressive
collapse: the main purpose is to analyse the progressive spread of damage
after localised failure has occurred. The objective is to prevent or mitigate
the potential for progressive collapse, not necessarily to prevent collapse ini-
tiation from a specific cause, since ‘it is not feasible to rationally examine all
potential sources of collapse initiation’ [1].

The GSA and DoD requirements for the ALP application include the
analysis of the structural response to a key structural element removal, in
order to simulate a local damage comparable to the one produced in a blast
or impact load scenario. If the structure is able to find alternative paths for
redistributing the loads, the building is then considered to exhibit a low po-
tential for progressive collapse. Although these guidelines provide detailed
step-by-step procedures for the ALP analysis in terms of element(s) removal
locations, load combinations to be applied and structural acceptance criteria,
they do not give specific directions in what refers to the computational mod-
elling aspects (i.e. constitutive models, simulation procedures, etc.). Different
strategies are suggested for linear static, non-linear static and non-linear dy-
namic analyses. The vertical load combinations to be applied to the structure
under study are:

GSA ⇒ DL + 0.25 LL
DoD ⇒ (0.9 or 1.2) DL + (0.5 LL or 0.2 SL)

where DL = Dead loads (i.e. permanent loads); LL = Live loads (variable
loads); SL = Snow loads. These loads are multiplied by a ‘dynamic factor’ of
2 in the static analyses in order to implicitly and crudely take into account
the dynamic effects.

A characteristic feature of the linear static approach in both guidelines is
that the real loading sequence is inverted, in the sense that the step-by-step
analyses are performed on the residual structure, where the failed members
are consecutively removed from the topology as they reach the damage cri-
teria. The element removal is thus performed prior to the application of the
gravity loads at each step.

Apart from these guidelines, issued by official institutions, most of the ‘in-
dividual’ contributions to the subject are based on the ALP approach. Among
these, a large number of numerical formulations with various extents of so-
phistication are presented. Moreover, the simulation techniques are found to
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2.1 State-of-the-art

differ depending on the type of structure under study, i.e. steel structures vs.
reinforced concrete structures, due to the significant differences in terms of
global response and member modelling aspects. A review of these scientific
contributions is given next.

Current simulation approaches

As a complement to the recommendations provided by the design codes, more
detailed computational procedures based on the ALP approach made their
way into the literature related to progressive collapse simulations. Some au-
thors proposed static non-linear calculations accounting for dynamic inertial
effects via load amplification factors, specifically for steel structures [18–22].
The DoD and GSA dynamic load amplification factor of 2 (applicable for
both reinforced concrete and steel structures) was considered to be highly
conservative by some authors working on steel structures [19, 20, 22, 23, 27]
and on reinforced concrete frames [24]; while insufficient for others whose
research is focused on steel frames [25, 26, 28]. Equivalent static pushover
procedures have also been identified for steel structures, based on energetic
considerations [19–22], in order to obtain a systematic estimate of the dy-
namic load factors. In [22], an optimisation approach based on nonlinear
dynamic analyses was adopted to determine the most appropriate values for
these factors, by performing a parametric study on topological variables for
regular steel frames.

Besides these equivalent quasi-static approaches, which constitute a major
part of the related literature, non-linear dynamic procedures were recently
conducted for both reinforced concrete and steel structures, to a variable
extent of complexity [23–26, 28–36]. While in most of the recent works the
structures are still modelled using 2D frames [23, 25, 26, 28, 33, 34], full non-
linear 3D dynamic computations with geometrically nonlinear formulations
are sometimes found in the literature related to steel structures [32,36]. Nev-
ertheless, such detailed approaches are scarce for reinforced concrete struc-
tures, partially due to the high complexity involved in the modelling of the
sectional response of heterogeneous RC beams, which depends on their de-
sign and on the material properties of their constituents in the non-linear
range. Hence, most of the progressive collapse related references are focused
on steel structures [18–23, 25–28, 32, 34–37]. Fewer contributions tackle the
dynamic analysis of progressive collapse of reinforced concrete structures,
among which [24, 29–31, 33, 38, 40]. Recent works as [29–31] use explicit fi-
nite element formulations based on hydrocodes, which are mainly adopted
in the simulation of blast-induced progressive collapse analyses. In [29], an
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initial computation is performed where the effects of the blast on the struc-
ture are quantified. The initial velocity, displacement and the initial damage
of the structural members that are not completely damaged by direct blast
loading are calculated, in order to be applied in a subsequent progressive col-
lapse analysis, where the completely damaged members are instantaneously
removed from the topology, while the previously calculated non-zero initial
conditions (thus displacements and velocities) are introduced. The commer-
cial software LS-DYNA employed in [29] allows for a number of material
modelling simplifications: the modelling of the reinforced concrete response
can be based on a priori homogenized cross-sectional properties of beams and
may thus not incorporate all aspects of the real response of RC members.
For instance, in [29] a simplified material model for reinforced concrete sec-
tions is adopted, where the steel reinforcement ratio is chosen without taking
into account explicitly either the location or the geometry of the reinforcing
steel bars. In [30], the software LS-DYNA is employed as well. The blast load
is modelled as a pressure-time distribution on the failing element(s). Other
works such as [31] use the commercial software AUTODYN, which also allows
for the detailed modelling of the collapse initiating event. The material mod-
els are often based on simplifying assumptions: in this case the model used
is a homogenised elastoplastic material similar to concrete but with higher
tensile strength to take into account the collaboration of the reinforcement to
resist tensile stresses. A finer discretisation with the reinforcements explicitly
represented would require extremely reduced time steps, since this parameter
in explicit dynamic programs is directly related to the size of the elements.
As a consequence, this threat-dependent approach, which may become pro-
hibited for large and/or finely discretised structures due to its computational
cost, is mainly used to study the direct effects of an explosion or impact on
the structure rather than the long terms effects of such failure. It is thus out
of the scope of the present work.

A considerable number of contributions to the progressive collapse simu-
lations of RC structures are based on implicit finite element codes. Neverthe-
less, due to the aforementioned complexities in the dynamic characterisation
of the RC structures, the related material modelling is repeatedly based on
simplified approaches. The modelling of the reinforced concrete response is
in most of the cases based on a priori postulated cross-sectional properties
of beams requiring an identification of such generalised constitutive laws, as
in [28,33,38,40,76]. In this type of analyses, a lumped plasticity idealization
is adopted, and potential plastic hinges are assigned a priori to the beam
locations where localisation is most likely to occur. In such lumped plastic-
ity approaches, the rest of the elements are considered to have an elastic
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response. A plastic hinge is hence defined as the region of the beam where
most of the permanent rotation is concentrated [50]. The behaviour of a plas-
tic hinge is defined by a priori postulated moment-rotation curves, as shown
in Figure 2.1.

Mu

My

θu

Moment

Hinge rotation

Figure 2.1: Moment-rotation relationship of a typical flexural plastic
hinge [24,76].

The values that define this curve (i.e. the yield moment My, the ultimate
momentMu and the ultimate rotation θu) vary depending on the type of ele-
ment, material properties, reinforcement ratio, and the axial load level on the
element [76]. This means that closed-form relations for the moment–rotation
diagrams must be obtained prior to the structural analysis for varying mate-
rial and/or design parameters, and this accounting for complex phenomena
such as the evolving interactions between flexural loading and axial load-
ing. The complexity of the identification of such closed-form laws is reflected
in [48], where closed-form relationships to estimate the moment–curvature re-
sponse are proposed for varying reinforcement arrangements and axial loads,
by means of a ductility analysis according to the Eurocodes prescriptions.
The corresponding analytical predictions of the curvature ductility are pre-
sented as an input for pushover analysis for seismic design purposes.

The lumped closed-form plasticity approach introduces a number of sim-
plifications, since all the possible parametric variabilities cannot be consid-
ered. Namely, the interactions between axial force and bending moment prac-
tically need to be ignored or, at best, simplified. It is the case in [76], where
a plastic hinge formulation is adopted in the frame of seismic analysis of RC
frames: the axial loads are considered constant on columns and non-existent
on beams. This hypothesis may not be valid in particular for progressive col-
lapse analysis, where the loss of load-carrying members results in important
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variations of the axial load distributions. In [40], simplified plastic flexural
hinges are also employed, where a constant value for the resisting moment
of the sections is assigned, calculated as a function of their dimensions and
reinforcement ratio. In [38] only steel yielding is considered as sectional fail-
ure, and corresponding plastic hinges are assigned to possible locations where
yielding may occur. Yet, it is well known that compressive crushing of con-
crete may also lead to a high reduction of the sectional load-bearing capac-
ity [49]. A later work from the same author includes the steel bar fracture on
a single beam test [39] using more detailed material modelling.

On top of the approximate hypotheses related to the plastic hinge ap-
proach, there is a limit to the accuracy in using a combination of moment–
curvature with hinge lengths to determine a beam rotation, since the moment–
curvature relationship is a measure of the sectional ductility of the beam
cross-section and not of the member ductility [50]. Indeed, the ductility of
RC members (as their rotational capacity) is a very important parameter for
the safe design of RC structures, since it determines the ability of the struc-
ture to redistribute moment and fail gradually [49]. Its study is essential since
it provides a reliable estimate of the rotational capacity of buildings [48]. In
particular, the concrete softening behaviour is considered as an important
component of the rotational capacity, which needs to be taken into account
in order to ensure the ductility of RC structures. One main component of this
rotational capacity is due to the softening branch of the moment–curvature
response [49]. Generally speaking, this characteristic is most often not ac-
commodated in conventional plastic hinge approaches in which a sudden
drop of the sectional strength is often considered after the ultimate moment
is reached, failing in providing a gradual sectional strength degradation.

Most of the aforementioned drawbacks are avoided with the layered ap-
proach, since all the particular modelling parameters are naturally taken into
account in the beam response, as well as the axial force–bending moment in-
teractions. Moreover, there is no need for a prediction of the possible locations
where rotations might be concentrated and the sectional failure takes place
in a progressive manner. As will be explained in Chapter 3, the element size
will be chosen according to the characteristic length where strain localisation
is observed to take place. Conversely, a higher computational cost is required
for this type of formulation, although it is justified by its enhanced simulation
possibilities.
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2.2 Scope and objectives

As previously mentioned, the present contribution falls within the multi-
level modelling of RC frames and uses a direct transition from the behaviour
of concrete and steel at the constituent level to the response of the struc-
tural members at the global scale. The multilayered beam approach [43, 46]
was used in the context of earthquake engineering for cyclic loading cal-
culations [44, 45] or for the characterisation of a beam-column connection
macromodel for progressive collapse simulations [33]. In [47] a layered model
is developed to characterise the response of a simply supported RC slab to
blast loadings.

However, a fully multilevel approach has not yet been applied for the de-
tailed modelling of reinforced concrete structures subjected to progressive col-
lapse and hence constitutes a contribution to the study of this phenomenon.
A geometrically linear formulation will be used. In recent works dealing with
steel and concrete structures, such as [32, 36, 40], this geometrical linearity
assumption is also considered. Nevertheless, its validity will be discussed in
light of the results obtained. The complexity and computational cost of the
methodology adopted here should be balanced with the objectives of the
study. It aims at a realistic representation of the cross-sectional behaviour
of reinforced concrete members where axial load-bending moment interac-
tions are considered in combination with material nonlinearities, potentially
including material rate effects. It offers a more accurate characterisation of
the sectional response with respect to other simplified techniques based on
closed-form relationships between generalised stresses and strains at the sec-
tional level. The complexity of characterising the response of RC members
was introduced previously. The ductility as the ability of the structure to
redistribute moments and fail gradually is addressed in the literature [49,50].
In particular, the concrete softening behaviour is considered as an important
component of the rotational capacity, which needs to be taken into account
in order to ensure the ductility of RC structures. The multilayered approach
adopted here allows for a gradual strength degradation as a consequence of
the progressive failure of the constitutive layers, ensuring a proper account
for the potential ductility of the RC members.

The purpose here is to analyse the structural response of RC frames sub-
jected to a ‘sudden column loss’: the vertical bearing member is removed in-
stantaneously. This event-independent approach is widely used in the context
of progressive collapse simulation techniques [1, 15, 18–26, 28, 32–36, 41, 42],
in contrast to the event-dependent approaches [29–31] where the collapse
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2. Progressive collapse analysis procedures

triggering event is also modelled. According to [41], the sudden column loss
approach constitutes a useful design scenario for the assessment of structural
robustness, since it offers an upper bound on the deformations obtained with
respect to an event-dependent simulation approach.

Dynamic simulations are carried out on a two-dimensional representation
of RC frames designed in accordance with Eurocode 2 requirements [51] in
terms of reinforcement amounts, contrarily to other works where the simpli-
fications introduced in the RC members modelling may result in unrealistic
or overreinforced designs. It is the case of [29, 31] where a unique steel re-
inforcement ratio of 4% and 2%, respectively, is adopted for all elements of
the structure. In order to assess the flexibility of this multiscale formulation,
the influence of particular structural design and material modelling options
on the structural reponse will be analysed. Certain analysis features, such
as the load combinations to be applied to the structure, are often discussed
in the context of progressive collapse simulations. The issue of reinforcement
detailing is also adressed in the framework of progressive collapse mitigation
techniques: seismic detailing as a means to reduce or even prevent collapse is
debated [1,3,10,11,15,26,33]. However, the importance in the choice of other
parameters has not yet been adressed in the literature, even if their influence
in the results might be significant. It is the case of the material parame-
ters, for which the values are conventionally considered as fixed quantities
and thus are not subjected to further investigations. The multilevel nature
of the approach considered here allows for an investigation of the influence
of both design and material variables on the structural response. This sen-
sitivity analysis constitutes thus another objective of the present research
work, since it arises naturally from the possibilities offered by the present
formulation.

Furthermore, the strain rate effects on the progressive collapse of RC
structures are investigated. For a wide range of triggering events (impact,
blast...), progressive collapse is a dynamic process involving rather high de-
formation rates. The strongly rate dependent behaviour of concrete and steel
suggests that RC structures subjected to high loading rates might have a
different response than when loaded statically [83,84]. Since progressive col-
lapse is a dynamic phenomenon which depends strongly on stress redistribu-
tion, these effects might be expected to play a significant role in the overall
structural response to progressive collapse. Other contributions include these
effects in the modelling of RC structures in an analytical phenomenological
manner, by applying strength increase factors in the concrete and steel re-
sponse [29, 30] as a function of the strain rate. Nevertheless, the degree of
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2.2 Scope and objectives

influence of such effects at the global scale has not yet been investigated
in contributions related to structural progressive collapse. Here, a strain rate
dependent material approach is developed as well, to assess the level of depen-
dence of the structural failure process on the material strain rate effects. The
introduction of such constitutive laws in the multilayered beam model allows
for naturally taking into account the strain rate effects at the structural scale.

In summary, the following objectives are pursued in the present research
work:

• Modelling of the non-linear material behaviour of concrete and steel.

• Development of a layered beam approach for the modelling of RC
frames.

• Investigation of the influence of design and material parameters in the
progressive collapse analysis

• Development of a strain rate dependent material model for concrete
and steel

• Study of the strain rate effects in the response of a RC structure un-
dergoing progressive collapse
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3

Rate Independent Modelling of RC
Structures

In this chapter, the computational approach for the modelling of rein-
forced concrete members is detailed, starting from the constitutive laws
at the material scale for concrete and steel. The finite element formu-
lation is described next, where the kinematic relationships of the beam
element adopted here are given. The multilayered approach employed
to link the material constitutive equations to the response at the cross-
sectional scale is described, and its response is compared to the results of
an experimental test. The algorithm for the time integration of the struc-
tural equations in dynamics is also presented. Finally, localisation issues
arising from the softening nature of the sectional response are discussed
and illustrated.

3.1 Material behaviour

3.1.1 Concrete in compression

The International Federation for Structural Concrete (fib) in its Bulletin 42
[52] describes the behaviour of concrete in compression as a stress-strain
curve which depends on the concrete grade. The static compression curve is
approximated by:

σc,st
fc,st

=− kη−η2

1 + (k−2)η for |εc|< |εc,lim| (3.1)

in which σc,st is the static compressive stress and εc the compressive strain. A
C30 concrete type will be considered in the sequel with fc,st = 37.9 MPa the
static compressive strength; k = 1.882 the plasticity number and η = εc/εc1,
with εc1 = -2.230/00 the strain at maximum stress. The parameters k and εc1
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3.1 Material behaviour

are calculated as follows [52]:

k = Ec
fc,st/|εc1|

(3.2)

εc1 =−1.60
(
fc,st
107

)0.25 1
1000 (3.3)

with Ec the Young’s modulus.

In the present work, a bilinear stress-strain relationship is adopted for
the sake of simplicity, analogously to the simplified model suggested in Eu-
rocode 2 (EN 1992-1-1) [51] for the design of RC cross-sections. In Figure 3.1
this simplified model is compared to the prescriptions of the fib, where the
compressive stress-strain static curve is depicted. The assumed ultimate com-
pressive strain is set to εc,lim = -0.35%, which is the value most commonly
assumed for this parameter [51, 52]. Once this limit strain is reached, the
stress vanishes in order to represent the failure of concrete in compression.
It must be noted that, although this simplified model provides a less stiffer
response in the elastic phase, due to its reduced modulus of elasticity, the
total crushing energy Gc (i.e. the area under the compressive stress-strain
curve) is preserved.
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Figure 3.1: Stress-strain diagram of the proposed model for concrete in
compression [52].

Confined concrete

Shear reinforcement has a confining effect on concrete. The compressive
strength and ductility of concrete are highly dependent on the level of con-
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3. Rate Independent Modelling of RC Structures

finement provided by the lateral reinforcement, as seen in Figure 3.2, where
this effect is shown for several shear reinforcement ratios [54].

Figure 3.2: Effect of lateral reinforcement ratio on the behavior of steel
confined concrete. Reproduced from [54].

The amount and the constitutive behaviour of the confining steel thus
determine the level of confinement, which results in an increase of the com-
pressive ultimate strain of concrete εc,lim and/or the compressive strength
fc,st [51,54,74,76,79]. The Eurocode 2 [51] provides an expression for calcu-
lating the compressive strength and ultimate strain of confined concrete as
a function of the lateral confining stress. However, from a practical point of
view, these expressions are not of much use since no information is given for
the estimation of this confining stress.

For moderate amounts of shear reinforcement, the compressive strength is
assumed to remain unchanged and the simplified stress-strain relation shown
in Figure 3.3 can be adopted [53,74]. In practice, the increase of the ultimate
strain in concrete ∆εc,lim is often calculated as a function of the volumetric
ratio of shear reinforcement ρw by using empirically-based expressions [76,79].
One of these expressions frequently adopted in the literature (and mostly
used for columns, where the compressive load is high and constant over the
section) is the following [76]:

∆εc,lim = 1.4 ρwfyεs,lim
fc,st

(3.4)

where fy is the yield strength of the stirrups (i.e. the shear reinforcement
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3.1 Material behaviour

fc

εu

Stress

Strainεu
conf

Figure 3.3: Compressive stress-strain relation for confined concrete [53,
74].

steel bars); εs,lim is the ultimate strain of the stirrups; and ρw is defined
as [51]:

ρw = Asw
s b sinα

(3.5)

with Asw the area of shear reinforcement within length s; s the spacing of the
shear reinforcement; b the section breadth; and α the angle between shear
reinforcement and the longitudinal axis (usually 90◦). The recommended min-
imum amount of shear reinforcement is, according to Eurocode 2 [51]:

ρw,min =
0.08

√
fc,st

fy
(3.6)

where fc,st and fy are expressed in MPa. To give an idea of the order of
magnitude of this value, the minimum stirrup ratio for a C30 concrete and
S500 steel stirrups would be ρw,min = 0.1%.

3.1.2 Concrete in tension

In tension, a stress-crack opening relation (Figure 3.4) is often used to de-
scribe the material response [52,62], due to the fact that the tensile fracture
of concrete is a discrete phenomenon. The area under this diagram, which
is called the specific fracture energy Gf (expressed in [Nm/m2]), is therefore
used as a characteristic property that represents the energy dissipated in
the tensile failure process. It is defined as the energy required to propagate
a tensile crack of unit area [52]. The value for this parameter depends on
material characteristics such as the aggregate type and size, the water-to-
cement ratio or the curing conditions. Various empirical expressions can be
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3. Rate Independent Modelling of RC Structures

found for this parameter, as a function of the compressive strength, max-
imum aggregate size, etc. Furthermore, structural parameters such as the
beam dimensions appear to have an influence [52]. For a C30 concrete type,
the values for the fracture energy are usually comprised between 100 and
160 Nm/m2. Table 3.1 gives the numerical values according to the various
references consulted, where the corresponding empirical formulae are also
indicated.

Stress

Crack opening (w)

G
f

ft

w

Figure 3.4: Tensile stress-crack opening relation [52,62].

Table 3.1: Values of the fracture energy (Gf ) found in the literature.

Reference Gf [Nm/m2]
He 2006 [63] 120
Weerheijm 2007 [56] 100
fib(1): Gf =GF0

(
fc,st

107

)0.7
[52] 64–147

fib(2): Gf =GF0 ln
(
1 + fc,st

107

)
[52] 102–166

fib(3): Gf = 180
(

1−0.77 107

fc,st

)
[52] 144

fib(4): Gf = 110
(
fc,st

107

)0.18
[52] 140

Schuler 2006 [57] 125
Krauthammer 2009 [72] 133
Mechtcherine 2009 [73] 130–140
GF 0 depends on the aggregate size and/or type; fc,st = 37.9 MPa

In the present work, a local stress-strain relation is proposed in tension,
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3.1 Material behaviour

bearing in mind that such a relation must always be related to a character-
istic length where cracking occurs, so that the the proper fracture energy
is dissipated [60]. Unless a gradient enhancement is considered in the FEM
(finite element method) approach, the element sizes will have to be chosen in
such a way that the tensile strain energy over an element is equivalent to the
fracture energy Gf of the discrete crack. The next expression should thus be
satisfied:

Gf =
∫
σdw = Lel

∫ εult

εmax

σdε (3.7)

with w the crack width, Lel the element size, εmax the strain at maximum
stress and εult the ultimate tensile strain. The static tensile strength is taken
equal to ft,st = 3.25 MPa, as indicated in the fib bulletin [52] for a C30 con-
crete. It is calculated from the value of the compressive strength by applying
the following formula [52]:

ft,st = 2.64
(
ln

(
fc,st
10

)
−0.1

)
(3.8)

where ft,st and fc,st are expressed in MPa. The Young’s modulus in tension
corresponds to the value of the tangent elastic modulus given in [52]. An
exponential yield stress evolution is adopted in order to represent the stress
reduction due to concrete cracking. The choice of the model parameters for
a C30 concrete type results in a specific fracture energy of Gf = 135 Nm/m2

for quasi-static conditions, thus matching the empirical previsions found in
the literature [52, 57, 72, 73]. Figure 3.5 depicts the tensile response of the
proposed model.
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Figure 3.5: Stress-strain diagram of the proposed model for concrete in
tension.
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3. Rate Independent Modelling of RC Structures

3.1.3 Reinforcing steel

For the reinforcement, hot rolled S500 steel class is assumed. The typical
stress-strain curve for this type of steel [51] is represented in Figure 3.6.

σ

ε

fu

fy

εs,lim

Figure 3.6: Typical stress-strain curve for hot-rolled steel bars [51].

The yield strength is set fy = 500 MPa. The value for the Young’s mod-
ulus is the most commonly adopted for steel: E = 200 GPa. Regarding the
value of the ultimate strain εs,lim, a large variability is found in the literature.
According to [85], it may take values ranging from 7 to 18% for Grade 60
steel bars, which have equivalent properties to the S500 steel ones. In [55],
εs,lim = 7% is adopted. In [33], 20% is used, while the value for this parameter
is 1% in [42]. Eurocode 2 [51] considers three different steel classes, depend-
ing on their ductility properties, namely their ultimate strain εs,lim and the
ultimate-to-yield stress ratio fu/fy (see Figure 3.6). The values for εs,lim are
comprised between 2.5% (class A) and 7.5% (class C); the ratio fu/fy takes
values between 1.05 (class A) and 1.35 (class C).

Here, εs,lim is taken equal to 4%, which in practice would correspond to
a ductility class close to B. The design stress-strain diagram proposed in
Eurocode 2 [51], consisting of a bilinear aproximation, is adopted. To this
end, the evolution of the yield stress is modelled through a linear hardening
approximation. The resulting ultimate-to-yield stress ratio for the present
model is fu/fy = 1.06, thus falling within the interval observed by Eurocode
2. In order to represent the failure of steel, the stress is set to zero for strains
exceeding this value. Figure 3.7 depicts the corresponding stress-strain curve.

25
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Figure 3.7: Stress-strain curve of the proposed model for steel.

3.2 Constitutive equations

Based on the information reported in Section 3.1, a 1D elasto-plastic model
is adopted for the behavioural characterisation of concrete and steel. In a
general way, the plastic domain is defined by an evolution law which depends
on the plastic strain history parameter κ. The latter is defined in a one-
dimensional approach as

κ=
∫
κ̇dt with κ̇= |ε̇p| (3.9)

with ε̇p the plastic strain rate. This parameter κ consists here of two terms, κt
and κc controlling respectively the plastic flow in tension and in compression.
The evolution law f is defined as:

f(σ,κ) =
{
σ− σ̄t(κt)≤ 0 for σ ≥ 0
σ− σ̄c(κc)≥ 0 for σ < 0 (3.10)

where σ is the stress (MPa) and σ̄t and σ̄c the tensile and compressive yield
stresses, which depend on κt and κc respectively. The previously defined
evolution law f (also called the yield function) implies that, in a classical
elasto-plastic approach, the current stress σ cannot exceed the value of the
yield stress σ̄. This phenomenon is illustrated in Figure 3.8. If this dependence
is nonlinear, a local Newton-Raphson scheme is used to determine the plastic
state and the stress update. The stress update corresponding to an increment
from state n to state n+1 can be written as:

σn+1 = σn+E(∆εn+1−∆εpn+1) (3.11)
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Figure 3.8: Typical stress-strain relationship of an elasto-plastic model.

with E the elastic modulus (GPa), ∆εn+1 the strain increment and ∆εpn+1
the plastic strain increment.

Eqs. (3.10) and (3.11) provide the set of constitutive expressions to be
linearised at each iteration in a return-mapping algorithm in a general fash-
ion:

σn+1−σtrialn+1 +E∆εpn+1 = 0 (3.12)
f(σn+1,κn+1) = 0 (3.13)

with σtrialn+1 = σn +E∆εn+1 the trial stress. By using (3.9), ∆εp can be sub-
stituted in Eq. (3.12) and the constitutive problem can be expressed in a
residual form as a function of two variables (σ and κ):

{R(σn+1,κn+1)}=


σn+1−σtrialn+1 +E∆κn+1

f(σn+1,κn+1)

= 0 (3.14)

This system of equations is solved using a Newton-Raphson iterative
scheme. Based on the linearised form of Eq. (3.14), the correction at local
iteration (j+1) is computed as:{

δσn+1
δκn+1

}
j+1

=− [Jp]−1
j {Rj} (3.15)

where the Jacobian [Jp] is defined as:

[Jp] = ∂ {R}
∂ {σ,κ}

(3.16)

which can be used to evaluate the material tangent operator H consistent
with the return-mapping algorithm:

H = ∂σ

∂ε
(3.17)
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3.3 Modelling of RC members

The constitutive parameters values used are shown in Table 3.2.

Table 3.2: Material parameters of the constitutive models: in accordance
with [51,52]

steel
σ̄0 [MPa] E [GPa] εs,lim σ̄(κ) [MPa]

500 200 4% σ̄0(1 + 1.5κ)
concrete

compression tension
σ̄c [MPa] Ec [GPa] εc,lim σ̄t0 [MPa] Et [GPa] σ̄t(κ) [MPa]

37.9 17 0.35% 3.25 32 σ̄t0exp(−6700κ)

3.3 Modelling of RC members

3.3.1 Kinematics description

Two-noded Bernoulli beam elements are employed in the present FEM for-
mulation. The elemental displacement vector {qe} constitutes the spacial
discretisation of the continuous displacement field:

{qe}= {u1,v1, θ1,u2,v2, θ2}t (3.18)

It includes six degrees of freedom per element, where u1, u2 stand for the
nodal axial displacements; v1, v2 the nodal deflections and θ1, θ2 the nodal
rotations of nodes 1 and 2 respectively, as shown in Figure 3.9.
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Figure 3.9: Beam element: nodal degrees of freedom.

In the Bernoulli beam approximation, the cross-sections remain plane
and perpendicular to the longitudinal axis of the beam (i.e. axis x), which
means that no shear deformation is considered. This choice may be justified
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3. Rate Independent Modelling of RC Structures

by the fact that the structures under study will be considered to be properly
designed against shear failure, as prescribed by the GSA [1], so that flexural
effects are predominant in the beam response. The generalised strains vector,
consisting hence of the mean axial strain ε̄ and the curvature χ, can be
calculated at a given axial coordinate x from the nodal displacements as
follows:

{Egen}=
{
ε̄
χ

}
=
{
du

dx
,
d2v

dx2

}t
= [B]{qe} (3.19)

where u and v are respectively the continuous horizontal and vertical dis-
placements at x. The matrix [B] relates to the interpolation adopted in the
discretisation. It is composed of the derivatives of the shape functions with
respect to the axial coordinate. Here, a linear interpolation is used for the
axial displacement u, while a Hermite polynomial interpolation is employed
for the deflection v:

{u,v}t = [N ]{qe} (3.20)
where

[N ] =

=
[

1− x
L 0 0 x

L 0 0
0 1−3

(
x
L

)2 +2
(

x
L

)3
x
(
1− x

L

)2 0 3
(

x
L

)2−2
(

x
L

)3 −x
(

x
L

)
+x

(
x
L

)2
]

(3.21)

is the interpolation matrix, with L the element length. Considering this ex-
pression for matrix [N ], and substituting Eq.(3.20) in Eq. (3.19), the matrix
[B] results:

[B] =
[ d
dx 0
0 d2

dx2

]
[N ] =

=
[
−1/L 0 0 1/L 0 0

0 − 6
L2 + 12x

L3 − 4
L + 6x

L2 0 6
L2 − 12x

L3 − 2
L + 6x

L2

]
(3.22)

The corresponding generalised stresses are:

{Σgen}= {N,M}t (3.23)

with N the axial force and M the bending moment. They are evaluated at
the Gauss points locations by using the multilayered approach explained next
in Section 3.3.2. Finally, the elemental internal forces {f inte } are calculated
by integrating the generalised stresses {Σgen} over the element:{

f inte

}
=
{
fx1 ,f

y
1 , c1,f

x
2 ,f

y
2 , c2

}t
=
∫
Ve

[B]t {Σgen}dV (3.24)
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3.3 Modelling of RC members

This vector contains the horizontal nodal forces fx1 and fx2 , the vertical nodal
forces fy1 and fy2 , and the nodal torques c1 and c2. Three Gauss points are
used for the numerical integration.

3.3.2 Layered beam formulation

A multilayered beam approach [43–47] is used for the evaluation of the gener-
alised stresses {Σgen} from the generalised strains {Egen}. Each cross-section
where the beam response has to be computed – i.e. the Gauss points of a
finite element – is discretised into a finite number of longitudinal layers where
the one-dimensional constitutive equations for concrete and steel are applied.
The cross-sectional behaviour of the element is thus directly derived by inte-
gration of the stress-strain response of the layers.

This numerical procedure is carried out in the following manner. First,
the axial strains in each layer (εi) are computed from the generalised strains
{Egen}= {ε̄,χ}t:

εi = ε̄− ȳiχ (3.25)

where ȳi is the cross-sectional average vertical coordinate of layer i computed
from the sectional center of gravity. Then the layer-wise stresses (i.e. the
axial stresses σi) are obtained by applying the 1D constitutive equations on
each layer. Since a perfect adherence is assumed between the steel bars and
concrete, for the layers containing the steel reinforcements, the stresses in
concrete and steel are computed separately and the layer average stress is
obtained depending on the steel volume fraction of the considered layer. The
stress is computed at the mid-height of the layer, and assumed to be constant
over its thickness. Finally the cross-section generalised stresses {Σgen} are
evaluated by integrating the layer-wise one-dimensional stresses σi through
the cross-sectional area of the beam:

N =∑
σiΩi

M =−∑σiȳiΩi
(3.26)

with Ωi the cross-sectional area of the layer. Figure 3.10 gives a schematic
representation of the cross-sectional parameters.

Note that such averaged relations can only be applied in a point-wise
manner in classical structural computations provided they do not exhibit
overall softening, in order to keep a well-posed description. If softening is
obtained in the beam response and unless a nonlocal or gradient type beam
formulation is used, the corresponding dissipation at the structural scale is
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Figure 3.10: Illustration of a multilayered beam section.

computationally determined by the element size [64, 65]. As a result, the
structural discretisation will be chosen subsequently to provide localisation
on a physically motivated beam length (size of the plastic hinges).

The related cross-sectional consistent tangent operator [Ht] can be derived
from the layer-wise consistent tangent operatorsHi from Eq. (3.17) as follows:

[Ht] = ∂{Σgen}
∂{Egen}

=
[ ∑

HiΩi −∑HiȳiΩi

−∑HiȳiΩi
∑
Hiȳ

2
i Ωi

]
(3.27)

This layered approach is summarised in Figure 3.11, which also shows that
only the longitudinal reinforcements are taken into account. As previously
mentioned, the structures under study will be considered to be properly de-
signed so that flexural failure is more likely to occur than shear failure in
a progressive collapse scenario. As an additional simplifying assumption, a
perfect bond is assumed between the layers. The structural scale assumption
(Bernoulli) remains consistent with this approach at the fine scale. More-
over, this approach allows for a gradual element-wise strength degradation
as a consequence of the progressive failure of the constitutive layers, for which
the stress is set to zero when the failure criteria are fulfilled. It allows for a
ductile sectional response, which is proven to be an important factor for the
moment redistribution in the structure [49, 50]. This also means that rather
complex nonlinear sectional responses exhibiting softening can be obtained
even with simplified 1D constitutive laws for the constituents (such as linear
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Figure 3.11: Multilayered beam: generalised stresses evaluation.

hardening) provided they are followed by a sudden drop of the stress at the ul-
timate strain. The evolving interactions between N andM are also naturally
considered. The straightforwardness of the present formulation to describe
the RC sectional behaviour with respect to the closed-form approaches is
pointed out.

Application: response of the multilayered model for different rein-
forcement schemes and axial loads

In order to illustrate the response of the multilayered beam model developed
for RC beams, and to show the advantages of such a multilevel approach
with respect to a priori identified analytical closed-forms for the moment–
curvature relationships, a uniform bending test is performed on a single beam.

The test description is depicted in Figure 3.12: a uniform bending is
created on a simply supported beam by applying an angular displacement θ
at both ends. The uniform curvature χ is calculated as:

χ= δθ

δx
= 2θ
L

(3.28)

with L the beam length. Since the cross-sectional response of a beam de-
pends on the design parameters, the test is carried out for three different re-
inforcement arrangements (Schemes A, B and C). In particular, the bottom
reinforcement is varied so that the top-to-bottom reinforcement ratio takes
three different values: (ρT /ρB)A = 1.5; (ρT /ρB)B = 1 and (ρT /ρB)C = 3.84.
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Figure 3.12: Uniform bending test description.

The overlap (vertical distance between the steel bars and the nearest section
edge) is set to 5 cm for the three schemes.

The first set of computations is performed for an axial load N = 0. The re-
sulting bending moment–curvature diagrams for positive and negative bend-
ing are depicted in Figure 3.13, where the description of the sectional failure
progression is indicated next to the curves.

First, cracking of tensile concrete takes place. Then yielding of the tensile
steel bars occurs, followed by the crushing of compressive concrete and the
fracture of the tensile reinforcements. It can be observed that the response
of the multilayered beam model corresponds to the actual behaviour of a
RC beam. As expected, the bending moment obtained for Schemes A and C
is higher for negative bending since the upper reinforcement ratio is larger
than the lower one, while the same resistance level for positive and negative
bending is obtained for the symmetrical Scheme B. For positive bending
(M > 0), the sectional resistance increases as a function of the bottom steel
ratio, which in this case acts as the tensile steel (ρt = ρB). The fracture of
the tensile steel bars logically occurs earlier for lower tensile steel amounts:
for Scheme C, the tensile steel failure takes place before the crushing of
compressive concrete. In the case of negative bending (M < 0), the same
level of resistance is obtained for the three reinforcement schemes since the
amount of tensile steel (i.e. top bars) is identical (ρt = ρT ). The concrete
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Figure 3.13: Bending moment–curvature diagrams for different bottom

reinforcement amounts.

crushing initiates earlier for lower bottom reinforcement amounts, in order
to compensate the higher tensile (i.e. top steel) amount. The tensile steel bars
failure occurs later for lower bottom reinforcement amounts, contrarily to the
case of positive bending. The final ductility of the section is thus linked to
the tensile-to-compressive reinforcement ratio (ρt/ρc). Note that this result is
made possible by the gradual failure of the concrete layers under compression
after the onset of crushing in the section. If this softening character of the
sectional response was not taken into account, the related increase in the
ductility would not be obtained (the section would be considered as ‘failed’
on the onset of crushing).
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Scheme A Scheme B Scheme C

(a) Positive bending

Scheme A Scheme B Scheme C

(b) Negative bending

Figure 3.14: Final sectional state for different bottom reinforcement
amounts.

steel rebar failure

steel rebar yielding

concrete crushing

concrete yielding in compression

Figure 3.15: Representation of the sectional response.

The final state of the beams is detailed in Figure 3.14: red areas corre-
spond to the material regions having exceeded the yield stress (i.e. the plastic
region is reached in concrete or steel), while black ones correspond to those
regions where the ultimate strain is surpassed (crushing of concrete or steel
bars failure). Tensile cracking is not represented for the sake of clarity. The
interpretation of the colours used for the sectional response representation is
summarised in Figure 3.15. Note that, for both positive and negative bending,
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3.3 Modelling of RC members

the crushed concrete area (thus the black zone) increases as a function of the
tensile reinforcement amount and decreases with the compressive reinforce-
ment amount. The progressive degradation and ductility of the section ap-
pears to be related to the amount of crushed concrete. These results confirm
that the crushing of concrete may lead to a reduction of the sectional load-
bearing capacity depending on the reinforcement scheme, and must therefore
be taken into account together with the tensile steel bars yielding in order
to properly characterise the rotational capacity of the beams. In this study,
Schemes A and B under negative bending result in a better exploitation of
the materials: at the moment of the tensile reinforcement failure not only the
compressive concrete area is higher, but also the compressive steel bars reach
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Figure 3.16: Bending moment–curvature diagrams for different axial

loads.
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the plastic region (in red). In order to show the interactions that exist be-
tween the axial and the flexural response of the beam, the test is reproduced
for various values of the axial load N , exclusively for Scheme A. The results
are shown in Figure 3.16, again under positive and negative bending.

An increase of the sectional resistance is observed for higher values of the
compressive axial load, together with a higher ductility (the fracture of the
tensile steel bars occurs later for increasing compressive axial loads). The
sectional response depicted in Figure 3.17 shows that the increase of the
compressive axial load leads to a better exploitation of concrete due to the
growth of the compressive region in the section.

N = 100 kN N = 0 kN N = -100 kN N = -200 kN

(a) Positive bending

N = 100 kN N = 0 kN N = -100 kN N = -200 kN

(b) Negative bending

Figure 3.17: Final sectional state for different axial loads.

3.3.3 Experimental illustration

An illustrative manner of assessing the response of the multilayered approach
is presented here by means of an experimental comparison. A four-point
bending test on a simply supported beam was conducted in the context of a
Master’s thesis at the Vrije Universiteit van Brussel (VUB) [66].
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Figure 3.18: Four-point bending experimental test.

The experimental set-up is sketched in Figure 3.18a. This test was carried
out on two RC beams (A and B) with different reinforcement arrangement.
Their cross-sections are described in Figure 3.18b. The overlap is 5 cm. The
concrete class for both tests was C60. As for steel, S550 type rebars were
used. The values of the parameters adopted to fit such material characteris-
tics are shown in Table 3.3. For concrete in compression, they are obtained
according to the EN 1992-1-1 [51] prescriptions for a C60 concrete: the bilin-
ear approximation proposed for the stress-strain curve is adopted again. In
tension, the softening evolution law adopted here results in a specific fracture
energy of Gf =180 Nm/m2. According to the prescriptions of the fib (equa-
tions fib(1) to fib(4) in Table 3.1) this parameter takes values between 135
and 220 Nm/m2 for a C60 concrete class, depending on the aggregate char-
acteristics. The value of the tensile strength is obtained through expression
(3.8).

For the steel reinforcement, the ultimate strain is chosen accordingly to
the results obtained from a tension test on a 11.98 mm diameter bar with
the same properties as those used in the test [66]. Figure 3.19 shows the
experimental strain-stress curve for steel and its corresponding numerical
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approximation. The observed limited ductility of the steel is accounted for
the fact that it has been pre-tensioned in the past. Note that the studied
beams were constructed specifically for academic purposes and hence the
steel properties do not correspond to the traditional criteria for ductility.

Table 3.3: Material parameters for the experimental comparison.

steel
σ̄0 [MPa] E [GPa] εs,lim σ̄(κ) [MPa]

550 200 0.85% σ̄0(1 + 1.5κ)
concrete

compression tension
σ̄c [MPa] Ec [GPa] εc,lim σ̄t0 [MPa] Et [GPa] σ̄t(κ) [MPa]

68 31 0.35% 4.8 38.8 σ̄t0exp(−5830κ)
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Figure 3.19: Stress-strain diagram for steel: experimental vs. numerical.

The element size is taken approximately equal to the cross-sectional depth
(Lel = 200-250 mm), except for the element located at the mid-span, for which
the length is Lel = 400 mm. This size corresponds to the order of magnitude
of the physical length where the localisation takes place. The reason for this
choice will be given in Section 3.5, where the issues of mesh-sensitivity and
strain localisation in reinforced concrete are discussed. A total number of
50 layers are used for the cross-sectional discretisation, thus 10 mm thick
each, which gives a good approximation of the continuous cross-sectional
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3.3 Modelling of RC members

behaviour. Stirrups are not taken into account in the analysis. The displace-
ment control method is used, since the softening nature of the layered beam
model prevents the load control method from being applied in a static anal-
ysis. Since failure occurs at the mid-point of the beam due to the fracture
of the tensile steel, the numerical simulation is stopped when the ultimate
strain of εs,lim = 0.85% is reached in the steel bars. The bending moment vs.
curvature curves obtained at the mid-span for Beams A and B are shown in
Figure 3.20. For each experimental test, two slightly different computations
have been conducted: in one the tensile strength of concrete is considered,
while in the other it is not (ft = 0).
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Figure 3.20: Moment-curvature diagrams: experimental vs. numerical

response.
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For Beam A, the model matches the experimental results quite accurately
for both values of the concrete tensile strength, as seen in Figure 3.20a. The
initiation of cracking in concrete occurs at the same point for both the test
and the computation in which the tensile resistance of concrete is considered
(at approx. 0.001 rad/m). The curve obtained for a ft > 0 would suggest that
the tensile strength of ft = 4.8 MPa obtained following the fib predictions
(Eq. (3.8)) overestimates the real value for this parameter. However, it must
be noted that this disagreement might stem from the fact that a displace-
ment control technique is adopted for the numerical simulation, whereas a
force control technique is used in the experimental test. The steel bars yield-
ing in tension would also take place at approximately the same moment (at
0.008 rad/m approx.). The maximum bending moment is however lower in
the simulations, due to the choice of the numerical stress-strain curve, which
underestimates the peak stress with the aim of preserving the total failure
energy with respect to the experimental stress-strain curve for steel (Fig-
ure 3.19).

For Beam B (Figure 3.20b), the agreement is not so good in the final
ascending branch of the moment-curvature diagram, where the elastic mod-
ulus of steel appears to be overestimated in the numerical simulations. This
discrepancy could be also due to the bilinear approach adopted for modelling
both the concrete in compression and the steel. In reality, the stress-strain
evolutions for both materials are much more curved. It must be pointed out
that unfortunately the experimental test for Beam B had to be stopped be-
fore the actual failure of the steel bars took place, due to a technical problem.
It is thus impossible to know whether the numerical results adjust the ex-
perimental ones beyond this point. However, the same trend is observed in
terms of bending moment capacity of the section with respect to Beam A.
For both Beams A and B, no crushing of the compressive concrete is obtained
in the numerical simulation, as it was the case in the experimental results.
This means that the ultimate compressive strain εc,lim is not reached at any
point of the beam.

Although some approximate hypotheses have been assumed for the nu-
merical simulation, i.e. no modelling of the stirrups, a perfect bond layered
model, a simplified stress-strain relationship for concrete [51], Bernoulli’s hy-
pothesis and a small displacements approach, a reasonable agreement can
be perceived between the experimental and numerical results in terms of
sectional resistance and ductility. It should be emphasized, however, that
relevant conclusions can by no means be drawn out of this single test. The
aim of this experimental comparison was merely to provide an insight on the
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degree of adequacy of the multilayered beam approach.

3.4 Time integration scheme for the dynamic problem

An implicit Newmark scheme is adopted for the integration of the equations
of motion in the simulations [67]. The discretised equations describing the
equilibrium in dynamics read{

f int ({q})
}

+ [M ]{q̈}=
{
fext

}
(3.29)

with
{
f int

}
the internal nodal forces,

{
fext

}
the external forces and [M ] the

mass matrix. [M ] is defined as follows:

[M ] =
∑
e

∫
Ve

[N ]t ρ [N ]dV (3.30)

Substituting the value of matrix [N ] from expression (3.21) in Eq. (3.30) and
performing the numerical integration, the mass matrix yields the following
constant value:

[M ] =



ρAL
3 0 0 ρAL

6 0 0
0 156ρAL

420
22ρAL2

420 0 54ρAL
420

−13ρAL2

420
0 22ρAL2

420
4ρAL3

420 0 13ρAL2

420
−3ρAL3

420
ρAL

6 0 0 ρAL
3 0 0

0 54ρAL
420

13ρAL2

420 0 156ρAL
420

−22ρAL2

420
0 −13ρAL2

420
−3ρAL3

420 0 −22ρAL2

420
4ρAL3

420


(3.31)

where A is the total cross-sectional area of the beam and ρ is the sectional
density. Note that this density includes the contribution of the distributed
loads applied to the beam (i.e. the live loads and the weight of the slab and
additional concrete layer), so that their inertia is taken into account in the
dynamic computations. It is calculated as:

ρ= ρsection + Loads
gA

(3.32)

with g = 9.81 m/s2 the gravity constant. ρsection is the averaged density
calculated from the densities of concrete and steel, ρc = 2400 kg/m3 and
ρs = 7800 kg/m3, respectively. The internal forces

{
f int

}
are a nonlinear

function of the displacements {q}. To solve Eq. (3.29) within an incremental-
iterative scheme, a linearisation of the equations must be performed. Writing
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equilibrium as a residual form, the related structural Jacobian matrix [J ] is
computed as the derivative of the residual with respect to the displacements:

[J ] =
∂
({
f int ({q})

}
+ [M ]{q̈}−

{
fext

})
∂ {q}

(3.33)

Using the notion of structural tangent operator [Kt], which denotes the vari-
ation of the internal forces with respect to the displacements, the expression
of the iteration matrix [J ] is given by:

[J ] = [Kt] + [M ] ∂ {q̈}
∂ {q}

(3.34)

where [Kt] is computed by applying the cross-sectional consistent tangent
operator [Ht] calculated in Eq. (3.27):

[Kt] =
∑
e

∫
Ve

[B]t [Ht] [B]dV (3.35)

where [B] relates the generalised strains to the nodal displacements (Eq. (3.22)).
Finally, the Newmark formulae allow for computing the remaining term ∂{q̈}

∂{q}
in Eq. (3.34), by defining relationships between the nodal displacements, ve-
locities and accelerations. These formulae are expressed for a given time tn+1
as [67]:

{q̇n+1}= {q̇n}+ (1−γ)∆t{q̈n}+γ∆t{q̈n+1}
{qn+1}= {qn}+ ∆t{q̇n}+ ∆t2

(
1
2 −β

)
{q̈n}+ ∆t2β {q̈n+1}

(3.36)

with ∆t the time step; and γ and β the Newmark parameters associated with
the quadrature scheme, which determine the stability of the method [67].

Considering these equations, the iteration matrix results in:

[J ] = [Kt] + [M ] 1
β∆t2 (3.37)

A numerical damping of 5% is introduced in order to reduce the spuri-
ous high frequency vibrations in the structural response, which significantly
increase the computational time in large-scale calculations. The value of the
Newmark’s algorithm parameters γ and β are chosen such that this damping
(affecting mainly the high frequency range) is provided in the simulation,
while ensuring unconditional stablility [67]:

γ = 1
2 +α ; β = 1

4

(
γ+ 1

2

)2
(3.38)

43



3.4 Time integration scheme for the dynamic problem
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Figure 3.21: Dynamic integration scheme [67].

with α = 0.05 the numerical damping ratio. This value for the numerical
damping is often used in the simulations of progressive collapse of RC struc-
tures [24,33,35]. Figure 3.21 gives a flowchart of the time integration scheme.
It can be observed that at each time step n+1, the iteration starts from a pre-
diction of the displacements, velocities and accelerations by setting q̈n+1 = 0.
The residuals are then evaluated: if the accuracy threshold is exceeded the
correction terms need to be calculated by computing the iteration matrix J .
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3.5 Strain localisation and size effects

3.5.1 Mesh-sensitivity in RC beams

As already mentioned in the multilayered beam description (Section 3.3.2),
the multilevel formulation adopted here allows for a gradual cross-sectional
strength degradation as a consequence of the layerwise failure. For advanced
states of resistance degradation, a strain-softening behaviour may be exhib-
ited at the sectional level, with the consequent ill-posedness of the structural
boundary value problem. This implies a loss of objectivity in the formula-
tion, which is manifested by a pathological sensitivity of the results to the
size of the finite elements [64, 65]. The global solution depends on the mesh
refinement: the softening region where the deformation is localised is directly
determined by the element size. Therefore, the related dissipated energy will
also decrease upon mesh-refinement. Hence the need to adopt a structural
discretisation which provides a physically motivated amount of energy re-
lease.
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Figure 3.22: Mesh-sensitivity test: beam dimensions and different dis-
cretisations employed.

This numerical phenomenon can be easily illustrated by a mesh-sensitivity
test on a single cantilever beam subjected to a point force on its free end. The
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test is described in Figure 3.22, where the different meshes adopted for the
finite element discretisation are also illustrated. The material parameters are
those presented in Table 3.2. The displacement control method is adopted
here as well. Since the maximum value of the bending moment is obtained
at the clamped end of the beam, the plastic deformation is always localised
on the leftmost element of the mesh. The energy dissipated in the failure
process depends thus on the size of this element. Figure 3.23 shows the load-
deflection curve at the loaded point for the four different meshes adopted.
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Figure 3.23: Load-deflection diagram as a function of the mesh-
refinement.

As expected, the energy release decreases with the number of elements
used in the discretisation, and consequently so does the global ductility of the
structure: the final deflection decreases inversely to the element number in a
significant manner. The curvature distribution along the axial coordinate of
the beam is also depicted in Figure 3.24. It can be seen that the rotational
deformation is concentrated at the two leftmost elements, whatever the ele-
ment size.

The beam failure process is the following: first, yielding of the tensile steel
bars takes place, followed by the crushing of compressive concrete. Finally,
the ultimate strain of steel is reached leading to the fracture of the tensile
rebars. Figure 3.25 provides the final deformed shape of the beam, as well
as the sectional response of the most representative elements: the elements
where the steel yielding has occurred are depicted in red, while those having
reached failure are depicted in black. The same representation criteria is
adopted here for the illustration of the sectional response.
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Figure 3.24: Curvature distribution along x as a function of the mesh-
refinement.

As it will be explained next, a mesh consisting of approximately 12 el-
ements would provide the best estimation for the failure energy since the
corresponding element size (Lel ≈ 0.4 m) would fit the best the predictions
of the characteristic length for a C30 concrete [52].
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Figure 3.25: Final deformed shape of the beam and detailed sectional

response for the different discretisations.
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3.5.2 Characteristic length

There are several ways to overcome the present numerical issue: a material
modelling depending on the element size [55], non-local plastic models [65,68],
the introduction of viscous effects [69,89]... These formulations have in com-
mon the property of playing a regularizing effect by introducing an internal
length. In [65] a non-local yield moment is introduced in order to preserve
the well-posedness of the bending problem in softening RC beams.

Besides these numerical solutions that avoid mesh-sensitivity related prob-
lems, a straightforward manner to partly prevent this pathology in the case
of concrete structures is the determination of the characteristic length where
strain localisation actually takes place. The finite elements discretisation is
then adapted accordingly to this physical parameter. This issue was already
introduced in Section 3.1.2, where the tensile material behaviour of con-
crete is described. There, the discrete character of failure in concrete was
addressed, and the consequent need of choosing an element size correspond-
ing to the characteristic length where cracking occurs. The lumped plasticity
approaches often employed in the context of flexural analyses of RC frames
are also based in this concept of characteristic length [24,28,38,74,76].

The fib gives a mathematical formula for calculating the characteristic
length of concrete, as a function of the material properties [52]:

Lch = EcGf
f2
t

(3.39)

with Lch the characteristic length; Ec the Young’s modulus; Gf the fracture
energy; and ft the tensile strength. This formula is mainly used in fracture
mechanics, as in [73]. Numerous empirically-based expressions for this pa-
rameter can be found in the literature related to the nonlinear analysis of
RC beams [74–76]. In most of them, the characteristic length appears as a
function not of the material properties but rather of the beam dimensions.
Eurocode 2 assumes that the plastic deformation takes place over a length of
approximately 1.2 times the depth of section [51]. However, this estimation
results in much higher values than those found in the literature [50, 74–76].
Table 3.4 summarises some of the expressions currently used.

Note that the expression provided by the fib results in a characteristic
length equal to 0.41 m for the material parameters adopted in the present
work (C30 concrete), regardless of the beam dimensions. Here, the finite
element discretisation employed for the subsequent structural computations
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Table 3.4: Some empirical expressions of the characteristic length (Lch).

Characteristic length Lch [m]
Lch =

√
A [75]

Lch = 0.25d+ 0.075z [50, 74]
Lch = EcGf

f2
t

= 0.41 [52,73]
Lch = 0.5d [38, 76]
Lch = 0.08z+ 0.022fydb ≥ 0.044fydb [50, 76]
Lch ≈ 1.2d [51]
Ec = 32 GPa; Gf = 140 Nm/m2; ft = 3.25 MPa; fy = 500 MPa.
A: section area; d: section depth; db: diameter of the longitudinal rebars;
z: beam span or distance to the point of contraflexure.

will be adapted accordingly, in order to obtain element sizes falling within
the previous range of values.
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4

Numerical Simulations of Progressive
Collapse

A description of the technique adopted in the present work for the sim-
ulation of progressive collapse is presented. A reference RC structure is
described, and its response to the sudden loss of a load-bearing member
is studied. This computation is repeated for several parametric varia-
tions, to assess the influence of the main material and design parameters
in the structural response.

4.1 The ‘sudden column loss’ approach

The ‘sudden column loss’ approach is the most widely used simulation tech-
nique for progressive collapse analyses [1, 15, 18–28, 32–36, 40–42]. It is an
event-independent approach, meaning that the abnormal loading event caus-
ing localized damage that could trigger progressive collapse (impact, blast
or other extreme loading situation) is not precisely simulated, but rather its
direct effects on the structure. The resulting failing element(s) are removed
from the initial topology and the reaction of the structure to this sudden
member loss is then studied. The sudden column loss approach is consid-
ered a useful design scenario for the assessment of structural robustness. The
GSA [1] and the DoD [15] include this technique in their respective guide-
lines via the ALP approach: one critical load-bearing member, typically a
column, is damaged and thus unable to sustain load. The residual structure
must be able to accommodate this loss by developing an alternate load path.
According to [41], the sudden column loss offers an upper bound on the defor-
mations obtained with respect to an event-dependent simulation approach.
In the present chapter, the purpose is to analyse the structural response of
a RC frame when subjected to the sudden loss of one of its ground columns.
This initial failure would correspond to a blast or impact loading scenario
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4.1 The ‘sudden column loss’ approach

resulting in a full column removal.

In practical terms, the sudden column loss technique employed here con-
sists in removing the column from the initial structural topology and replac-
ing it by its resultant forces, simultaneously applied with the regular loads
in a first static loading step. The column resultant forces are subsequently
removed (in a given removal time, upon which the removal shall be either
considered as ‘sudden’ or related to the nature of the initial event) while
the regular loads are kept constant. This procedure preserves the real load-
ing sequence, unlike in [1, 15, 18, 26], where the regular loads are applied on
the remaining structure once the failing column(s) have been removed. The
GSA approach is adopted here in terms of the combination of loads to be
applied to the structure for the progressive collapse analysis. As previously
mentioned, the GSA guidelines specify a loading combination of

Total Loads = Dead Loads + 0.25×Live Loads

to be applied for the dynamic simulation of progressive collapse. The load-
ing history used for the simulation of the sudden column loss is shown in
Figure 4.1: all the loads are applied to the structure in a sufficiently large
time t0 = 60 s for this part of the loading to be considered static, preventing
inertial effects from developing. Then the member forces ~R which replace
the failing column are decreased to zero in a given removal time tr and the
response of the structure is observed over a time span of 2 s. Unless specified
otherwise, the time step employed is ∆t = 5 ms and the removal time tr
is also set to 5 ms to simulate the instantaneous column loss. Besides, this
removal time typically corresponds to the impulsive phase duration of an
explosion [78].

xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx

R

R

regular loads

time

loads

t0 tr

Figure 4.1: Sudden column loss approach: loading history.
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4. Numerical Simulations of Progressive Collapse

4.2 Reference case of study

4.2.1 Description

Figure 4.2 shows the structure under study, consisting of a two-dimensional
representation of a five-storey eight-bay RC frame. The sudden column loss
of its rightmost ground column is simulated. The floor span and height are
6 m and 3 m respectively, except for the ground floor which is 6 m high. The
span in the perpendicular direction is 6 m. The columns and beams sections
are 450×450 mm2 and 600×450 mm2 respectively. The slab is 20 cm thick
and an additional concrete layer of 10 cm is assumed.

xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx

48m

1
8

m

6
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Figure 4.2: Structure under study.

The floor is assumed not to provide any resistance, however its weight and
inertia are implicitly included in the simulations. Therefore, the loads applied
to the beams are those corresponding to the slab and beam weights as well as
the live loads. The columns are subjected to their gravitational load. On the
basis of the previously pre-defined geometric dimensions, the minimal amount
of reinforcement required for the beam sections has been obtained by means
of the structural design analysis software Diamonds 2010 by Buildsoft [77],
according to Eurocode 2 [51]. The live loads are calculated according to
Eurocode 1 (document EN 1991-1-1) [70]: a distributed load of 3 kN/m2 is
required for the floors, which are considered here to belong to category B
(i.e. office areas) and a load of 1 kN/m2 is required for the roof, belonging to
category H (roofs not accessible except for normal maintenance and repair).
The out-of-plane span being of 6 m, the resulting live loads for the present
two-dimensional approach are 18 kN/m (3 kN/m2×6 m) on the floors and
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4.2 Reference case of study

6 kN/m (1 kN/m2×6 m) on the roof. The set of load combinations considered
for the structural design in the software Diamonds 2010 are those prescribed
by Eurocode 0 (document EN 1990: Basis of structural design) [71]. Table 4.1
provides the value of the loads and the corresponding multiplying factors for
obtaining the set of loads combinations.

Table 4.1: Design loads.

Dead Loads Live Loads
Loads [kN/m] 43.2(1) 3 kN/m2 (roof 1 kN/m2)(2) [70]
Combination factors 1.35/1 [71] 1.5/0 [71]
(1) excluding the beam self-weight
(2) to be multiplied by the perpendicular span: 6 m

For the sake of simplicity, only three different RC cross-sections have
been considered based on the obtained minimum reinforcement amount: two
for the beams and one for the columns, as indicated in Figure 4.3. It can
be observed that fully continuous bottom reinforcement is provided in the
beams and 66% of the top reinforcement is made continuous as well, in order
to ensure beam-to-beam continuity across the columns, which according to
the GSA is essential for resisting the load reversals that follow the loss of
a primary support [1]. The sectional dimensions and the reinforcing details
are indicated in Figure 4.3: 32 mm diameter bars have been used for the
reference design, which results in a total reinforcement ratio of 1.6% for the
columns, 0.6% to 0.9% for the beams in tension and 0.6% for the beams in
compression. The overlap is 5 cm.

The resulting loads to be applied on the floors for a sudden column loss
simulation according to the GSA approach are shown in Table 4.2 and com-
pared with those corresponding to the DoD approach, which prescribes 50%
of the live loads. Note that the inertia of the live loads and the dead loads
(thus the slab and the additional concrete layer weights) are also taken into
account in the dynamic computation, by adding their contribution to the
mass matrix, as explained in Section 3.4.

Since the energy dissipated in the simulated progressive failure process
depends on the discretisation adopted due to the softening nature of the
problem, here the elements have been given a length between Lel = 0.4 m and
Lel = 0.45 m, so that failure localisation occurs on a region comparable to the
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Figure 4.3: Beams dimensions and reinforcing details.

Table 4.2: Loads applied to the beams for the simulations (excluding
self-weight).

Loads [kN/m] Dead Live Total GSA Total DoD
Floors 43.2 18 47.7 52.2
Roof 43.2 6 44.7 46.2

corresponding characteristic hinge length where most of the permanent beam
rotation is known to be concentrated (as explained in Section 3.5.2). This
value has been obtained from the expressions for the characteristic length
provided in Table 3.4 (Lch = 0.41 m according to the fib). Furthermore,
the discretisation is such that there is always an element placed exactly in
the middle of the span, where strain localisation is likely to occur together
with the beam ends. Figure 4.4 shows the finite element mesh used for the
computations, where each of the three element types (sections A to C in
Figure 4.3) is depicted in a different colour.

The cross-sectional discretisation – i.e. the thickness of the layers in the
multilayered approach – is taken equal to 1cm. All computations are per-
formed using a geometrically linear description. The material parameters
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Figure 4.4: Finite element discretisation.

are those indicated in Table 3.2. The tensile strength of concrete is ignored
here for simplicity, since its effects at the structural scale can be considered
negligible (as will be demonstrated in Section 4.3).

4.2.2 Simulation results

Figure 4.5 depicts the results of the reference case of study at different times,
starting from the onset of the column removal. A close-up view of the right-
most side of the structure is provided for the sake of clarity. The true-scale
deformed shape of the structure is shown. The interpretation of the sym-
bols employed to describe the failure pattern of the structure is summarised
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[after 200 ms]
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[after 300 ms]
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[after 420 ms]
Figure 4.5: Reference case of study: response of the structure to a sudden

column removal.
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in Table 4.3: black dots (•) represent the plastification of the steel bars at
the considered element; triangles (4) indicate that crushing of concrete in
compression has occurred in less than one third of the element section (less
than 1/3 of the concrete layers has reached the ultimate strain); squares (�)
stand for concrete crushing in more than one third of the section; and crosses
(×) represent the failure of the steel rebars and thus the final failure of the
section.

Table 4.3: Interpretation of the structural failure symbols.

Symbol Interpretation
• Yielding of the steel rebars
4 Crushing of concrete in less than 1/3 of the section
� Crushing of concrete in more than 1/3 of the section
× Failure of the steel rebars

It is emphasized that all these symbols do NOT represent plastic hinges
as such, but represent merely the state of a section. Note also that the fail-
ure of a layer (once the ultimate strain in concrete or steel is reached) does
not stop curvature increment, but it eliminates the layer contribution to
the cross-sectional strength. This allows for a gradual strength degradation
through the section. However, the failed elements are not removed from the
topology and thus remain attached to the structure after reaching complete
failure, keeping transferring stresses to the intact elements in the vicinity.
As a consequence, the impact of failing members on adjacent elements is not
included. The progressive degradation process is also depicted for various sec-
tions of the structure, where colours have the same interpretation as given
in Figure 3.15: both for steel and for concrete, white indicates the tensile
region and the compressive areas where plasticity has not initiated (i.e. the
elastic range); red represents the zones having reached the plastic domain;
and black denotes material failure (the corresponding layer-wise stress has
dropped to zero after the ultimate strain is reached).

From the structural results in Figure 4.5 it can be observed that fail-
ure progresses as follows: first the yielding of the tensile steel rebars occurs,
followed by the crushing of concrete. Finally, the tensile rebars reach the ul-
timate strain causing the failure of the beam in the corresponding sections.
Note the progressive increase of the black area representing the compressive
failure of concrete. The progressive failure of the frame is limited to the ex-
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4.2 Reference case of study

ternal bay initially supported by the removed column. Although failure does
not spread beyond this region, the maximum allowable extent of collapse ac-
cording to the GSA is exceeded since it should be ‘confined to the structural
bays directly associated with the instantaneously removed vertical member in
the floor level directly above the instantaneously removed vertical member ’ [1].
In the present case, all the floors above the failing column are included in the
collapse region. As shown in Figure 4.5, the complete failure of the exterior
bay occurs 420 ms after the onset of the column removal. The amount of con-
tinuous reinforcement provided here seems insufficient to prevent progressive
collapse for instantaneous removal of an exterior column.

The axial force and bending moment diagrams at three different times

Axial force diagram

after 0 ms

after 200 ms

after 420 ms

Figure 4.6: Evolution of N for an exterior column removal.

Bending moment diagram

after 0 ms

after 200 ms

after 420 ms

Figure 4.7: Evolution of M for an exterior column removal.
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(between the onset of removal and final failure) are depicted in Figures 4.6
and 4.7. It can be observed that the removal of the rightmost column results
in an increase of the compressive axial load in the adjacent column, as well
as in a decrease of the compressive load in the columns situated right above
the removed element. An important change in the bending moment diagram
takes place as well: a considerable increase of the values can be noticed at the
beam ends opposite to the failing colum. A close-up view of the evolution of
the axial force (N) and bending moment (M) in the beam directly associated
with the removed column is also given in Figures 4.8a and 4.8b respectively.

−200

0

200

400

600

800

Beam span

A
x
ia
l
fo
rc
e
N

(k
N
)

after 420 ms

after 0 ms
after 200 ms

(a) Axial load N

−400

−200

0

200

400

600

Beam span

-B
en
d
in
g
m
o
m
en
t
M

(k
N
m
)

after 0 ms

after 200 ms

after 420 ms

(b) Bending moment M
Figure 4.8: Evolution of N and M in the beam directly associated with

the removed column.

Even though the description is geometrically linear, N increases signif-
icantly in the section where failure occurs; its value cannot be considered
constant either in time or along the beam span, contrarily to the assumption
made by many closed-form approaches. The variation of M along the beam
span following the column removal is also significant: an important bending
moment reversal takes place at the level of the connection with the removed
column, as well as a considerable increase of M at the adjacent column. As
the structural strength degradation develops and the steel failure occurs, this
maximum bending moment decreases to reach its initial value. This demon-
strates the advantages of using a multilevel approach where the interactions
between flexural and axial force at the sectional level are directly derived
from the constituents scale, in contrast to closed-form formulations which
introduce significant simplifications with this respect.

To investigate the influence of the topological location of the failing mem-
ber, the sudden column loss of an interior column is considered instead. Fig-
ure 4.9 summarises the frame response to the loss of the third ground column
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Figure 4.9: Reference case of study: response to the sudden removal of

an interior column.

from the right. In this particular case, and contrarily to the previous compu-
tation, the frame resists to the sudden column loss: about 500 ms after the
removal onset the response has stabilised and no further structural damage
is observed.

Although yielding of the steel rebars or concrete crushing takes place in
some sections, complete failure is not observed in any of the beams. The dam-
aged area in this case is also restrained to both bays directly associated with
the failing column. Regarding the allowable collapse region, the prescriptions
of the GSA [1] are not exceeded in terms of structural integrity. From the
point of view of the structural serviceability, the extent of damage would
be considerable though. Nevertheless, the issue of serviceability is out of the
scope of progressive collapse analysis, which are focused on the verification
of the structural integrity. The fact that an interior support is now removed
results in an increased ability of the frame to redistribute loads among the
remaining elements at both sides. This is made possible by the continuous
bottom reinforcement provided in the beams, which is able to accommodate
the bending moment reversal caused by the column removal.

The evolution of the N and M diagrams in the structure is shown in
Figures 4.10 and 4.11 respectively. Figures 4.12a and 4.12b give a close-up
view of these generalised stresses distributions at the beam situated on the
right of the removed column. As for an exterior column removal, a reversal
of the bending moment is observed in the beam elements located next to the
removed column, as well as an increase of the bending moment and the axial
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Axial force diagram

after 0 ms

after 200 ms

after 2000 ms

Figure 4.10: Evolution of N for an interior column removal.

Bending moment diagram

after 0 ms

after 200 ms

after 2000 ms

Figure 4.11: Evolution of M for an interior column removal.

force in the elements situated at the opposite end of the same beam. However,
the moment diagram remains steady since the structural degradation does
not progress.

The vertical displacement of the node located at the connection with
the removed column as a function of time is shown in Figure 4.13, for both
exterior and interior column removals. The cross indicates the moment of
collapse of the bay(s) directly associated with the removed column, when it
occurs.
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Figure 4.12: Evolution of N and M in the right-hand beam directly

associated with the removed interior column.
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Figure 4.13: Vertical displacement of the node on top of the removed
column.

To show the flexibility of the multilayered beam formulation to account
for variations of the simulation parameters, the influence of design and ma-
terial parameters that govern the rate independent structural response is
analysed next. Note that most of the following parametric variations, which
may have a direct effect on the cross-sectional response, are naturally in-
corporated at the structural level thanks to the multilayered approach. This
is in contrast with other simplified approaches in which the derivation of
closed-form relationships between generalised stresses and strains requires
an offline identification process whenever certain material/design parameters
are changed.

In the first set of numerical simulations, the effect of taking into account
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the tensile strength of concrete, ignored up to now (and often neglected in
the literature), will be analysed. The material parameters affecting the ul-
timate behaviour of concrete and steel are varied over the commonly used
range found in the literature, to see their influence on the structural response
as well. The second set of computations focuses on the variation of given de-
sign parameters, such as the reinforcement ratio and/or arrangement and the
structural topology. Next, the influence of the loading scenario is assessed:
the value of the column removal time tr is varied, in order to relate it to
the nature of the triggering event (explosion, impact...) and set a compar-
ison with respect to the sudden column loss approach, which considers an
instantaneous removal and is often used as a tool for the assessment of the
structural robustness. Finally, the influence of the procedure for the evalua-
tion of the potential for progressive collapse (GSA vs. DoD) in terms of loads
combination is studied.

4.3 Influence of the material parameters of concrete
and steel reinforcement

For a given, fixed design, it is important to assess the influence of material
parameters for which varying values are found in the literature. The choice
of such material parameters may indeed play an important role in the degree
of structural failure. To this end, the contribution of the tensile strength of
concrete to the structural response to progressive collapse is analysed here.
The sudden column loss simulation (where ‘sudden’ stands for the minimum
removal duration, thus the time step size 5 ms) is also performed for different
values of the ultimate strains of steel and concrete respectively. The compu-
tations carried out in this section are summarised in Table 4.4, where the
values that were employed in the reference test (REF) are also indicated for
the sake of comparison.

4.3.1 Tensile strength of concrete

The tensile resistance of concrete is often ignored in structural computations,
since its contribution to the global resistance is considered negligible [22,48].
To assess the effect of the tensile strength in the response of the structure to
the sudden column loss, the previous reference test (in which this parameter
was not taken into account) is performed again, now considering the tensile
contribution (MO1). The material parameters are provided in Table 3.2.
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Table 4.4: Material options (MO) tested.

ft,st [MPa] εc,lim εs,lim
REF 0 -0.35% 4%
MO1 3.25 -0.35% 4%
MO2 0 -0.5% 4%
MO3 0 -0.35% 10%
MO4 0 -0.5% 10%
ft,st: tensile strength of concrete;
εc,lim: ultimate strain of concrete;
εs,lim: ultimate strain of steel
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Figure 4.14: MO1: response upon consideration of the tensile strength

of concrete.

The complete failure of the rightmost bay takes place between 0 and 5 ms
(i.e. one time step) later than in the reference test. The failure pattern evo-
lution for the test corresponding to MO1 can be observed in Figure 4.14: no
differences are found with respect to the results shown in Figure 4.5. The ver-
tical displacement as a function of time is also compared with the reference
test in Figure 4.15, where it can be seen that both curves are practically on
top of each other. The previous observation justifies the simplifying assump-
tion commonly made in the literature. As a result, the tensile resistance of
concrete will not be considered in the sequel of the present chapter.
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Figure 4.15: MO1: vertical displacement history.

4.3.2 Ultimate strain of concrete and steel

The ultimate strain of concrete in compression used in the reference case
of study is εc,lim = -0.35%, which corresponds to the most widely adopted
value for unconfined concrete [51,52]. However, the confining effect of the steel
stirrups, which are not explicitly modelled in the present study, would induce
an increase in the strain limit which depends on the lateral compressive stress
and is often calculated as a function of the ratio of shear reinforcement, as
explained in Section 3.1.1. Hence, the use of a higher value for the concrete
strain limit is motivated in the present analysis since it may result in an
enhanced structural resistance to progressive collapse. Applying Eq. (3.4),
the increase in εc,lim for a given shear reinforcement ratio can be calculated.
Eq. (3.6) provides the minimum amount of shear reinforcement, which for
the material parameters employed here gives ρw,min = 0.1%. If a ratio of
ρw = 0.2% was considered (thus twice the minimum amount), the ultimate
strain corresponding to the confined concrete εconfc,lim would be:

εconfc,lim = εc,lim+ ∆εc,lim = 0.35%+ 1.4ρwfyεs,lim
fc,st

= 0.5%

In steel, a strain limit of εs,lim = 4% is adopted as reference value, which
correponds to a ductility level close to class B as described in Eurocode
2 [51]. The highest value prescribed in [51] is εs,lim = 7.5%, corresponding
to ductility class C. Nevertheless, a large variability for this parameter is
found in literature. The most employed values are comprised between 1%
and 10% [42,48,51,52,55].
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4.3 Influence of the material parameters of concrete and steel reinforcement

As indicated in Table 4.4, in the test corresponding to MO2 the ulti-
mate strain of concrete is increased to εc,lim = -0.5% (the value correspond-
ing to confined concrete with 0.2% shear reinforcement) while the ultimate
strain of steel is kept unvaried. In MO3, the steel ultimate strain adopted is
εs,lim = 10% (resulting in a ductility somewhat higher than class C according
to Eurocode 2) and the concrete strain limit is kept equal to εc,lim = -0.35%.
Finally, the test for MO4 is conducted for increased values of both limit
strains: εc,lim = -0.5% in concrete and εs,lim = 10% in steel. The tensile
strength in concrete is neglicted. The results of the three computations are
shown in Figures 4.16 to 4.18.
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Figure 4.16: MO2: response for εc,lim = -0.5%.

S1

S2

S3

S1

S2

S3

[after 400 ms]

S1

S2

S3

S1

S2

S3

[after 600 ms]

S1

S2

S3

S1

S2

S3

[after 885 ms]
Figure 4.17: MO3: response for εs,lim = 10%.
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Figure 4.18: MO4: response for εc,lim = -0.5% and εs,lim = 10%.

The following observations can be made out of these figures:

• The change of the ultimate strain of concrete by itself does not influence
the global response, as can be seen in Figure 4.16. It has a slightly
delaying effect in the concrete crushing initiation. The crushed concrete
area in the shown sections is slightly smaller than in the reference test
(Figure 4.5). The complete failure of the rightmost bay takes place
barely 10 ms later than in the reference test. This justifies the choice
of a multilayered model where stirrups (having a confining effect on
concrete) are not explicitly represented.

• The increase of the strain limit of steel (Figure 4.17) causes a delay
on the appearance of failed sections. For instance, the final collapsed
pattern is reached 885 ms after the onset of the column removal, which
doubles the time required with respect to the reference case. Note that
the failing sections have more than one third of their concrete surface
crushed before the failure of the tensile steel rebars takes place, which
shows an increase in the efficiency of the RC sections since a better
exploitation of the concrete in compression is achieved.

• If both parameters are increased simultaneously (Figure 4.18), the
structural collapse is prevented from occurring. The increased ductility
of both materials leads to a structural strength gain, favoring the load
redistributions.

Figure 4.19 shows the vertical displacement history of the node located
at the connection with the removed column, as a function of the param-
eter combinations. The increase of the ultimate strain for steel leads to a
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higher ductility at the structural scale, since the displacement at the mo-
ment of structural failure doubles the one obtained for the reference case.
For this particular case, results show that a computation including large dis-
placements effects would be useful, contrarily to the previous tests where the
displacements obtained could be considered small enough to neglect catenary
effects.
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Figure 4.19: MO2 to MO4: vertical displacement history.

4.4 Influence of the reinforcement scheme

The influence of the design options are assessed in the present section. To this
end, the sudden column removal will be performed for varying reinforcement
dispositions and considering an alternative structural topology.

It is well known that the steel reinforcement arrangement is crucial to
guarantee the integrity of a RC structure subject to an abnormal loading
scenario. Numerous works have been issued on this subject after the disas-
trous consequences of the Oklahoma City bombing in 1995 [7, 10, 11]. The
Murrah Federal Building was designed and built in accordance with the exist-
ing building codes, namely the American Concrete Institute (ACI) Building
Code Requirements for Reinforced Concrete. The consideration of abnormal
loading events (such as blast or earthquake loading) was not required [11].
However, later studies showed that if partial or fully continuous reinforce-
ment had been employed, the structural loss and the number of casualties
could have been reduced in a significant manner (up to 80%) [11]. According
to the FEMA [10], seismic detailing may improve the structural ability to
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resist the extreme loads of a blast and reduce the likelihood of subsequent
progressive collapse.

In the present work, it was observed that the loss of a column induces a
sudden reversal of the bending moment in the beams at the connection with
the failing column, as well as a significant increase of the bending moment
and the axial force in the connections with the adjacent columns. If these
values of the generalised stresses were to be used for an elastic design of
the collapse resistant structure, the originally calculated reinforcement ra-
tios would have to be multiplied by a factor 3 or 4 in some sections of the
beams, leading to unrealistic highly overreinforced designs. In this study, in
order to remain in a reasonable range of reinforcement amount, which addi-
tionally allows for taking into account the load redistributions linked to the
plastification of concrete and/or steel, alternative designs will be considered
based on different reinforcement arrangements, to analyse the influence of
the reinforcement scheme in the structural resistance to progressive collapse.

The minimal amount of longitudinal reinforcement for each cross-section
of the reference structure was calculated according to the Eurocode 2 require-
ments. For the sake of simplicity, only one diameter was considered for the
steel rebars (φ=32 mm) and only three different RC sections were considered.
The reinforcement scheme obtained this way resulted in fully continuous bot-
tom reinforcement and 66% continuous top reinforcement for the beams. For
the columns, the reinforcement was also fully continuous and symmetrical
(see Figure 4.3). The resulting maximum longitudinal reinforcement ratios
were 1.6% (total reinforcement of the columns) and 0.9% (top reinforcement
of the beams at the supports), which falls within the normal range. For com-
parison’s sake, other works related to progressive collapse consider ratios of
2% [29] or even 4% [31] in the studied structures.

However, many other different reinforcing arrangements could have been
considered for the structure under scrutiny. Table 4.5 gathers the data of the
tests conducted for three other combinations of cross-sections A, B and C,
which result in similar amounts of reinforcement with respect to the refer-
ence case. The number of bars for each section is indicated. Unless specified
otherwise, all the bars have a diameter of φ= 32 mm.

In reinforcement arrangement RS1, the difference with respect to the ref-
erence one lies in the top reinforcement of Section B: instead of prolonging
two out of the three 32 mm bars used for Section A, the minimum reinforce-
ment amount has been considered by employing two 20 mm bars. The aim
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4.4 Influence of the reinforcement scheme

Table 4.5: Reinforcement schemes (RS) tested.

Section A Section B Section C

REF

RS1 φ20

RS2

RS3

bar diameter φ= 32 mm unless otherwise specified

here is to investigate the response of a reinforcement arrangement that fulfills
the building codes requirements in terms of reinforcement area, where sup-
plementary continuity issues are not considered. For RS2, fully continuous
reinforcement is provided at the beams. Sections A and B are thus identical.
Finally, in the test corresponding to reinforcement scheme RS3 the beams
are provided with not only fully continuous, but also symmetrical reinforce-
ment.

All the tests from Table 4.5, including the reference one, are performed
for a higher rise structure as well, which will allow for a generalisation of
the conclusions about reinforcement detailing to be drawn in the present
analysis. Figure 4.20 depicts the 8-storey 5-bay RC structure employed. It can
be observed that this new structure is not only higher, but also the number
of bays is lower than in the reference structure, which in principle makes it
more prone to progressive collapse for two reasons: 1) the ground columns
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support higher compressive loads due to the increased number of floors and 2)
the lateral inertia is lower due to the decreased number of bays. The cross-
section of the columns needs to be higher in this case. The new sections
are 550×550 mm2 for the columns and 600×550 mm2 for the beams. The
same disposition and amount of steel rebars than in the reference structure
are employed, which results in slightly inferior reinforcement amounts (the
cross-sectional concrete-to-steel surface ratio is higher now). Note that this
design fulfills the Eurocode 2 requirements as well.

30m
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Figure 4.20: Additional higher-rise structure used for the present anal-
ysis.

The responses of both the low-rise reference structure and the new medium-
rise structure for each of the tests are shown from Figure 4.21 to Figure 4.28.
The failure pattern is shown either at the time of total failure, if it occurs,
or at the end of the time span considered (i.e. 2000 ms after the onset of
column removal), if progressive collapse is avoided. Figure 4.29 shows the
vertical displacement of the node located at the connexion with the removed
column for all the configurations analysed: low-rise structure for exterior and
interior column loss, and medium-rise structure for exterior and interior col-
umn loss.

For the reference reinforcement arrangement (REF), the failure scheme
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Figure 4.21: REF: response of both structures.
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Figure 4.22: REF: response to an interior column removal.

after the sudden removal of an exterior column is similar in both structures,
as observed in Figure 4.21. The total failure of the rightmost bay occurs
somewhat earlier for the higher-rise structure, though. It can be observed
that the area of crushed concrete at the moment of failure is approximately
the same in the selected elements of both structures. On the contrary, if an
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interior column is removed, the higher-rise structure collapses after 535 ms,
as opposed to the lower one which resists to the column loss (Figure 4.22).
The total collapse of the two adjacent bays in the 8-storey structure takes
places later than in the case of an exterior column. This confirms the expected
‘negative’ consequences of adopting a higher-rise structure.

For reinforcement scheme RS1, where a strong discontinuity is consid-
ered in the top reinforcement, the structural damage mechanism is different:
failure occurs at the elements where this discontinuity begins and not at the
connection with the adjacent column(s), as can be observed in Figures 4.23
and 4.24. The sectional failure in this case is due to the reversal of the bend-
ing moment in the midspan of the beams, where the upper reinforcement
amount is insufficient to withstand this load inversion. The total collapse
takes place at approximately the same time for both structures. The rupture
of the tensile steel rebars happens so promptly that the compressive zone of
the beams is very limited and the crushing in concrete has barely initiated by
that moment (black area of the sections). Failure is also observed to expand
to the adjacent bay(s): the plastification of the top steel bars initiates at the
level of the top reinforcement discontinuity.

In reinforcement arrangement RS2, fully continuous reinforcement is em-
ployed for all the beams and columns. This so-called ‘integrity reinforcement’
is included in the guidelines of the GSA as part of the recommendations for
the design of robust structures, with low potential for progressive collapse [1].
According to [11], this feature could have reduced significantly the structural
damage if it had been considered in the design of the Murrah’s Federal Build-
ing in Oklahoma City. However, the results obtained in the present test are
almost identical to the reference one, in which the top reinforcement was
made 66% continuous across the beam span. Figures 4.25 and 4.26 show the
structural failure pattern for reinforcement RS2: no differences are found
with respect to the reference test (Figures 4.21 and 4.22). In Figure 4.29 the
curves corresponding to the vertical displacement for the tests corresponding
to REF and RS2 are coincident.

Reinforcement arrangement RS3 consists of fully continuous and sym-
metrical reinforcement for all the elements. The number of top and bottom
steel rebars is thus identical. Figures 4.27 and 4.28 depict the response of
both structures for an exterior and an interior column loss. This alternative
arrangement succeeds in providing structural integrity for all the structural
configurations studied. The final displacement of the node at the connec-
tion with the removed column is significantly reduced, as can be observed in
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Figure 4.23: RS1: response of both structures.
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Figure 4.24: RS1: response to an interior column removal.

Figure 4.29: the displacement corresponding to the interior column removal
in the 5-storey structure (Figure 4.29b) is reduced by 50% with respect to
the one obtained for REF and RS2. The extra reinforcement provided with
respect to the previous design RS2 (i.e. one additional bottom bar), pro-
vides the strength enhancement required in the beam connections for the
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Figure 4.25: RS2: response of both structures.
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Figure 4.26: RS2: response to an interior column removal.

load redistributions to develop. It corresponds however to a much lower re-
inforcement amount to the one theoretically required for ensuring a collapse
resistant (elastic) design. As previously mentioned, the aim here is to study
the structural integrity and not its serviceability following a sudden column
loss. The symmetrical reinforcement scheme allows for an accommodation of
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Figure 4.27: RS3: response of both structures.
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Figure 4.28: RS3: response to an interior column removal.

the double span condition. The resulting ‘increased’ and ‘reversed’ bending
moments at the beam connections are three to five times larger than the
initial values (as seen in Figures 4.8b and 4.12b), which means that the design
safety margins introduce the adequate resistance reserve for the structure to
withstand such an increase of the design loading conditions.
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(b) 5-storey structure: interior column loss
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(c) 8-storey structure: exterior column loss
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(d) 8-storey structure: interior column loss
Figure 4.29: RS: vertical displacement history as a function of the rein-

forcement scheme.

The partial conclusions drawn out of these design parametric variations
are the following:
• Based on the computational modelling assumptions used here, the min-

imum requirements provided by the standard building codes are in-
sufficient to prevent structural collapse following the sudden loss of a
primary load-bearing member. This observation was made in the test
corresponding to reinforcement scheme RS1, in which the minimal re-
inforcement ratio was employed for the mid-span sections of the beams.

• Continuous reinforcement over the beam span is essential to accom-
modate the loss of a support. However, it may not be sufficient for
all the possible configurations and loading scenarios (higher-rise struc-
tures, internal column loss, low strength materials...) as seen REF and
RS2, where partially and fully continuous reinforcement were provided
respectively. The structures collapsed for most of the studied configu-
rations.
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• Fully continuous symmetrical reinforcement of the beams appears to
be the best design solution to prevent progressive collapse, resulting in
the structural robustness required to accommodate the load reversals
and the double-span condition (RS3).

• These results are general for both low and medium rise structures:
almost the same response patterns have been obtained for the two
different structures considered here.

4.5 Influence of the column removal duration

In this section, the interest is shifted towards the effects of the removal time
in the progressive failure scheme of the initial structure. Various column re-
moval times are applied in order to link the rate of column disappearance to
the nature of the loading scenario that causes it. Up to now, a sudden col-
umn removal technique has been employed, which in practical terms means
that the removal is performed in a single time step, thus tr = 5 ms. This
removal time would also correspond to the duration of the impulsive phase
of an explosion [78].

Here, in order to represent column removal durations corresponding to
initial triggering events other than a blast, different column removal times,
indicated in Table 4.6, are adopted. They correspond to the order of magni-
tude of the time of column removal in a low velocity impact event. According
to the bibliography dedicated to the subject of car-crash simulations [86–88],
the duration of a vehicle impact on a structure would typically be in the
range of several tens or several hundreds of milliseconds (ms). Furthermore,
Eurocode 1 (document EN 1991-1-7) in its Annexe C (Dynamic design for im-
pact) provides the guidance for the approximate dynamic design of structures
subject to accidental impact by road vehicles, rail vehicles and ships [16]. In
this document, the design force due to an impact may be considered as a
rectangular pulse whose duration (∆t) is determined by the mass (m) and
the equivalent elastic stiffness (k) of the colliding object:

∆t=
√
m/k

The values of m and k are given as a function of the type of vehicle. For
a car m = 1500 kg while for a lorry m = 20000 kg. The equivalent stiffness
is k = 300kN/m for both. These values give an impact duration of 220 ms
in the case of a car and 816 ms for a lorry. Based on such values, column
removal times of up to 500 ms are tested in the present analysis. The reference
structure is employed in this study.
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Table 4.6: Triggering event durations (TED) tested.

tr [ms]
REF 5
TED1 50
TED2 100
TED3 250
TED4 300
TED5 500

The vertical displacement history at the connection with the removed
column is depicted in Figure 4.30 for the six considered removal times. The
structural failure patterns are reported in Figure 4.31. They show that in-
ertial effects play a major role in the present progressive collapse analysis:
higher removal times, and subsequently lower accelerations, can prevent the
collapse after the column loss. For instance, for TED5, where tr = 500 ms,
only the plastification of the steel bars is observed in some locations. This
analysis illustrates to which extent the inertial effects affect the structural
response and is consistent with the statement from [41], claiming that the
sudden column loss idealisation offers an upper bound on the deformations
obtained with respect to event-dependent approaches.

0 500 1000 1500 2000
−40

−30

−20

−10

0

Time (ms) after removal onset

D
is
p
la
ce
m
en
t
(c
m
)

 

 

TED5

TED4

TED2
REF TED1

TED3

Figure 4.30: TED: vertical displacement history as a function of the
triggering event duration.
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(f) TED5: tr = 500 ms
Figure 4.31: TED: response as a function of the triggering event dura-

tion.
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4.6 Influence of the design code for progressive col-
lapse verification

The results of the sudden column loss simulation may vary depending on
the design code selected to verify the progressive collapse sensitivity of the
structure. The GSA prescriptions in terms of load combinations applied to the
beams has been employed in the present analysis [1], since it is the technique
most often adopted in the literature [21,22,24,28,29,32,33,35,36]. The DoD
guidelines [15] propose a loading combination that includes 50% of the live
loads instead of 25% as suggested by the GSA [1]. The total downward loads
applied to the beams in a dynamic computation are thus:

Total Loads = Dead Loads + 0.5×Live Loads

The numerical values for this approach were indicated in Table 4.2 for the
studied structure. This analysis procedure is now adopted to verify if the
conclusions to be drawn from the previous computations still remain valid
with the load combination prescribed by the DoD. The response of the ref-
erence 5-storey structure is investigated for two reinforcement arrangements
(the reference one (REF) and the design RS3 that provided the better re-
sistance to progressive collapse in Section 4.4), as indicated in Table 4.7.

Table 4.7: Study cases depending on the design code (GSA vs DoD).

Reinforcement scheme Technique
REF-GSA REF GSA
REF-DoD REF DoD
RS3-GSA RS3 GSA
RS3-DoD RS3 DoD

The results for an exterior column removal are depicted in Figure 4.32. In
case REF-DoD, the total failure of the rightmost bay takes place 55 ms ear-
lier than in case REF-GSA. Apart from this fact, no significant difference
is found between both results. In RS3-DoD, the reinforcement arrangement
RS3 is adopted (see Table 4.5), which was observed to result in the most
robust design among the studied reinforcement combinations: while this re-
inforcement pattern results in a progressive collapse resistant design for the
GSA load combination, the structural integrity is not maintained for the DoD
approach when an exterior column removal is considered.
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Figure 4.32: DoD vs GSA: response for an exterior column removal.

The results for an interior column removal are shown in Figure 4.33.
Here again, the results differ substantially from those obtained via the GSA
specifications. If the reference design is applied, the collapse of the two bays
directly associated with the removed column occurs when 50% of the live
loads are applied. In general, the DoD technique leads to more conservative
results than the GSA approach for both reinforcement arrangements.

Figure 4.34 depicts the displacement history for both column removals
and both load combinations for the two considered designs. These results in-
dicate that the structural response obtained in a sudden column loss analysis
may differ depending on the procedure considered, even for the most widely
used methods, which shows the importance of the choice of the code standard
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used for the simulation of progressive collapse.
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Figure 4.33: DoD vs GSA: response for an interior column removal.
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Figure 4.34: DoD vs GSA: vertical displacement history.
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4.7 Discussion

The previous progressive collapse simulations show the rate independent re-
sponse of a RC frame subject to a sudden column loss. This technique is
widely used in the framework of progressive collapse verification methods.
It consists in the instantaneous removal of a support member in order to
represent the direct effects of an abnormal loading event that would result
in a full failure of such member. The results of the reference case of study
showed the interest in adopting a multilayered beam formulation for the rep-
resentation of the sectional behaviour of RC beams, due to the important
variations (both in time and position) of the generalised stresses and strains
during the progressive failure process.

The benefits of the multilayered model adopted in the present work with
respect to other closed-form formulations which introduce a number of simpli-
fying hypothesis in the characterisation of the flexural behaviour of RC mem-
bers is demonstrated. To this end, the reference case of study is repeated by
varying the most important design and modelling parameters susceptible to
affect the structural failure scheme. The range of these parametrical changes
is motivated by the variability found in the literature and always matches
realistic values of the studied parameters. The present model allows for a
direct consideration of such variations, without the need of a priori identi-
fications for the relationships between generalised stresses and strains and
their complex interactions.

The material parameters analysed here, in particular the tensile strength
of concrete and the ultimate strains of concrete and steel, do not appear to af-
fect the global response of the RC frame studied in a significant manner. The
consideration of the tensile strength of concrete yields to almost identical re-
sults with respect to the reference test, where this parameter is ignored. The
tensile contribution of concrete could therefore be neglected in the context
of rate independent analyses. The increase of the ultimate strain in concrete
seems also to have no influence on the results. This structural insensitivity to
the ultimate strain of compressive concrete justifies the fact that the stirrups
(having a confining effect on concrete and thus a ductility-increasing effect)
are not explicitly incorporated in the present work. Concerning the increase
of the ultimate strain of steel, it might be responsible for a slight structural
enhancement consisting in a more ductile behaviour. Nevertheless, this con-
clusion should be tempered due to the large displacements involved in the
corresponding response, which are a priori incompatible with the geometri-
cally linear approach employed in the present study.
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As far as the design options are concerned, various reinforcement arrange-
ments were tested, and this for two different topologies: the 5-storey 8-bay
reference structure and a 8-storey 5-bay frame. Several degrees of continu-
ity of the steel rebars are considered. Among all the studied reinforcement
patterns, fully continuous symmetrical reinforcement over the beam spans re-
sults in the most robust design. Conventional reinforcing complying with the
building codes requirements is observed to be unable to provide the structural
resilience needed to resist to a sudden column loss. It was also demonstrated
that continuous reinforcement over the beam span, which is considered as
an essential feature to accommodate the loss of a support according to the
GSA [1], may not be sufficient for providing the required resistance to the
loss of a supporting element: the partially and fully continuous reinforcement
tested in the present study resulted in collapse for most of the configurations
analysed.

As expected, the higher-rise structure appears to be more prone to pro-
gressive collapse. However, the same trends are observed in the response of
both structural topologies.

The location of the removed element has also an effect on the propaga-
tion of collapse: the removal of an interior column leads to lesser degrees of
structural damage, due to the support provided by the neighboring columns
at both sides.

The column removal time, which is varied here to represent different types
of extreme loading event resulting in local failure, is also determinant in the
structural response. The inertial effects are directly related to this variable:
for higher removal times the accelerations involved in the process are smaller
and thus the extent of structural damage is lower. This confirms that the
sudden column loss idealisation represents a useful design scenario for the
assessment of structural robustness, as stated in [41].

All the previous computations were conducted for a particular choice of
the loads to be applied to the structure. The load combination prescribed
by the GSA was considered: 25% of the live loads were applied. In order to
appraise the effect of such a choice, the load combination proposed by the
DoD procedure, which considers 50% of the live loads, was evaluated. This
combination resulted in an increase of the structural robustness with respect
to the previous results. It can be thus concluded that the strategy used for
the simulation of the sudden column loss has a significant effect on the re-
sults: the DoD might lead to conservative designs with respect to the GSA
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guidelines. The latter constitutes the most often adopted approach for the
progressive collapse verification [21,22,24,28,29,32,33,35,36].

It must be noted that the previous observations should be considered
in the context of the simplifying approximations introduced in the present
modelling strategy. Regarding the material modelling aspects, a number of
features have not been considered for the sake of simplicity and/or since
the modelling of all the possible aspects of the material response at the fine
scale is out of the scope of the present work. Nevertheless, the introduction
of such additional features would allow for a more realistic representation of
the material behaviour. For instance, a damage evolution law for the material
stiffness degradation as a function of the cumulated plastic strain would pro-
vide a better approximation in the unloading phases. It would also allow for
reducing the spurious high frequency vibrations in the structural response
that increase the computational effort. Moreover, the incorporation of the
cyclic response would also result in a better approximation of the material
response of concrete and steel, especially considering the dynamic, oscillatory
nature of dynamic progressive collapse.

The geometrically linear approximation employed in this work is con-
sidered to be partially justified by the rather limited plastic rotations in
RC structures. However, it was observed that for certain cases the displace-
ments involved in the progressive collapse process might be considerable.
Furthermore, the rotational ductility appears to be a very important param-
eter for the safe design of RC structures, since it determines the ability of
the structure to redistribute moment and fail gradually [49]. Nevertheless,
this simplifying hypothesis is assumed to provide with more conservative re-
sults/designs, since the a priori favourable catenary effects that follow the
large displacement configurations are not taken into account.

The extension of the present two-dimensional approach to three dimen-
sions seems to be the logical next step in order to obtain a more realistic
structural response. Note that the single column removal in a 2D represen-
tation would correspond to removing a whole row of columns in 3D since
the transversal resistance is not taken into account. However, this upgrade is
nontrivial both from the computational cost viewpoint, and from the perspec-
tive of structural complexities (representation of torsional effects, stiffening
effects of the floors...).

Finally, the fully damaged structural elements are not removed from the
topology, they remain attached to the structure after reaching complete fail-
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ure. The consequences of such assumption are twofold: 1) they keep trans-
ferring stresses to the intact elements in the vicinity and 2) the impact of
failing members on adjacent elements is not included.
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5

Investigation of the Strain Rate
Effects

Strain rate effects in reinforced concrete might be expected to have an
influence in the structural response under progressive collapse. In the
present chapter, the strain rate dependence in the material behaviour of
concrete and steel is studied and modelled. These effects are introduced
at the structural level through the multilayered beam formulation. In
order to assess the degree of rate dependence in progressive collapse, the
results of rate dependent simulations are presented and compared to the
rate independent approach. The influence of certain parameters in the
rate dependent response is also studied. Rate effects are observed to have
an influence on the structural response.

5.1 Strain rate effects in RC

For a wide range of triggering events (impact, blast...), progressive collapse
is a strongly dynamic process involving rather high strain rates. As a re-
sult, the global response of a part or the entire structure is likely to entail
dynamic effects, as well as strain rate effects in the material response. Re-
inforced concrete structures subjected to high loading rates are expected
to have a different response than when loaded statically. For instance, con-
crete shows a strongly rate dependent behaviour, with both compressive and
tensile strengths increasing significantly with the strain rate [52, 81, 82], as
confirmed by experimental tests carried out by means of the Split Hopkinson
Bar [83, 84]. Figure 5.1 illustrates the strain rate effects in the compres-
sive strength of concrete, obtained via experimental tests [81]. It shows the
so-called dynamic increase factors (DIF), representing the ratio of dynamic
to static strength. This rate dependent strengthening effect is attributed to
moisture in capillary pores and micro-inertia [89]. Steel also presents a strain
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Figure 5.1: Strain rate effects on the compressive strength of concrete.
Reproduced from [81].

rate sensitive behaviour, although to a lower extent than concrete [85].

Since the structural behaviour under progressive collapse depends consid-
erably on stress redistributions, this material strain rate dependence, leading
to an enhancement in the local strength with increasing strain rates, might
also induce a different overall response of the whole structure. The multilayer
beam formulation is the tool used to assess the need for taking such a strain
rate dependent material behavior of the constituents into account in progres-
sive collapse simulations. It indeed allows for the incorporation of the rate
effects at the sectional level linking the generalised stresses (N and M) to
the generalised strains (ε̄ and χ) and their rates ( ˙̄ε and χ̇) implicitly; thereby
avoiding the need for a complex identification of approximate closed-form
rate dependent sectional evolution laws.

Numerous references on the rate-dependent behaviour of concrete can be
found in the literature [89–92], where the strength enhancement at the ma-
terial level is studied and modelled in the context of small scale structural
computations. However, the influence of the viscous effects at the global
scale has not yet been investigated in contributions related to structural pro-
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gressive collapse. For instance, according to [33] the strain-rate effects are
not expected to be significant in the progressive collapse response. Other
contributions include these effects analytically, by increasing the strength
of concrete and steel as a function of the strain rate [29, 30]. For instance
in [30] the strain rate effects in concrete and steel are mentioned to have
been taken into account in a computation although no further details are
provided in this regard. To the knowledge of the author, no previous work
has so far included physically motivated strain rate effects in the material
model, for both the elastic and plastic response, in the context of large-scale
structural computations. Furthermore, the degree of influence of such effects
at the global scale has not yet been investigated in contributions related to
structural progressive collapse. In [80], the strain rate effects (introduced via
strength amplification factors) in the seismic response of a small RC frame
were found to be minor.

Here, the rate dependent effects in the structural response stem from
the rate dependence at the material level: strain rate dependent constitutive
laws for concrete and steel are defined and introduced in the layers of the
multilayered beam, which allows for rate dependent relationships between
generalised stresses and strains. In order to justify the development of a rate
dependent constitutive model, the value of the strain rates obtained in the
sudden column loss simulation have been extracted. Figure 5.2 depicts the
evolution of the strain rates in the external layers of Sections S1, S2 and S3
in the previous reference case of study (Figure 4.5).
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Figure 5.2: REF: evolution of the strain rate in the external layers of
sections S1, S2 and S3.
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5.2 Rate dependent response of concrete and steel

The maximum values of the compressive strain rates obtained in all the
elements of the structure are also shown in Figure A.1, in the Appendix.
Values of up to 1.1 s−1 are reached in some elements, which according to
Figure 5.1 could give rise to a significant local strength enhancement resulting
in a potential structural integrity improvement.

5.2 Rate dependent response of concrete and steel

The International Federation for Structural Concrete (fib) [52] describes the
rate dependent behaviour of concrete in compression by means of a rate
dependent modulus of elasticity and the dynamic increase factors (DIF) on
strength, as determined by Malvar and Crawford [82]. The effect of strain
rate on Young’s modulus and the dynamic increase factors are estimated by:

Ec
Ec,st

=
(
ε̇

ε̇st

)0.026
(5.1)

DIFcomp
conc = fc

fc,st
=


(
ε̇
ε̇st

)1.026αs for ε̇≤ 30s−1

γs
(
ε̇
ε̇st

)1/3
for ε̇ > 30s−1

(5.2)

where Ec is the compressive Young’s modulus at strain rate ε̇; Ec,st the com-
pressive static Young’s modulus; fc the compressive strength at strain rate ε̇;
fc,st the static compressive strength (37.9 MPa for a C30 concrete); ε̇ a strain
rate between 3 ·10−5 s−1 and 300 s−1; ε̇st the compressive ‘static’ strain rate
of 3 ·10−5 s−1; log(γs) = 6.156αs−2; αs = 1/(5 + 9fc,st/107).

Based on these dynamic increase factors, a strain rate dependence is intro-
duced both in the elastic and in the plastic domain of the proposed bilinear
model explained in Chapter 3, to match the previous fib prescriptions in
terms of peak stress and strain at peak stress. This allows for preserving the
crushing energy (area under the compressive stress-strain curve) as shown in
Figure 5.3a, where the simplified bilinear model used here is compared to the
response as proposed by the fib. The compressive stress-strain curves for a
C30 concrete type are depicted for various strain rates. The rate dependent
curves suggested by the fib have been constructed following the static stress-
strain expression based on relationships (3.1), (3.2) and (3.3), and the rate
dependent expressions for the Young’s modulus (Eq. (5.1)) and the DIFs on
the compressive strength (Eq. (5.4)). A rate dependent Young’s modulus is
adopted, an important feature due to its influence in the load distributions
involved in progressive collapse analyses. It must be noted that the long-
term time-effects on the material characteristics of concrete (such as creep or
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5. Investigation of the Strain Rate Effects

shrinkage) are not considered in this model, since they are out of the scope of
the present research. The ultimate compressive strain (-0.35%) corresponding
to the crushing strain of concrete will be considered constant independently
of the strain rate, as no evolution of this parameter was evidenced in [60].
The dynamic increase factors for a C30 concrete type obtained with the pro-
posed model are in good agreement with the prescriptions of the fib [52], as
observed in Figure 5.3b. The details of the rate dependent constitutive model
proposed in this work, as well as the stress update algorithm, will be given
in the next section.
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Figure 5.3: Strain rate dependent model for concrete in compression.

The tensile behaviour of concrete is also rate dependent. The tensile
contribution of concrete was observed to be negligible in the previous rate
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5.2 Rate dependent response of concrete and steel

independent computations. In order to investigate whether the strength en-
hancement resulting from the strain rate effects lead to a more significant
influence of the tensile strength, a rate dependent model for tensile response
is also developed. The expression for the rate dependence of Young’s modulus
and the tensile strength, given by the fib [52], are:

Et
Et,st

=
(
ε̇

ε̇st

)0.026
(5.3)

DIFtens
conc = ft

ft,st
=


(
ε̇
ε̇st

)1.016δs for ε̇≤ 30s−1

βs
(
ε̇
ε̇st

)1/3
for ε̇ > 30s−1

(5.4)

where Et is the tensile Young’s modulus at strain rate ε̇; Et,st the tensile
static Young’s modulus; ft the tensile strength at strain rate ε̇; ft,st the
static tensile strength (3.25 MPa for a C30 concrete); ε̇ a strain rate between
3 · 10−6 s−1 and 300 s−1; ε̇st the tensile ‘static’ strain rate of 3 · 10−6 s−1;
log(βs) = 7.11δs−2.33; δs = 1/(10 + 6fc,st/107).

In what refers to the rate dependence of the tensile fracture energy Gf ,
the fib merely states that the value of this parameter increases with increas-
ing stress and strain rate [52], however no quantitative information is given.
Numerous studies have been carried out to assess the rate dependence of Gf ,
from which different conclusions are derived. According to [62] the fracture
energy barely depends on the strain rate. In [56], experimental tests are car-
ried out and the fracture energy is considered to remain constant for medium
levels of the loading rate, whereas for high values of the loading rate it does
increase but not in a significant manner. The ultimate strain is shown to
be practically rate independent. For other authors [57–61], the rate depen-
dence in the fracture energy is considered to be more significant and different
expressions as a function of the strain/loading rate are suggested. In this con-
tribution, in order to limit the rate dependence of the fracture energy to a
certain extent, the model parameters are set such that the stress decreases
to reach a zero value at the fixed ultimate strain of εu = 10/00 whatever the
value of the strain rate, as observed in Figure 5.4a. The DIFs are also shown
in Figure 5.4b. The model proposed here matches the DIF previsions from
the fib (based on those obtained by Malvar et al. [85]) in a reasonable way
for the range of strain rates that are considered here (up to 2 s−1).
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Figure 5.4: Strain rate dependent model for concrete in tension.

For steel, Young’s modulus is assumed to be rate independent, as ob-
served by Malvar et al. [85]. The DIFs corresponding to the yield stress and
the ultimate stress for steel obey the following expressions according to [85]:

DIFy
steel = fy

fy,st
=
(
ε̇

ε̇st

)αy

(5.5)

DIFu
steel = fu

fu,st
=
(
ε̇

ε̇st

)αu

(5.6)

with fy the yield stress at strain rate ε̇; fy,st the static yield stress (here
500 MPa); fu the ultimate stress at strain rate ε̇; fu,st the static ultimate
stress (here 530 MPa); ε̇ a strain rate between 10−4 s−1 and 225 s−1; ε̇st
the ‘static’ strain rate of 10−4 s−1; αy = 0.074− 0.040fy/414; αu = 0.019−
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5.2 Rate dependent response of concrete and steel

0.009fy/414. The parameters of the constitutive model (which will be de-
tailed in next section) are adjusted to match the previous recommendations
in terms of DIFy

steel.
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Figure 5.5: Strain rate dependent model for steel.

Figure 5.5 shows the rate dependent stress-strain curves of the proposed
model and the corresponding DIFs. It can be observed that the plastic slope
of the stress-strain relationships remains constant independently of the strain
rate. However, the DIFs predicted in [85] for the yield stress are significantly
higher than those for the ultimate stress. In order to guarantee that the re-
sulting values of the ultimate stress do not overestimate the previous rate de-
pendent previsions, the ultimate-to-yield stress ratio in the proposed model
(fu,st/fy,st = 1.06) is lower than the minimum value recommended in Eu-
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5. Investigation of the Strain Rate Effects

rocode 2 [51] for a steel ductility class B (fu,st/fy,st ≥ 1.08). The ultimate
strain, which is not observed to vary as a function of the strain rate [85],
is taken equal to εs,lim 4% as in the rate independent model. In order to
represent the failure of steel, the stress is set to zero for strains exceeding
this value, regardless of the value of the strain rate.

5.3 Rate dependent constitutive model

A natural way to include the strain rate effects in a material model is the
introduction of viscous terms in the constitutive law. For instance, Pedersen
et al. [89] developed a rate dependent macroscopic material model based
on the microscopic and mesoscopic behaviour of concrete. According to the
authors, the rate dependence of concrete behaviour is assumed to be linked to
the moisture in micro- and nano-pores of the material for intermediate rates,
while for higher rates the observed strength increase in concrete would be due
to a change of the failure mechanisms and to the effect of micro-/meso-inertia.
In the present contribution, rate dependent one-dimensional constitutive laws
for concrete and steel are used in the layers of the layered beam model. The
Perzyna’s viscoplastic model [94, 95] is adopted for the behaviour of both
constituents. This model is widely employed for the characterisation of the
strain rate effects in concrete [89, 91–93]. In such a model, the viscoplastic
strain rate ε̇vp is expressed as a function of the yield function f defined in
Eq. (3.10):

ε̇vp = 1
η

〈
f

σ̄0

〉N
df

dσ
(5.7)

where σ̄0 (MPa) is the initial yield stress; f (MPa) is the yield function which
accounts for the overstress (σ− σ̄); η (s) and N (-) are viscosity parameters,
with N ≥ 1 an integer number; and 〈 〉 denotes the Macaulay brackets. The
previous relation implies that the applied stress σ can exceed the yield stress
σ̄ in a viscoplastic approach, contrarily to the rate independent plastic case
(where σ ≤ σ̄). Figure 5.6 describes the typical stress–strain relationship in
a viscoplastic model.

Note that the parameter η may depend on the strain rate η(ε̇) to match
the material response reported in the literature in terms of DIFs. The Young’s
modulus may also be a rate dependent function, as previously explained
(E(ε̇)). Rewriting Eq. (5.7) in an incremental fashion, the residual in Eq. (3.14)
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Figure 5.6: Typical stress-strain relationship of an elasto-viscoplastic
model.

now reads:

{R(σn+1,κn+1)}=


σn+1−σtrialn+1 +E(ε̇n+1)∆κn+1

η(ε̇n+1)∆κn+1−∆tn+1
〈
f(σn+1,κn+1)

σ̄0

〉N df
dσ

∣∣∣
n+1

= 0

(5.8)
where Eq. (3.9) and the approximation κ̇= ∆κ/∆t have been used, with ∆t
the time step. As in the rate independent approach, this residual is a function
of two variables: σ and κ.

5.3.1 Particularities of the rate dependent model parameters

The expressions and/or values for the parameters of the rate dependent model
are provided in Table 5.1. It can be observed that some of these parameters
depend on the strain rate. For instance, the use of strain rate dependent
functions for the material parameters, instead of constant values, constitutes
the main originality of the present formulation. Their analytical expressions
are given in the Appendix.

For concrete in compression, the rate dependence needs to be intro-
duced both in Young’s modulus Ec(ε̇) and in the viscoplastic parameter ηc(ε̇),
to obtain a good agreement with the previsions reported in the fib in terms
of stress-strain relationships and DIFs, which were shown in Figures 5.3. The
expression for Ec(ε̇) is different from the rate dependent formula proposed by
the fib in Eq. (5.1), since in the present simplified bilinear model an equiv-
alent reduced elastic modulus is adopted (Figure 5.3a), instead of the ‘real’
Young’s modulus (the initial slope of the stress-strain curve proposed by the
fib model). Hence, the rate dependent expression for this parameter differs
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Table 5.1: Material parameters of the rate dependent constitutive mod-
els for steel and concrete

steel
Ns ηs [s]
1 ηs(ε̇)∗ (Fig. 5.11)
∗ numerical expression in Appendix

concrete
compression

Ec [GPa] Nc ηc [s]
Ec(ε̇)∗ (Fig. 5.7a) 1 ηc(ε̇)∗ (Fig. 5.7b)

tension
Et [GPa] Nt ηt [s]

Et(ε̇)∗ (Fig. 5.10a) 5 ηt(κt)∗ (Fig. 5.10b)
∗ numerical expression in Appendix

from the fib formula. As for the viscoplastic parameter ηc, a rate independent
choice would not allow approximating the predictions in terms of DIFs (in
Figure 5.3b). Hence the need to adopt a rate dependent function for this
parameter as well. Parameters Ec(ε̇) and ηc(ε̇) are depicted in Figure 5.7.

In tension, the rate dependence of the Young’s modulus Et(ε̇) is directly
taken from Eq. (5.1), since the ‘real’ elastic modulus is adopted for the tensile
response. The viscoplastic parameter ηt is considered rate independent for the
sake of simplicity, which yields a slightly worse yet still reasonable agreement
with the DIFs provided by the fib (in Figure 5.4b), for the strain rate range
considered in this work (values up to 2 s−1 were obtained in the reference
test from previous chapter). As explained in Section 3.1.2, the post-peak
tensile stress-strain curve is modelled by using a softening evolution law for
the yield stress, in order to represent the strength decrease due to cracking.
This softening being an exponential function, the overstress induced by the
present viscoplastic model would prevent the tensile stress from vanishing
for a constant viscoplastic strain rate (ε̇vp = const). For instance, it can
be easily yielded from Eq. (5.7) that if ε̇vp is constant, then the overstress
(σ− σ̄) included in the yield function f (see Eq. (3.10)) will also be constant.
Figure 5.8 illustrates this phenomenon.

Adopting a constant viscoplastic parameter ηt in tension would therefore
result in a considerable increase of the fracture energy for increasing strain
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Figure 5.7: Model parameters for concrete in compression.

rates, due to the growth of both the stress level and the ultimate strain
(strain at which the stress vanishes). To avoid this, here ηt is made a de-
creasing function of the accumulated tensile plastic strain κt, in such a way
that the overstress vanishes at the ultimate strain εu = 10/00. Thus, ηt drops
exponentially from its initial value to zero, in order to retake the classical
(rate independent) plastic approach for strains exceeding the ultimate strain.
By doing so, the rate dependence on the fracture energy is only related to
the tensile strength enhancement, and not to the pathological residual stress
in the post-peak branch. Figure 5.8 shows the different stress-strain curves
obtained for a constant viscoplatic parameter and a parameter ηt which van-
ishes with κt. It must be noted that this feature (i.e. the evolution of ηt on the
cumulated strain κt) is also an original contribution to the physically-based
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Figure 5.9: DIFs of the fracture energy Gf as a function of ε̇.

modelling of the rate dependent tensile response in concrete. In Figure 5.9,
the evolution of the fracture energy Gf as a function of the strain rate ob-
tained with the proposed model in terms of DIFs is illustrated. It can be
observed that the corresponding DIFs for Gf are close to the values of the
DIFs for the tensile strength of concrete. The tensile Young’s modulus Et(ε̇)
and the evolution of parameter ηt as a function of the viscoplastic strain
history parameter κt are shown in Figure 5.10.
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Figure 5.10: Model parameters for concrete in tension.

For steel, the Young’s modulus adopted in the present study is rate
independent, accordingly to the observations from [85]. The viscoplastic pa-
rameter ηs varies as a function of the strain rate (ηs(ε̇)) to match the DIFs
predicted by [85] (Figure 5.5b). Parameter ηs(ε̇) is depicted in Figure 5.11.

A perturbation technique is used to evaluate the material tangent oper-
ator H consistent with the return-mapping algorithm. This avoids the ana-
lytical derivation of the constitutive equations with respect to the strain ε, a
non-trivial task due to the multiple dependence of parameters Ec(ε̇), ηc(ε̇),
ηt(κt) and ηs(ε̇).
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Figure 5.11: Parameter ηs(ε̇) in steel.

5.4 Rate dependent multilayered approach

The introduction of the previous rate dependent constitutive equations in
the layered beam formulation provides rate dependent relationships between
the beam generalised stresses {Σgen} and strains {Egen}:

{Σgen}= f
(
{Egen} ,

{
Ėgen

})
(5.9)

To obtain such relationships, the layer-wise strain rates are computed from
the generalised strain rates {Ėgen}=

{
˙̄ε, χ̇
}
as follows:

ε̇i = ˙̄ε− ȳiχ̇ (5.10)

These strain rates are used to calculate the layer-wise stresses by applying
the rate dependent constitutive laws σi(εi, ε̇i), as illustrated in Figure 5.12.

An analytical version of such a rate dependent multilayered approach
is presented in [47], where the strain rate dependence is introduced in a
simply supported RC slab under blast loading by multiplying the layer-wise
stresses σi(εi) by their corresponding dynamic increase factors DIF(ε̇i). The
rate dependence of concrete in the elastic region is not taken into account
in [47], contrarily to the present formulation.
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Figure 5.12: Rate dependent multilayered approach.

5.4.1 Application: rate dependent moment-curvature relationships
for a given RC section

To illustrate the rate-dependent response of reinforced concrete at the cross-
sectional level, a RC beam section is subjected to a simple bending test where
curvature is applied at different rates. The values of the curvature rates used
in this test are in the same order of magnitude as those obtained in the rate
independent structural computations in the previous chapter. Figure 5.13
shows the evolution of the curvature rate in sections S1, S2 and S3 from the
reference case of study.
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Figure 5.13: Evolution of the curvature rates in the reference case of
study.
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It can be observed that the maximum values are reached at the end of the
computation, when collapse is imminent and the structure is in an advanced
state of degradation. In order to obtain the range of rates which are related
exclusively to the column removal (before significant structural damage has
occurred), the maximal values reached in all the elements of the structure
until 250 ms after the column removal onset have been extracted. The max-
imal value obtained is χ̇= 0.73 rad/(m·s).

The present test is sketched in Figure 5.14: a uniform curvature is created
along the beam length by applying an angular displacement θ at both ends.
This angular displacement is incrementally increased at a constant rate θ̇.
The curvature rate χ̇ is calculated as:

χ̇= δθ̇

δx
= 2θ̇
L

(5.11)

with L the beam length. Two beam cross-sections are used: Scheme A cor-
responds to Section A of the reference case of study in the previous chapter
(Figure 4.3); Scheme B contains the same upper reinforcement, but for the
lower one the 32 mm diameter bars are substituted by 20 mm diameter ones.
Inertial effects are not taken into account here since the aim is to focus on
the strain rate effects. The material parameters are those indicated in Ta-
bles 3.2 and 5.1. Tensile strength of concrete is taken into account, together
with its corresponding rate effects. The obtained rate dependent bending
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Figure 5.14: Rate dependent uniform bending test description.
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5.4 Rate dependent multilayered approach

moment–curvature relationships for Scheme A are shown in Figure 5.15, for
both positive and negative bending.

Crushing of concrete occurs first, followed by the failure of the tensile
rebars. It can be observed that the use of a rate dependent model for con-
crete and steel leads to a significant enhancement in the sectional behaviour
for the rates considered in the present study. Logically, the section exhibits
higher resistance for negative bending, since the upper reinforcement ratio is
larger than the lower one. The crushing of compressive concrete is observed
to initiate earlier for increasing rates.
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Figure 5.15: Scheme A: Bending moment–curvature diagrams as a func-

tion of the curvature rate.
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The final state of the section for Scheme A for as a function of the cur-
vature rate is depicted in Figure 5.16 for positive and negative bending. The
sectional failure is identical for the various curvature rates adopted in the
case of positive bending, while for negative bending the area of concrete un-
der compression (in particular the plastic red zone) increases slightly as a
function of the curvature rate. This result might be a consequence of the
absolute strength enhancement in the upper steel bars (in tension) due to
the strain rate effects, which is higher than in the bottom steel bars and is
thus balanced by an increased area of concrete under compression.

χ̇= 0 χ̇= 0.01 χ̇= 0.1 χ̇= 1
(a) Positive bending

χ̇= 0 χ̇= 0.01 χ̇= 0.1 χ̇= 1
(b) Negative bending

Figure 5.16: SchemeA: sectional final state as a function of the curvature
rate.

The results corresponding to Scheme B are depicted in Figure 5.17 for the
moment–curvature relationships and in Figure 5.18 for the final state of the
section as a function of the curvature rate. The same generic observations as
for the previous scheme are valid for this less reinforced configuration. The
level of sectional resistance under positive bending is lower than under posi-
tive bending, since the amount of bottom reinforcement is much lower to the
top one. For this reinforcement arrangement the positive moments are also
inferior to those obtained with Scheme A, as expected from the reduction
of the lower reinforcement area. Due to this fact, the fracture of the ten-
sile steel bars occurs before the initiation of concrete crushing. For negative
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Figure 5.17: Scheme B: Bending moment–curvature diagrams as a func-

tion of the curvature rate.

bending, however, the crushing takes place earlier than for Scheme A, which
is also due to the lesser amount of bottom reinforcement. Although the same
level of bending moment is obtained for both schemes, Scheme B presents a
slightly more ductile response: the rupture of the steel bars occurs later than
for Scheme A. The same phenomena is observed as for the rate independent
response of these sections (Chapter 3).

Concerning the final state of the section for the different curvature rates,
the main difference with respect to Scheme A is that the crushed concrete
area is lower for positive bending and higher for negative bending. The same
global rate effects are obtained for Scheme B: for positive bending the sec-
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χ̇= 0 χ̇= 0.01 χ̇= 0.1 χ̇= 1
(a) Positive bending

χ̇= 0 χ̇= 0.01 χ̇= 0.1 χ̇= 1
(b) Negative bending

Figure 5.18: Scheme B: sectional final state as a function of the curvature
rate.

tional failure pattern is less rate-sensitive than for negative bending. However,
a better exploitation of the concrete material is observed for negative bending
in Scheme B with respect to Scheme A: the rate effects induce an increase of
the compressive part of the section. As for Scheme A, the strength enhance-
ment in tensile steel due to the strain rate effects appears to be compensated
by increasing the area of concrete under compression. Since the bottom re-
inforcement in Scheme B is lower than in Scheme A, this increase is more
significant than in the previous case.

The dynamic increase factors of the maximal bending moment (thus be-
fore crushing) as a function of the curvature rate are gathered in Figure 5.19.
They are practically identical for both schemes. For positive bending the DIFs
are slightly inferior for Scheme B, although this is only a minor difference.
The increase of the rotational strength takes values up to 23%, as can be seen
in the figure. This is thus the order of magnitude of the flexural resistance
enhancement that may be expected in a rate dependent progressive collapse
simulation. Note that this enhancement could play a crucial role in situations
of sudden bending moment increase and/or reversal at the beam-to-column
connections after the loss of a bearing member.
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Figure 5.19: Dynamic Increase Factors for the maximum bending mo-
ment.

5.5 Time integration scheme for the strain rate depen-
dent approach

At the structural scale, the equilibrium equations now read:{
f int ({q},{q̇})

}
+ [M ]{q̈}=

{
fext

}
(5.12)

where the internal forces
{
f int

}
are also a function of the displacement rates

{q̇}: {
f int ({q},{q̇})

}
=
∑
e

∫
Ve

[B]t
{

Σgen
(
{Egen} ,{Ėgen}

)}
dV (5.13)

Note that the new structural tangent operator [K∗t ] (defined as the vari-
ation of the internal forces with respect to the displacements) now contains
inherently a viscous damping term which stems from the rate dependence of
the internal forces. The development of this new structural tangent operator
yields:

[K∗t ] =
∂
{
f int({q} ,{q̇})

}
∂ {q}

=

=
∂
{
f int({q} ,{q̇})

}
∂ {q}

∣∣∣∣∣∣
{q̇}=cst

+
∂
{
f int({q} ,{q̇})

}
∂ {q̇}

∣∣∣∣∣∣
{q}=cst

∂ {q̇}
∂ {q}

(5.14)

By making use of the definitions of tangent stiffness matrix [Kt] and tangent
damping matrix [Ct], which denote the variation of the internal forces with
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respect to the displacements and the velocities respectively, the expression
of the tangent operator is given by:

[K∗t ] = [Kt] + [Ct] ·
∂ {q̇}
∂ {q}

(5.15)

The non-vanishing of the viscous damping matrix [Ct] is fulfilled by the rate
dependence of the internal forces

{
f int({q} ,{q̇})

}
, which allows for their

derivability with respect to the displacement rate {q̇}, contrarily to a rate-
independent approach where this term would vanish and [K∗t ] = [Kt] (as seen
in Section 3.4). This means that the strain rate dependent nature of the ma-
terial constitutive equations provides a certain amount of damping at the
structural level, contrarily to classical rate independent approaches where a
numerical damping of constant value is assumed exclusively, as it is the case
of most contributions to progressive collapse [24, 35,42].

The flowchart of the time integration scheme for the rate dependent ap-
proach is provided in Figure 5.20. The difference with respect to the rate
independent case is that now the velocities {q̇} are used to compute the
internal forces {f int}.
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Figure 5.20: Dynamic integration scheme for the rate dependent ap-
proach [67].

5.6 Rate dependent simulations of progressive collapse

In this section, the strain rate effects in the progressive collapse simulation are
analysed. First, a rate dependent version of the reference test from previous
chapter (described in Section 4.2) is performed. Additionally, some of the
tests carried out previously for varying design and modelling options will
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be repeated whenever the influence of a given parameter is considered of
particular interest from the viewpoint of the rate dependent effects.

5.6.1 Reference case of study

The results of the reference case of study for an exterior and interior column
removal are depicted in Figures 5.21 and 5.22 respectively. The response of
the rate dependent approach is compared with the rate independent one.
The tensile strength of concrete is disregarded now but will be considered
later on. In the case of an exterior column removal, the differences between
the rate independent and the rate dependent responses are more important:
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S1

S2

S3

[after 420 ms]

(a) Rate independent approach

S1

S2

S3

S1

S2

S3

[after 2000 ms]

(b) Rate dependent approach
Figure 5.21: REF: response to the sudden column removal.
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[after 2000 ms]

(a) Rate independent approach

S1

S2

S3

S1

S2

S3

[after 2000 ms]

(b) Rate dependent approach
Figure 5.22: REF: response to an interior column removal.
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the material strength-enhancement due to the strain rate effects prevents
collapse from occurring, as opposed to the rate independent case where the
entire rightmost bay collapses.

The sectional strength degradation is thus lower in the rate dependent
case, as can be observed in the figures for both column removal locations. It
must be pointed out that the sectional damage at the supports (sections S1,
S2, S3, etc.), which in the rate independent case occurs in a single element, is
now extended over several elements. For instance, this damage is also prop-
agated to the adjacent bay (where yielding of the steel bars occurs in one
element), contrarily to the rate independent case, in which the fracture of
the rebars prevents a load propagation to the neighbouring (and thus intact)
elements.

This result suggests that the introduction of the rate dependence implies
a modification in the load redistributions over the residual structure: the
corresponding strength increase at the material level might result in a further
expansion of the alternate load path. The viscous effects would hence play
a delocalising role in the structural damage. For instance, the inclusion of
viscous terms in the material constitutive laws is sometimes adopted in the
literature in order to introduce an internal length that avoids mesh-sensitivity
problems [69,89].

For an interior column removal, the degree of sectional failure is lesser
when the strain rate effects are considered: the area of crushed concrete is
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Figure 5.23: REF: vertical displacement history for the rate dependent
approach.

114



5. Investigation of the Strain Rate Effects

reduced. Nevertheless, the final response patterns are similar in both cases, in
which progressive collapse is avoided. The vertical displacement history at the
point of connection with the removed column is shown in Figure 5.23: even
for an interior column removal, the displacement is decreased in a significant
manner (almost by 50%) upon consideration of the rate effects.

The evolution of the axial force N and bending momentM are depicted in
Figures 5.24 and 5.25 respectively for an exterior removal, and in Figures 5.26
and 5.27 for an interior removal. Since complete sectional failure does not
place at any point of the structure, the level of N and M is almost the same

Axial force diagram

after 0 ms

after 200 ms

after 2000 ms

Figure 5.24: Evolution of N for an exterior column removal.

Bending moment diagram

after 0 ms

after 200 ms

after 2000 ms

Figure 5.25: Evolution of M for an exterior column removal.
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Axial force diagram

after 0 ms

after 200 ms

after 2000 ms

Figure 5.26: Evolution of N for an interior column removal.

Bending moment diagram

after 0 ms

after 200 ms

after 2000 ms

Figure 5.27: Evolution of M for an interior column removal.

at 200 ms and 2000 ms after the removal onset, due to the stabilisation of
the structural loads.

Figure 5.28 compares the evolution of the strain rate of the upper and
lower layers ε̇ of section S3 during the rate dependent and rate independent
computations for an exterior column removal. Note that the highest values
in the rate independent case are due to the onset of structural degradation,
contrarily to the rate dependent case, in which the highest rates are obtained
at the transient phase and decrease with the time as the structure reaches a
stable state.
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Figure 5.28: REF: evolution of the strain rate in the extreme layers of
section S3.

The maximum axial force and bending moment obtained in all the ele-
ments of the structure along the computation are depicted in Figures 5.29
and 5.30 for an exterior column removal. The rate independent approach
shows a localisation of the loads in the elements where failure occurs. In the
rate dependent results, this localisation is lower since the total sectional fail-
ure does not occur: a load redistribution along the bay directly associated
with the failing column is obtained. It can also be observed that the axial
load is propagated leftwards through the horizontal beams in a more uniform
way than in the rate independent case, where the axial load is strongly con-
centrated at the supports due to the sectional failure.

The rate dependent results obtained for the higher-rise structure anal-
ysed in the previous chapter are also provided. Figures 5.31 and 5.32 show
the structural failure pattern for an exterior and interior column removal,
respectively. The rate dependent response is compared to the previous rate
independent results.

While in the rate independent computation the sudden column loss led
to the entire collapse of the bays directly associated with the failing column
(for both column locations), the material strength-enhancement provided by
the strain rate effects result in an increased resistance to collapse.

The sectional strength degradation is almost identical in the rate indepen-
dent and rate dependent simulations for an exterior column removal, while
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Figure 5.29: Maximum values of N (kN) obtained for an exterior re-
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Figure 5.30: Maximum values of M (kNm) obtained for an exterior re-

moval.

this difference becomes more considerable for an interior column removal.
As in the previous frame, the sectional damage at the supports is extended
over several elements (two in this case). Contrarily to the previous frame, the
damage is not transmitted to the adjacent bays.

The evolution of the vertical displacement of the node at the connection
with the removed column is depicted in Figure 5.33. Again, the difference
between the level of displacement obtained for an exterior and for an interior
column removal become evident. The obtained displacements are slightly
larger than those obtained for the 5-storey structure, as expected.
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(b) Rate dependent
Figure 5.31: REF: response of the 8-storey frame.
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(d) Rate dependent
Figure 5.32: REF: response of the 8-storey frame to an interior column

removal.
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Figure 5.33: REF: rate dependent vertical displacement of the 8-storey
frame.

5.6.2 Analysis of the individual contribution of the material fea-
tures to the global rate effects

The material strain rate effects are observed to lead to an improvement of the
structural response to progressive collapse. The objective now is to assess the
individual contribution of each source of rate dependence to the rate-related
structural strength enhancement. In the present work, the rate dependence
is introduced at the material level by way of several parameters:

• A rate dependent Young’s modulus in concrete E(ε̇)

• The viscoplastic parameters η and N , which introduce the rate depen-
dence in the plastic domain of concrete and steel. Moreover, parameter
η is here a rate dependent function: η(ε̇).

The reference case of study for an exterior column removal is conducted
by considering the following individual sources of strain rate effects, where
the corresponding test name is indicated in brackets for clarity:

• Rate dependence in the response of concrete in compression, both elas-
tic and plastic domains (RDconEP).

• Rate dependence in the response of steel (RDst).

• Rate dependence in the response of steel and in the elastic domain of
concrete in compression (RDst+RDconE).
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• Rate dependence in the response of steel and in the plastic domain of
concrete in compression (RDst+RDconP).

The final structural response for each of these combinations is depicted
in Figure 5.34 for an exterior column removal. These results are gathered in
Figure 5.35, in terms of vertical displacements as a function of the individual
material contributions to the total strain rate effects. The results of the fully
rate independent and fully rate dependent versions of the reference case of
study are also shown.

The exclusive consideration of the rate effects in concrete in compres-
sion (RDconEP) yields a result quite similar to the rate independent case:
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[after 425 ms]

(a) RDconEP: compressive concrete
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[after 2000 ms]

(b) RDst: steel
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[after 2000 ms]

(c) RDst+RDconE: steel and plastic do-
main of compressive concrete

S1

S2

S3

S1

S2

S3

[after 2000 ms]

(d) RDst+RDconP: steel and elastic do-
main of compressive concrete

Figure 5.34: Individual material contributions to the global rate effects.
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Figure 5.35: Vertical displacement history as a function of the individual
material contributions to the global rate effects.

progressive collapse occurs in an identical way and approximately at the
same time as in the rate independent computation. However, the mere con-
sideration of the strain rate effects in steel (RDst) results in a structural
enhancement which prevents collapse from happening. If the rate depen-
dence in the plastic domain of compressive concrete is added to the rate
effect in steel (RDst+RDconP), a negligible contribution to the structural
enhancement is observed. For instance, both curves are practically coinci-
dent. On the contrary, the addition of the rate dependence in the Young’s
modulus of concrete (RDst+RDconE) has a more significant effect at the
global scale: the corresponding curve is almost on top of the one obtained
for a full consideration of the rate effects in steel and in compressive concrete.

From these results it can be deduced that the strain rate effects in steel
play the major role in the structural response. The reasons for this phe-
nomenon might be various. The major explanation would be the similar
amount of steel reinforcement at both sides (tensile and compressive) for
the sections considered here. This feature implies that the sectional response
is mostly determined by the steel bars. A lower amount of compressive re-
inforcement would favour the exploitation of compressive concrete to coun-
terbalance the axial load induced by the tensile bars. However, as it was
concluded in previous chapter, a design including symmetrical reinforcement
constitutes the most robust alternative to resist to a sudden column loss.
The higher resistance and ductility of steel with respect to concrete could
also account for this observation: the absolute gain in the dissipated energy
(area under the stress-strain curve) due to the strain rate effects is much
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higher in steel than in concrete.

5.6.3 Influence of the tensile strength of concrete

Since the tensile resistance of concrete was ignored in the previous rate de-
pendent computations, the test is now repeated upon consideration of the
tensile contribution, to assess the influence of the rate effects of concrete
in tension. All the possible sources of material rate dependence are thus in-
cluded. The results are shown in Figure 5.36, where also the rate independent
response including the tensile strength (i.e. the test corresponding to mate-
rial options MO1 as named in Chapter 4) is depicted for sake of comparison.
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S3

[after 430 ms]

(a) Rate independent approach

S1

S2

S3

S1

S2

S3

[after 2000 ms]

(b) Rate dependent approach
Figure 5.36: MO1: Response upon consideration of the tensile strength

of concrete.

At a glance, both structural patterns are quite similar to those obtained
without considering the tensile resistance of concrete (Figure 5.21). However,
the corresponding vertical displacement curves shown in Figure 5.37 provide
a more representative illustration of the contribution of the tensile response of
concrete. It can be observed that, upon introduction of the strain rate effects,
the difference between the consideration and non-consideration of the tensile
resistance becomes more significant. The increase of the fracture energy with
the strain rate might account for this phenomenon. In this particular case,
and for the concrete type considered in this work, this effect does not make
a strong difference in the structural failure scheme since collapse is avoided
in the rate dependent case.
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Figure 5.37: MO1: Vertical displacement history upon consideration of
the tensile strength of concrete.

5.6.4 Influence of the ultimate strain of concrete

The influence of the ultimate strain of compressive concrete (i.e. the crushing
strain) was observed not to have a significant effect on the rate independent
structural response. The result of the computation corresponding to the ma-
terial options MO2 (where the ultimate strain of concrete was εc,lim = 0.5%)
was the collapse of the bay directly associated with the removed column (see
Figure 4.16), as it was also the case for the reference set of material param-
eters REF. The rate dependent version of the reference case of study has
shown an increase of the structural resistance to progressive collapse. The
strain rate effects in such computation have been observed to stem mainly
from the rate dependence in the steel material, due to the higher ductility in
steel among other possible reasons. In order to investigate the influence of the
ductility in compressive concrete (in other words the ultimate strain) in the
structural strain rate effects, a rate dependent version of the test carried out
in the previous chapter for MO2 is also studied. The corresponding results
are shown in Figure 5.38, where the response is compared to the reference
case REF.

Upon consideration of the the strain rate effects, the ductility of concrete
appears to have a significant influence in the sectional response, as opposed to
the rate independent approach. The absolute increase of the crushing energy
(area under the compressive stress-strain curve) related to the rate effects
is larger now that the ultimate strain takes a higher value, which allows for
a better exploitation of compressive concrete. An increase of the red area
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(a) REF: εc,lim = 0.35%
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(b) MO2: εc,lim = 0.5%
Figure 5.38: Influence of the ultimate strain of concrete.

corresponding to the regions under plastic flow in sections S1, S2 and S3 is
observed. The difference between both ductility types is less remarkable in
terms of displacement history, shown in Figure 5.39. Nevertheless, these re-
sults would suggest that the confining effect of the transversal reinforcement
might be more noticeable in a strain rate dependent approach.

The study of the influence of an increase in the ultimate strain of steel ap-
pears to be pointless, since the value adopted in the reference case (εs,lim = 4%)
is not reached at any point in the rate dependent computation. The choice
of an inferior value for this parameter would most likely affect the structural
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Figure 5.39: MO2: Vertical displacement history.
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response in a negative manner, since it would result in a low ductility class,
which is not recommended for plastic analysis according to the Eurocode
2 [51]. In the latter document, the recommended steel classes for plastic
analyses are Classes B and C.

5.6.5 Influence of the reinforcement scheme

The rate effects in steel are observed to be determinant in the structural
rate dependent response due to the highly symmetrical character of the RC
sections adopted for the reference structure, which limits the participation
of compressive concrete in the load balance. In the previous chapter, a less
reinforced design complying with the design code requirements was also stud-
ied, which resulted in a less symmetric arrangement (design RS1). In this
scheme only the bottom rebars were continuous along the beam span, while
the top reinforcement at the midspan was much lower than in the supports
(see Table 4.5). The results of the rate dependent computation correspond-
ing to such an arrangement are shown in Figure 5.40 for an exterior column
removal and in Figure 5.41 for an interior column removal.

Contrarily to the reference design, for which collapse is avoided when the
rate dependence is introduced in the computation (regardless of the location
of the removed column), in this less-reinforced design the strength enhance-
ment provided by the rate effects appears to be insufficient to prevent col-
lapse in the case of an exterior column removal. For an interior removal, the
difference between the rate independent and rate dependent approaches is
significant, however. It was observed that, in a rate independent approach,
the lower amount of upper reinforcement was not capable of resisting the
bending moment reversal that occurs in the midspan. In the present rate de-
pendent case, the rate effects allow for this reversal to occur without further
consequences. For instance, the degree of final structural damage seems lower
here than for the reference design (Figure 5.21): crushing of concrete does not
take place in this case as opposed to the reference result. The reason for this
phenomenon would be the fact that the upper reinforcement ratio of the sec-
tions in the most advanced state of damage is much inferior now than in the
reference design. The bending moment reversal observed in these elements
inverts the role of the materials in the section: the upper rebars, which were
designed to withstand a compressive load, are now subject to tension. Since
the lower reinforcement is much superior to the one theoretically needed in
the compressive zone, it prevents concrete from contributing to the moment
equilibrium. The vertical displacement history for both column removals is
depicted in Figure 5.42 and compared to the rate independent case.
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Figure 5.40: RS1: response to an exterior column removal.
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Figure 5.41: RS1: response to an interior column removal.
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Figure 5.42: RS1: Vertical displacement history.
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5.6.6 Influence of the column removal duration

In the previous chapter it was confirmed that the classically adopted rate in-
dependent approach leads to a more important structural failure evolution as
the column removal time decreases, due to the increase of the inertial effects.
The sudden column loss technique was then confirmed to provide an upper
bound on the deformations obtained with respect to an approach where the
duration of the triggering event is accounted for. In a rate dependent ap-
proach as adopted here, shorter column removal times give rise to higher
strain rates as well, which implies that inertial effects and strain rate effects
may act in opposite ‘directions’ and that the competition between them
should be scrutinised: while the inertial effects favour the propagation of the
failure in the structure, the strain rate effects limit the degree of localised
failure due to their strength enhancing character. To determine whether the
sudden column loss approach can also be considered as a suitable design
tool when strain rate effects are involved, and with the aim of assessing the
influence of the duration of the triggering event that causes local failure in
the structural rate effects, the column loss simulation is conducted for longer
removal times (TED1 to TED5). Figures 5.43 to 5.45 depict the structural
failure pattern for three removal times: tr = 50 ms, 250 ms and 300 ms. The
rate independent results are also indicated.

For all the considered removal times, collapse is not observed to occur
when the strain rate effects are incorporated. The degree of structural dam-
age varies as a function of the removal time, as it was the case in the rate
independent approach. However, the introduction of the rate effects compen-
sates partially the inertial effects and makes the response less sensitive to
a decrease of the removal time with respect to the rate independent com-
putations, as observed in Figure 5.46: the distance between the vertical dis-
placement curves as a function of the removal time is smaller than in the rate
independent case. For instance, the same level of displacement is observed for
tr = 5 ms (REF) and tr = 50 ms (TED1). This phenomenon is also observed
for durations TED4 and TED5 (tr = 300 and 500 ms respectively): while
the gap between the corresponding displacements is of approximately 10 cm
in the rate independent computation, this difference is reduced to barely 3 cm
in the rate dependent test (thus less than one third of the previous gap). The
displacement observed in the rate dependent test for TED3 (tr = 250 ms)
equals the displacement obtained for a removal time of tr = 500 ms (TED5)
in the rate independent case.
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Figure 5.43: TED1: removal time tr = 50 ms.
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Figure 5.44: TED3: removal time tr = 250 ms.
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Figure 5.45: TED4: removal time tr = 300 ms.
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Figure 5.46: TED: Vertical displacement history as a function of the
removal time.

In light of the previous results, it can be concluded that the material
rate dependence should be taken into consideration in analyses where the
strain rates are likely to be significant, as it is the case of blast loads or
high velocity impact events. Finally, the results obtained confirm that the
use of the sudden column loss idealisation (where an instantaneous removal
of the column is assumed) to obtain an upper bound on the deformation
demands [41] is also applicable to the rate dependent case, since the largest
deformations are obtained for the lowest removal time.

5.6.7 Influence of the design code

The influence of the strategy (GSA vs DoD) adopted for the rate independent
response to progressive collapse was investigated in the previous chapter. The
DoD technique [15] was observed to provide with more conservative results
than the GSA guidelines [1]. In this section, the load combination proposed
by the DoD (thus 50% of the live loads) is applied, in order to generalise
the conclusions drawn for the rate independent approach. The responses de-
picted in Figures 5.47 and 5.48 indicate that the same trend is obtained in
the rate dependent case.

If an exterior column is removed, the collapse of the associated bay occurs
585 ms after the onset of the removal, as opposite to the result obtained for
a load combination including 25% of the live loads, in which the structural
integrity was maintained. For an interior removal, the collapse does not occur
and the difference between the results of both techniques is less significant.
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5. Investigation of the Strain Rate Effects

Although the pattern of structural damage is almost identical, the crush-
ing of compressive concrete in the critical sections is more advanced in the
computations including the DoD prescriptions (REF-DoD): the black zone
correponding to the layers having reached the ultimate strain is larger. The
vertical displacements in Figure 5.49 indicate that the difference between
both approaches is lower when the strain rate effects are involved. However,
the DoD guidelines still produce significantly more conservative results than
the GSA approach.
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Figure 5.47: DoD vs GSA: Rate dependent response for an exterior

column removal.
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Figure 5.48: DoD vs GSA: Rate dependent response for an interior

column removal.
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Figure 5.49: DoD vs GSA: Vertical displacement history.
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5.7 Discussion

The strain rate effects in concrete and steel material behaviour, reported in
the literature by means of experimental tests, are expected to have an influ-
ence in the progressive collapse response of RC structures, due to the high
strain rates involved in such a phenomenon. The previous simulations show
the structural response of a RC frame to a sudden column loss, where the
strain rate effects are incorporated in the constitutive equations for concrete
and steel. The influence of various parameters and/or modelling features
in the rate dependent response is also analysed. In general, the strength-
enhancing nature of the rate effects results in an increased resistance to
progressive collapse in most of the studied cases, with respect to the rate
independent computations in the previous chapter. Similar observations are
made for the 5-storey and 8-storey frames. However, the results obtained here
would suggest that the introduction of the rate dependence implies a mod-
ification in the load redistribution following the loss of a bearing member.
The local strength increase related to the rate effects might lead to a further
expansion of the alternate load path across the remaining structure in order
to seek an equilibrium state. This effect was expected, since material laws
including viscous terms are used in the literature as localisation limiters, so
that localisation is reached on a physically based size.

In particular, the strain rate effects in steel appear to play the major
role in the structural response, for the set of material parameters and re-
inforcement schemes employed in the present study. The similar amount of
steel reinforcement at both sides (tensile and compressive) for the sections
considered here could account for this phenomenon. This feature limits the
contribution of concrete to the axial load and moment equilibrium in the
section, which is mostly satisfied by the steel bars. Steel determines thus the
sectional performance. Regarding the individual contribution of compressive
concrete to the global rate effects, the rate dependence would stem mostly
from the rate effects in the elastic domain (i.e. the rate dependent Young’s
modulus), rather than from the plastic region (thus the viscoplastic terms).
The rate-related ‘stiffening’ in concrete has as effect a decrease of the dis-
placements in the structure.

The contribution of tensile concrete is also assessed in the rate dependent
response. It is observed that the difference between the consideration and
non-consideration of the tensile resistance becomes more significant when
strain rate effects are included. While this effect was negligible in a rate in-
dependent approach, it might not be the case in the rate dependent one.
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This might be due to the increase of fracture energy involved in the rate
dependent approach.

The influence of the ultimate strain of concrete in compression has been
also observed to become more relevant when the strain rate effects are con-
sidered. The additional increase in the area under the stress-strain curve due
to the rate effects results in a better exploitation of the concrete part of the
RC sections. A high ductility concrete is thus recommended for a collapse
resisting design.

Although the influence of the strain rate effects in concrete appear to
be minor with respect to steel, their consideration can be recommended in
a general fashion. It is important to note that the present work is focused
on a standard type of concrete (C30). The modelling of the strain rate ef-
fects for other concrete types (for example high strength concrete or fiber-
reinforced concrete) might yield to different conclusions. Such a modelling
would require: 1) to obtain the DIFs corresponding to the new type of con-
crete considered (based on experimental tests) and 2) the complex parametric
identifications shown in Section 5.3.1. Note that the values of the model pa-
rameters used in this work are exclusively valid for a C30 concrete type.

As far as the reinforcement arrangement is concerned, the design scheme
RS1 studied in the previous chapter has also been tested with the aim of
investigating whether a lower steel-to-concrete ratio allows for a better ex-
ploitation of the strain rate effects in the concrete part of the section, or
whether, adversely, the strain rate effects in steel are insufficient for providing
an improvement of the structural response. This less reinforced configuration
has resulted in progressive collapse in the case of an exterior column re-
moval. For an interior removal, the rate effects allow for the bending reversal
to occur without further consequences. Although a slight gain of resistance
is observed, it can be confirmed in a general manner that a discontinuous
arrangement is less prone to accommodating the double span condition, and
therefore should be avoided in the context of collapse resistant design of
structures.

The influence of the column removal time was studied, in order to account
for the nature of the collapse-triggering event in the rate dependent response.
The sudden column loss technique is often adopted in the related literature
since it a priori provides the worst case scenario, in which maximum deforma-
tions are obtained. This conclusion being confirmed in the rate independent
case, the aim was now to generalise it to the rate dependent simulations, in
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which the increase of the loading rate (in this case shorter removal times)
might be expected to have a positive influence in the structural strength due
to the enhancement provided at the material level by the strain rate effects.
The degree of structural damage is observed to vary as a function of the
removal time, as it was the case in the rate independent approach. However,
the introduction of the rate effects compensates partially the inertial effects
and makes the response less sensitive to a decrease of the removal time with
respect to the rate independent computations. The difference between the
results obtained for different removal times is less significant. Nevertheless,
these results confirm that the use of the sudden column loss idealisation
(where an instantaneous removal of the column is assumed) to obtain an
upper bound on the deformation demands [41] is also applicable to the rate
dependent case.

Concerning the strategy adopted for the verification of the structural in-
tegrity, the DoD technique is also confirmed to produce significantly more
conservative results than the GSA approach, as expected. Nevertheless, the
GSA technique appears to be the most often employed in the literature
[21,22,24,28,29,32,33,35,36].

The adopted modelling strategy, based on a multilayered beam model, al-
lows a natural incorporation of the strain rate effects from the material level
to the structural scale. The flexibility of the present formulation is again
demonstrated, as opposed to the simplified closed-form approaches, where
accounting for the strain rate effects in the relationships between generalised
stresses and strains, as well as in bending moment–axial load interactions
would be non-trivial.

Although the validity of the previous observations is linked to the mod-
elling options considered here and therefore limited to the two-dimensional
representation of RC structures, the strain rate effects observed with the
present approach are supposed to remain general. The rate dependent struc-
tural effects, which stem from physically-based material laws, are expected
to get reproduced in more complete approaches, with additional modelling
features such as 3D representation, consideration of shear failure, cyclic mod-
elling of the concrete and steel response or topological removal of the failing
elements.
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6

Concluding Remarks and
Recommendations

This chapter summarises the challenges of the modelling of RC structures
for progressive collapse simulations and presents the main contributions
of the present thesis. An overview of the results obtained from the tests
conducted for different modelling and design parameters are given. Prac-
tical recommendations for the design and/or modelling against progres-
sive collapse are extracted. Finally, future prospects for improving the
adopted modelling strategy are proposed.

6.1 Challenges of the research

Progressive collapse is a phenomenon characterised by a disproportionate
structural damage, typically originated by the local failure of a primary
structural component. This subject has dragged the attention of the civil
engineering research community after the disastrous consequences of well-
know progressive collapse scenarios occurred in the last decades. Most of the
general building codes have included since guidelines for the evaluation of the
potential for progressive collapse, which are based on simplified analysis ap-
proaches or merely provide ‘good practice rules’ for the progressive collapse
resistant design of structures. The present research work aimed at contribut-
ing to the detailed computational modelling of reinforced concrete frames
in the framework of progressive collapse simulations. Among the different
general approaches to the progressive collapse verification of structures, the
ALP was adopted in the present work: the ability of the structure to find
an alternate load path in order to redistribute loads among the remaining
elements is studied.
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The main challenge of the present study was reported in Chapter 2. It
lies in a more realistic characterisation of the response of RC members for
large-scale structural computations purposes. The complexity of such a task
stems from the heterogeneous nature of the beams cross-sections, which are
composed of two materials (i.e. concrete and steel) with different constitutive
material behaviour. Besides, strain localisation issues may be obtained at the
structural level due to the softening nature of the sectional response. A proper
representation of the characteristic length where the deformation is localised
is essential for a realistic modelling of the structural failure, as a correct
estimation of the dissipated energy is required. Furthermore, an additional
complexity arises from the computational modelling of the material response
of concrete. This material presents multiple peculiarities that need to be
taken into account for a proper constitutive modelling: different response
in tension and compression, discrete failure in tension, confining effect of
the transversal reinforcement, characterisation of the strain rate effects, etc.
Regarding the latter feature, a physically-based modelling of the strain rate
effects for progressive collapse analysis purposes has not yet been dealt with
in the literature. However, these effects may be expected to play an important
role in the load redistributions. Concerning the steel reinforcements, a correct
modelling of their response is also required. With this respect, a realistic
representation of its ductility is of major importance to reproduce the actual
rotational capacity of the RC sections.

6.2 Main contributions

The overall response of a RC member is therefore directly determined by the
aforementioned material properties of the constituents, in both the elastic
and plastic range, as well as the design options, such as the amount and po-
sition of the steel reinforcing bars. The multilevel approach developed here
allows dealing with the present complexity: a multilayered beam formulation
is adopted, where the structural members are discretised through a finite
number of layers for which one-dimensional constitutive relations are de-
scribed. The response at the structural scale is systematically derived from
the response at the constituents level, contrarily to the alternative closed-
form approaches where the assumption of (strongly simplified) analytical
relationships between generalised stresses and strains at the sectional level is
based on an off-line identification of such generalised constitutive laws, as a
function of the modelling and/or design parameters. In the present multilevel
strategy, the related identification problem is not necessary, since it directly
accounts for any variation of the design and/or material parameters. Fur-
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thermore, it allows considering the strain rate effects at the structural level
whenever a rate dependent material approach is adopted. Additionally, a pro-
gressive sectional strength degradation can be obtained as a consequence of
the progressive failure of the constitutive layers, resulting in complex nonlin-
ear sectional responses exhibiting softening even for simplified 1D constitu-
tive laws for the constituents. Conversely, all these advantages are naturally
counterbalanced by the higher computational cost involved in a multiscale
approach. Nevertheless, this computational effort is justified by the gain in
flexibility with respect to closed-form solutions.

6.2.1 Rate independent non-linear constitutive models

Chapter 3 presented the non-linear constitutive models adopted for the rate
independent material characterisation of concrete and steel, as well as the nu-
merical algorithm used for the integration of such equations. The parametric
identification was made based on the prescriptions of the International Fed-
eration for Structural Concrete and Eurocode 2. Bilinear stress-strain models
are proposed for concrete in compression and steel in which failure criteria
are established in terms of ultimate strains, so that the stress level drops
down to zero after these values are reached. Standard types are chosen for
the materials (C30 concrete and S500 steel bars). The ductility of the steel
bars would correspond to class B described in Eurocode 2. The cyclic nature
of the steel response was not characterised in the present work. The intro-
duction of this feature would provide a better estimation of the sectional
response under the unloading phases related to the bending reversals and
the gradual sectional failure. In tension, the brittle behaviour of concrete is
modelled via a softening evolution law. The fracture energy involved in the
cracking process is obtained by multiplying the area under the stress–plastic
strain curve by the characteristic length. A realistic value for this parameter
was considered for the type of concrete studied here. A research on the dif-
ferent empirically-based expressions for the estimation of the characteristic
length of RC concrete was carried out.

6.2.2 Multilayered beam approach

The description of the multilayered beam approach was given in Chapter 3.
The performance of the proposed methodology was illustrated by means of
a bending test on a RC section, which showed the interactions between axial
load and bending moment for a monotonic loading sequence. A design vari-
able was also tested (amount of bottom reinforcement) in order to highlight
the multiple interdependences that play a role in the sectional response. Note
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that such interactions become much more complex in a progressive collapse
scenario, on account of the oscillatory character of the evolution of N and
M in the sections, as observed from the numerical computations in Chap-
ter 4. It should be emphasized again that a closed-form formulation would
on no account be able to include such multiple and time-dependent inter-
actions in a progressive collapse simulation. The adequacy of the present
formulation was illustrated by an experimental comparison. The reasonable
agreement obtained confirms that realistic cross-sectional behaviours can be
reproduced even for one-dimensional constitutive laws.

6.2.3 Numerical simulations

The algorithm for the time integration of the structural equations in dy-
namics was also presented, based on Newmark’s formulation. In Chapter 4,
the sudden column loss methodology was applied for the progressive collapse
verification of a RC frame designed according to the Eurocode 2 prescrip-
tions, in terms of minimum reinforcement amounts for regular design. This
event-independent technique consists in the instantaneous removal of a load-
bearing element in the studied structure. The objective of such technique is
to simulate the initial localised damage resulting from an abnormal loading
event and which could potentially give rise to progressive collapse. It con-
stitutes a useful tool for the assessment of the structural robustness and is
often used in the context of ALP approaches. A reference case of study was
presented and additional tests were conducted for variations of the main de-
sign and material parameters that govern the structural response, to assess
their effects on the progressive collapse response analysis. All the studied
parameters were varied in a realistic range of values.

6.2.4 Investigation of the strain rate effects

Strain rate effects may be expected to have an influence in the progressive
collapse response of RC structures, due to the high strain rates involved in
this phenomenon. However, the investigation of their influence on a progres-
sive collapse analysis has not yet been analysed in the related literature.
Moreover, such effects are seldom included in progressive collapse analyses.
Chapter 5 described the effects of the strain rate on the material response
of concrete and steel. A strain rate dependent material formulation has been
developed for the constituents, where the rate dependence is introduced in
the elastic and plastic domains of the material response. The corresponding
constitutive equations were provided, based on the DIF (dynamic increase
factors) reported in the literature, issued from experimental tests. In order
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to reproduce such rate-related enhancement at the material level, the pa-
rameters of the proposed elasto-viscoplastic model had to be adjusted. This
adjustment implied the introduction of rate-dependent terms in the expres-
sions of such parameters. Furthermore, the viscoplastic parameter for tensile
concrete had to be made a vanishing function of the cumulated plastic strain,
so that the rate dependent increase of the fracture energy would take realis-
tic values. The latter non-trivial modelling features, to the best knowledge of
the author, constitute an originality of the present formulation. The adopted
multilayered strategy allows for a natural incorporation of the strain rate
effects from the material level to the structural scale in a physically-based
manner, contrarily to the phenomenological approaches currently found in
the literature, in which the rate dependence is introduced by multiplying
the material strength by the corresponding increase factors, as a function of
the strain rate. In such approaches, the rate effects in the elastic behaviour
are not taken into account. Rate dependent bending moment–curvature rela-
tionships for a particular RC section were obtained, considering two types of
reinforcement schemes, to illustrate their effects at the sectional level. Once
again, the advantages of the multilevel approach in comparison to closed-
form formulations is pointed out: the (non-trivial) off-line identification of
such rate dependent interactions would be required in such analytical ap-
proaches. Strain rate dependent simulations of the sudden column loss were
conducted and, as in the previous rate independent analysis, the influence of
various parameters and/or modelling features in the structural response was
assessed.

6.3 Overview of the results

The observations made from the tests conducted for varying modelling and
design parameters are summarised next.

6.3.1 Influence of the material parameters

Tensile strength of concrete

The consideration and the non-consideration of the tensile strength of con-
crete yielded almost identical results in the rate independent case. The differ-
ences become more significant in the rate dependent case, which is probably
due to the increase of the fracture energy induced by the rate effects.
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Ultimate strain of concrete

An increase of the ultimate strain in concrete appeared to scarcely have any
influence on the results. This influence has been also observed to become
more relevant when the strain rate effects are considered. The additional
increase in the area under the stress-strain curve (i.e. the crushing energy)
due to the rate effects results in a better exploitation of the concrete part of
the RC sections.

Ultimate strain of steel

The increase of the ultimate strain of steel was responsible for a slight struc-
tural enhancement in the rate independent study. Nevertheless, the large
displacements obtained for a high value of this parameter suggest that a
geometrically non-linear formulation would be a more appropriate computa-
tional tool. Upon consideration of the strain rate effects, the displacement
are considerably reduced. Furthermore, the study of the present parameter
was not required in the rate dependent case, since the failure of the steel bars
did not occur in any element of the reference structure.

6.3.2 Influence of the reinforcement scheme

In order to test the influence of the reinforcement scheme on the progressive
collapse resistance, various reinforcement arrangements were analysed. Since
the GSA prescriptive guidelines recommend the use of continuous steel re-
inforcement for the accommodation of the bending reversal and double-span
condition that follow the loss of a supporting member, different levels of rein-
forcement continuity were tested. A design strictly complying with the regular
building code requirements (with no specific provisions for abnormal loading
events) showed a strong sensitivity to progressive collapse. Furthermore, the
partially and fully continuous reinforcement patterns analysed also resulted
in collapse for most of the configurations. On the contrary, fully continuous
and symmetrical reinforcement schemes were observed to provide with the
required robust design: the same amount of top and bottom reinforcement
allowed the structure to resist the bending moment reversal occurring at the
connection with the removed column and the strong increase of the bending
moment at the adjacent supports.
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6.3.3 Influence of the simulation options

Column location

The progressive collapse scenario was also observed to affect the structural
response: the removal of an interior column led in general to lower degrees
of structural damage with respect to an exterior column removal, due to the
support provided by the neighboring elements at both sides. The catenary
effects, which were not considered in the present work since a geometrically
linear formulation was adopted, would be expected to contribute to this phe-
nomenon, acting as ‘tie forces’ that allow the transfer of loads from the
damaged portion of the structure to the undamaged portion [15].

Column removal time

As far as the ‘sudden column loss’ strategy is concerned, which considers an
instantaneous removal of the failing element, the degree of adequacy of such
an approach was assessed in this work. This threat-independent methodol-
ogy widely used for the vulnerability assessment of structures is assumed
to give an upper bound on the deformations obtained with respect to an
event-dependent approach . To corroborate the latter statement, the column
removal time was increased to account for the actual duration of the abnor-
mal loading event that results in a full column removal (extension to take into
account in a simplified manner the nature of the triggering event). The re-
moval time was observed to be determinant in the structural response. Since
the inertial effects involved in the dynamic response are lower for longer re-
moval times, the degree of structural damage and the displacements observed
are significantly reduced in the rate independent case. In the rate dependent
study, the degree of structural damage also decreased with longer removal
times. However, the introduction of the rate effects was observed to com-
pensate partially the inertial effects: the response seems less sensitive to a
decrease of the removal time with respect to the rate independent computa-
tions. The difference between the results obtained for different removal times
was lower. Nevertheless, these results confirm that the use of the sudden col-
umn loss idealisation to obtain an upper bound on the deformation demands
is valid for both the rate independent and rate dependent approaches.

Load combination

The load combination adopted for the simulation of the sudden column loss
has a significant effect on the results: the DoD procedure, which considers
50% of the live loads, might expectedly lead to conservative designs with
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respect to the GSA guidelines, which suggests to include only 25% of the
live loads in the computations. The same observations were made for both
approches (rate dependent and rate independent).

6.3.4 Influence of the strain rate effects

It was observed that the strength-enhancing nature of the rate effects resulted
in a structural robustness improvement with respect to the rate independent
computations, for the studied two-dimensional frames. On the other hand,
the introduction of viscous terms in the constitutive relations resulted in a
delocalisation of the structural damage. The local strength increase caused
by the rate effects would allow for a further expansion of the loads in the
residual structure. The strain rate effects might act as a double-edged sword:
while they provide an enhanced material response, they could lead to a spread
of the structural damage. Nevertheless, from the viewpoint of the integrity
of the studied structures, they were found to have a positive effect on the
structural resistance for the structures studied here.

The individual contribution of each possible source of rate dependence
was analysed. The strain rate effects in steel appeared to play the major role
in the structural response. This phenomenon is due to the similar amount of
top and bottom reinforcement in the sections considered here. This feature
limits the contribution of concrete to the axial load and moment equilibrium
in the section, which is mostly satisfied by the steel bars. Regarding the in-
dividual contribution of compressive concrete to the global rate effects, the
rate effects in the elastic domain would play a major role with the respect
to those stemming from the viscoplastic terms. The stiffening nature of the
rate effects reduced the magnitude of the displacements in the structure.

The influence of the material parameters in the structural response was
observed to increase when the strain rate effects are considered. It is the case
of the tensile strength of concrete and the ductility of compressive concrete
and steel. The increase of such parameters was ‘amplified’ by the enhancing
nature of the rate effects. Other parameters (here in particular the removal
time), appear to affect the structural response in a lesser degree upon con-
sideration of the strain rate effects. Under variations of the removal time,
as previously explained, the strain rate effects and the inertial effects act
in opposite directions. The competition between them resulted in a lower
influence of the column removal time in the observed response.
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6.4 General recommendations

In light of the results obtained in the present research work, the following
set of practical recommendations for progressive collapse simulations and/or
design can be derived:

6.4.1 Material properties

Materials with high ductility are recommended for a collapse resisting design.
As for seismic design, it is important that a structure can reach a given level
of deformation before failure occurs. More particularly, a ductile reinforcing
steel is essential to fulfill such a requirement: classes B or C according to the
Eurocode 2 prescriptions are thus required.

The ductility of concrete was observed to have only a slight influence
in the results. However, it should be emphasized that the present work is
focused on a standard type of concrete (C30) and on a particular range of
reinforcement ratios. The modelling of the behaviour (including the strain
rate effects) of other concrete types with higher strength and/or ductility
properties could yield different effects. To this regard, the use of other con-
crete types with enhanced properties (such as fiber-reinforced concrete [96])
might improve the global response of the beams. In particular, the use of high
resistance concrete might have a positive effect on the structural robustness,
due to the higher Young’s modulus of such enhanced concrete types. It must
be however emphasized that the modelling of the strain rate effects for other
concrete types would require, on the one hand, to obtain the corresponding
DIFs and, on the other hand, a subsequent complex parametric identification
to adjust the constitutive model to those DIFs (as seen in Section 5.3.1).

The effect of the consideration of the tensile contribution of concrete
to the sectional strength is negligible when the strain rate effects are not
taken into account and it becomes more relevant in a rate dependent ap-
proach due to the increase of the fracture energy. For conventional concrete
types, the tensile contribution of concrete could be ignored in the context of
rate independent analyses, since the observed effect might not compensate
the modelling and computational effort. On the contrary, the use of higher
strength concrete types would most probably result in an amplification of
the contribution of tensile concrete to the sectional response.
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6.4.2 Reinforcement scheme

A minimum level of continuity must be provided in both the upper and lower
reinforcement. Nevertheless, this requirement does not guarantee a collapse
resisting design. In order to ensure the ability of the structure to withstand
the bending reversals, the same amount of upper and lower reinforcement
would be desirable. Therefore, a conventional reinforcement scheme might
not provide the robustness required for the accommodation of the double-
span condition that follows the loss of a supporting element. However, it was
observed that for discontinuous reinforcement schemes the collapse region is
limited by the location of the strongest discontinuity. The sectional failure
is so abrupt that the loads are not transfered to the neighbouring elements
(Figures 4.23 and 4.24).

6.4.3 Load combination

No particular directions can be given with respect to this point. The choice
of the load combination to be applied in a progressive collapse simulation
will definitely have an influence on the degree of conservatism of the result-
ing design. Since the DoD guidelines prescribe 50% of the live loads (i.e.
variable loads) to be applied to the structure for the simulation, the level of
damage obtained using this strategy is higher than the one resulting from an
application of the GSA prescriptions, which includes 25% of the live loads.
Althought the GSA load combination is the most often found in the cur-
rent collapse-related literature, it should be borne in mind that the DoD
prescriptions are most likely to provide with more robust designs.

6.4.4 Modelling of the triggering event

The sudden column loss technique is a useful simplified tool for the verifica-
tion of the structural integrity. Its application is thus recommended since it
provides the worst-case scenario with respect to threat-dependent approaches
where the column removal time is related to the nature of the abnormal load-
ing event that results in a full column removal. Of course, a detailed charac-
terisation of the triggering event would offer the most accurate and realistic
solution, if the response of the structure to a very specific loading scenario
was the objective of the simulation. Nevertheless, the computational time
required for such a detailed approach would be prohibitive, due to the small
step size needed for a thorough simulation of a short-time duration event
(such as blast loading). The choice of the sudden column loss technique rises
from the impossibility of rationally examining all potential sources of col-
lapse initiation. The main purpose is to analyse the progressive spread of
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damage after localised failure has occurred in order to mitigate the potential
for progressive collapse, not necessarily to prevent collapse initiation from a
specific cause [1]. It is hence considered to offer a reasonable balance between
the usefulness of the results and the computational effort.

6.4.5 Strain rate effects

The strain rate effects should be taken into account in a progressive collapse
analysis and/or design, since they are responsible not only for a local strength
enhancement but also for a delocalisation of the structural damage, which
could bring to an extension of the collapse region. Although the influence
of the strain rate effects in concrete appear to be minor with respect to
steel, their consideration can be recommended in a general fashion, since
the observations made here cannot be generalised for other types of concrete
and/or reinforcement configurations. To test the influence of the strain rate
effects for other concrete types, the corresponding DIFs would need to be
characterised and, based on such rate dependent expressions, a subsequent
parametric identification would need to be conducted (as in Section 5.3.1)
for the model to reproduce correctly such strain rate effects.

6.4.6 Other numerical aspects

The confining effect of the stirrups in compressive concrete is an optional
simulation feature. In the present work, the stirrups were not explicitly mod-
elled. This simplification was justified by the fact that the sensitivity of the
response to an increase of the ultimate strain of concrete was not significant.
In general, this effect may be considered negligible for beams under bending,
as observed in the present work.

A three-dimensional representation of the RC structures is recommended.
Note that the single column removal in a two-dimensional representation
would correspond to removing a whole row of columns in 3D since the
transversal resistance is not taken into account. This simplified approach
might thus lead to conservative results. Moreover, torsional effects are not
considered in a 2D formulation.

6.5 Future prospects

On account of the complexity of the present multilevel problem, a number of
simplifying assumptions had to be adopted in the modelling strategy. Further
developments could be of interest in order to enhance the possibilities of the
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current approach.

From the point of view of the material modelling, various aspects have
not been considered for the sake of simplicity and because the detailed mod-
elling of the material response was not the main objective of the present work.
A balance had to be struck between the modelling effort and the performance
of the model for the study purposes. For example, a damage evolution law
for the stiffness degradation in concrete as a function of the cumulated plas-
tic strain would certainly provide a better approximation in the unloading
phases. It would also allow for reducing the spurious high frequency vibra-
tions in the structural response that increase the computational effort. Addi-
tionally, the incorporation of the cyclic response in steel and concrete would
also allow for a more realistic representation of the material behaviour in
loading reversals. Finally, the modelling of the bond-slip effects between the
steel bars and the concrete matrix, to account for the loss of adherence be-
tween them, should also be a target of future investigations.

Concerning the structural representation aspects, a planar representa-
tion of the structure has been employed as an initial approach to the problem.
The extension to a three-dimensional approach seems to be the logical next
step in order to obtain a more realistic structural response, as previously
mentioned. However, this extension is non-trivial both from the computa-
tional cost viewpoint, and from the perspective of structural complexities
(representation of torsional effects, stiffening effects of the floors, etc.).

The geometrically linear formulation adopted here is partially justi-
fied by the small-range displacements obtained in most of the computations.
Nevertheless, it was observed that for certain cases in which a higher ductility
was considered in the material response, the displacements involved in the
progressive collapse process were considerable (material option MO4 in Sec-
tion 4.3.2). This assumption might be also in contradiction with the fact that,
as mentioned in the present dissertation, the rotational ductility is consid-
ered as a very important structural feature to ensure a robust design, since
it allows for a further load redistribution and a gradual structural degra-
dation [49]. Hence, the adoption of a geometrically non-linear formulation
should be investigated since, additionally, it would allow for a consideration
of the catenary effects, which are considered an essential characteristic to be
fulfilled by the residual structure according to the DoD and the British code
guidelines [15]. In [39] it was demonstrated numerically that the catenary
effects in a RC structure subject to a sudden column loss resulted in an in-
creasing resistance of the beams.
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The shear reinforcement has not been explicitly modelled. An implicit,
phenomenological way of taking them into account was considered by increas-
ing the concrete ultimate strain. The results however showed no significant
differences in the structural response. Nevertheless, further investigations on
the way of introducing this feature in the simulations should be done.

The Bernoulli beam approximation adopted in the present formulation
is unable to account for the shear deformation, the cross-sections remaining
plane and perpendicular to the longitudinal axis of the beam. This choice
implies that shear failure is not considered. In this work the studied designs
were considered to be properly designed against shear failure, as prescribed
by the GSA [1]. In order to obtain a more complete approach, in which dif-
ferent failure modes could be incorporated, the upgrade to a Timoshenko
beam element formulation would be recommended. In [45], the formulation
of a Timoshenko multifiber beam element was elaborated and applied for a
small-scale analysis.

Finally, the fact that the failed elements are not removed from the
topology and thus remain attached to the structure implies a residual load
transfer onto the intact elements in the vicinity. Moreover, the impact of
failing members on adjacent elements is not included. The degree of compu-
tational sophistication required for the modelling of such features was out of
the scope of the present thesis work.

Benchmark tests should be performed in order to compare the results
of the present approach with other methodologies and/or experimental tests
and to confirm the adequacy of the adopted hypotheses. Moreover, a bench-
marking strategy would determine the pertinence of including the latter ad-
ditional simulation features in the present formulation.

Although the aforementioned improvements could add an extra value to
the present methodology, the global effects observed with the present ap-
proach are supposed to remain general and are expected to be reproduced in
a more complete approach: the adopted constitutive modelling is based on
empirically-based observations and realistic values of the material properties.
Besides, the approximations are expected to yield conservative results as pre-
viously mentioned. Moreover, the flexibility of the present strategy allows an
extension to other fine-scale constitutive laws, including a different material
response and/or additional modelling features, such as damage or a better
representation of the material response under cyclic loading.
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Appendix

Maximum values of the compressive strain rates obtained in the
reference case of study (Section 4.2)

Maximal compressive strain rates (s −1)
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Figure A.1: Maximum compressive strain rate ε̇.
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Analytical expressions for the material parameters of the rate de-
pendent model (Section 5.3)

Table A.1: Young’s modulus of concrete in tension Et.

Et(ε̇)
32; ε̇ ∈ [0,3e-6]

32
(

ε̇
3e-6

)0.026
; ε̇ ∈ (3e-6,300]

Table A.2: Viscoplastic parameter of concrete in tension ηt.

ηt(κt)
0.05; κt ∈ [0,2.5e-4]

0.05 exp[−3e4(κt−2.5e-4)]; κt ∈ (2.5e-4,+∞]

Table A.3: Young’s modulus of concrete in compression Ec.

Ec(ε̇)
17; ε̇ ∈ [0,3e-5]

17
[
0.10log

(
ε̇

3e-5

)
+ 1.00

]
; ε̇ ∈ (3e-5,30]

17
[
1.34log

(
ε̇

3e-5

)
−6.44

]
; ε̇ ∈ (30,300]
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Table A.4: Viscoplastic parameter of concrete in compression ηc.

ηc(ε̇)
0; ε̇ ∈ [0,3e-5]

373.33log3
(

ε̇
3e-5

)
−1280.00log2

(
ε̇

3e-5

)
+ 1146.66log

(
ε̇

3e-5

)
; ε̇ ∈ (3e-5,3e-4]

−77.06log3
(

ε̇
3e-5

)
+ 516.80log2

(
ε̇

3e-5

)
−1205.93log

(
ε̇

3e-5

)
+ 1006.20; ε̇ ∈ (3e-4,3e-3]

−8.00log3
(

ε̇
3e-5

)
+ 91.20log2

(
ε̇

3e-5

)
−344.00log

(
ε̇

3e-5

)
+ 432.20; ε̇ ∈ (3e-3,3e-2]

−0.23log3
(

ε̇
3e-5

)
+ 4.65log2

(
ε̇

3e-5

)
−28.02log

(
ε̇

3e-5

)
+ 53.50; ε̇ ∈ (3e-2,3e-1]

−0.31log3
(

ε̇
3e-5

)
+ 4.87log2

(
ε̇

3e-5

)
−25.91log

(
ε̇

3e-5

)
+ 46.24; ε̇ ∈ (3e-1,3]

−0.06log3
(

ε̇
3e-5

)
+ 1.12log2

(
ε̇

3e-5

)
−6.79log

(
ε̇

3e-5

)
+ 13.80; ε̇ ∈ (3,3e1]

0.01log4
(

ε̇
3e-5

)
−0.28log3

(
ε̇

3e-5

)
+ 2.63log2

(
ε̇

3e-5

)
−10.96log

(
ε̇

3e-5

)
+ 17.07; ε̇ ∈ (3e1,3e2]
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Table A.5: Viscoplastic parameter of steel ηs.

ηs(ε̇)
0; ε̇ ∈ [0,1e-4]

−151.28log3
(

ε̇
1e-4

)
−136.97log2

(
ε̇

1e-4

)
+ 187.82log

(
ε̇

1e-4

)
; ε̇ ∈ (1e-4,3e-4]

4.39log3
(

ε̇
1e-4

)
−8.57log2

(
ε̇

1e-4

)
−25.42log

(
ε̇

1e-4

)
+ 55.60; ε̇ ∈ (3e-4,3e-3]

−2.65log3
(

ε̇
1e-4

)
+ 24.02log2

(
ε̇

1e-4

)
−74.34log

(
ε̇

1e-4

)
+ 79.47; ε̇ ∈ (3e-3,1e-1]

−0.28log3
(

ε̇
1e-4

)
+ 3.64log2

(
ε̇

1e-4

)
−15.7log

(
ε̇

1e-4

)
+ 23.02; ε̇ ∈ (1e-1,1]

−0.04log3
(

ε̇
1e-4

)
+ 0.65log2

(
ε̇

1e-4

)
−3.44log

(
ε̇

1e-4

)
+ 6.11; ε̇ ∈ (1,1e1]

0.01log2
(

ε̇
1e-4

)
−0.14log

(
ε̇

1e-4

)
+ 0.44; ε̇ ∈ (1e1,1e2]
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