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ON CHOW-WEIGHT HOMOLOGY OF GEOMETRIC MOTIVES

MIKHAIL V. BONDARKO AND VLADIMIR A. SOSNILO

ABSTRACT. We describe new Chow-weight (co)homology theories on the cat-
egory DM;ﬁ(k, R) of effective geometric Voevodsky motives (R is the coeffi-
cient ring). These theories are interesting “modifications” of motivic homol-
ogy; Chow-weight homology detects whether a motive M € Obj DMgei(k, R)
is r-effective (i.e., belongs to the rth Tate twist DMggl(k,R)(r) of effective
motives), bounds the weights of M (in the sense of the Chow weight structure
defined by the first author), and detects the effectivity of “the lower weight
pieces” of M. Moreover, we calculate the connectivity of M (in the sense of
Voevodsky’s homotopy t-structure, i.e., we study motivic homology) and prove
that the exponents of the higher motivic homology groups (of an “integral”
motive) are finite whenever these groups are torsion. We apply the latter
statement to the study of higher Chow groups of arbitrary varieties.

These motivic properties of M have plenty of applications. They are closely
related to the (co)homology of M; in particular, if the Chow groups of a variety
X vanish up to dimension 7 — 1 then the highest Deligne weight factors of the
(singular or étale) cohomology of X with compact support are r-effective.

Our results yield vast generalizations of the so-called “decomposition of the
diagonal” theorems, and we re-prove and extend some of earlier statements of
this sort.
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INTRODUCTION

The paper is dedicated to extending the well-known technique of decomposition of
the diagonal (cf. Remark[@5[1) below) to Voevodsky motives, and the application of
the results to the study of arbitrary varieties and their cohomology. Our main tool
are the completely new Chow-weight homology theories. They are closely related
to motivic homology of Voevodsky motives; yet Chow-weight homology has several
interesting properties that do not hold for motivic homology.

So, we consider Voevodsky’s category DM, ;ﬁfz(k, R) of R-linear effective geomet-
ric motives; here we assume the base field k is perfect and its characteristic p is
invertible in the coefficient ring R whenever it is positive (this is equivalent to
1/e € R, where e is the ezponential characteristic of k). Recall that DM;f,fl(k, R)
contains the category ChowCH(k,R) of R-linear effective Chow motives over k.
Now, the first author defined an exact (and conservative) weight complez func-
tor tp : DM (k,R) — K?(Chow®™ (k, R)) whose restriction to Chow®® (k, R) c
DM (k, R) is the obvious embedding Chow®®(k, R) — K®(Chow®™(k, R)) (see
Definition [[L41] and Remark [L43] below). Then for tr(M) = (M?) and a per-
fect field extension K/k we define the abelian group CWH; (Mg, R) as the i-th
homology of the complex hg; j (M}, R) obtained from tr(M); here hoj ; = CH; is
the extension to Chow motives of the dimension j (R-linear) Chow group functor
(whereas the notation originates from motivic homology), and the lower index K
indicates that we extend the base field to K. Consequently, if M is a Chow motive
then CWH;(MK) = {0} for i # 0 and CWH‘;(MK) = hoj ;j(M); thus one may say
that Chow-weight homology is somewhat easier to compute than the motivic one
(cf. Remark[0.5)(2); in Remark B3] we recall that these restrictions of Chow-weight
homology characterize it completely).

Next we recall that Chow®™(k, R) contains the Lefschetz motive L = R(1) =
R(1)[2]; for n > 0 we say that a motive M is n-effective if it belongs to

eff _ eff n __ eff
DMEE (k, R)(n) = DMSE (k, R) @ L& = DM (k, R)(n).

The first statement that demonstrates the usefulness of Chow-weight homology is
as follows.

Theorem 0.1. Let M be an object of DM (k, R), n. > 0, and Ky is a universal
domain containing kI] Denote the set Z x [0,n — 1] C Z x Z by I.
(1) Then M € DM (k, R)(n) if and only if CWH;(MK) = {0} whenever
(i,7) € I and K is the perfect closure of a finitely generated extension of k.
(2) If R = Q then M € DM (k, R)(n) if and only if CWH;(MKO) = {0} for
all (i,5) € 1.
(3) If RC Q and CWH;(MKO) ® Q = {0} for all (i,7) € I then there exists
an integer E > 0 such that for any perfect field extension k'/k we have
E- CWH;(M;C/) = {0} for all these (i,7).

These statements can be vastly generalized; see Theorems B2.1] B.3.3] B.6.4]
and and §3.4 below. In particular (instead of effectivity) one can study
weights and connectivity of M (that is, relate M to the filtrations induced by
the Chow weight structure and the homotopy t-structure; see §2.IHZ2 below) and
“measure effectivity” of the higher terms of the complex tg(M). For R = Q one can

1See Definition ZZ3II2) and Proposition 23] below.
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ON CHOW-WEIGHT HOMOLOGY OF GEOMETRIC MOTIVES 175

also study the case where the corresponding Chow-weight homology vector spaces
are finite dimensional (over Q). Moreover, we apply these results to study the
Deligne weight filtration on singular and étale cohomology. Instead of formulating
all motivic statements of this sort here (yet see the end of this introduction for a
short plan of the paper), we will now describe one of their applications to motives
with compact support of varieties.

Theorem 0.2. Let r >0, X is a k-variety (that is, a reduced separated scheme of
finite type over k), Ky is a universal domain containing k, and CH;(Xk,, Q) = {0}
for 0 < j < r. Then the following statements are valid.

(1) There exists E > 0 such that the Z[1/e]-linear Chow groups CH; (X, Z[1/e])
are annihilated by the multiplication by E for all 0 < j < r and all field
extensions k' /k (heree=p ifp>0ande=1ifp=0).

(2) If k is a subfield of C and q > 0 then the (highest) g-th weight factor of
the mized Hodge structure H3(Xc) (the singular cohomology of Xc¢ with
compact support) is r-effective (as a pure Hodge structure).

Moreover, the same property of the Deligne weight factors of HI(X aie)
is fulfilled for étale cohomology with values in the category of Q[Gal(k)]-
modules if k is the perfect closure of a finitely generated field.

In particular, these factors are zero if g < 2r.

(3) The motive MG(X) (see Definition L1.1](2)) is an extension of an element
of DM;ﬁ(k,Q)wC]lowzl (see §2.2)) by an object of Choweﬂ(k,(@)<r>.

Remark 0.3.

(1) The vanishing of lower Chow groups is quite “common” for non-proper
varieties. In particular, it suffices to assume that X is an open subvariety
of X’ x A" for some k-variety X’; cf. RemarkL.I7[2) below for more detail.

(2) These statements are completely new; yet they are easily seen to gener-
alize the corresponding (rather well-known) properties of proper smooth
varieties.

Note also that the formulation of Theorem 23] below is somewhat sim-
ilar to Theorem [0.2} yet it mentions higher motivic homology. Moreover,
in Corollary E.1.6)2) below parts (2) and (3) of our theorem are general-
ized to the case where the Q-vector spaces CH;(Xkg,,Q) = {0} are finite
dimensional if 0 < j < r.

(3) By Proposition below (see also Remark L22([)), the combination
of two of more or less “standard” motivic conjectures yields that the first
implication in Theorem [0.2(2) is actually an equivalence.

Let us now recall some basics on (“classical”) decomposition of the diagonal and
relate it to our results. Decomposition of the diagonal (see Remark [0.5[1) below)
was introduced by Bloch in §1A of [Blo80] (cf. also [BIS83]; a rich collection of recent
results related to this notion can be found in [Voild]). Let us recall some easily
formulated motivic results obtained via this method (and essentially established
in [Vial7]). For simplicity, we will state them for motives and Chow groups with
rational coefficients over a universal domain k; yet they also can be generalized
similarly to Theorem [0.1}
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176 MIKHAIL V. BONDARKO AND VLADIMIR A. SOSNILO

Proposition 0.4.

(i) Let O be an effective Chow motive over k. Then O is r-effective if and only
if CH;(O) = {0} for 0 < j <r (see Remark 3.8 of [VialT]).

(ii) Let h : N — O be a morphism of effective Chow motives. Then CHg(h)
is surjective if and only if h “splits modulo 1-effective motives”, i.e., if it
corresponds to a presentation of O as a retract of N @(Q(1)) for some
effective motive Q) (cf. Proposition 3.5 of ibid. and Remark [0D(1) below).

(iii) For h: N — O as above the homomorphisms CH;(h) are surjective for all
7 >0 if and only if h is split surjective (this is Theorem 3.18 of ibid.).

Remark 0.5.

(1) In statements of this sort one usually takes O to be the motive of a smooth
projective P/k, whereas N is obtained by resolving singularities of a closed
subvariety P’ of P (cf. Lemma 3 of [GoG13] and Proposition 3.5 of [VialT]).
In this case, if CH;(h) is surjective for all j < ¢ then the diagonal cycle A in
P x P is rationally equivalent to the sum of a cycle supported on P’ x P and
one supported on P x W for some closed W C P of codimension at least r.
That is why one speaks about decomposing the diagonal; see Proposition
43Tl below for more detail.

One can usually reformulate these cycle-theoretic statements using the
following trivial observation: if M is an object of an additive category B,
idy = f1 4+ fa (for f1, fo € B(M, M)), and f; factor through some objects
M; of B (for ¢ = 1,2), then M is a retract of My @ M>. In particular,
if B is idempotent complete (this is the case for all “standard” motivic
categories) then M is a direct summand of My @ M.

(2) Proposition [I4)(i) can easily be deduced from Theorem [I.1[(2).

Moreover, we obtain that one cannot use motivic homology instead of
the Chow-weight one in the theorem. Indeed, if M = R(1) then

hio(Mr,) = DM, (Ko, R)(R[1], R(1)[2]) = Kj @z R # {0}

if R is not a torsion ring (see Definition [Z2.2(5) below for this notation).
Note also that “classical” decomposition of the diagonal methods cannot
yield Theorem since one cannot avoid distinguished triangles and long
exact sequences in the proof of this “mixed statement”.

Thus the results of the current paper demonstrate that the language of
Chow weight structures, weight complexes, and Chow-weight homology is
appropriate for extending decomposition of the diagonal results to varieties
that are either singular or non-proper, and to general Voevodsky motives.
The main disadvantage of Chow-weight homology is that its values are often
huge (since ordinary Chow groups are); cf. Remark [23.6]2) and Theorem
below.

strate this in Corollary and Remark B3T0(2) below.

To prove this corollary we will consider the motive M = Cone(h). Since
the weight complex functor tg is exact, the Chow group assumptions in
of CWH?(M ) for all j > 0, respectively. Moreover, CWH; (M) = {0} for
i # —1,0 automatically.
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ON CHOW-WEIGHT HOMOLOGY OF GEOMETRIC MOTIVES 177

For the sake of the readers scared of Voevodsky motives, we also note that our
results can be applied to K*(Chow®® (k, R)) (i.e., to complexes of R-linear Chow
motives) instead of DM;ffl(k,R); see Remark below. Yet even these more
elementary versions of our results are “quite triangulated”, and their proofs involve
certain triangulated categories of birational motives.

Now let us describe the contents of the paper; some more information of this
sort can be found at the beginnings of sections.

In {1l we recall some of the theory of weight structures.

In §2l we describe several properties of (various categories of) Chow and Voevod-
sky motives and of Chow weight structures for the latter. The most important
(though somewhat technical) results of this section are Proposition @B Bl) on
morphisms between Chow motives inside DM, ;ffl(k, R). We also prove some aux-
iliary statements on the behaviour of complexes whose terms are certain (higher)
Chow groups under morphisms of base fields; most of these results are more or less
well-known.

In §3] we define Chow-weight homology theories and study the properties of
Chow-weight homology of arbitrary objects of the Voevodsky category DM, gﬁ (k, R).
In particular we express the weights of a motive M € Obj DM, ;f,fl(k, R) and its ef-
fectivity (i.e., whether it belongs to Obj DM (k, R)(r) for a given r > 0) in
terms of its Chow-weight homology. We also relate the vanishing of the higher
degree Chow-weight homology of M to that of its motivic homology (along with
its motivic connectivity) and to the effectivity of the higher (Deligne) weight fac-
tors of cohomology. Moreover, the combination of two (of more or less “standard”)
motivic conjectures yields that the implications of the latter type are in fact equiva-
lences (see Proposition B.5.3]). Furthermore, we prove that the vanishing of rational
Chow-weight homology of M in a certain range is “almost equivalent” to M being
an extension of a motive satisfying the integral Chow-weight homology vanishing
in the same range by a torsion motive (see Theorem B.6.4]). This implies the follow-
ing: if the higher motivic homology groups of a motive M are torsion, then their
exponents are finite.

In §4] we apply our general results to motives with compact support of arbitrary
k-varieties. We apply them to obtain Theorem [.2] as well as several results related
to it (see §4.2). Moreover, we re-prove and generalize certain decomposition of the
diagonal results of [Par94] and [Lat96]; in the process we demonstrate the relation
of our methods and results to the “usual” cycle-theoretic formulations of decompo-
sitions of the diagonal statements. We also recall that in the case where k is finite
the effectivity conditions for motives are closely related to the number of rational
points of k-varieties (taken modulo powers of ¢ = #k); see Proposition L.2:4(2).
Furthermore, we study tensor products of motives and relate them to varieties. In
particular, we prove (roughly) that the aforementioned standard conjectures imply
that the “effectivity and connectivity” of the tensor product of (geometric Q-linear)
motives over a characteristic 0 field cannot exceed the sums of the effectivities and
connectivities of the multipliers, respectively.

In §8l we prove some more statements and discuss further developments of the
theory. We study the finite-dimensionality of Chow-weight homology and of Chow
groups in the case R = Q; this gives a certain generalization of Theorems and
We also dualize some of our results; this allows us to calculate the dimensions
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178 MIKHAIL V. BONDARKO AND VLADIMIR A. SOSNILO

of motives and bound their weights (from above) in terms of their Chow-weight
cohomology.

We also note that an alternative version of this text is available as [BoS14]; note
however that some of the notation and the numeration of the statements in ibid.
differs from the current text, and the exposition is less accurate. Moreover, some
results of our paper are generalized in [BoK20]; see Remark £.3.TI([@) below.

LIST OF MAIN DEFINITIONS AND NOTATION

For the convenience of the readers we list some of the terminology and notation
used in this paper. The reader may certainly ignore this section.

e Karoubian categories, Karoubi envelopes, extension-closed and Karoubi-
closed subcategories, extension-closures, Karoubi-closures, envelopes, X 1
Y, D+, and 1D are defined in .11

e Weight structures (general and bounded ones), their hearts, the classes
C>is Cu<is Copmis O ), Weight-exact functors, connective subcategories
of triangulated categories, weight truncations w<,, M, ws>, M, and m-
weight decompositions are recalled in §1.2

e Weight complexes, weight filtrations, and weight spectral sequences are
recalled in §T.41

e The motivic categories Chow®™(k, R) C DM (k,R) ¢ DM (k,R) C
DM (k, R) and Chow(k, R), the functor Mg, (shifted) Tate twists (r) =
—(r)[2r], the homotopy t-structure t£  and varieties (resp. motives) of
the type Xk (resp. M) are introduced in §Z11

e The Chow weight structures wgpow on DM, ;ﬁi(k, R) and on its subcategories
dSmDMgf,i(k, R), along with r-effectivity and dimensions for motives and
their motivic homology groups h..(—, R) are introduced in §2.21 We also
define the functor 1" : DM (k,R) — DM}, (k,R), and introduce the
Chow weight structure wgy,,,, on DM, (k, R) for any r > 0.

e Essentially finitely generated fields, universal domains, fields of definition
for motives, rational extensions, and function fields are defined in §2.3

e Chow-weight homology functors CWH} (—k, R) and CWH;} (—g, %, R) are
introduced in §3.1] (whereas the “Poincare dual” Chow-weight cohomology
functors CWC™* (-, R) and CWC**(—k, %, R) are defined in §5.2)).

e Staircase sets T C Z x [0,+00) (this includes sets of the type Z'?) are
introduced in §3.3} an example is drawn in Corollary B.4.2)(3).

e Etale and singular cohomology functors H.; g, and Hging, and Deligne’s
weights Wp, H* on their values are considered in §3.5

e Motives with compact support Mg (—) and M%(—) are recalled in §4.T1

We will treat both the characteristic 0 and the positive characteristic case below.
Yet the reader may certainly assume that the characteristic of k is 0 throughout
the paper; clearly, in this case one does not have to think about perfectness and
the assumption 1/e € R, and can use singular cohomology.

1. SOME PRELIMINARIES ON WEIGHT STRUCTURES

This section is dedicated to recalling the theory of weight structures in triangu-
lated categories.
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ON CHOW-WEIGHT HOMOLOGY OF GEOMETRIC MOTIVES 179

In §I.0] we introduce some notation and conventions for (mostly, triangulated)
categories; we also prove two simple lemmas.

In §1.2] we recall the definition and basic properties of weight structures.

In 1.3 we relate weight structures to localizations.

In T4 we recall several properties of weight complexes and weight spectral
sequences.

1.1. Some (categorical) notation and lemmas.

e For a < b € Z we will write [a,b] (resp. [a,+00), resp. [a,+0o0]) for the
set {i € Z: a < i < b} (vesp. {i € Z: i > a}, resp. [a,+00) U
{+0} C Z U {+0o0}); we will never consider real line segments in this
paper. Respectively, when we write ¢ > ¢ (for ¢ € Z) we mean that i is an
integer satisfying this inequality.

e Given a category C and X,Y € ObjC we write C(X,Y) for the set of
morphisms from X to Y in C.

e For categories C’, C we write C' C C if C” is a full subcategory of C.

e Given a category C and X,Y € ObjC, we say that X is a retract of Y if
idx can be factored through Y.

e An additive subcategory H of an additive category C' is said to be Karoubi-
closed in C' if it contains all retracts of its objects in C'. The full subcategory
Kare(H) of additive category C' whose objects are all the retracts of objects
of a subcategory H (in C) will be called the Karoubi-closure of H in C.

e The Karoubi envelope Kar(B) (no lower index) of an additive category B
is the category of “formal images” of idempotents in B. Consequently, its
objects are the pairs (A, p) for A € ObjB, p € B(A, A), p?> = p, and the
morphisms are given by the formula

Kal"(ﬁ)((X,p), (X/’p/)) = {f € E(XvX/) : p/ © f = f op= f}
The correspondence A — (A,ids) (for A € ObjB) fully embeds B into
Kar(B). Moreover, Kar(B) is Karoubian, i.e., any idempotent morphism
yields a direct sum decomposition in Kar(B). Recall also that Kar(B) is
triangulated if B is (see [BaSO01]).

e The symbol C below will always denote some triangulated category; usually
it will be endowed with a weight structure w.

e For any A, B,C € ObjC we say that C is an extension of B by A if there
exists a distinguished triangle A — C — B — A[1].

e A class D C Obj(C is said to be extension-closed if it is closed with respect
to extensions and contains 0. We call the smallest extension-closed subclass
of objects of C' that contains a given class B C Obj C the extension-closure
of B.

Moreover, we call the smallest extension-closed Karoubi-closed subclass
of objects of C that contains B the envelope of B.

e Given a class D of objects of C we write (D) or (D)¢ for the smallest full
Karoubi-closed triangulated subcategory of C containing D. We call (D)
the triangulated category densely generated by D.

e For X,Y € ObjC we write X 1 Y if C(X,Y) = {0}. For D,E C ObjC
we write D L Eif X L Y forall X € D, Y € E. Given D C ObjC we
will write D+ for the class

{Y eObjC: X LY VX € D}.
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180 MIKHAIL V. BONDARKO AND VLADIMIR A. SOSNILO

Dually, + D is the class {Y € ObjC: Y L X VX € D}.
e Given f € C(X,Y), where X,Y € ObjC, we call the third vertex of (any)

distinguished triangle X Ly & Z a cone of f.

e For an additive category B we write K(B) for the homotopy category of
(cohomological) complexes over B. Its full subcategory of bounded com-
plexes will be denoted by K*(B). We will write M = (M?) if M* are the
terms of the complex M.

1.2. Weight structures: Basics. Let us recall the definition of the notion that
is central for this paper.

Definition 1.2.1.
(I) A couple of subclasses C',, <, C,,>¢o C Obj C will be said to define a weight

structure w on a triangulated category C if they satisfy the following con-
ditions.
(i) C,>o and C,, o are Karoubi-closed in C (i.e., contain all C-retracts
of their objects).
(ii) Semi-invariance with respect to translations.
QwSO - Qw§0[1]7 szo[l] C QwZO
(iii) Orthogonality.
QwSO 1 QwZO[l]‘
(iv) Weight decompositions.
For any M € Obj C there exists a distinguished triangle

X—>M->Y->X[1]
such that X € C\, <, Y € C,>0[1]-
We will also need the following definitions.

Definition 1.2.2. Let i, j € Z; assume that a triangulated category C is endowed
with a weight structure w.

(1) The full subcategory Hw of C whose objects are C,,_q = C,,50 N C,,<p 18
called the heart of w.
(2) Cp>; (vesp. C,cy, resp. C,,—;) will denote C~o[i] (resp. C,,<q[i], resp.

Cpyolid)-
(3) Cy; ) denotes C

C® c C will be the category whose object class is U; ezl
(4) We say that (C,w) is bounded if C* = C (i.e., if UjezC
UZEZCw>'L)
(5) Let C’" be a triangulated category endowed with a weight structure w’; let
F :C — C' be an exact functor.
F is said to be weight-ezact (with respect to w,w’) if it maps C,, <, into
(el w <o and sends C,,  into C w >0
(6) Let D be a full triangulated subcategory of C.
We say that w restricts to D whenever the couple (C,,<,NObj D, C <N
Obj D) is a weight structure on D. - -
(7) Let H be a full subcategory of a triangulated category C.
We say that H is connective if Obj H L (U;s Obj(H][i])).

N C,<;; hence this class equals {0} if i > j.

~w>1
i,3]"
w<i ObJQ =
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ON CHOW-WEIGHT HOMOLOGY OF GEOMETRIC MOTIVES 181

Remark 1.2.3.

(1) A simple (and yet quite useful) example of a weight structure comes from
the stupid filtration on K°(B) (or on K(B)) for an arbitrary additive cat-
egory B. In this case K°(B)w<o (resp. K°(B)u>0) will be the class of
complexes that are homotopy equivalent to complexes concentrated in de-
grees > 0 (resp. < 0); see [BoS18b, Remark 1.2.3(1)].

The heart of this weight structure is the Karoubi-closure of B in K°(B)
(or in K (B), respectively).
(2) A weight decomposition (of any M € Obj () is almost never canonical.
Still for any m € Z the axiom (iv) gives the existence of a distinguished
triangle

(1.1) wSmM - M — me_HM

with some w>mi1M € Cy5pppq and w<, M € C we call it an m-
weight decomposition of M.

We will often use this notation below (even though ws 41 M and w<,,, M
are not canonically determined by M); we will call any possible choice either
of Wsp41 M or of w<,, M (for any m € Z) a weight truncation of M. More-
over, when we write arrows of the type w<,,M — M or M — w>p41 M
we will always assume that they come from some m-weight decomposition
of M.

(3) In the current paper we use the “homological convention” for weight
structures; it was previously used in [Wil09], [Bonl8a], [BolIl5], [BoS18b],
[BoK18|, [Bonli8b], [Bon2l], and [Bonl9|, whereas in [BonlOa] and in
[Bonl0b] the “cohomological convention” was used. In the latter convention
the roles of C\, ., and C,,~, are interchanged, i.e., one considers C*<0 =
C >0 and CV=% = € _,. Consequently, a complex X € Obj K (B) whose
only non-zero term is the fifth one (i.e., X® # 0) has weight —5 in the
homological convention, and has weight 5 in the cohomological convention.
Thus the conventions differ by “signs of weights”; K(B)j; ;) is the class of
retracts of complexes concentrated in degrees [—j, —i].

We also recall that D. Pauksztello has introduced weight structures in-
dependently in [Pau08|; he called them co-t-structures.

(4) The orthogonality axiom (iii) in Definition [[2] immediately yields that
Hw is connective in C. We will formulate a certain converse to this state-
ment below.

w<m?

Let us recall some basic properties of weight structures. Starting from this mo-
ment we will assume that all the weight structures we consider are bounded (unless
specified otherwise; this is quite sufficient for our purposes everywhere except in
the proof of Lemma [3T7(1).

Proposition 1.2.4. Let C be a triangulated category, n > 0; we will assume that
w s a fized (bounded) weight structure on C everywhere except in assertion (8).

(1) The axiomatics of weight structures is self-dual, i.e., for C' = C°? (conse-
quently, Obj C" = ObjC) there exists the (opposite) weight structure w' for
’wh’tch Q’/QU/SO = QUJZO CL’rLd Q{UJ/ZO = QU}SO'

(2) C,<p s the extension-closure of Uj<oC
closure of U;>oC. in C.

in C; C,>o is the extension-

w=1

w=t
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(3) szo = (ng—l)l and ngo = J_szl'

(4) Let m <l € Z, X, X' € ObjC; fix certain weight decompositions of X [—m]

and X'[-1]. Then any morphism g : X — X' can be extended to a com-

mutative diagram of the corresponding distinguished triangles (see Remark

L23(2)):

wSmX X w2m+1X
J I |
UngX/ X' le-{-IX/

Moreover, if m <1 then this extension is unique (provided that the rows
are fized).

(5) Assume that w' is a weight structure for a triangulated category C'. Then

an exact functor F : C — C' is weight-ezact if and only if F(C,_,) C
Cy=o-

(6) If M belongs to C',»_,, then w<oM belongs to C|_,, ¢

(7) Ifm <l €Zand M € ObjC then for any choice of arrows w<;M — M and
wem (W< M) — w<;M that can be completed to an l-weight decomposition
and an m-weight decomposition triangle (see Remark [L23)(2)) respectively,
the composition morphism w<m, (w<;M) — M can be completed to an m-
weight decomposition of M.

(8) Let D C ObjC be a connective additive subcategory. Then there exists a
unique weight structure wr on T = (D)c such that D C Typ—o. It is
bounded; its heart equals the Karoubi-closure of D in C. Moreover, T is
Karoubian whenever D is.

Furthermore, if there exists a weight structure w on C such that D C
Huw, then the embedding T — C is strictly weight-exact, i.e., Ty,<o =
ObjTNC,<o and Tyyp>0 = ObjT NCs0-

(9) For any M,N € ObjC and f € C(N, M) if M belongs to C,,~o, then f
factors through (any possible choice of) w>oN. Dually, if N belongs to
C <o then f factors through w<oM.

(10) Let D be a (full) triangulated subcategory of C such that w restricts to D;
let M € Cpeo, N € Cpys_p, and f € C(M,N). Suppose that f factors
through an object P of D, i.e., there exist u; € C(M, P) and uy € C(P, N)
such that f =wug ouy. Then [ factors through an element of D|_,, o).

Proof. Assertions ([Il)-(@) were proved in [BonlOa] (pay attention to Remark
[L233)!). Assertion (H) follows immediately from Lemma 2.7.5 of [Bonl0Ob].

Assertion (@) follows immediately from the fact that the classes C,~_,, and
C <o are extension-closed (cf. assertion (2])). N

@). The octahedral axiom of triangulated categories implies that the object
C = Cone(w<m(w< M) — M) is an extension of (the corresponding) w>;4+1M by
Wm41(w<M). Hence C belongs to C, 5,1 (cf. assertion (@) once again); thus
Wem (W< M) — M — C is an m-weight decomposition triangle.

Assertion (§) is given by Remark 2.1.2 of [BoS18b].

Assertion (@) is an easy consequence of assertion ().

(@0). Assertion (@) yields that ug factors through ws_,, P; thus we can assume
that P belongs to D~ _,,. Next, the dual to assertion [d (see assertion () yields
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that uy factors through w<oP. It remains to note that we can choose w<oP that
belongs to Dy_,, o (see assertion ({@)). O

1.3. Weight structures on localizations.

Definition 1.3.1. We call a category % the factor of an additive category A by
its full additive subcategory B if Obj(%): Obj A and
(

A

(F)X,Y) = A(X,Y)/ > A(ZY)oAX,Z)).

Z€Obj B

Proposition 1.3.2. Let D C C be a triangulated subcategory of C; suppose that w
restricts to a weight structure wp on D (see Definition [LZ2[)). Denote by [ the
localization functor C — C/D (the latter category is the Verdier quotient of C by
D).
Then the following statements are valid.
(1) w induces a weight structure on C'/D, i.e., the Karoubi-closures of [(C,,<¢)
and I[(C,,~o) in C/D give a weight structure on this category. -
(2) Suppose (C,w) is bounded, and for X € ObjC assume(X) € C/D.
Then X is an extension of some element of C, <o by an element of

Dyp< i (see §LI)).

(3) The obvious functor iﬁ) — C/D is a full embedding, and the heart

Hwep of the weight structure wg/p given by assertion 1 is the Karoubi-
closure of the image of Hw C/D.

Hwp

(4) If (C,w) is bounded, then C/D also is.

Proof. Assertions (1), (3), and (4) were proved in §8.1 of [Bonl0al; assertion (2)
is an easy consequence of Theorem 3.3.1 of [BoS18c] (as demonstrated by Remark
3.3.2(1) of ibid.). O

Remark 1.3.3.

(1) Part (2) of our proposition gives the existence of a distinguished triangle
D — X — C — DJ1] for some C € C,~y and D € D, ._;. Clearly, this
triangle is just a —1-weight decomposition of X. In particular, Proposition
[C2A2) (or part [0 of that proposition along with its dual) easily yields the
following: if we also have X € C|,,, for r < 0 < m then C € C|,,, and
D e Q[Tv—l]'

(2) If w is bounded then all weight structures compatible with it (for D C C)
come from additive subcategories of Hw (see Proposition [[L2.4] (8 [)).
Moreover, in this case the heart Hwo,p actually equals the essential image

of IfTWD in C/D (see Proposition 3.3.3(1) of [BoS18d]).

wg/p=>0°

On the other hand, to ensure that there exists a weight structure for
C/D such that the localization functor is weight-exact it actually suffices
to assume that D is densely generated by some set of elements of Cyq y); see
Theorem 3.2.2 of [BoS19| for a more general statement.

1.4. On weight complexes and weight spectral sequences. We will need
certain weight complexes below. We define weight complexes of objects here only;
however, we will discuss certain extensions of this definition in Remark [.4.3(3,4)
below.
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184 MIKHAIL V. BONDARKO AND VLADIMIR A. SOSNILO

Definition 1.4.1. For an object M of C' (where C is endowed with a weight
structure w) choose some w<; M (see Remark [[23)(2)) for all [ € Z; then connect
w<j—1M with w<; M using Proposition [L2Z4[) (i.e., we consider those unique con-
necting morphisms that are compatible with idys). Next, take the corresponding

triangles
(12) w1 M = wa M — Mﬁl[l] — (wgl—lM)[l]

(so, we just introduce the notation for the corresponding cones). All of these
triangles along with the corresponding morphisms w<;M — M are called a choice of
a weight Postnikov tower for M, whereas the objects M? along with the morphisms
connecting them (obtained by composing the morphisms M ~! — (w<; 1 M)[1-1] —
M~ that come from two consecutive triangles of the type (L2)) will be denoted
by t(M) and said to be a choice of a weight complex for M.

Let us recall some basic properties of weight complexes. Note that the bound-
edness of w is only needed in assertions (B) and (B below; moreover, a much
weaker restriction on w is sufficient for the latter statement according to Proposi-
tion 3.1.6(2) and Theorem 2.3.4(1.1) of [Bonl9].

Proposition 1.4.2. Let M € ObjC, where C is endowed with a weight structure
w.

Then the following statements are valid.

(1) Any choice of t(M) = (M?) is a complex indeed (i.c., the square of the
boundary is zero); all M* belong to C,,_-

(2) M determines its weight complex t(M) up to a homotopy equivalence. In
particular, if M € C,~q (resp. M € C,,<o) then any choice of t(M) is
K(Hw)-isomorphic to a complex with non-zero terms in non-positive (resp.
non-negative) degrees only.

(3) If t(M) is homotopy equivalent to 0, then M = 0.

(4) If My EN My — Ms is a distinguished triangle in C then for any possible
choice of t(My) and t(M) there exists a choice of t(Ms) that completes
them to a distinguished triangle.

Moreover, if My € C,,~¢ and My € C, -, then there exists t(Ma) of the

form - — My? — Myt — MJ et MY — M} — .... That is, one can
take any choice of t(My) that is concentrated in non-negative degrees and
put it in the same degrees of t(Ms), take a “dual choice” of t(My), shift it
by [1], and put it inside t(Ms) also, whereas fy is the composed morphism

M§ — My EN M; — MY (the unlabeled morphisms in this row are provided
by our construction,).

(5) Ift(M) is homotopy equivalent to a bounded complex (M'?) then M belongs
to the extension-closure of the set {M’'~[i]}.

(6) Let N e Cp—o, M € C\~p; assume that a C-morphism f : N — M factors
through some L € ObjC. Then for any possible choice of LY (i.e., of the
zeroth term of t(L)) f can be factored through L.

(7) Let H : Hw — A be an additive functor, where A is an abelian category.
Choose a weight complex t(M) = (M7) for each object M of C, and denote
by H(M) the zeroth homology of the complex H(M?). Then H(—) yields

a homological functor from C to A (that does not depend on the choices of
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ON CHOW-WEIGHT HOMOLOGY OF GEOMETRIC MOTIVES 185

weight complexes for objects); we call a functor of this type a w-pure one
(¢f. Remark BI3 below).

(8) Let C' be a triangulated category endowed with a weight structure w'; let F :
C — C’ be a weight-exact functor. Then for any choice of t(M) the complex
(F(M?)) yields a weight complex of F(M) with respect to w'. Moreover,
this observation is “compatible with the construction of functors” mentioned
in the previous assertion, and is natural with respect to transformations of
(weight-ezact) functors.

Proof. Assertions ([I)—(@) easily follow from Theorem 3.3.1 of [Bonl0a]. Moreover,
Proposition 1.3.4 and Appendices A-B of [Bon21] give some more detail for the
proofs.

Next, assertions (), (@), and ([B) are given by Proposition 1.3.4(12), Theorem
2.1.2(1), and Corollary 3.3.3(2) of ibid., respectively.

Assertion (B) was essentially established in the course of proving Proposition

[C2AYT0). O

Remark 1.4.3.

(1) Moreover, Theorem 3.3.1(VI) of [BonlOa] easily yields that ¢ induces a
bijection between the class of isomorphism classes of elements of C'y
and the corresponding class for K(Hw) (i.e., with the class of homotopy
equivalence classes of complexes that have non-zero terms in degrees —1
and 0 only).

(2) The term “weight complex” originates from [GiS96], where a certain com-
plex of Chow motives W (X) was constructed for a variety X over a char-
acteristic 0 field. The weight complex functor of Gillet and Soulé can
essentially be obtained by composing the “triangulated motivic” weight
complex functor DM (k,Z) — K*(Chow®™(k,Z)) (or DM,,,(k,Z) —
K*(Chow(k, Z)); cf. Definition B.I1 below) with the functor M¢ of motive
with compact support (see Propositions 6.3.1 and 6.6.2 and Remark 6.3.2(2)
of [Bon09]; cf. also Definition ITT)(2) and the proof of Proposition A.1.8|(2)
below). Note however that in [GiS96] the so-called contravariant category of
Chow motives is considered, i.e., all arrows point in the opposite direction.

Certainly, our notion of weight complex is much more general.

(3) The basics of our weight complex theory was developed in §3 of [Bonl0Oal;
in §1.3 of [Bon21] the theory was exposed more carefully (via extending
Definition [L41). In ibid. a (canonical) weak weight complex functor
t: C, = Kp(Hw) was defined; here C, is a (triangulated) category
canonically equivalent to C, and Ky, (Hw) is a certain “weak homotopy”
category of Hw-complexes ( and there exists a natural conservative functor
K(Huw) — Ky(Huw)).

Moreover, throughout this paper one can actually assume that all the
weight complexes we need are given by “compatible” exact strong weight
complex functors whose targets are the corresponding K°(Huw); see Corol-
lary 3.5 of [Sos19], Remark 1.3.5(3) of [Bon2l], and Proposition 1.3.1 of
[Bon20b]. This approach is also applied in (§1.5 of) [BoK20].

(4) All the weight complexes in this paper can be assumed to be bounded, since
for any (w-bounded) object M of C one can take w<;M = 0 for [ small
enough and = M for [ large enough. Moreover, we can assume that for any
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object M of C a canonical choice to(M) of its weight complex is fixed; cf.
part (3) of this remark.

Now, the possible choices of bounded weight complexes for M are pre-
cisely the bounded Hw-complexes homotopy equivalent to to(M); see Corol-
lary 3.3.3(1) of [Bon21].

Let us now recall some of the properties of weight spectral sequences established
in §2 of [Bonl0al.

Let A be an abelian category. In §2 of [BonlOa] for H : C — A that is ei-
ther cohomological or homological (i.e., it is either covariant or contravariant, and
converts distinguished triangles into long exact sequences) certain weight filtrations
and weight spectral sequences (corresponding to w) were introduced.

Definition 1.4.4. Let A be a an abelian category, i € Z, and M € ObjC.

(1) If H : C — A is a (covariant) functor then we will write H; for the functor
Hol[-i]:C — A.

(2) If H is a contravariant functor from C into A then we write H® for the
composed functor H* = H o [—i].

Moreover, we fix a choice of w>;M and define the weight filtration on
H(M) as Wi{(H)(M) = Im(H (w>;M) — H(M)). Recall that W' H (M) is
functorial in M (in particular, it does not depend on the choice of w>;M);
see Proposition 2.1.2(2) of ibid. We will use the notation Gri, H(M) for
the quotient object Wi (H)(M) /W (H)(M).

Proposition 1.4.5.

(1) For a homological functor H : C — A and any M € ObjC there exists a
spectral sequence T = T,,(H, M) with EY'(T) = H_,(MP?), such that the
objects M and the boundary morphisms of E1(T) come from any choice of
t(M). T, (H, M) is C-functorial in M starting from Es.

It converges to B2 = H_,,_ (M) (at least) if M is w-bounded.

(2) Dually, if H is a cohomological functor from C into A then for any M €
Obj C there exists a spectral sequence T = T,,(H, M) with E}? = H1(M~P),
for M* and the boundary morphisms of E1(T) coming from t(M). Ty, (H, M)
converges to HPT4(M) whenever M is w-bounded; it is C-functorial in M
starting from Es, and also functorial with respect to composition of H with
exact functors between abelian categories.

The step of the filtration given by (EL™~': 1 >n) on H™(M) (for some
n,m € Z) equals (W"H™)(M).

Proof. These statements are essentially contained in Theorems 2.3.2 and 2.4.2 of
[Bon10al, respectively (yet take into account Remark [[L23](3)!). O

Corollary 1.4.6. Let M € C\,»o, N € C,,_o. Then the following statements are
valid.

(1) Choose some t(M) = (M?"). Then C(N,M) is isomorphic to the zeroth
homology of the complex (Hw(N, M?)).

(2) Let D C C be a triangulated subcategory of C; suppose that w restricts
to a weight structure wp on D (see Definition [L2Z2A[])). Assume that a
morphism f € C(N,M) vanishes in the Verdier quotient C/D. Then f
factors through some object of Hwp,.
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Proof.

(1) We may assume that M* = 0 for i > 0 (see Proposition [LZ22); note
that making a choice here does not affect the homology of the complex
(Hw(N, M*))). Hence we have a weight spectral sequence for the homo-
logical functor C(N,—) : C — Ab that starts from EY? = C(N, MP?[q])
and converges to C(N, M[p + q]). Since N L M?%[—i] for all i < 0 and
N | M?[—i— 1] whenever i < —1, this spectral sequence gives the result.

(2) The Verdier localization theory yields that f factors through an object of
D. Hence the assertion follows from Proposition [LZ2(@]).

O

2. ON MOTIVES, THEIR WEIGHTS, AND VARIOUS (COMPLEXES OF)
CHOW GROUPS

In this section we study several motivic categories, Chow weight structures on
them, and certain (complexes of) Chow groups.

In §2.T] we recall some basics on Voevodsky motives with coefficients in a Z[1/e]-
algebra R and introduce some notation.

In §2.2] we introduce and study in detail Chow weight structures on various
versions of DM;ffn(k, R).

In §2.3] we associate to extensions of k£ and complexes of Chow motives the
homology of complexes consisting of their Chow groups (of fixed dimension and
“highness”). We prove several properties of these homology theories (and of motivic
homology); however, most of them appear to be standard.

2.1. Some notation and basics on Voevodsky motives. Below &k will denote
a perfect base field of characteristic p. We set e = 1 if p = 0 and e = p otherwise;
that is, e is the exponential characteristic of k.

We will use the term k-variety for reduced separated (possibly, reducible) schemes
of finite type over Speck; we write Var for the set of all k-varieties. Respectively,
the set of smooth varieties (resp. of smooth projective varieties) over k will be
denoted by SmVar (resp. by SmPrVar), and we do not assume these schemes to be
connected.

Recall that (as was shown in [MVWO06] and [BeVO0S|; cf. also [CiD15] and
[BoK18]|) one can do the theory of motives with coefficients in an arbitrary commu-
tative associative ring with a unit R. One obtains a tensor triangulated category
DMER (k, R) (along with its embeddings into D Mgy, (k, R) and into DM (k, R);
see below) that satisfies all the basic properties of the usual Voevodsky’s motives
(i.e., of those with integral coefficients for p = 0). Moreover, we recall that all of
the results that were stated in [Voe00] in this case are currently known for Z[1/e]-
motives (also if) p > 0; see [Kell7], [Deg08], and [Bonll]. Consequently, these
properties are also valid for R-linear motives whenever R is a Z[1/e]-algebra (see
[BeV08] and [BoK18§|), and we will apply some statements of this sort below with-
out further mention. We will mostly be interested in the cases R = Z[1/e] and
R=0Q.

An important part of the construction of motives is a functor Mp (R-motive)
from the category of smooth k-varieties into DM, ;f,fl(k:, R). Actually, Mg extends
to the category of all k-varieties (see [Voe00] and [Kell7]); yet we will mention this
extension just a few times.
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We will write pt for the point Speck (considered as a k-variety); we write just
R for MRr(pt).
We write Chow®™ (k, R) for the Karoubi-closure in DM (k, R) of the subcat-

gm
egory whose objects are R-motives of smooth projective varieties; Choweﬂ(k,R)
will be called the category of R-linear effective homological Chow motives (see
Proposition ZZ26Y[I]) below or Remark 1.3.2(4) of [BoK18]| for a justification of this
terminology).

For ¢ > 0 and M € ObjDMSH (k, R) we write M(c) for the tensor product
of M by the cth tensor power of the Lefschetz motive L (recall that the latter is
characterized by the condition Mg(P') =2 L R). The relation of this notation
to the notation for twists in [Voe00] is as follows: M{(c) = M(c)[2¢] and M(c) =
M{c)[—2c].

Next, recall that the twist functor —(1) is a full embedding of DM, ;gl(k, R) into
itself (this fact is often called the Cancellation theorem) that restricts to an em-
bedding of Chow®®(k, R) into itself. —(1) extends to an autoequivalence of the
corresponding category DMy, (k, R) = DM;f,fl(k, R)[(—1)] (i.e., we invert the func-
tor —(1) = — ® LL); note that this category contains DMSh (k, R) together with
Chow(k, R) = Chow®®(k, R)[(—1)]. Moreover, DM,,,(k, R) is equipped with an
exact Poincaré duality functor — : DMy, (k, R) — DM, (k, R)°P (constructed
in [Voe0Q] for p = 0; see Theorem 5.3.18 of [Kell7] or [Bonll] for the positive
characteristic case) that sends Mpg(P) into Mg(P){(—d) if P is smooth projec-
tive everywhere of dimension d. It restricts to the “usual” Poincaré duality for
Chow (k, R).

Both DMEE (k, R) and DMy, (k, R) are Karoubian by definition.

An important property of motives is the Gysin distinguished triangle (see Propo-
sition 4.3 of [Deg08] that establishes its existence in the case of an arbitrary charac-
teristic p). For a closed embedding Z — X of smooth varieties with Z is everywhere
of codimension ¢ in X, it has the following form:

(2.1) Mr(X\ Z) = Mp(X) = Mg(Z)(c) = Mgr(X\ Z)[1].

Remark 2.1.1. Some of our formulations below will use the homotopy t-structure
for the Voevodsky motivic complexes. We recall that the methods of [Voe(0]
yield an embedding DM;f,fl(k,R) into a certain category DM (k, R), and the
latter can be endowed with the so-called homotopy t-structure t,’fom (which gives
a filtration on DM;gl(k,R) C DM (k, R) that we will sometimes call the mo-
tivic connectivity one). Furthermore, DM (k, R) is a full subcategory of the tri-
angulated category DM (k, R) of unbounded motivic complexes that is closed
with respect to arbitrary coproducts. The t-structure tfom can be extended to
DM (k, R) (see §4 of [BeV08] or Corollary 5.2 of [Degll]), and the correspond-
ing class DM®® (k, R)thom<0 equals DMT(k, R)!"om<0: it also equals the smallest
extension-closed class of objects of DM (k, R) that is closed with respect to co-
products and contains M (X) for all smooth X /k.

We will often have to mention base fields distinct from k. It will be convenient
for us to use the following notation.
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Definition 2.1.2. Assume that K/k be a field extension, X is a k-variety, and M
an object of DMy, (k, R).
(1) We will write Xk for the K-variety X Xgpeck Spec K.
(2) KPer/ will denote the perfect closure of K.
(3) We will use the notation M for the image of M with respect to the ex-
tension of base field functor DM,,,(k, R) — DMy, (KP"/| R) (cf. Remark
223 below); see Appendix A of [BoK20] for some information on functors
of this type.

Let us recall a well-known statement related to this convention. Below we will
only apply it for X that is smooth over K (yet cf. Proposition T.2|[2) and Remark
LT3 below); in this case it is essentially true by definition.

Lemma 2.1.3. For a variety X over k we have Mp(X)x = Mpr(Xgrers) (in the
category DM;’E; (KPerf R)).

Proof. The statement is given by Proposition A.1(1) of [BoK20]. Alternatively, it
easily follows from (8.7.1), Corollary 3.2, and Theorem 3.1 of [CiD15] along with
Proposition 4.3.13 of [CiD19]. O

2.2. Chow weight structures on various motivic categories. Now we note
that the arguments used in the construction of the Chow weight structures in
[BonlOa] and [Bonli] can be easily applied to R-motives (for any Z[1/e]-algebra
R).

Proposition 2.2.1.

(1) There exists a bounded weight structure wWenow ON DMgffL(k,R) (resp. on
DMy, (k, R)) whose heart equals Chow®™ (k, R) (resp. Chow(k, R); we as-
sume these subcategories of DMy, (k, R) to be strict). These weight struc-
tures on DMgeffL(k, R) and DMy, (k, R) are compatible (i.e., the embedding
DMEE (k, R) — DMy, (k, R) is weight-ezact).

Moreover, DMER (k, R)weyp, <0 (Tesp. D Mg (K, R)weyo, <o) is equal to
the extension-closure of the class Ui<o Obj Chow®™ (k, R)[i] in DME (k, R)
(resp. of the class Uj<o Obj Chow(k, R)[i] in DMy, (k, R)); analogously,
DMEE (k, R)wepo 20 (resp. DMy (ky R)we,,,>0) is the extension-closure
0f Uizo Obj Chow®" (k, R)[i] in DMSE (k, R) (resp. of U;»o Obj Chow(k, R)]i]
in DMy (K, R)).

(2) If U € SmVar and dimU < m then Mg(U) € DM;g(k, R) =m0

(3) If U — V is an open dense embedding of smooth varieties then the motive
COHG(MR(U) - MR(V)) belongs to DM;;;Y@(kv R)wChOWSO'

(4) Let K'/E be a field extension. Then the extension of scalars functors —js :
DM (k. R) = DMES (7" R) and DMy (b, B) — DMy (K77, )
(see Definition B1.2) are weight-exact with respect to the corresponding
Chow weight structures.

(5) For any n € Z the functor —(n) is weight-ezact on DMy, (k, R); the same
is true for DMSS (k, R) if n > 0.

(6) If M € ObjDM (k,R)(n), n € Z, then there exists a choice of its
weight complex t(M) = (M?) (with respect to the Chow weight structure
for DM;gl(k,R); see Definition [LAI] and Remark LA3Y(4)) with M' €
Obj Chow®™ (k, R) (n).
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Proof. The first three assertions were stated in Theorem 2.2.1 of [Bonll] in the
case R = Z[1/e]. The proof carries over to the case of a general R without any
difficulty; see Remark 2.1.3(1) of [BoK18] or Proposition 2.3.2 of [BoIl5].

The remaining statements are simple as well. Assertions (@) and () easily follow
from Proposition [[2Z4[H]) along with Lemma [ZT3] whereas assertion (@) follows
from the previous one by Proposition [L42|[]). a

Now we deduce some simple corollaries from this proposition. Their formulation
requires the following definition, that will be important for us below.

Definition 2.2.2.

(1) For M € Obj DMgg(k, R) and a non-negative integer r we say that M is
r-effective if it has the form N(r) for some N € Obj DM;gl(k, R).

(2) We say that the dimension of M is not greater than an integer m if M
belongs to (Mg(P): P € SmPrVar, dim P < m).

The (full) subcategory of DM;g(k,R) (resp. of Chow®™(k, R)) of mo-
tives of dimension at most m is denoted by d<, DMSI (k,R) (resp., by
d<m Chow®™ (k, R); consequently, d<,, DM (k, R) = d<,, Chow*" (k, R) =
{0} if m < 0).

(3) For r > —1 we define the functor I" : DMER (k, R) — DM}, (k, R) as the
Verdier localization of DMER (k, R) by DMSE (k, R)(r + 1).

(4) We also use the following extension of this notation: Chow®® (k, R)(+o00) =
DM (k, R)(+00) = {0}, 17°° = [7°°~1 will denote the identity functor
for DMER (k, R). Respectively, DMy, (k, R)**°(k, R) = DMSE (k, R), and
any subclass of objects of DMEH (k, R)(+o00) is zero.

(5) If M is an object of Chow®™ (k, R) or of DM (k,R) and j,1 € Z then we
define ha; 1,5 (M, ) as DMy (k, RNRG)[, M) = DMy (£, B)(R(G)2) +
I], M) (cf. Theorem 5.3.14 of [Kell7] or Proposition T[] below where
these groups are related to the corresponding Chow-Bloch groups of vari-
eties).

M)ore generally, for an extension K/k we write hojii (Mg, R) for the
group DMy, (KP°"T R)(R{j)[l], M) (see Definition ZT2(1,2)).

The last part of this definition can be naturally extended to DM®®(k, R). When
we will use this notation for general (I, M), we will usually take j = 0 in it.

Remark 2.2.3. We will sometimes mention “ordinary” Chow groups of varieties over
fields that are not necessarily perfect. One can define them in the usual way (in
spite of the conventions described in Definition -T2 cf. also Proposition ET2\[3)
below) since for any variety X over k and any extension K/k we have the following
isomorphism of Chow groups of cycles of dimension j > 0:

CHJ (XK, R) = CHJ (XerTf 5 R).
This fact is probably well-known; it can either be proved similarly to Lemma 1.2

of [Vial7] (where the case R = Q is considered; recall that we always assume that
R is a Z[1/e]-algebra) or deduced from Proposition 8.1 of [CiD15].
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Corollary 2.2.4. Letc>1, m > 0.

(1) The Chow weight structure restricts to a weight structure w. on the category
DM (k, R)(c) (see Definition L2Z2A[M)). Moreover, DM (k, R)w, <0 =
DMy, (k, R)weyo <0(c) and DMgp (k, R)w, >0 = DMy, (k, R)weyo, >0(c)-

(2) An object M of Chow®™ (k, R) is c-effective (as an object of DM (k, R))
if and only if it can be presented as N{c) for N € DM;f,fl(k, R) ey =0-

(3) The Chow weight structure also restricts to a weight structure on the cat-
egory dngMgegL(k,R) (that will also be denoted by wchow ). The heart of
the latter consists of all objects of ChOWCH(k,R) inside dSmDM;’ffn(k,R);
these motives are exactly the retracts of Mgr(P) for smooth projective P/k
of dimension at most m.

(4) If U — V is an open embedding of smooth varieties such that V \ U is
everywhere of codimension ¢ in V, dimV < m, then Cone(Mg(U) —
ME(V)) € (d<m-cDMgy, (k, R))uweyoy<o(c)-

(5) IfV is a smooth k-variety of dimension at most m then Mg (V) is an object
of dSmDMgffL(k‘,R).

(6) The Karoubi-closures of the classes

lc*l(DMgvfrfz(k’ R)wChowSO) and lc*l(DMgvafz(ka R)WChowZO)
in DM ;;l(k, R) give a bounded weight structure wal(l)w on this category.

Proof. (1) Note that DM;gq(k, R){c) is precisely the subcategory of DM;gq(k, R)
densely generated by Obj Choweﬁ(k, R){c). Hence Proposition [L24(R), @) yields
the result immediately.

(2) This is an immediate consequence of the “moreover” part of the previous
assertion (since — (c) gives an equivalence of DM (k, R) with DMEE (k, R)(c)).

(3) The statement immediately follows from Proposition [[2:4Y\]) (once again).

(4) There clearly exists a chain of open embeddings U = Uy — Uy — Uy —
<o = Uy, =V (for some m > 1) such that U; \ U;_; are smooth for all 1 <i < m.
Hence the distinguished triangles (2ZI) along with Corollary 22.4(5) imply (by
induction on m) that Cone(Mg(U) — Mg(V)) € Obj(d<m—DMSS (k, R))(c).
Thus it remains to combine the equality

(d<m—cD Mgy, (k, R)){€))w.<0 = (d<m—cD Mgy, (K, R))wepo, <0){c)

(cf. assertion (1) and its proof) with Proposition Z2TI[).

(5) The arguments used for the proof of [Bonlll, Theorem 2.2.1(1)] give the result
without any difficulty (cf. Corollary 1.2.2 of ibid. and Lemma [LTZI@]) below).

(6) According to assertion (1), we can apply Proposition [[L3.2](1,4) to obtain the
result in question. O

Remark 2.2.5. Let | € Z and ¢ > 1, and assume that there exists a choice of
Wehow<iM that belongs to Obj DMgegl(k, R){c).
(1) Proposition [LZA[7) implies that we can choose wchow<i—1M that be-
longs to Obj DM (k, R)(c). Then the corresponding choice (see (L2)
of M~" belongs to DM (k, R)we,.,—o as well as to Obj DMEH (k, R)(c)
(since DM (k, R)(c) is a full triangulated subcategory of DMSE (k, R);
see Proposition LZA@)). Thus M " € DMET (k, R)weyo,—o0(C).
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(2) Now suppose M € DM (k, R)wcy,, <i- Then M is a retract of wenow<iM
(since id s factors through weonew<iM by Proposition [LZA[)). Thus M is
an object of DMSH (k, R)(c) as well.

(3) It is easily seen that the weight structure wgy,, can be extended to the
category Kar(DMg,, (k,R)) D DM, (k,R) (see Theorem 2.2.2(IL.2) of
[BoS18b] or Remark [[23(4) and Proposition 248 above). Moreover,
Kar(DM}, . (k, 7)) is easily seen to be equivalent to the (geometric) bira-

tional motivic category DM, introduced in Definition 4.2.1 of [KaS17].
Let us prove some more lemmas that will be very important for us below.

Proposition 2.2.6. Let m,7 > 0, ¢ > 1, U,V € SmVar, Q € SmPrVar, M €
Obj Chow®™ (k, R).

(1) If U is of constant dimension d then DM (k, R)(Mg(U)(j), Mr(Q)) is
naturally isomorphic to the group CHgy;(U x @, R) of R-linear cycles of
dimension d 4+ j modulo rational equivalence.

(2) Let w : U — V be an open embedding such that V \ U is everywhere of
codimension at least ¢ in V and dimV < m. Let N € DM g, (k, R)wapow>0;
and assume that a morphism g € DMy, (k, R)(Mg(V)(j),N) vanishes
when composed with Mpg(u)(j). Then there exists a smooth projective P/k
of dimension at most m — ¢ such that g factors through Mr(P){j + c¢).

(3) If Q is of dimension at most m then any morphism q : Mr(Q) — M{c) can
be factored through Mg (P){c) for some smooth projective P/k of dimension
at most m — c. Moreover, there exists an open embedding w : W — @Q
such that Q@ \ W is (everywhere) of codimension at least ¢ in Q@ and the
composition q o M g(w) vanishes.

(4) Objdep DMEE (I, R)NObj DML (k, R)(¢) = Obj(dem—c DME (k, R)) (c).

In particular, if M{c) is of dimension at most m (in DM;g(k, R)), then
M s of dimension at most m — ¢ (thus it is zero if ¢ > m).

(5) Let g € DMEE (k, R)(Mgp(V)(j), M). Assume that V is connected and the
obvious image of g in the group hoj j(Myvy) (see Definition ZZI.2(3) and
the proof of this assertion) is zero. Then the morphism g can be factored
through an object of Chow®™ (k, R)(j +1).

(6) If Q is connected then DMgm(k,R)(MR(Q)<j>,M) = haj i (M), R).

(7) Assume that dim(Q) + j < r and that the dimension of M (see Definition
Z2.2@2)) is not greater than r. Then the group haj ;j(Myq), R) is isomor-
phic to the group of morphisms from Mpg(Q)(j) into M in the localization
d<; DM (k, R)/((d<,—j 1 DM (k, R))(j + 1)) (as well).

gm

Proof. [I). This statement was established in [Voe00] in the case p = 0; in the
general case it follows immediately from the formulae (6.4.2) and (6.7.1) of [BeVO0S];
cf. Corollary 6.7.3 of ibid.

@). Clearly, g can be factored through Cone(Mpg(u)){(j). Next, Corollary
2.2Z7(4) implies that Cone(M g (u))(j) belongs to DM (k, R) e, <o(j+c). Hence
for Cone(Mp(u)) = N'{(c) we can take wchow>0(Cone(Mpg(u))(j)) to be equal to
(WenowsoN'){(j + ¢) € ObjChow®™ (k, R)(j + ¢) (see Proposition [LZA([@)). Hence
applying part (@) of that proposition we conclude the proof.

@). Let @ = UQ; be the decomposition of @ into connected components, whose
dimensions will be denoted by m;; clearly, m; < m. Assume that M is a retract of
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Mp(S) for some smooth projective S/k. By the classical theory of Chow motives
(cf. assertion (), the morphism ¢ is supported on subvarieties of dimension m; —¢
in @Q; x S. Hence there exists an open W C @ such that @ \ W is everywhere
of codimension at least ¢ in ) and the “restriction” of ¢ to W vanishes. Hence
q o Mpr(w) = 0 according to assertion (), and assertion () implies that ¢ factors
through some Mp(P)(c) for a smooth projective P/k of dimension at most m — c.

@). The first part of the assertion follows immediately from Theorem 2.2 of
[BonI8al (see also Remark 2.3(2) of ibid.).

To prove the second part it suffices to recall that any motive in the heart of
d<m—cDME (k, R){c) is a retract of Mg(P)(c) for some smooth projective P/k
of dimension at most m — ¢ (see Corollary [Z2.4(1,3)), and apply the Cancellation
theorem.

). Clearly, we can assume that M = Mg(Q), @ is (smooth projective and
connected) of dimension dg > 0, and V' is of dimension d. Then assertion () says
that DM (k, R)(Mg(V)(j), M) =2 CH*®™/(V x Q, R) (the R-linear Chow group
of codimension dg — j cycles).

Next, we recall that Chow functors of this type are well-known to be “contin-
uous”; thus we have CHdQ_j(Qk(V), R) = li_r>nW CHdQ_j(W X @, R); here W runs
through open subvarieties of V' (cf. Lemma 3.4 of [Vial7] and its proof). Moreover,
it is easily seen that CHdQ*j(Qk(V),R) = CH;(Qr(v), R) = CH;(Qg(vyrers, R);
see Remark Thus there exists an open embedding w : W — @ such that
g o Mp(w)(j) = 0; hence we can apply assertion (2I).

([@). Denote dim @ by d. Similarly to the proof of the previous assertion, we have
DM (k, R)(MRr(Q)(j), M) = haji24j+a(Mr(Q) ® M, R), and there is a natural

surjective homomorphism
DM% (k, R)(MR(Q)(j), M) = hajysaj+a(Mr(Q) ® M, R) = hyj j(Myq), R).
By Proposition [[L3.2(3), the natural homomorphism
DMgy, (k, R)(Mr(Q){j), M) = DM}, (k, R)(Mr(Q){j), M)

is surjective as well. Thus we should compare the kernels.

According to Proposition [[3.2)3), the second of these kernels consists exactly
of morphisms that can be factored through Chow®® (k, R)(j + 1). Hence we should
prove that the first kernel can be described by this criterion as well. Now, (the
rational equivalence class of cycles representing) any morphism that factors through
Chow*™ (k, R)(j + 1) vanishes in haj.j (M gy, R) for simple dimension reasons (cf.
Proposition 2:33:3|(2) below). Conversely, any morphism that belongs to

Ker(D Mgy, (k, R)(Mr(Q){3), M) = haj j(Myq), R)
can be factored through an object of Chow®™ (k, R)(j 4 1) according to the previous

assertion.

([@). The chain or arguments used for the proof of the previous assertion can
easily be adjusted to yield the result. ]
Remark 2.2.7.

(1) The proof of (part (Bl)) of the proposition uses an abstract version of the
well-known decomposition of the diagonal arguments (cf. Proposition 1
of [BIS83]). The “usual” way to construct the factorization in question
(see Proposition 3.5 of [Vial7] and Lemma 3 of [GoG13]) is to resolve the
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singularities of V\W. Yet it is somewhat difficult to apply this more explicit
method if p > 0 (at least, for Z[1/e]-coeflicients). Moreover, our reasoning
is somewhat shorter than the one of loc. cit. (given the properties of Chow
weight structures that are absolutely necessary for this paper anyway).

(2) In the case R = Q the “in particular” part of Proposition 2ZZ0H) was
established in §3 of [Vial7] (see Remark 3.11 of ibid.). The general case of
the assertion is completely new.

(3) The idea of studying DM}, (k, R) and the formulation of part (5) of the
proposition was inspired by Theorem 4.2.2(f) of [KaS17] (where our asser-
tion was established in the case j = 0).

2.3. On complexes of Chow groups over various fields. We start with some
simple definitions.

Definition 2.3.1. Let K be a field.

(1) We say that K is essentially finitely generated if it is the perfect closure of
a field that is finitely generated over its prime subfield.

(2) We call K a universal domain if it is algebraically closed and of infinite
transcendence degree over its prime subfield.

(3) We say that a field Fp is a field of definition for an object M of DM;;:E(I@, R)
(resp. of K*(Chow(k, R))) if it is a part of a quintuple (Fy, ko, i, Mo, f)
where kg is a perfect subfield of Fy, ¢ is an embedding kg — k, My €
Obj DMH (ko, R) (resp. My € Obj K°(Chow(ko, R))), and f is an isomor-
phism M) — M (cf. Definition 2T.2)).

(4) We call K a rational extension of k if K 2 k(ty,...,t,) for some n > 0.

(5) We say that K is a function field over k if K is finitely generated over k.

Remark 2.3.2.

(1) Fields of definition for M obviously form a category if we define a mor-
phism from (Fy, ko, i, Mo, f) into (F§, ki, i/, M{§, f') to be a couple as
follows: a field embedding Fy — Fj that induces an embedding ky — K
that is compatible with ¢ and ¢/, and an isomorphism M} 2 My x; that is
compatible with (f, f7).

Clearly, for any field of definition of M as above any field embedding
Fy — F/ makes F{ a field of definition of M (with k{, = ko) and also gives a
morphism of these fields of definition. Consequently, it is usually sufficient
to specify Fj only.

(2) Clearly, any function field is a finite extension of a rational extension of k.
Moreover, since k is perfect by our convention, any function field over it is
the function field of some smooth connected variety V/k; recall here that
varieties over perfect fields are generically smooth.

Proposition 2.3.3. Let j,l € Z and r > 0. Then the following statements are
valid.

(1) Let N € ObjChow(k, R). Then
haji1,5(Nic, R) & DM (K, R)(Nic, R(j)[-1])

(see Definition Z22[0) ) for any field extension K/k, where N is the Poin-
caré dual of N (in Chow(k, R) C DMy (k, R)).
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(2) For any N € ObjChow®®(k, R) and any field extension K/k we have
haj1,;(Nk (r), R) = {0}
ifj—r+1<0.

(3) An object N ofDM;ffL(k', R) (or DM*°®(k, R)) belongs to DM (k, R)tﬁomﬁo
(see Remark Z1.11) if and only if hyo(Nk,R) = {0} for alll < 0 and all
function fields K /k.

Moreover, these conditions are equivalent to the wanishing of
hi—r.—+(Ng, R) for all1 <0, r >0, and all function fields K/k.

(4) Any object either of DM;fn(k,R) or of K*(Chow(k, R)) possesses an es-

sentially finitely generated field of definition.

Proof. (1) This is an immediate consequence of Poincaré duality for Voevodsky
motives; see Theorem 5.23 of [Deg08].

(2) Obviously, it suffices to establish the statement for N = Mg(P), where
P is as in the previous assertion; consequently, we will now treat this particular
case. Next, recall that motivic cohomology of smooth varieties can be computed as
the (co)homology of certain (Suslin or Bloch) cycle complexes; see Theorem 5.3.14
of [KellT] (cf. Proposition L T2(B) below). Therefore the group in question is a
subquotient of a certain group of cycles of KP°"f-dimension j — r 4 [. The result
follows immediately.

(3) See the (probably, well-known) Proposition A.1(3) of [BoK20].

(4) This fact appears to be well-known; its proof can easily be obtained using
continuity arguments as in Remark 1.3.3 of [Bon20al (that relies on §4.3 of [CID19]).

O

Now let us prove some facts relating (complexes of) higher Chow groups over
various base fields.

Our first statement is rather “classical” (cf. Lemma IA.3 of [Blo80] and §3 of
[Vial7]; one can also apply the more advanced formalism of [CiD15] to prove it).

Proposition 2.3.4. Let j,l € Z.

Fiz an object (M") of K*(Chow(k, R)); for a field of definition Fy of (M) de-
note by G(Fy) the zeroth homology of the complex h2j+l,j(MI’}0,R) (clearly, G is
functorial with respect to morphisms of fields of definition for (M?); see Remark
23.2(1)).

I. The following statements are valid.

(1) Let Fy C F{ be fields of definition for M. Then G(F}) is the (filtered)
direct limit of G(K) if we take K running through all finitely generated
extensions of Fy inside F; here all these extensions as well as F{) are
endowed with the structure of fields of definition for M that “comes
from Ey” (see Remark Z32(1) once again).

(2) Let Fy/k} and Fy/k2 be fields of definition for M ; let s : Fy — F be an
embedding of fields such that (M} p,)r, = M@ F, (yet we do not require
s to extend to a morphism of fields of definition). Then s induces a
homomorphism G(F1) — G(F3) that is an isomorphism if s(Fy) = F3,
and is injective if Fy is algebraically closed.

IT. Let R = Q. Then the following conditions are equivalent.
(1) G(K) = {0} for any function field K/k.
(2) G(Fy) = {0} for some universal domain of definition for M.
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(3) G(Fo) = {0} for any algebraically closed field of definition for M.
(4) G(Fy) = {0} for any field of definition for M.

III. All the statements above remain valid if we define G(K) as haj ;(Mk, R)
for a fized M € Obj DMy, (k, R).

Proof. We note (for convenience) that we can pass to the Poincaré duals in all of
these statements (see Proposition 2.3.3(1)). Thus one can express G(K) in terms
of motivic cohomology instead of motivic homology. We obviously do not have to
track the indices involved.

I. Recall that the motivic cohomology of Chow motives over Fy can be (functori-
ally) computed using certain complexes whose components are expressed in terms
of algebraic cycles in fixed Fy-varieties. This fact easily yields all our assertions
except the (very) last injectivity one.

In order to verify the remaining statement we note that, for a (Voevodsky) motive
N defined over a perfect field L, the motivic cohomology of Ny (for a perfect field
extension L'/L) can be (functorially in N) expressed as the filtered direct limit of
the corresponding cohomology of N @ M%(V,) for certain smooth varieties V,, over
L. Next, if L is algebraically closed, then the DMy, (L, R)-morphism R — Mg (V,)
possesses a splitting given by any L-point of V,. Hence the homomorphism in
question is injective since it can be presented as the direct limit of a system of
(split) injections.

One may also apply (“explicitly”) the continuity arguments mentioned in the
proof of Proposition [2.3.3[(4) in these proofs.

II. The existence of trace maps for higher Chow groups (with respect to finite
extensions of base fields; see Lemma 1.2 of [Vial7]) yields the following: if F{/Fj
is an algebraic extension and G(F}) = {0}, then G(Fp) = {0} as well. Along with
Proposition 2:33:3)(4) and assertion I, this observation easily yields our claim.

ITI. Note that the motivic (co)homology of any Voevodsky motive can be com-
puted using certain complexes of algebraic cycles. The existence of these complexes
is immediate from (the R-module analogue of) Theorem 3.1.1 of [Bon09] (note that
this result is valid for any p; this is a consequence of Proposition 5.3.12(iv) of
[Kell7]). Hence the arguments above carry over to this setting without any diffi-
culty. O

The following statement appears to be new; yet it will be somewhat less impor-
tant for us below.

Proposition 2.3.5. Once again, assume that j,l,r € Z, r > 0, (M?) is an object of
K?(Chow(k, R)); let Fy and Fy be function fields over k. Suppose that there exists
a geometric k-valuation of rank r for Fy such that the corresponding residue field is
isomorphic to Fy. Then there exists a split injection of the complex hng,j(M}l ,R)
into the complex hajyi—rjr(Mp, , R).

Proof. Clearly it suffices to verify this statement in the case j = 0.

Once again, we apply Proposition [Z33[1) and reduce our assertion to the fol-
lowing statement: for a complex (N?), where N* € Obj Chow(k, R), there exists a
split injection of the complex

(DM (k, R)(Npypers, R[=1])) into (D Mg (k, R)(Np,pers, B(r)[=r = 1])).
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Note also that if the schemes Spec Fy, (for ¢ = 1,2) are the inverse (filtered) lim-
its of some systems of smooth varieties X°/k (cf. Remark EZ3.2(2)) and O €
Obj Chow(k, R), then

DMy (, R)(Opypers Rls]) = lim DMy (k, R)(Mp(X2) @ O, Rls)

for any s € Z; here we apply the well-known “continuity” of Chow groups similar
to that discussed in the proof of Proposition 2Z2.6l[) (cf. also Remark and
Proposition 8.1 of [CiD15]).

Hence the statement would be proved if we had a motivic category % >
DMy, (k, R) that contains certain homotopy limits @MR(Xi) for b = 1,2 (that
can be denoted as M (Spec K")), is equipped with a bi-additive tensor product bi-
functor DMy, (k, R) x®® — D such that the groups @R((@ Mg(X2))®0, R]s])
are functorially isomorphic to h_I)n(./\/l r(X?) ® O, R[s]), and such that there exists
a split DX-morphism @(MR(X}J)(TH—T] — @(MR(XT%))

Luckily, the results of previous papers yield the existence of ® having all these
properties. Indeed, for R = Z a certain category of this sort was constructed
in [BonlOb]. It has suffered from two drawbacks: it only contained DM;ffn(k, Z)
instead of DMy, (k,Z), and the splitting in question was established (see Corollary
4.2.2(2) of ibid.) only in the case where k is countable. Yet one can easily “correct”
that category so that it would contain DM, (k, R), and Proposition 5.2.6(8) of
[Bonl8b] implies that the desired splitting exists for any perfect k& (see Remark
5.2.7(7) of ibid.). O

Remark 2.3.6.

(1) Since a function field can be presented as a finite separable extension of
E(t1,...,tq) (see Remark 2233:2(2)), it is also a residue field for a (rank 1)
geometric valuation of k(ty,ta,...,t44+1). Thus one may say that it suffices
to compute these stalks at rational extensions of & only!

(2) One can also verify that hojyi—rj—r(Mj, R) contains (as a retract) the
sum of any finite number of hojy (M, ks R), where k,, are residue fields
for distinct geometric valuations of K of rank r. Hence the homology groups
of hoj_i—p j—r(Mj;, R) can be quite huge. Consequently, we will not try to
calculate them in general (at least, in the current paper; yet §5.11); we will
rather be interested in their vanishing.

3. ON CHOW-WEIGHT HOMOLOGY OF “GENERAL” MOTIVES

In this section we prove the central motivic results of this paper; their appli-
cations to (motives and cohomology with compact support of) varieties will be
described later. The main results of this section are Theorems B.2.1] B33, and
B6.4 and Corollary B.4.2] whereas the relation to cohomology is discussed in §3.5
Most of the results of this section will be illustrated by Theorems [£.2.1] and [£.2.3]
below.

In §37] we introduce (using the weight complex functor) the main homology
theories of this paper and prove several of their properties.

In §32 we relate Chow-weight homology to the c-effectivity of motives and their
weights. A very particular case of these result yields: a cone of a morphism h of
Chow motives is c-effective if and only if h induces isomorphisms on Chow groups
of dimension less than c.
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In §3.3] we generalize the aforementioned results to obtain equivalent criteria
for the vanishing of Chow-weight homology in a certain “range” (we introduce
the term “staircase set” for this purpose); we also note that the corresponding
“decompositions” of motives can be assumed not to increase their dimension. We
demonstrate the utility of our Theorem by applying it to morphisms of Chow
motives.

In §3.4we prove that the properties of motives studied in the previous subsection
can also be “detected” through higher Chow-weight homology. As a consequence,
we relate the vanishing of Chow-weight homology of a motive M to that for its
higher degree (zero-dimensional) motivic homology.

In §3.5] we relate the vanishing properties of the Chow-weight homology of M
to the weight factors of the cohomology H*(M) (for various cohomology theories).
The fact that “motivic effectivity” conditions imply the corresponding effectivity of
the factors of the weight filtration on H*(M) is immediate from the general theory
of weight spectral sequences. We also prove that a pair of (more or less) “stan-
dard” motivic conjectures gives the converse implication for singular cohomology
(of motives with rational coefficients).

In §3.6] we study in detail the question when the higher Q-linear Chow-weight
homology of an “integral” motive M vanishes (using the results of [BoS18c]). In
particular, we prove that if the Chow-weight homology (or motivic homology; see
Corollary B.6.5(1T)) groups of M are torsion in higher degrees then their exponents
are finite.

3.1. Chow-weight homology: Definition and basic properties. Let us define
the main homology theories of this paper; see Definition [Z2Z2I[]) for the notation
that we use here.
Definition 3.1.1. Let M be an object of DMy, (k, R).
(1) We write tg(M) for a choice of a weight complex for M; recall that one
can assume tg to be an exact functor DM, (k, R) — K®(Chow(k, R)).
In the case M € Obj DM;gl(k, R) we will always assume that tg(M) is
an object of K?(Chow®™(k, R)).
(2) Let j,1,i € Z; let K be a field extension of k.
For tr(M) = (M?®) we define the group CWH; (Mg, R) (resp.
CWH;(MK,Z,R) as the O-th homology of the complex hq; ;(Mi"", R)
(resp. of hgji1; (M3 R)) obtained from tr(M)A We will often omit
R in this notation when its choice is clear.
Let us prove some basic properties of these functors.

Proposition 3.1.2. Let l,1,j, K be as above, r > 0.
(1) Then CWH;(—K,Z,R) yields a homological functor on DMEN, (k, R) (that
does not depend on any choices). Moreover, this functor factors through
the base field change functor DMEN, (k, R) — DMgn (KP'f | R).
(2) Assumer > j+1. Then CWH;(—K, I, R) FKills DM;f,fl(k, R)(r + 1); conse-
quently, CWH}(— g, [, R) induces a well-defined functor DMy, (k, R) — Ab
(see Definition [Z2213]) ).

2Consequently, CVVH;'.(fK7 R) = CWH?(fK, R) o [i]. Note that we do not follow the conven-
tion introduced in Definition [[LZ4(1) here; yet this should not cause any confusion since we write
i as an upper index.
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ON CHOW-WEIGHT HOMOLOGY OF GEOMETRIC MOTIVES 199

(3) Suppose N € DMy, (k, R)wcyo,>0- Then for any smooth projective con-
nected variety P/k the group DMy, (k, R)(I"(MRg(P)(r)), N) is isomorphic
to

CWH, (Nk(py, R);
note that the latter group is well-defined according to the previous assertion.

(4) Assume N € DMy, (k,R)yr, >_n (see Corollary Z2.4(6) for the nota-
tion) for some n € Z. Then CWH;(NK,Z) ={0} foralli>n, j<r—1L.

(5) Assume 0 < m < r; let N be an element of DM;f,fl(k,R)wChowZ,i (resp.
of DMy, (k, R)wr, >-i) and assume CWH;(NK) = {0} forall0 < j <
m and all function fields K/k. Then for any fized choice of a —i-weight
decomposition Wchow<—ilV 5N > Wehow>1—i N (Tesp. Wiy ow<—ilV EN
N — wipow>1-iN) of N (see Remark [L23)(2)) the morphism g[i] can be
factored through an object of Chow®™ (k, R)(m+1) (resp. through an image
of an object of this sort in DMy, (k, R)).

Proof. (1) The first part of the assertion is just a particular case of Proposition
[CZ2[M). The second part follows immediately from the weight-exactness of this
base field change functor (provided by part ) of that proposition along with
Lemma 2T3) along with Proposition [LZ2|(]).

(2) Recall that DM (k, R)(r) is densely generated by Obj Chow™ (k, R)(r) (as
a triangulated subcategory of DM, ;f,fl(k, R)). Hence the statement follows immedi-
ately from Proposition 2Z23:3(2).

(3) By Proposition ZZ0(B), CWHY (N, (py) is isomorphic to the zeroth homol-
ogy of the complex DMy, (k, R)(I"(Mg(P)(r)), N*) (where N* are the terms of a
weight complex for N). Hence it remains to apply Corollary [LZ.6(1).

(4) Clearly, we can assume that the weight complex of N is concentrated in
degrees at most n (see Proposition[LZ2([)). Next, recall that any object of Hwiy, o
is a retract of a one coming from Chow®? (k, R)(C DM;fz(k, R)); see Proposition
[L321(3). Hence the statement follows from Proposition 2:3:3(2).

(5) Obviously, we can assume i = 0.

The motive wchow<oN belongs to DMggl(k;, R)wenow=0 (r€sp.  wiyow<oN €
DMy, (k, R)wr, —o); consequently, this motive is a retract of Mg(P) (resp. of
I"(MRg(P))) for some P € SmPrVar.

It suffices to check the following for any 0 < j < m and P/ € SmPrVar: any mor-
phism g; € DM;gz(kv R)(MR(P])<J>7 N) (vesp. DM;m(kv R)(ZT(MR(PJ)<]>)7 N))
can be factored through Mpg(Pi*1)(j + 1) (resp. through I"(Mpg(P7TH)(j + 1)))
for some P/*! € SmPrVar.

By Corollary [LA6)(2) applied to I/ (resp. to the functor I : DM}, (k,R) —
DM}, (k, R)), to achieve the goal it suffices to verify that the image of g; in
DM}, (k, R) is 0. It remains to note that 17(g;) is an element, of

DM}, (k, R)(F (MRr(P?)(j)), ! (N))

(resp. DM3,.,(k, R)(I(Mr(P7)(j)),12(N))), which is zero according to assertion
(3) along with our assumptions on CWH} (Np(p,))- O

Remark 3.1.3. Recall that functors constructed by means of Proposition [[L42)[7)
are called pure ones. The reason for this is their relation to Deligne’s purity of
singular and étale cohomology; see Remark 2.1.3(3) of [Bon21]. It is easily seen
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(from Proposition [[L45](1); see Theorem 2.1.2 of ibid.) that a homological func-
tor on DM;fl(k,R) is pure with respect to wchow if and only if it annihilates
Chow*™ (k, R)[i] for all i # 0.

Other interesting functors that are pure with respect to Chow weight structures
were considered in [KeS17] and [Bacl7]. Note also that the “purification” of the
zeroth homotopy functor on SH with respect to the spherical weight structure on
it (see [Bon2ll §4.2]) is isomorphic to the (zeroth) singular homology functor on
this category; see Theorem 4.2.1(2) of loc. cit.

For some of the less important statements below we will also need the following
assertions.

Lemma 3.1.4. Let K be an extension of k, and j,1 > 0.
(1) If N € Obj DM;fg(k,R) N Obj DMSH(k,R)tgomSO (see Remark 211]) and
i >j+1, then CWHY(Ng,1) = {0}.
(2) If N € DM (k, R) o then CWH} (N, R) = ha; j(Nk, R).

WChow =

Proof. (1) Clearly, Obj DM (k, R) N DM°% (k, R)!om<0 = Obj DME (k, R) N
DM®E (k, R)'om =<0 (see Remark ZI.1]).

Now, in [BoD17] the following statement was proved (see Theorem 2.4.3 and
Example 2.3.5(1) of ibid.): DM (k, R)!"om<0 is the smallest extension-closed sub-
class of Obj DM®®(k, R) that is closed with respect to coproducts and contains
Obj Chow®® (k, R)(a)[b — a] for all a,b > 0.

Next recall that wepow can be extended (from DM (k, R)) to DM (k, R) in a
way that “respects coproducts” (weight structures of this type are called smashing;
see Theorem 3.2.3 of [Bon21] or Proposition 1.7(1) of [Bonl8al). Hence Chow-
weight homology (as well as any other wchow-pure homology theory whose target is
an AB4 abelian category) can be extended to a homological functor DM (k, R) —
Ab that respects coproducts (see Proposition 2.3.2(6) of [Bon21]).

It suffices to verify the vanishing in question for N from Chow®®(k, R)(a)[b — a
(for some a,b > 0). This follows from Proposition 2:3.3(2).

More detail for this argument can be found in the proof of [BoK20, Proposition
2.1.2(6)] (along with the pre-requisites to loc. cit.).

(2) Proposition ZZ2Z.T][) (combined with Proposition[[LZ2I[))) allows us to assume
that K = k. Thus it remains to apply Corollary [LZ0|1) (once again). O

3.2. Relating Chow-weight homology to c-effectivity and weights. Now we
start proving the central results of this paper; consult §2.11 Proposition R2.TI(I),
and Definition B.I] (along with Definition Z22l[#]) for the notation.

Theorem 3.2.1. Let M € ObjDMSE (k,R), ¢ >0, n € Z.
Then the following statements are valid.

(1) M belongs to DMEE (k, R)(c) (i.e., M is c-effective) if and only if
CWH (Mx) = {0}
foralli € Z, 0 < j <¢, and all function fields K/k.
(2) More generally, CWH}(Mg) = {0} for all 0 < j < ¢, n < i, and all

function fields K/k if and only if there exists a choice of Wonow<—n—1M
(see Remark [L23(2)) that belongs to DMEE (k, R)(c).
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ON CHOW-WEIGHT HOMOLOGY OF GEOMETRIC MOTIVES 201

(3) CWH; (Mg) ={0} for all j >0, i >n, and all function fields K/k, if and
only if M belongs to DMgffL(k, R) wepow>—n-

Proof. (1) If M is an object of DMEH (k, R)(c) then CWH; (Mg) = {0} for all j,1,
and K as in the assertion by Proposition B.1.2/(2).

Conversely, assume that M satisfies the corresponding Chow-weight homology
vanishing assumptions. Since the weight structure wChOW is bounded (see Corol-
lary 2Z.24(6)), it suffices to prove that 1°=*(M) belongs to DM, ' (k, R),c for
any r € Z. Hence this assertion reduces to the next one.

(2) Assume there exists a choice of wenew<n—1M that belongs to DM;ffn(k, R){c).
Then the object 1°~' (M) clearly belongs to DM, ! (, R)wal ~_,,- Hence the van-
ishing of Chow-weight homology groups in question is immediate from Proposition
BI2(2,4).

Conversely, assume that our Chow-weight homology vanishing assumptions are
fulfilled. Clearly, there exists an integer ¢ such that

1" (M) € DM (K, R) et -

Whow

—1
Weihow 2T

By Proposition [L3.2(2), it suffices to verify the following: if [71(M) belongs to
DMgﬂ_%l(k’R)wé;iwzt for some ¢ < —n, then it belongs to DM, ' (k, R),,
as well.

Let us take a t-weight decomposition

Wi el (M) 2 1°7H(M) = wgg >e1lH (M)
of [°"1(M). Proposition BI.2(5) implies g = 0. Hence [~ (M) is a retract of an
element of DM, (k, R),, e-1 54pq; thus it belongs to DMg, Lk, R) Wi >4 itself.

(3)If M belongs t0 DM g (k, R)wopew>—n then the previous assertion yields the
vanishing of CWH;-(MK) = {0} for all j > 0, i > n, and all function fields K/k.

Conversely, it suffices (similarly to the previous argument) to check the following:
if M belongs to DM, (k, R) ey, >t for some ¢t < —n then

M e DMQm(kv R)w0h0w2t+1'

1
Wenow 2t 11

Again, we can fix a t-weight decomposition wchow <t M M — w>¢+1M and check
that g = 0. Assume that wenew<¢M[—t] is (a Chow motive) of dimension at most
s for some s > 0. By Proposition BT.2(5), our Chow-weight homology assumptions
yield that g[—t] can be factored through Chow®®(k, R)(s 4+ 1). Hence Proposition

226(@) implies that g = 0. O
Remark 3.2.2. We make some simple remarks.

(1) In the case R = Q Proposition 2Z34(IT) implies that, instead of checking
whether the corresponding CWH;(M k) = {0} for all function fields K/k,
it suffices to take K to be a single universal domain containing k; see
Proposition B.4.Tl(3) below.

Moreover, in all the statements of this paper where it is said R = Q
(and no realizations of motives are mentioned) it suffices to assume that R
is a QQ-algebra. This generalization may be relevant for studying motives
similar to those considered in [Wil09].

(2) As a very particular case of the theorem, we obtain the following fact: for
a morphism h of effective Chow motives the complex Cone(h) is c-effective
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(i.e., it is homotopy equivalent to a cone of a morphism of c-effective Chow
motives) if and only if h induces isomorphisms on the corresponding Chow
groups of dimension less than ¢; cf. Remark below. Another equiv-
alent condition is that “h possesses an inverse modulo cycles supported
in codimension ¢”; see Corollary B39 and Remark 33310 below for more
detail.

We will prove an extension of this equivalence statement in Corollary
below. Even for R = Q these particular cases of the theorem haven’t
been previously stated in the literature.

(3) The Chow-weight homology groups are rather difficult to calculate (and
they tend to be huge; cf. Remark 2233.6(2) and §5700). Still they are some-
what easier to treat than the (ordinary) motivic homology groups. In par-
ticular, CWH] can be (more or less) explicitly computed for any motive
that belongs to the subcategory of DM ;f,i(k, R) densely generated by the
class szo((dngMgf,fl(k,R))(ﬁ), whereas the 0-dimensional motivic ho-
mology is very difficult to compute already for CP2. We will say more on
the comparison of Chow-weight homology with motivic one in §3.4] below.

(4) According to Proposition [[3.2(2), the (equivalent) conditions of Theorem
B2TL2) are fulfilled if and only if M is an extension of an element of
(DM;ffn(k,R))wChowz,n by an element of DMgefn(k,R)wChOWS,n,1<c>; cf.
Theorem [022(3).

3.3. A generalization (in terms of staircase sets). To generalize Theorem
[B.2.1]1 we need the following technical definition.

Definition 3.3.1. Let Z be a subset of Z x [0, +00) (see §L.T]).

We call it a staircase set if for any (4, j) € Z and (i, ') € Z x [0, +00) such that
i’ > i and j' < j we have (i, j') € T.

For i € Z the minimum of j € [0,4o00] such that (¢,j) ¢ Z will be denoted by
ari-

Remark 3.3.2.

(1) Obviously, Z C Z x [0,400) is a staircase set if and only if it equals the
union of the strips U, jo)ez Zio.jo» Where L, jo) = [io, +00) x [0, jo] (see
fini) |

(2) Let us give a simple illustration for these sets. If Z = Z(5 ) then CWH(Mx)
= {0} for all (i,7) € Z and all function fields K/k if and only if M is
an extension of an element of (DM (k, R))wey,,>—1 by an element of

DM;fl(k, R)wepaw<—2(2); see Theorem B2.1(2).

Similarly, for Z = Z x [0,¢ — 1] the vanishing of the corresponding
Chow-weight homology of a motive M € DM;ffn(k,R) means that M
is in DM (k, R){c) (see part (1) of the theorem). The vanishing for
T = [n+1, +00) X [0, +00) means that M € (DM (k, R))wepoy>—n- Other
relevant staircase sets are introduced in Definition and Corollary
below; the picture in the latter corollary illustrates our term.

Now we prove a generalization of Theorem B.2.T} consequently, the reader may

consult §2.1] Proposition 221, and Definitions BT and 22| for the notation

used in the formulation.
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Theorem 3.3.3. LetZ C Z x [0,4+00), M € Obj DM;g(k, R). Then the following
statements are valid.
(1) The vanishing of CWH;-(MK) for all function fields K/k and all (i,j) € T
is equivalent to the same vanishing for all field extensions K /k.
(2) Suppose that I is a staircase set. Then the following conditions are equiv-
alent.
A. CWH;(MK) = {0} for all function fields K/k and all (i,5) € T.
B. The object I7(M) (see Definition Z2Z2AB])) belongs to
DM),.(k,R)

wéhow >—it+1

whenever (i,7) € L.

C. For any i € Z there exists a choice of wohow<—iM (see (L)) that
belongs to DMgeffL(k, R)(azs).

D. M belongs to the extension-closure of

Usez(Obj Chow®™ (k, R)[—i)(az ;) B

E. There exists a choice of a weight complex (see §L.4) for M such that

its i-th term is j + 1-effective whenever (i,7) € I.
(3) For any staircase set T and M € DMEE (k, R){q) (for some a < b € Z) the
(equivalent) conditions of the previous assertion are fulfilled if and only if M
belongs to the extension-closure of U_p<i<_q(Obj Chow®™ (k, R)[—i](az.i)).

Proof. Assertion (1) follows from Proposition 2.3.4] immediately.

(2), (3). We apply Remark B3.2(1). According to Theorem [B2)(2) (cf. also
its proof), the vanishing of CWH; (M) for all function fields K/k and (i,j) €
Zio,jo) is equivalent to 170(M) € DMg?"(k’R)wé‘i,owz—ioH' The combination of
these equivalences for all (ig, jo) € Z yields the equivalence of Conditions A and B
in assertion (2).

Next, Condition B implies Condition C for a fixed ¢ € Z if az; < +00 according
to Theorem [B.27)(2) (since (i,az,; — 1) € Z; cf. also Proposition 4.2.1 of [BoS18d).
If az; = 400 then one should apply Theorem B2T)(3) instead.

Now assume that M satisfies Condition C and belongs to DM;ﬁ(k, R)jq,p for
some a < b € Z. Then M is also an object of DM;g(k,R)me) (see Remark
[225(2)). Thus we can modify the choices of wcnow<—iM coming from Condition
C (for —i ¢ [a,b—1]) by setting wehow<—iM = 0 for —i < a and wehow<—iM = M
for —¢ > b. Then the corresponding triangles (L2 yield that (for the motives
M?* coming from this choice of a Chow-weight Postnikov tower for M) we have
M* € DM (k, R)wepoy—0{az,i) (see Remark ZZ5(1)), and we obtain Condition
E. Next, Proposition [LZ2[E]) yields that M belongs to the extension-closure of
U_p<i<—a Chow™ (k, R)[—i](az ) (i.e., we have proved the corresponding implica-
tion from assertion (3); we clearly also obtain Condition D.

Finally, assume that tg(M) = (M?) for M' as in Condition E (i.e., M? €
Obj Chow®® (k, R)(az;)). Since (for any (i,4)) the group CWH;(MK) is a sub-
quotient of haj ; (M}, R), and the latter group vanishes whenever (i,j) € Z (by
Proposition 2.3:3((2)), we obtain Condition A.

This finishes the proof. O

3In this theorem we use the convention of Definition ZZZ2@) in the case az ; = +o0.
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Let us also verify that one can “bound dimensions” in our theorem.

Proposition 3.3.4. Assume that M is of dimension at mostr > 0 (see Definition
222(2)) and that I is a staircase set. Then the (equivalent) conditions of Theorem
B33L2) are also equivalent to the following modifications of Condition C (resp. D):
there is a choice of wehow<—iM that belongs to Obj(dST_aI,iDMgfz(k,R))(azyﬁ
(resp. M is in the extension-closure of U;cz(Objd<,_a; , Chow®™ (k, R)[—i](az.))).
Moreover, a similar modification can also be made in Theorem B3.3|(3).

Proof. According to Proposition 2226/, it suffices to verify that in the conditions
listed in Theorem B:3:3(2,3) one may replace the classes Obj DM;g(k, R)(az;) and
Obj Chow*™ (k, R)[—i](az,;) by their intersections with Obj dSTDMSg(k, R).

As can be easily seen from the proof of these two assertions, to establish the
resulting statement it suffices to verify the corresponding versions of Theorem
B2T112,3). The latter can be easily achieved via replacing the usage of Proposi-
tion Z22.6([]) in their proofs (thus actually the corresponding modification should
be made for Proposition B.1.2(5)) by the application of Proposition [Z.2.6I[7). O

Remark 3.3.5. The reader can easily check that everywhere in the proofs of Theo-
rems [B.2.1] B33l and Proposition B:3.4] (and in the prerequisites to them) we could
have replaced DMZH (k, R) by K b(Chow™ (k, R)). Certainly, then we would have
to replace DM}, (k, R) by the localization

K*(Chow*" (k, R))/(K"(Chow*" (k, R)){j + 1)),

whereas the Chow weight structure for K?(Chow®™(k, R)) is just the stupid weight
structure mentioned in Remark [LZ3[(1). The main observation here is that the
heart of the corresponding weight structure on this localization is equivalent to
Huw,,.. (see Proposition [[3.2(3) above and Theorem 4.1 of [BoV20]); thus the
corresponding version of Proposition Z2:6([@) is valid.

The resulting statements may be said to be more general than their DM, ;ffl(k, R)-
versions since there can exist objects of K?(Chow®® (k, R)) that cannot be presented
as weight complexes of motives. Besides, these results are easier to understand for
the readers that are not well-acquainted with Voevodsky motives. Their disadvan-
tage is that they hardly can be used for controlling “substantially mixed” motivic
phenomena; this includes motivic homology (cf. Corollary below).

We will apply the K b(ChOWEH(k,R))-VerSiOH of Theorem to complexes
of length 1. Note that we could have considered these complexes as objects of
DMER (k, R) (see Remark[[LZ3(1)); yet looking at KP(Chow*™ (k, R)) instead makes
our argument somewhat “more elementary”.

Now we consider two relevant particular cases of our theorem, and deduce a nice
general corollary from it.
We will look at a certain filtration on the class DMEE (k, R)we,,, >0 (each of

whose steps contains DM;ffL (ks R) wonow>1)-

Definition 3.3.6. For any ¢ > 0 we will use the notation DM;gl(k, R)(ch) for the
DMEE (k, R)-envelope (see §L.T)) of the set (Uiso Chow*™ (k, R)[i]) UChow*™ (k, R)(c).

Respectively (cf. Corollary B37(I)) we write Iéc) for the staircase set [1, +00) X
[0, +00) U {0} x [0,c —1].
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Corollary 3.3.7.

I. For M € Obj DM;f,fl(k,R) and ¢ > 0 the following conditions are equiva-
lent.
(1) M belongs to DM (k, R)().
(2) CWH; (Mg) = {0} for all function fields K/k and (i,j) € Iéc>.
(3) M is an extension of an element of DMSY (k, R)we,,, >1 by an object
of Chow®™ (K, R)(c).
(4) M belongs to DM (k, R)we,,, >0 and hojj(My) = {0} (see Defini-
tion Z22[) for this notation) for all function fields K/k and 0 < j <
c.
IL Ifci,ca >0 then DMET (k, R)SY @ DM (k, R)2) < DMEE (k, R) 32,
II. Assume that Z; are staircase sets for j runming through some index set
J. Then for a fited M the (equivalent) conditions of Theorem B3.3(2)
are fulfilled for T = Z; (for all j € J) if and only if they are fulfilled for
I= UjIj.

Proof. 1. The equivalence of conditions ([l and ([2)) is immediate from Theorem
B33L2) (see conditions (2)(A) and (2)(D) of the theorem). Furthermore, these
conditions are equivalent to the assumption that we can take wchow<—1M = 0 and
Wenow<oM € Obj DMER (k, R){c). Thus M belongs to DM (k, R)we,,, >0; hence
Proposition [24[]) implies that the aforementioned choice of wenow<oM belongs
to DM (k, R)weyon—0 NOb) DM (k, R)(c) = DM (k, R)wey,.,—o(c) (see Corol-
lary 22.4(1)). Therefore the corresponding choice of weight decomposition of M
gives condition ([3) for M. Next, condition ([3)) clearly implies condition ().
Now, we have just checked that M belongs to DMgegl(k, R) >0 whenever it

WChow =
belongs to DM (k, R){). Thus CWH) (M) = haj (M) for all K/k and j > 0
(see Lemma [3.1.4(2)); hence conditions ([I)) and ([Z) together imply condition ([4).
Conversely, if condition ([4) is fulfilled then CWH;- (Mg) = {0} for all K/k and all
(1,7) € [1,400) x [0,4+00) according to Theorem B.2.1(3) and it remains to apply
Lemma [3.T.4(2) once again to obtain condition (I4]).

II. Obvious from our definitions.

ITI. Obviously, UjcsZ; is a staircase set. Thus it suffices to note that the
equivalence statement in question is obviously fulfilled for condition A in Theo-

rem [3:33(2). O

Remark 3.3.8. Part III of our Corollary says that the intersections of subclasses of
Obj DM ;f,fl(k:, R) corresponding to the staircase sets Z; is “as small as possible”.
This statement appears to be interesting and quite non-trivial if one describes these
subclasses using condition D in Theorem B:3:3|(2). The authors have no idea how
to prove it avoiding our results.

Next we apply Remark B.3.5]to cones of morphisms of Chow motives.

Corollary 3.3.9. Let h: N — O be a Choweﬁ(k, R)-morphism and 0 <r; <rg €
Z. Then the following conditions are equivalent.
(1) hej (=K, R)(R) is a bijection for j € (0,71 — 1] and is a surjection for
j € [r1,ma — 1] for all function fields K/k.
(2) The complex N — O is homotopy equivalent to a complex N'(r1) — O’ {rz)
for some N', 0" € Obj Chow®™ (k, R).
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(3) There exists h' € Chow®™ (k, R)(O, N) such that the morphism ido —h o b/
factors through Chow™ (k, R)(ry), and idy —h' o h factors through
Chow*™ (k, R)(r1).

Proof. (1) <= (2). We take M = Coneh € ObjK’(Chow(k, R)) (or in
DM (k, R); we put N in degree —1 and put O in degree 0), and consider the
index set Z = [—1,+00) x [0,71 — 1] U [0, +00) X [r1,72 — 1] (see §L.I]).

We immediately obtain the equivalence of our condition (1) to the vanishing
of CWH;(M k) for i € Z. Combining the equivalence of Conditions A and D in
Theorem B:3.3)(2) (in the version mentioned in Remark [3.3.5]) with Remark [[.3.3((1),
we obtain the result.

(2) = (3). We have [™1(M) = ["271(N'(r;)[1]). Next, this isomorphism
clearly gives a similar isomorphism in the category K®(Hweay,oyra-1). Hence M
(considered as a Hw ey wr—1-complex) is homotopy equivalent to N'(r1)[1]; denote
the corresponding morphisms M — N’(r1)[1] = M by f and g, respectively. Since
idas 18 Hwepewr2-1-homotopic to g o f, there exists A" € Hwepowra—1 (0, N) such
that idy —go f = h” oh and h o h” = idp. Lifting h” to a morphism h' €
Chow™ (k, R)(O, N) (see Proposition [L3:2(3)), we obtain the desired implication.

(3) = (1). Arguing as above, we see that in the category K°(Hwcyoyra-1)
the morphism idy; factors through an object of Chow®™(k, R)(r1)[1]. The desired
Chow-weight homology vanishing conditions follow immediately (cf. the proof of

Theorem B.2T1(2)). O

Remark 3.3.10.

(1) If N = Mg(Q) and O = Mpg(P) for some P,Q € SmPrVar then condition
(3) of the corollary can be easily translated into the following assumption:
the cycle idp —hoh’ in Px P (here clearly ido is represented by the diagonal)
is rationally equivalent to a cycle supported on P’ x P, and idy —h' o h is
rationally equivalent to a cycle supported on Q' x @, where P/ € P and
Q' C Q are some closed subvarieties of codimensions ry and r1, respectively
(see Proposition ZZ6I[I)-(@) and its proof).

Moreover, if h comes from a morphism ) — P then the cycle class hoh'
is clearly supported on the product of P by the image of h.

(2) Assume that M belongs to d<,, K*(Chow™(k, R)) (for some m > 0; this
is certainly the case if N and O are of dimension at most m). Then
CWH;(MK) = {0} for j greater than m (and all ¢ € Z). Thus if ro is
greater than m then our result yields that h splits; if 71 > m then h is an
isomorphism. The first of these observations generalizes Theorem 3.18 of
[Vial7] (where the case R = Q was considered).

3.4. Higher Chow-weight homology criteria and motivic homology. Now
we invoke Proposition 2.3.5

Proposition 3.4.1. For a subset I of Z x [0,+00) consider the following assump-
tions on an object M of DM (k, R) .
(1) For a function fpr : T — [0, +00) we have CWH;_fM(Z-J)(MK,fM(z',j),R)
= {0} for all (i,7) € T and all function fields K/k.
(2) CWH;- (Mg, R) = {0} for all (i,5) € T and all function fields K/k.
(3) For all rational extensions K/k and all (i,j) € T we have CWH;-_l(MK, 1)
={0}.
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(4) CWH}(Mg, §) = {0} for all (i,5) € T and all function fields K/k.
(5) CWH! (Mg, j —a) = {0} for all (i,j) € T, a € Z, and all field extensions
Then the following statements are valid.

(1) Condition [B) implies conditions {@) and @Bl), either of the latter two condi-
tions implies condition (), whereas the first two conditions are equivalent.

(2) Suppose that T is a staircase set (in the sense of Definition B3Tl). Then
our conditions [I)-[Bl) are equivalent.

(3) Assume R = Q. Then our conditions are also equivalent to the vanishing
of CWH;(MKO) for a single universal domain Ky containing k and all
(i,j) € T.

Proof. (1) Clearly, condition (B is the strongest of the five, whereas condition
(@ follows from condition (2) and @l The remaining implications are given by
Proposition (see also Remark 2.3.6](1)).

(2) Since the first two conditions are equivalent, it suffices to verify that condition
@) implies condition (&]).

By Theorem B33|(2), M satisfies Condition D of this theorem. Hence Proposi-
tion B1.2(4) yields the implication in question (cf. the proof of Theorem B:33((2),
D = A).

(3) This is an easy combination of assertion (2) with Proposition 2341 O

Now we describe an interesting particular case of the proposition; recall that the
homotopy ¢-structure t7  was mentioned in Remark 21

Corollary 3.4.2. Let M € Obj DM;g(k,R), Then the following conditions are
equivalent.
(1) M belongs to DM (k, R)!om<0 (= DM®® (k, R)'hom<0: one may say that
M is motivically connective).
(2) hio(Mg,R)=1{0} for alll <0 and all function fields K/k.
(3) Conditions [M)-@l) of the previous proposition for T = {(i,j): i > j > 0}
are fulfilled (note that it suffices to verify only one of these conditions); the
points of T are marked in grey on the following picture:

Licensed to Univ of Winnipeg. Prepared on Tue Mar 15 17:32:17 EDT 2022 for download from IP 142.132.194.59.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



208 MIKHAIL V. BONDARKO AND VLADIMIR A. SOSNILO

(4) M belongs to the extension-closure E of (Ua>0DM;ffn(k', R)wepow=—ala)) U
DM;gL(k, R) wepow>0 (in Obj DM (k, R)).

gm

Proof. The first condition is equivalent to the second one by Proposition 2:3:3(3).
(Each of) these two conditions also imply the third condition (i.e., all of the equiv-
alent conditions from Proposition B.4T]) by Lemma [3.1.4|(1). Next, our condition
(2) is the corresponding case of condition (2] of Proposition B4l Hence it yields
our condition (4) by Theorem B.33|(2) (see Condition D in that theorem; note that
az,; for i € Z equals max(7,0) in this case).

Finally, our assumption (4) implies assumption (1) since for any a > 0 the
classes DM (k, R) oo =—a(a) and DM (k, R) ey —a lie in DM (k, R)thom <0
(cf. the proof of Lemma BT4(1)). O

3.5. Relation of effectivity conditions to cohomology. Now we relate our
effectivity conditions on motives to the properties of Chow-weight filtrations and
spectral sequences T, H,M).

cnow (

Proposition 3.5.1. Let H be a cohomological functor from DMgffL(k,R) into an
abelian category A, M is an object of DM;f,fl(k;, R), and l,m € Z.

(1) Then (GrylH™ V)(M) (see Definition [LZA(2)) is a subquotient of
Ey"™T(M) for T(M) = Ty, (H, M), and isomorphic to it if T(M) de-
generates at Fs.

(2) Assume that M satisfies the equivalent conditions of Theorem B33\2) (for
some staircase set I; see Definition B3T). Then Ez_l’mT(M)
and (Gryt H™ V) (M) are subquotients of H™(Mg(P)(az,)) for some
P € SmPrVar whenever az; < +00; these two objects vanish if az; = +00.

Moreover, if M is of dimension at most r € Z (see Definition 2ZZ2([2]))
then we can assume here that dim P <r —az ;.

Proof. (1) Immediate from Proposition [L45)2).

(2) According to Theorem B:3.3(2), we may assume that the [th term M! of
t(M) belongs to Obj Chow®® (k, R)(az,) for the first part of the assertion and to
Obj(d<r—az, Chow®™ (k, R))(az,) for its “moreover” part (recall that this means
M" =0 if az; = +00). Thus it remains to apply assertion (1). O

Remark 3.5.2.

(1) Clearly, here and in Theorem B.54] and Proposition below one may
consider homology instead of cohomology; see Proposition [L45(1). We
chose to concentrate on cohomology here due to the occurrence of coho-
mology with compact support in §4

(2) We obtain that the study of the weight filtration on the (co)homology of M
can yield the non-vanishing of certain Chow-weight and motivic homology
groups (see Corollary for the latter); cf. Theorem B.5.4] below. This
is quite remarkable since the corresponding cycle class maps (see Remark
5.1.3 of [BoS14]) are far from being surjective in general.

Let us now discuss concrete (Weil) cohomology theories.
We need some definitions.
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Definition 3.5.3. Let ¢ € [0,+00], £ be a prime distinct from p, and denote the
absolute Galois group of k by G.

(1) Then we say that a mixed Hodge structure V' (we will consider Q-linear
Hodge structures only in this paper; thus one should take R = Q in Def-
inition 3.1 of [PeS08]) is c-effective and write V' € Obj M HS¢;; whenever
either ¢ € Z and FVg = Vg or if ¢ = 400 and V = 0.

(2) Let k be an essentially finitely generated field (see Definition Z3TI(I).
Then we will say that a (finite dimensional) mixed Q,-Galois representation
V' (certainly, V is a finite dimensional space over Qy endowed with an action
of G) is c-effective whenever either ¢ € Z and any (geometric) Frobenius
eigenvalue coming from a residue field isomorphic to F, (see Example 6.8
of [Jan90] and §1.2 of [Del80]; cf. the proof of Proposition EL2.4(1) below)
is divisible by ¢/? as an algebraic integer, or if ¢ = 400 and V = 0.

(3) For V of any of these two types and m € Z we write Wp,,,V for the mth
step of the (Deligne’s) weight filtration, and GrY?V = Wp,,,V/Wp,,_ V.

(4) For € # p we write Hey g, for the restriction to DM (k, Q) of the functor
HY,(—pato, Q) : DMy, (k, Q)P — Qu[G] — Mod of the zeroth ’etale Q-
cohomology (of —aig). Here we define H,(—jaiq, Qp) as the composition of
the exact realization functor RH® (—yais, Qp) : DMy, (k, Q) — D*(Q¢[G]—
Mod) provided by Theorem 7.2.24 and Proposition 7.2.21 of [CiD16] with
the Poincare duality on DMy, (k,Q) and the zeroth homology functor on
D*(Q/[G] — Mod).

Moreover, if k is a subfield of C then we write H = Hging : D Melcf ik, Q)P
— MHS.sy for the (zeroth) singular cohomology functor prov1ded by The-
orem 2.3.3 of [Hub00].

Theorem 3.5.4. Assume M € Obj DM;ffn(k, Q) and l,m € Z.

Moreover, suppose that either k is a subfield of C and H = Hgne or that k is an
essentially finitely generated field, chark # £, and H = Het g, -

Then the following statements are valid.

(1) The spectral sequence T(M) = Ty, (H, M) degenerates at Es.
(2) The subobject (W' H™)(M) C H™(M) equals Wp,,_;H™(M) and
(M

(Griy H™)(M) = Gr¥ H™ (M) = EY™'T(M).

Here (Griy H™)(M) = (W!'H™)(M)/(W'"1H™) (note here that Propo-
sition B5T] easily implies that the values of Hepq, are mized Qg-Galois
representations in our case).

(3) Consequently, if M satisfies the equivalent conditions of Theorem [B.33|(2)

(for some staircase set I) then er_lem(M) and

H™ (M) /Wby H™ (M)
are a;; 1-effective.
Thus if M belongs to DMEE (k, R) e (see Definition B3.0) then H™ (M)

gm

=Wp, H™(M) and H™(M )/WDm_lH (M) is c-effective.

Proof. (1), (2). This is a standard weight argument. Recall that effective Chow
motives are retracts of motives of smooth projective varieties, and that the object
HI(MRg(P)) is (pure) of Deligne weight g for both of these cohomology theories, any
P € SmPrVar, and ¢ € Z (cf. Proposition I8 below). Hence the object EZ1T (M)
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is of Deligne weight ¢ in both cases, for any » > 0 and s,q € Z. Since there are
no morphisms between objects of distinct weights, we obtain the degeneration at
E5 (compare the weights of the domains and the targets of boundaries). Moreover,
assertion (2) follows the definition of convergence of spectral sequences easily.

(3) Proposition B5.1i2) implies that the object Gr'V> H™ (M) is az,,—m-effective
for any r € Z (note here that the conventions of +oo-effectivity in Definitions
222(@) and B53[(1, 2) are compatible). Since Z is a staircase set, az,s > az;
if s > I. Thus the objects GrYY? H™(M) are azj-effective if r > m + [. Since
weight filtrations are bounded both on mixed Hodge structures and on mixed Ga-
lois representation, and the az j-effective subcategories are extension-closed in the
corresponding “mixed” categories, we obtain the first part of the assertion.

Lastly, it remains to recall that for the set Iéc> in Definition we have
gy = 400 if [ > 0 and aze) o = C: O

Now we will study the question whether the c-effectivity restrictions on H*(M)
as in Theorem B.5.4(3) are equivalent to the conditions of Theorem B3.3)(2).

Proposition 3.5.5. Assume k C C and that the following conjectures hold.

(A) The Hodge conjecture.
(B) Any morphism of Chow motives (over C) that induces an isomorphism on
their singular cohomology is an isomorphism.

Suppose also that for some staircase set L and an object M ofDM!‘;gl(k, Q)
one of the following conditions is fulfilled: either for all m,l € Z the Hodge
structures H™ (M) /Wp 11 H™ (M) is az -effective, or Grrvglem(M) is
so (for all m,l € Z). Then the motive M satisfies the (equivalent) condi-
tions of Theorem B33(2) (¢f. Theorem BE4(3)).

Proof. Since T is a staircase set, our two assumptions on M are easily seen to be
equivalent (cf. the proof of Theorem B.5.4)(3)).

By the virtue of Theorem B:33|(2), it suffices to verify that M belongs to the
extension-closure of Ujez(Obj Chow®™ (k, R)[—i](az.i)). So we fix certain (i,5) € T
and argue similarly to the proof of [Bon09, Proposition 7.4.2]. We choose the
smallest n € Z such that (M) € DM}, (k,Q) We should check that
n < 1.

Assume that the converse holds (i.e. n > ). Applying Proposition [[33:2(2)
we obtain that M is an extension of an element of DMST (k, Q)wey,, >—n by that
of DMEE (k, Q)wepow<—n—-1(j + 1). According to Proposition [LZ2AME), this gives a
choice of a weight complex t(M) = (M?#) of M such that

M? € Obj Chow (k,Q)(j + 1)

j .
Wihow ="

for s > n. Moreover, we can assume that M™ = Mg(P) for some P € SmPrVar
(since one can add a summand of the form -+ — 0 - N YNN 50— ... to
t(M), with N placed in degrees n — 1 and n).

Next, recall that for any ¢ € Z we have
Ey ™ "T(M) 2 Ker(HY,, (dy; ')/ Coker(Hg,, (d3));

sing
here dj,; : M* — M*™! are the boundaries of ¢(M). Theorem B.5.4(2) implies
Ey™T(M) = Gri¥P? HT™"(M), so it is j 4 1-effective by our assumptions; recall
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that j + 1 < az; < az,. Since the motive Mn™+1 s j + 1-effective, we obtain that
the Hodge structure Ker( smg(d(]l\/[ 1)) is j + l-effective as well.

Now we need a more or less “standard” Hodge-theoretic argument to obtain a
certain motivic splitting.

Our assumption A implies that the generalized Hodge conjecture (see Conjecture
7.5. of [PeS08]) is fulfilled for P (such that M* = Mg(P)); see Corollary 7.9 of
[PeS08]. Hence there exists an open subvariety U of P such that the variety Z = P\
U is of codimension more than j in P, and Ker(H% (M") — HL (M™1)) is sup-

sing sing

ported on Z for all ¢ > 0, that is, Ker(HS% (d} 1)) € Ker(HS  (P) — H% (U)).

sing sing sing
Now, the motive C' = Cone(Mg(U) = Mg(P)) belongs to DMES (k, Q) ey, <0 i+
1) according to Corollary [Z2:4)(4). Next, there exists a choice of C" = wchow<0C
that belongs to Obj Chow®™ (k,Q)(j + 1) (see part (1) of the corollary). Since the
morphism Mg(P) — C factors through C’ (see Proposition [LZ4[)), we obtain
that Ker(Hfmg(d}’vfl)) CIm(H{,,(h)) for some morphism h € Chow (k, Q)(M™, C")
and all ¢ > 0.

Next, recall that the category of polarizable pure Hodge structures is semi-simple
(here one can either consider the direct sum of the corresponding categories for all
weights ¢ > 0 or treat the weights separately). Since the Hodge conjecture im-
plies that any morphism between (the “total”) Hiing-cohomology of Chow motives
lifts to a morphism of these motives, we obtain the existence of a morphism h’ €
Chow™ (k, Q)(M™, M"~* @ ") that fulfils the following conditions for all ¢ > 0:

the morphisms H, (') are injective, and they induce injections of Tm(HS, . (dy, o)
into H,,(M"~") that split the surjections induced by Hg,,(dy, ). Moreover,
there also exists h” € Chow®®(k,Q)(C’, M®) such that H, o (dyy L@ ") splits

H, (1) for all ¢ > 0. Thus the composition (d}; L@ h")oh' is an automorphism
of M according to our assumption B. Thus we can calculate a choice of a weight
complex ¢; of I7(M) as follows (according to Proposition [LZ2(])):

dnl Y
tj%"'%M;L_léMjn—)O—),, Mn l@cl )i

' M —0—...,
where the lower index j means that we apply the induced functor Chow®™(k, R) —
Huweyys (recall that C7 € DM (k,Q)weyo,—0(j + 1)). Since the morphism
di7 @R splits, the same is true for its image (d; ' @ h"”);. Applying Propo-
sition [LA2U[E) we obtain that /(M) € DM}, (k,Q),; >1_ns contrary to our

. Chow
assumption. O

Remark 3.5.6.

(1) This proposition suggests that one can look for motives with “interesting”
Chow-weight homology using singular and étale (co)homology.

(2) Clearly, our assumption B is a particular case of the well-known conserva-
tivity conjecture (that predicts the following: if H*(M) = 0 for H = Hging
or H= H. g, and M € Obj Dquf,fl(k,Q), then M = 0).

Moreover, assumption B is essentially equivalent to Theorem I of [Ayol§]

(and formally a particular case of loc. cit.), whereas the full conservativity
follows from Conjecture II of loc. cith

4Currently the proofs of the main results of ibid. contain a gap. Hopefully, it will be closed
eventually.

Licensed to Univ of Winnipeg. Prepared on Tue Mar 15 17:32:17 EDT 2022 for download from IP 142.132.194.59.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



212 MIKHAIL V. BONDARKO AND VLADIMIR A. SOSNILO

(3) In this argument one can certainly replace singular cohomology by any
other cohomology theory satisfying similar properties. A natural candi-
date here is the so-called mixed motivic (co)homology corresponding to the
conjectural motivic ¢-structure on DM;f,fl(k:, Q) € DMy, (k,Q). One can
easily see that the “standard” expectations on this functor (see §5.10A in
[Bei87] and [Bonl5l Definition 3.1.1(4) and Proposition 4.1.1]) imply that
the conclusion of our proposition follows from them (over a perfect field k
of arbitrary characteristic).

3.6. Comparing integral and rational coefficients: Bounding torsion of
homology. Let r denote a fixed non-zero integer divisible by e. We deduce some
consequences from our results by comparing Z[1/e]-motives with Q-linear and
Z[1/r]-linear ones.

Definition 3.6.1. We say that an object M of DM;ffL(k, Z[1/e]) is torsion (resp.
r-torsion) if there exists Ep; > 0 (resp. d > 0) such that the morphism Ejsidys is
zero (resp. réidy = 0).

Theorem [B.2.7] easily yields the following statement.

Proposition 3.6.2. Set R’ = Q (resp. = Z[1/r]). Then the following statements
are valid.

L(1) DMSE (k, R') is isomorphic to the Karoubi envelope of the localization of
DM (k, Z[1/e]) by its subcategory of torsion (resp., r-torsion) objects. We write
— ® R’ for the connecting functor DM;g(k, Z[1/e]) — DM;f,fl(k, R'); then for any
X € SmVar we have Mz )(X) ® R' = Mg/ (X).

(2) The functor —® R’ is weight-exact with respect to the Chow weight structures
on DM (k,Z[1/e]) and DMSE (k, R'), respectively.

II.(1) There exist natural isomorphisms

CWH! (—x ® R, R') = CWH!(~x, Z[1/€]) ®zp1 /¢ B’

(for all field extensions K/k, i € Z and j > 0).

(2) Let M € ObjDME (k,Z[1/e]), (n,c) € Z x [0,+00). Then the groups
CWH; (Mg) are torsion (resp. r-torsion) for alli >n, 0 < j < ¢, and all function
fields K /k, if and only if 5" (M @ R') € DMg (k, R ) o1 5, .8

Proof. 1.(1) This result was proved in [Kell2] (see §A.2 of ibid.; cf. also the proof
of Proposition 5.3.3 of [Kell7] and Proposition 1.3.3 of [BoK18§]).

(2) The statement is immediate from the previous assertion by Proposition
\wie! ()

I1.(1) The statement follows immediately from assertion 1.2 (by the definition of
Chow-weight homology).

(2) The statement is immediate from Theorem B:2TI(2-3) (see also Theorem
B33(2)) applied to M ® R’ (using the previous assertion). O

5Recall that {°~! for ¢ € [0,+00] denotes the localization functor from DM;’ffn(k,R) to
DMggb(k,R) / DMS%L(k,R)(c) for the corresponding R; consequently, it is the identity functor
of DM (k, R) if ¢ = +o0.
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Remark 3.6.3. The weight-exactness of —® R’ yields that the Chow weight structure
on DM (k, R') is “determined” by the one on DM (k,Z[1/e]). Thus it may be
treated using the localization methods developed in [BoS18a] and [BoS19].

Now we proceed to prove a drastic improvement of Proposition B.6.2(11.2).
Once again, one may consult §2.11 Proposition Z2.TI([), and Definition B.I.T]
(along with Definition 2:22.2/[])) for other notation used in the following formulation.

Theorem 3.6.4. Let M € Obj DM;g(k,Z[l/e]), T CZx|[0,400).

I. Then the group CWH; (Mx) is torsion for any function field K/k and all
(i,7) € T if and only if CWH;(MKO) is torsion for all (i,j) € Z, and a
single universal domain Ky containing k.

II. Assume in addition that T is a staircase set (in the sense of Definition
B31) and r is a non-zero integer (that we assume to be divisible by p if
p>0).

Then the following conditions are equivalent.
A. The groups CWH;-(MK) are torsion (resp. r-torsion) for all function
fields K/k and all (i,7) € T.
B. Ey - CWH; (Mg) = {0}, where Ep is a fized non-zero integer (resp.
a fized power of r) for all field extensions K/k and all (i,j) € T.
D. For any integers n,n’ there exists a distinguished triangle T — M —
N — T[1] satisfying the following conditions: T is a torsion motive

(resp. an r-torsion motive), and there exists a triangle @ — N —
N — Q[1] such that

Q€ DM;f’rfz(k7Z[l/e])wcme*nurl

and such that for some choice of Wchow>—nN' (see Remark .2.3(2))
we have CWH;(MChowZ,nN}() = {0} for all field extensions K/k and
all (i,5) € T.

E. For any integers n,n’ there exists a distinguished triangle T — M —
N — T[1] along with a choice t(N) = (N*) of a weight complex of N
such that N* is (j +1)-effective whenever (i,j) € ZN([n',n] x [0, 4+00))
and T is a torsion motive (resp. an r-torsion motive).

E’. For any integers n,n' there exists a distinguished triangle T — M —
N — T[1] satisfying the following conditions: T is a torsion motive
(resp. an r-torsion motive) and CWH;-(NK) = {0} if (4,4) € TN
('] x [0, +ox).

Proof. 1. The statement is immediate from Proposition Z34(IT) applied to M ® Q.

IT. Clearly, Condition B implies Condition A.

Now assume D. We apply Proposition 4.2.1(2) of [BoS18c] for the following data:
C= DM;f,fl(k,Z[l/eD, K is the subcategory of torsion (resp. r-torsion) objects (it
corresponds to J = Z \ {0} or to J = {r} in the notation of loc. cit., respec-
tively), D, = DM;ffn(k, Z[1/e])(i), and a; = az,;. Combining this proposition with
Theorem [3.33(2) we obtain that for any integers n and n’ there exists a distin-
guished triangle 7" — M — N — T[1] such that T is a torsion motive (resp. 7-
torsion motive) and N is an extension of an object of DM (k, Z[1/e€])weyoy sy s a0
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object of DM (k,Z[1/€])wepoy <., _,» and an element N’ such that [*7i~*(N') €
DM;,%"’il(hZ[l/e})wazyi_g_iﬂﬁ By the definition of az;, we obtain I7(N’) €
Chow =
DM;j,,(k, Z[l/e])wéhow21_i for any (i,j) € Z. Clearly, a weight complex of any ele-
ment of DMsgq(k,Z[l/echmwzn“ and DM;ffn(k, Z[1/€)) wenow<nr_s
so that all of its terms in the range [n,n/] are trivial (see Proposition [LZ2I2)).
Hence for any choice of a weight complex of N’ we can choose a weight complex
of N whose terms are the same as those of N’ in the range [n,n’] (see part (@) of
that proposition). By Theorem B:33(2) there is a choice of a weight complex for
N’ such that its i-th term is j + 1-effective whenever (i,j) € Z. Thus we obtain F.

Proposition B.I.2(2) easily yields that E implies E’.

Next, if T is a torsion (resp. an r-torsion) motive then there exists a non-zero
integer (resp. a power of r) np such that nr - idr = 0. Hence all the Chow-weight
homology groups of T are killed by (the multiplication by) nr. Now assume that
M belongs to DM;f,fl(k, Z[1/e])[=n+1,—n’—1) and E’ is fulfilled. Then the long exact
sequences for CWH;( —K) coming from the distinguished triangle T — M — N —
T[1] (where CWH;- (Ng) = {0} for all (¢,5) € ZN[n',n] x [0, +00) and T is torsion)
yield that CWH;(M k) is killed by the multiplication by nr whenever ¢ < n and
(4,7) € Z. Moreover, CWH;- (Mg) = {0} if i > n + 1; hence it is also killed by the
multiplication by ny. Thus Condition E’ implies B.

It remains to prove that Condition A implies D. Assume Condition A. Ac-
cording to Proposition B.6.2 (combined with Theorem B3.3(2)), for any i € Z
we have 192" (M © R') € DMJ%"" ' (k, R') wezicie_, (for B = Qor R =

Z[1/r], respectively). Hence Proposition 4.2. 1( ) of [BoSI8(] yields that there
exists a distinguished triangle T — M — N — TJ[1] satisfying the following
conditions: T is a torsion motive (resp. an r-torsion motive), and there exists
a triangle Q - N — N’ — Q[1] such that Q € DM (k, Z[1/e])wepn>—n'+1
and N’ is an extension of an element N” € DM (k,Z[1/€]) such that
[2zi=1(N") € D]\/[_g,fﬁfl(k,Z[l/e])wzﬁj‘;l2_2._|r1 for any (i,j) € Z, by an element
of DM (k, Z[1/€])wenon<_nss- Since N’ is an extension of N” by an element
DMngfL(k Z[1/e))wenow<—nis» N is a choice of wenow>-—nN'. By Theorem .33
CWHLK(wChowz_nN’) = CWHiK(N”) = {0} for all field extensions K/k and
(i,7) € Z. Thus we obtain condition D. O

can be chosen

WChow >—n

Now we combine this theorem with the results of §3.41

Corollary 3.6.5. Let M € Obj DMgeffn(k',Z[l/e]) and Ko be a universal domain
containing k.

I. Let T be a staircase set. Then the “main” versions of the (equivalent) Con-
ditions A-E’ of Theorem BGAII) (i.e., we ignore the versions in brackets
that mention r) are also equivalent to each of the following assertions.

6Note that DM;,%(k, Z[1/e]) is the zero category. Thus here and below the conditions on the
images of motives with respect to [~! are assumed to be vacuous; this corresponds to the case
ar,; = 0.
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ON CHOW-WEIGHT HOMOLOGY OF GEOMETRIC MOTIVES 215

(1) For all rational extensions k' /k and all (i,5) € T the group
CWH)_ (M, 1,Z[1/e])

18 torsion.
(2) The group CWH;(MKO,Z[I/B]) is torsion for all (i,7) € T.
(3) There exists an integer Epr >0 such that Ey CWH?_a(Mk/, a,Z[1/e))
= {0} for all (i,j) € Z, a € Z, and all field extensions k' /k.
II. The following conditions are equivalent.
(1) M ®Q € DM (k,Q)thom =0,
(2) hio(Mk,,Q) = {0} foralll <O0.
(3) CWH;?Q(Mk/,a,Q) = {0} foralla € Z, i > j, and all field extensions
K k.
(4) There exists an integer Epp > 0 such that Epyy CWH;-?G(M;C/, a,Z[1/e))
= {0} for alla € Z, i > j, and all field extensions k' /k.
(5) There exists an integer EY, > 0 such that Ej h;o(My,Z[1/e]) = {0}
for alll < 0 and all field extensions k' /k.
IIL. Assume that M belongs to DME, (k, Z[1/€])wey, >0- Then for any ¢ > 0
the following conditions are equivalent.
(1) M ®Q e DM (k,Q)¥) (see Definition 33.6).
(2) haj;j(Mk,,Q) = {0} whenever 0 < j < c.
(3) There exists Eny > 0 such that Enhoj (M, Z[1/e]) = {0} for all
0 < j < c and all field extensions k' /k.

Proof. 1. Applying Proposition 341l to M ® Q we obtain that our conditions (I[I])—
(I2) are equivalent to Condition A of Theorem B.6.4(II). It remains to note that
Condition D of the theorem easily yields our condition ([3]) (since the proof of the
implication D = B in the theorem carries over to higher Chow-weight homology
without any difficulty).

II. First we combine assertion I with Corollary 3. 4.2l for the case R = Q (and with
M replaced by M ® Q). We obtain that our conditions ([I)), (II3]), and ([I2) are
equivalent. Moreover, the last of these conditions is clearly weaker than condition
(I13).

Next, condition ([I3)) implies condition ([I4)) according to our assertion I (we take
Z ={(i,j) : i > j} in it). Thus it remains to verify that condition ([I4]) implies
condition ([IH)).

Now we take the (Chow-) weight spectral sequence T (M, k') converging to the
(zero-dimensional) motivic homology of M over k'

EYY(T(M, k') = CHo(My), —q, Z[1/e]) = CHo(My, —p — q,Z[1/e])

(where tr(M) = (MP)). Clearly, EYY(T(M, k")) = CWH{(My/, —q,Z[1/e]). Since
M is wepow-bounded, condition ([I4) implies that a high enough power of Ej; (that
depends on M only) kills hy (M, Z[1/€]) for all I and k'

ITI. Applying Corollary B37(I) to the motive M @ Q we obtain the equivalence of
conditions ([II2)) and ([II3). It remains to combine Theorem B.6.4(IT) with Lemma
BI4(2) to obtain that these conditions are also equivalent to condition ([IT3). O
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Remark 3.6.6.

(1) Tt is quite remarkable that certain Chow-weight homology groups have finite
exponents. Note that (in general) Chow-weight homology groups (as well
as motivic homology ones) can certainly have really “weird” torsion.

In particular, our results can be applied to the case M = Cone(h), where
his a Chow®™ (k, R)-morphism (cf. Corollary B:33); the resulting statement
appears to be quite non-trivial and absolutely new.

(2) In the case where the set Z satisfies some additional assumptions, there
exist nicer re-formulations of the rather clumsy conditions II.D-E’ in The-
orem B.6:41 They are given by Theorem 3.6.5(II1-V) of [BoS14]; see also
Condition II.C in loc. cit. and Condition II.2 in Corollary 3.6.6 of ibid.
These statements follow from the results of [BoS18cl §4.2] easily (as well;
cf. the proof of Theorem B:6AY(IT)).

4. APPLICATIONS TO MOTIVES AND COHOMOLOGY WITH COMPACT SUPPORT

In §4.T] we recall the theory of motives with compact support (of arbitrary vari-
eties); in particular, their motivic homology gives Chow groups of varieties.

In §4.21 we use these results to obtain the main applications of our results to (mo-
tives and cohomology with compact support of) varieties. We relate the vanishing
of lower (rational) Chow groups of varieties to the effectivity of the higher weight
factors of their cohomology with compact support (see Theorems 2.1 and .273)).
We also obtain that the exponents of certain Chow groups (as well as of cokernels
of certain homomorphisms between them) if these groups are torsion (cf. Theorem
B.64). Furthermore, in the case where k is finite we relate the effectivity conditions
for motives (that can be checked using Chow-weight homology) to the number of
points of varieties over k (modulo powers of ¢ = #k).

In 4.3 we study conditions ensuring that lower Chow groups of a smooth proper
k-variety X are supported on its subvarieties of “small” dimension. In contrast to
the case of a general X that was considered in §4.2] we are able to express these
conditions in terms of certain decompositions of the diagonal of X x X (considered
as an algebraic cycle). Consequently, we re-prove and extend the corresponding
results of [Par94] and [Lat96]; this section also demonstrates the relation of our
methods to earlier (and “more cycle-theoretic”) ones.

In §4.4] we consider tensor products of motives. Combining the properties of
motives with compact support with Corollary B3 (IT) we easily obtain that the
vanishing ranges of lower Chow groups add when varieties multiply. Moreover, the
conjectures mentioned in Proposition B.5.5]imply several funny results essentially in
the converse direction over characteristic 0 fields (both for varieties and motives).
In particular, one may say that the “effectivity and connectivity” of the tensor
product of (rational geometric) motives over a characteristic 0 field cannot exceed
the sums of the effectivities and connectivities of the multipliers, respectively.

4.1. On motives with compact support and their relation to Chow groups.
Corollary (along with Remark B310) can certainly be applied to morphisms
of Chow motives that come from (closed) embeddings of smooth projective vari-
eties. This gives conditions equivalent to the assumption that all algebraic cycles
of dimension less than r; on a smooth projective variety X are “supported” on a
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ON CHOW-WEIGHT HOMOLOGY OF GEOMETRIC MOTIVES 217

smooth closed subvariety Z of X. However, we would like to demonstrate that our
results can also be applied in the case where X or Z is singular.

For this purpose we need some basics on motives with compact support. We will
start with the following definitions.

Definition 4.1.1.

(1) We will write SchPr for the wide subcategory of the category of k-varieties
whose morphisms are the proper ones.

(2) If R is a unital Z[1/e]-algebra then we will use the notation M% (mo-
tive with compact support) for the composition of the functor M%u Je]

SchPr — DM (k,Z[1/e]) provided by Definition 5.3.1 of [KelL7] (cf. also
§4.1 of [Voe00]) with the natural connecting functor —@R : DM®(k, Z[1/e])
— DM*®(k, R) (see Proposition 1.3.3 of [BoK18])[]

Proposition 4.1.2. Assume that k' is a perfect field extension of k. Then the
functor M, (motive with compact support) satisfies the following properties.

(1) M%(P) = Mg(P) whenever P € SmPrVar. Moreover, M%(X) is an
object of DM;’f,fl(k;, R) for any X € Var.

(2) The k' -motive M%(X)y is isomorphic to M%G(Xy/).

(3) For any j > 0, X € Var, and any smooth quasi-projective k-variety U we
have Mg(U){j) L M%G(X)[i] for any i > 0.

Moreover, if i € Z and U is of (constant) dimension d then the group
DME (K, R) (Mg (U )(j), MG(X)[ilxr) is isomorphic to the higher Chow
group CH; 4 4(U x Xy, —i, R) (cf. Theorem 5.3.14 of [KellT] for the Z[1/e]-
version of this notation); in particular, if i = 0 then this group is isomorphic
to the Chow group CH;4 4(U x X, R) of R-linear cycles of dimension j+d
on U x Xy (cf. Remark Z23]).

(4) Ifi: Z — X is a closed embedding of k-varieties and U = X \ Z then there
exists a distinguished triangle

(4.1) M (2) "5 M(X) = MG(U) — M&(Z)[1].

(5) If X,Y € Var then MG(X xY) =2 MG(X) @ MG(Y).
(6) If Y is an affine bundle of dimension r > 0 over X then M%G(Y) =
MR(X)(r).

Proof. In Definition 5.3.1, Lemma 5.3.6, Proposition 5.3.5, and Proposition 5.3.8 of
[KellT], respectively, the obvious Z[1/e]-linear analogues of assertions (), ), and
) were justified. Then the R-linear results in question follow immediately since
the functor — ® R : DM (k,Z[1/e]) — DM*¥(k, R) in Definition EET.I(2) is an
exact tensor functor that sends My /¢ (Z) into Mp(Z) for any X € SmVar; see
Proposition 1.3.3 of [BoK18].

Similarly, it suffices to prove the Z[1/e]-linear version of assertion (@)). In the case
where Y = A" x X it is given by Corollary 5.3.9 of [Kell7]. To prove it in general we
note that there exists a stratification of X = UX| such that for the preimages Y; of
X;inY we have Y; & A" x X;. Hence one can apply the aforementioned Proposition
5.3.5 of ibid. (cf. ([@I])) along with the canonical comparison morphisms provided

"Below we will usually take R that is a localization of Z[1/e]. In this case Proposition B.6.2(I)
is sufficient for our purposes; see Proposition EEL2(T).
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by Proposition 5.3.12(ii) of ibid. to prove the statement by induction on the number
of strata
Next, assertion (2)) easily follows from description of motives with compact sup-
port provided by Proposition 8.10 of [CiD15]; see Proposition A.1(2) of [BoK20].
Lastly, combining Proposition 5.3.12(i) with Theorems 5.2.20, 5.2.21, and 5.3.14
of [Kell7] one easily obtains assertion (@) in the case k¥’ = k. It remains to invoke
assertion (2]) to obtain the general case of the assertion. ]

Remark 4.1.3. Actually, Mr(X) = M%(X) whenever X is proper.

Now we relate motives with compact support to the weight structure wenow-

Lemma 4.1.4. Let X € Var.

(1) Then M%(X) € DMEE (K, R)weypo, 0. Moreover, if X is smooth and proper
then M%(X) = Mg(X) € DM;’E;(k, R) g =0-

(2) For any j > 0 and any field extension k' /k the group CWH?(M%(X)k/) is
naturally isomorphic to CH; (X, R).

(3) If X is of dimension at most r (for some r > 0) then M%(X) is an object
of dSTDM;f,fT(k,R).

(4) For any Z € Var there exists a smooth projective k-variety Y along with a
morphism h : Mg(Y) = M%G(Y) - M%(Z) such that dimY = dim Z and
h can be completed to a weight decomposition triangle for M%(Z).

(5) Let M € DM (k, R)we, o0 and N € DMEE (k, R) e, 0. Then a mor-
phism h : M — N gives a weight decomposition triangle for N if and
only if the homomorphisms haj; ;(hi, R) are surjective for all j > 0 and all
function fields K /k.

Proof. (). The first part of the assertion is immediate from Proposition E.IT.2i@3])
(see Proposition [LZAE]), 2I).

To get the “moreover” part it remains to recall Proposition [ T2l and Propo-
sition 22TI[2).

@). The statement is immediate from the previous assertion combined with
Lemma B.T.4Y2); cf. Remark 223

@). Proposition T2 implies that it suffices to prove the statement under
the assumption that X is smooth. Moreover, obvious induction allows us to assume
that M%(U) € d<,—1DMSE (k, R) whenever U is of dimension at most r—1. Hence
MG(X') € d<y DM (k, R) whenever X' is a smooth variety of dimension r that
either possesses a smooth compactification (see Proposition LI.2|[])) or contains
an open dense subvariety U’ such that M%(U’) € Objd<, DM (k, R).

Now, assume that R = Z), where £ is an arbitrary prime distinct from p.
Then Corollary 1.2.2(1) of [Bonll] implies that (for any smooth X of dimension
r) there exists an open dense U C X such that Mg(U) is a retract of Mg(U’),
where dimU’ = r and U’ possesses a smooth compactification. Next, the duality
provided by Theorem 5.3.18 of [Kell7] immediately implies that M%(U) is a retract
of M%(U’) under these assumptions.

Thus we obtain our assertion in the case R = Z,). Applying this statement for
all £ € P\ {p} along with Corollary 0.2 of [BoSI5| and Proposition B.6.2(I.1) (cf.
also Appendix A.2 of [Kell2]) we obtain the result in question for R = Z[1/e] as
well. Applying Proposition 1.3.3 of [BoK18] once again we conclude the proof.

8Note also that this assertion is mentioned in §5 of [Tot16].

Licensed to Univ of Winnipeg. Prepared on Tue Mar 15 17:32:17 EDT 2022 for download from IP 142.132.194.59.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ON CHOW-WEIGHT HOMOLOGY OF GEOMETRIC MOTIVES 219

). Immediate from assertions () and (3.

). Clearly, h yields a weight decomposition of N if and only if for C = Cone(h)
we have C' € DM (k, R)wey,, >1- Next, Theorem BZT|(3) says that the latter
assumption is fulfilled if and only if CWH; (Ck) = {0} for all 4,7 > 0 and all
function fields K /k. Moreover, we have CWH/, (M) = CWH! (Ng) = {0} if j > 0
and ¢ > 1, and CWH;- (Mg) = {0} also if ¢ < 0 (and j > 0). Thus the long exact
sequences relating Chow-weight homology of M, N, and C yields that h satisfies the
condition in question if and only if the homomorphisms CWH?(h k) are surjective
for all j > 0. Hence it remains to apply Lemma [LTZI[2]). O

Let us now concentrate on the case R = Q (yet cf. Remark BZ2Z2(T])).

Lemma 4.1.5. Let K be a universal domain containing k, X,Y,Z € Var.

(1) Let M € DM (k,Q)weyou—0 and N € DMEE (k, Q)wey,, 0. Then a mor-
phism h : M — N wyields a weight decomposition of N if and only if the
homomorphisms hej j(hi,, Q) are surjective for all j > 0.

(2) If g = Y — Z is a proper surjective morphism and h = Mg(g) then the
homomorphisms CH;(gk,, Q) and CWH?(hKD, Q) are surjective.

Moreover, if Y is smooth and proper then h gives a weight decomposition
of MG(Z).

(3) Assume that X is proper. Then for any g as above, any closed embedding i
of Z into X, and U = X'\ Z there ezists a choice of t(Mg(U)) of the form

L Mo((Y) Maligg) Mo(X) = 0— ... (where Mg(X) is in degree 0).

Proof. ([{l). This is an easy combination of Lemma[.T. 4[] with Proposition2.3.4|1II);
cf. Remark B2Z2I(]).

@). According to Lemma ATA[2), the surjectivity of CWH?(h Ko, Q) is equiva-
lent to that of CH,;(gxk,, Q). The latter surjectivity is rather obvious, since for any
Zariski point z of Z, one can choose a point y of Y, that is of finite degree over
z.

To obtain the “moreover” part of the assertions it remains to invoke assertion

@). Applying Proposition ET.2 (@ B]) along with Proposition [[LZ2{]) we obtain
that it suffices to find a choice of wChowgoMf@(Z) and calculate the composed

MG (i
morphism wchow<oMg(Z2) — Mg(2) i(>) MG (X). Hence it suffices to apply
the functoriality of Mg along with assertion (2. a

Now we combine our lemmata with Corollary 3.3

Proposition 4.1.6. Assume thatr € [0,+00|, Ky is a universal domain containing
k,g:Y — X is a proper morphism of k-varieties, Z =Img, U =X \ Z.
Denote Mg(g) by h, M = Cone(h), and C = Mg(U).
Then the following conditions are equivalent.
(1) M belongs to DMggl(k;,Q)gg (the notation comes from Definition B.3.6]
here we set D]W_fj,ffl(k:,(@)SBOo> = DM;ffl(k:, Q)wepow>1)-
(2) The homomorphisms CH;(gk,, Q) are surjective for 0 < j < r.
(3) CH;(Uk,,Q) ={0} for0 <j<r.
(4) C € DM (k, Q).
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Proof. Let j > 0. Lemma ALI4(I), Bl implies that the motives Mg(Y), M§(Z),
M§(X), M, and C belong to DMER, (k, Q)we,,, >0- Moreover, CWHO(JKO,Q)
ha;.j(JK,, Q) if J equals either Mg (Y'), Mg(Z), or Mg(X), and CWH! (Jk,,Q) =
{0} for all these motives and ¢ > 0. Thus CWH;(M) = CWH;(C’) = {0} for all
1 > 0 and there is a long exact sequence
- — CWH; "(M§(X)) — CWH; ' (Mg,,Q) — CH;(Yx,, Q)
(42) CH; (!JKo,Q
CH,(Xk,,Q) - CWH)(Mg,,Q) — {0}.

We combine it with Corollary B37(I) if » < 400, and with Theorem B2T](3) if

= 400 (see also Remark B.22IM])); this immediately gives the equivalence of
our conditions (1) and (2)). Similarly, these statements imply the equivalence of
conditions [B)) and ().

Next, Proposition ILT.2(H) implies that for the corresponding embedding i : Z —
X we have Cone(MG(i)) = C. Thus we obtain a long exact sequence

-+ = CH,;(Zk,,Q) — CH;(Xg,, Q) = CWH)(Ck,) — {0},

and arguing as above we obtain that our condition () is equivalent to the surjec-
tivity of the homomorphism CH; (i, Q). Lastly, Lemma [L.T5|([2) implies that for the
corresponding ¢’ : Y — Z the homomorphism CH,(g¢’, Q) is surjective. Hence the
surjectivity of CH; (4, Q) is equivalent to condition (). O

Remark 4.1.7.

(1) Note that the empty scheme is a variety by our convention. Its Chow
groups are zero; thus if Y = ) in Proposition then U = X and we
obtain that the motive Mg (U) belongs to DMER (k, Q) Lo if and only if
hj(Uk,,Q) = {0} for 0 < j < r. We will often mention this case of the
proposition below.

More generally, it is easily seen that for any coefficient ring R the motive
M%(U) belongs to DMeH (K, R)<r if and only if h;(Uk, R) = {0} for 0 <
j < r and all function ﬁelds K/k.

(2) One can easily construct rich families of examples for part (Il of this remark.
This clearly gives examples for Proposition as well, and one can take
Y and Z to be non-empty in them.

Let T € Var, r > 0, and U is an affine bundle of dimension r over T
(say, U =T x A"). Then combining Proposition (@ ) with Lemma
T4 and Corollary Z2:4(1) we obtain M%(U) € DMES (k, R)wey, >0(r)
Cc DM ;g(k, R) <>T3 for any R. Moreover, the aforementioned statements eas-
ily imply that for any open dense embedding U’ — U the motive M (U’)
belongs to DM (k, R)< 3 whenever M%(U) does.

Moreover, Remark 4.1.5(3) of [BoS14] describes certain X € Var such
that for M = M%(X) we have CVVH;(MK7 R) = {0} for all function fields
K/k and all (7, ) that belong to a given staircase set 7

(3) In the case Y = Z = ) (see part ([I)) of this remark) the equivalent condi-
tions of Proposition can also be re-formulated as follows: there exists
a smooth projective k-variety P of constant dimension s > 0 and a Q-linear

9 Actually, in loc. cit. the case R = Q is considered; yet this assumption is not necessary.
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ON CHOW-WEIGHT HOMOLOGY OF GEOMETRIC MOTIVES 221

algebraic cycle n of dimension s+ r in P x X that (if considered as a corre-
spondence via Proposition LIT.2[B))) induces a surjection CH;_,(Pk,,Q) —
CH;(Xk,,Q) for all j > 0; here we set CH;_,(Px,,Q) = {0} if j < r.
Indeed, the “if” implication is obvious (see condition (B of Proposition
T8 and it suffices to combine Corollary B3.7(I) (see condition ([3) in it)
with the obvious “correspondence version” of Lemma[Z.T.H([) to obtain the
converse implication.

We will give a “decomposition of the diagonal” re-formulation of this
condition in the case where X is smooth (and possesses a smooth compact-
ification) in §4.3] below.

(4) Tt is easily seen not to be sufficient to assume that g : Y — Z is (proper
and) surjective to claim that h = M%(g) gives a weight decomposition
of M%(Z) (see Lemmata ATAH) and EIDI2)) in the case of a general
coefficient ring R.

Hence one needs some more restrictive assumptions on the morphism
g to ensure that all the R-linear versions of the conditions in Proposition
[L1.6] are equivalent (i.e., to ensure that condition (B]) implies condition (2])).

We need some more preparation for the next subsection. To relate our results
to “the usual” cohomology with compact support we need the following statement.

Proposition 4.1.8.

(1) For the cohomological functor H = H.y q, mentioned in Definition B.53(4),
any X € Var, i € Z, and M = MgG(X) (see Definition HII(2)) the
Q¢[G]-module H' (M) = H(M|[—i]) is canonically isomorphic to the mod-

ule Hi)et(Xkal,g) of i-th étale cohomology of Xjais with compact support.

Moreover, these isomorphisms are SchPr-natural.

(2) Assume that k is a subfield of C. Then for any X € Var the factors of the
Deligne weight filtration on the M HS-valued singular cohomology of Xc¢
with compact support are SchPr-naturally isomorphic to the weight factors

of Hg(MG(X)) (see Definition B5.3(3)).

Proof. (1) Recall that H,; g, is the restriction to DM;gl(k, Q) of the cohomological
functor HY,(—pats, Qr) from DM, (k, Q) into Q¢[G] — Mod coming from Propo-
sition 7.2.21 and Theorem 7.2.24 of [CiDI6]. Now, Ht(—pais, Q) possesses the
corresponding “compact support” property by loc. cit.; see here Proposition 8.10
of [CiD15] for the “six functor” description of motives with compact support.

(2) Theorem 3 of [GiS96] says that the quotients of the weight filtration on
Hg sing (X¢) are functorially isomorphic (as pure Hodge structures) to the corre-
sponding Fs-terms of the weight spectral sequences (similarly to Theorem [B5.4)(2)).
Now, these Fs-terms in loc. cit. are expressed (cf. Proposition [[L45)2)) in terms
of their weight complex W (X)) of X as provided by Theorem 2 of ibid. (cf. Remark
[LZ3(2)). Thus it remains to apply Theorem 3.1 of [KeSI7] (or recall that the
composition ¢ o Mg is essentially isomorphic to the weight complex functor of ibid.
according to Proposition 6.6.2 of [Bon09]; cf. Remark [C43)(2)). O

Remark 4.1.9. The authors do not know whether the known properties of singu-
lar cohomology of motives are sufficient to verify that the singular cohomology of
M@(X ) is isomorphic to the corresponding cohomology of X with compact support
as mixed Hodge structures. Yet this statement is most probably true.
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4.2. On cohomology with compact support and the number of points
of varieties. Let us apply results of previous sections to motives with compact
support of varieties.

Theorem 4.2.1. Let U € Var, r > 0, Ky is a universal domain containing k, and
assume that CH;(Ug,, Q) = {0} for 0 <j <r.

(1) Then there exists E > 0 such that E CH; (U, Z[1/e]) = {0} for all0 < j <
r and all field extensions k' /k.

(2) If k is a subfield of C then the g-th (Deligne) weight factor of H2(Uc) of
the (Q-linear) singular cohomology of U with compact support is r-effective
as a pure Hodge structure (see Definition B53(1) ).

Moreover, the same property of Deligne weight factors of Qg-étale coho-
mology H2(Uyais) is fulfilled (in the sense of Definition B53(2)) if k is an
essentially finitely generated field (see Definition Z3I)) and £ # p.

In particular, these factors are zero if g < 2r.

(3) Assume that U = X \ Z, where Z is the image of a proper morphism
g:Y — X of k-varieties. Then there exists E > 0 such that the cokernel of
the homomorphism CH;(gxs, Z[1/e]) is annihilated by E whenever 0 < j < r
and k' [k is a field extension. Moreover, if k and H are as in assertion (2)
then the object Ker(Wp ,HI(X) — Wp,HI(Y)) is r-effective (in the sense
of Definition B.5.3]).

(4) The motive Mg(U) (see Definition LI1I(2)) is an extension of an el-
ement of DM;SL(k,Q)wChowzl (see Proposition Z2ZII[)) by an object of

Chow*™ (k, Q) (r) (see §2.11).
Proof. All of these statements are rather easy implications of earlier results.

We take M = M3, ,,,(U) (this corresponds to B = Z[1/e] in Definition .T.1(2)).
Then M € DMSE (k,Z[1/€])wepo, >0 by Lemma ETZ(). Moreover, M1 /e) (T)
belongs to DM (k, Z[1/€])wqpon>0 Whenever T is equal either to X, Y, or Z
in assertion (3). Furthermore, Proposition implies that M ® Q = M§(U) €
DME (k,Q) gg Hence assertion (1) follows from Corollary B.6.5(IIT) (see condition
13l in it); see also Proposition ET.2@B]) and Remark 223

Given assertion (1), assertion (2) easily follows from Theorem [3.5.4(3) combined
with (the corresponding parts of) Proposition [L.1.8 note also that r-effective pure
Hodge structures and Galois representations are of weight at least 2r.

Next, assertion (4) follows from Corollary B37(T).

To prove assertion (3) we argue similarly to the proof of Proposition ET.60l Firstly
we complete the morphism Mz, (V) = Mz, (Z) to a distinguished triangle

(4.3) MGy (Y) = Mz (Z2) = J = Mg (V)]
Then for any j > 0 and k’/k we have a long exact sequence
-+ — CH;(Yy,Z|1/e]) — CH;(Zys, Z[1/e]) — hoj i (Jir, Z[1]e]) — {0}.

Next, J ® Q € DM (k,Q)uwe,, >1 according to Lemma ETH(@) (combined with
Proposition one should take r = 400 in it). Applying Theorem B.G.4(II) we
obtain that the groups

hgj’j(Jk/,Z[l/e]) = COkeI‘(CHj(Yk/7Z[1/€D — CH](Zk/,Z[l/e]))
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ON CHOW-WEIGHT HOMOLOGY OF GEOMETRIC MOTIVES 223

are annihilated by some constant E' > 0 (and E’ does not depend on j and %').
Similarly, the functor M — Grl‘z’v b H1(M) is cohomological (for H that equals either
Hing or Heyg, and g > 0); since Wp, H9(Mg(Y)[1]) = 0 (apply Theorem [3.5.4(3)
once again), we obtain that Wp,HI(Mg(Y)) surjects onto Wp,H?(MG(Z)).
Thus it suffices to verify that the cokernels of homomorphisms CH;(Zy, Z[1/e]) —
CH, (X4, Z[1/e]) are annihilated by some constant E” (for all field extensions k'/k),
and that the object Ker(Wp,HI(X) — Wp,HI(Z)) is r-effective for H that is ei-
ther étale or singular cohomology (here we invoke Proposition once again).
Hence considering the long exact sequences

-+ —= CH,;(Zy,Z[1/e]) - CH; (X}, Z[1/e]) — CH;(Uy, Z[1/e]) — {0}
and
0— Wp,HI(U) = Wp,HI(X) = Wp ,HIZ) — ...

we reduce assertion (3) to assertion (2). O

Remark 4.2.2.

(1) We did not formulate all possible statements of this sort above. In particu-
lar, we could have considered Chow-weight homology for various staircase
sets Z; cf. Theorems [3.3.3] and £.2.3]

Moreover, in §5.1] below we study the (more general) case where certain
Q-linear Chow and Chow-weight homology groups are finite dimensional.
In particular, Corollary B.1.6(2) below generalizes parts (2) and (4) of our
theorem.

(2) Recall also that the assumption of the r-effectivity of the g-th (Deligne)
weight factor of HZ(Ucg) of the singular cohomology of U with compact
support is conjecturally equivalent to the vanishing of CH,(U, Q) for 0 <
j < r; one should just combine our theorem with Proposition

(3) Recall that a large family of examples to our theorem can be constructed
by means of Remark LT 7|([2)); however, these examples may also be treated
“directly”.

So it may be more interesting to apply our theorem to the case where
g is (proper and) surjective (and for any r > 0; see Lemma L THI2)); the
resulting statement appear to be new.

Applying part II of Corollary instead of its part III (that was used in the
proof of Theorem 2ZT]) we easily obtain the following statement (in which the
vanishing of lower Chow groups condition is replaced by the vanishing of higher
Chow groups of 0-cycles).

Theorem 4.2.3. Let U, r, Ky be as in TheoremA21l, and assume CHy(Uk,, 4, Q) =
{0} (cf. Theorem 5.3.14 of [KellT]) for 0 <j <r.

(1) Then there exists E > 0 such that E CHo(Uy, j,Z[1/e]) = {0} for all 0 <
j <r and all field extensions k' /k.

(2) If k is a subfield of C then for any q,s > 0 the g — s-th (Deligne) weight
factor of HY(U) of the singular cohomology of U with compact support and
is r-effective as a pure Hodge structure. Furthermore, the same property of
Deligne weight factors of HX(U) is fulfilled for the Qq-étale cohomology of
Uyats with compact support if k is an essentially finitely generated field (see

Definition 23N ) and £ # p.
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Proof. The proof is quite similar to that of Theorem A.2.T[1)—(2); one should only
recall that CHo(Uy, j, Q) = hjo(Mg, o) (U)w, Z[1/e]) = {0} if j < 0, and apply
Corollary B.6.5(II) to the motive Mg, ., (U)[-r]. O

Now we discuss the relation of our results to the number of points of varieties over
finite fields. Proposition [£.2.4] is essentially a combination of Theorem [3.2.1] with
the consequences of the Grothendieck-Lefschetz trace formula that are probably
well-known to experts in the field.

Proposition 4.2.4.

(1) Assume that k is a subfield of the finite field F,. Then there exists a function
Cardy from Obj DM;E;(k,Q) into the ring A of integral algebraic num-
bers such that for any distinguished triangle M — N — O — M]1] in
DM;g(k,Q) we have

(4.4) Card,(N) = Cardy(M) + Card,(O)

and for any X € Var and M = Mg (X) we have Card (M) = #X(F,) (the
number of Fy-points of X ).

Moreover, for any M in DM;g(k,Q)(l) the number Card, (M) is divis-
ible by q in A.

(2) Assume that X is a proper k-variety; take the morphismh : M = Mg(X) =
MG(X) — Q = MG(pt) corresponding to the projection X — Speck (see
Definition BETI(2)) and set M = Cone(h). Then Card,(X) = 1 mod ¢
whenever either of the following equivalent conditions is fulfilled:

(i) M € Obj DMgH(k,Q)(1);
(i) CWH}, (Mg, , Q) = {0} (see Definition BII) for all i € Z and a uni-
versal domain Ky containing k;
(iil) CWH)(Mg,,Q) = Q and CWH{(Mx,,Q) = {0} for all i # 0.

Proof. (1) We use the étale cohomology functor Hey g, = Het,g,(—r) mentioned
in Definition B5.3((4), where F is the algebraic closure of F,. Let us recall that
for any X € Var and i € Z the Qg-vector spaces Hét,@z (Xr) are well-known to
be finite-dimensional and almost all of them (when ¢ varies) are zero; hence the
same is true for the corresponding cohomology of Chow motives. Since the subcat-
egory Chow® (k, Q) densely generates DMER (k,Q), we obtain that these finiteness
properties extend to {H}, o, (M), i € Z} for any M € Obj DM (k, Q) as well.

We will write Frob, : @ — 9 for the (arithmetic) Frobenius automorphism of F.
Our candidate for Card, (M) will be the trace of the action of the geometric Frobe-
nius automorphism g = F 7“0()(1_1 € G on the (finite dimensional Q-vector space)
®Bicz H g, (Mr); a priori we have Card, (M) € Q. Since H is a cohomological
functor, it converts distinguished triangles into long exact sequences; this obviously
implies the property (d4).

Now we study the values of Card,. Theorem 5.2.2 of [DeK73] says that the
eigenvalues of the action of g on H{ (XFr) are integral algebraic numbers (i.e.,
belong to A) for any X € Var and i € Z. Hence these properties are also fulfilled
for H!,(Myg) for any M € ObjChow® (k,Q); thus they are valid for any M €
Obj DM ;,f,fl(k:,(@) as well. To conclude the proof it obviously suffices to note that
for any object M of DM;g(k, Q) we have Cardy (M (1)) = g Cardy(M) (once again,

it suffices to verify this equality for M € Obj Chow® (k, Q) only).
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ON CHOW-WEIGHT HOMOLOGY OF GEOMETRIC MOTIVES 225

(2) The previous assertion implies that 1 — #X (F,) = Card,(M). Moreover,
if condition (i) is fulfilled then this (integrall) number is divisible by ¢. Next,
conditions (ii) and (iii) are obviously equivalent. It remains to note that condition
(i) is equivalent to condition (ii) according to Theorem BZT|(1). O

Remark 4.2.5.

(1) Recall that in (Theorem 1.1 of) [Esn03| essentially a particular case of
Proposition 2-4(2) was established (actually, Ky equal to the algebraic
closure of k(X) instead of being a universal domain was considered; yet
one can easily look at our proofs and note that this is a minor distinction
that does not affect any applications; cf. Proposition [F.2:3(1)). X was as-
sumed to be smooth projective; hence CVVH;(MKO7 Q) = {0} for i # 0 and
CWHY(My,, Q) = hoo(Mg,,Q) = CHy(Xg,, Q). Next, the corresponding
statement was applied to smooth rationally chain connected varieties, that
is, one assumes that (for K, as above) any two closed points of Xk, can
be linked by a connected chain of rational projective curves (cf. Definition
1V.3.2.1, Exercise 1V.3.2.5, Corollary I1V.3.5.1, and Proposition IV.3.6.2 of
[Kol96]); recall that this condition is fulfilled for Fano varieties.

Certainly, our proposition (and actually the whole paper) says nothing
new on this number on points matter when restricted to the case where X
is (proper and) smooth.

However (as demonstrated by J. Kolldr’s example in [BIEOS, §3.3]) the
situation becomes more complicated if X is allowed to be singular. Conse-
quently, we suggest to look at the negative degree Chow-weight homology of
M (or M ) in the case where X is a non-smooth rationally chain connected
variety.

(2) More generally, if k is an extension of F, and ¢ : X — Y is a proper
morphism then for M’ = Cone(M§(g)) we clearly have the following: if
M' € Obj DM (k, R)(r) for some r > 0 then #X (Fy) = #Y (F;) mod ¢".
Thus it does make sense to consider (also, higher-dimensional) Chow-weight
homology of motives M’ of this sort.

Recall also that in the case where g is a dominant morphism of smooth
proper varieties (consequently, Chow-weight homology of MG (X) and
MG§(Y) vanishes in non-zero degrees once again) and r = 1 this statement
essentially coincides with Corollary 1.3 of [FaR05]. However, one can clearly
“multiply” any example of this sort by an arbitrary k-variety V. Then
clearly M’XM{@(V) € Obj DM;ffL(k:, R)(1) and #X xV(F,) = #Y xV(F,)
mod ¢; yet one cannot deduce these facts from the properties of Chow
groups of X x V and Y x V directly (unless V is smooth and proper).

(3) We could have based our proof on Theorem 8.1 of [Kah09] (cf. also Theorem
9.1 of ibid.); then we would obtain that all the values of our function Card,
are actually integral.

4.3. On the support of Chow groups of proper smooth varieties. Now we
study in detail the case where X is proper and smooth in the setting of Proposition
The point is that in this case the endomorphisms of M%(X) can be expressed
in terms of algebraic cycles on X x X; consequently, we are able to prove certain
(partially new) statements that are formulated in this language.
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Proposition 4.3.1. Let r > 0; assume that K is a universal domain containing
k.

Let g : Y — X be a morphism of smooth proper k-varieties, Z =Img, U = X\ Z
(cf. Proposition 18], and denote Mg (g) by h.

Then the following conditions are equivalent.

(1) CH,;(Uk,,Q) ={0} for0<j<r.

(2) The equivalent conditions of Corollary B33l are fulfilled for the morphism
Mqop(Y) KN Mo(X) of Chow motives, c1 =0, and c2 = r.

(3) The diagonal of X x X (considered as a cycle on it) is rationally equivalent
to the sum of a cycle supported on Z x X and a cycle supported on X x X',
where X' C X is a closed subvariety of codimension r.

Proof. According to Proposition LT.6] condition () is equivalent to the surjectivity
of the homomorphisms CH,(gx,, Q) for 0 < j < r, i.e., to condition (1) of Corollary
B30 thus conditions (1) and (@) are equivalent.

Next, the easy arguments described in Remark B.3.10(1) immediately yield that
condition (@) is equivalent to (3). O

Remark 4.3.2.

(1) Recall that for any closed subvariety Z of X there exists some proper g :
Y — X such that Y is smooth and Img = Z according to the seminal
result of de Jong (cf. the stronger Gabber’s Corollary 2.1.15 of [Kell7]).
Note also that here we can choose Y whose dimension equals that of Z.

(2) Now we demonstrate that our proposition implies Proposition 6.1 of [Par94].

So, for a smooth projective k-variety X, closed subvarieties V; of X for
0 <j<r,and Ky as above we assume that CH;((X \ V;)k,, Q) = {0} for
0 < j <r. Then we can take Z = Up<;j<,V; and apply Proposition E3.1}
hence condition [B]) says that the diagonal in X x X is rationally equivalent
to the sum of a cycle supported on Z x X and a cycle supported on X x X',
where X’ is of codimension r in X. Decomposing the first of these cycles
into the sum of cycles supported on V; x X (for 0 < j < r) we obtain loc.
cit.

(3) Certainly, the authors would like to suggest the readers to study the neg-
ative degree Chow-weight homology of C' = Mg(U) as well (note that
computations of this sort are closely related to cohomology; cf. Theorem
B.5.4 and Proposition and Theorem E.2T)). Obviously, one can ar-
gue similarly to Corollary B3.9 and Remark B.3I0(1) to obtain certain
equivalent conditions in terms of algebraic cycles provided that the weight
complex t = t(C') or (equivalently) ¢’ = t(MG(Z)) is known.

Thus it makes sense to recall that ¢ can be expressed in the (more or less) obvious
way in terms of an arbitrary smooth proper hypercover of Z (here one can apply the
h-topological Q-linear version of [Kell7, Theorem 4.0.7] noting that the arguments
in the proof of loc. cit. give this modification without any difficulty); cf. also
Remark [[4.3)(2).

In particular, if {Z;} are irreducible components of Z and (all Z; and) the in-
tersections of all subsets of {Z;} are smooth then one can take the —n-th term of
t to be equal to @ ;. 4, Ma(NiesZ;) and the boundary morphisms to be the
obvious ones; cf. Proposition 6.5.1 of [Bon09].
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Recall also that any smooth U can be presented in this form (i.e., as X'\ (UZ))
for some smooth proper X’ and a normal crossing divisor UZ}) if p = 0.

One can also say something about ¢5(C) in the case R # Q (even if p < 0); see
Remark 4.3.2(4) of [BoS14].

Now we want to discuss certain conditions that are equivalent to (combinations
of) collections of support assumptions (motivated by Theorem 1.7 of [Lat96]). Our
methods allow us to study the case of a general R here (in contrast to ibid.);
however, in this case we need the following substitute of Proposition 311

Lemma 4.3.3. Assume that X is smooth and proper, and for a closed subvariety
Z of X and U = X \ Z the groups CH;(Ug, R) vanish for 0 < j < r (for some
r > 0) and all function fields K/k.

Then Mg(X) is a retract of Mp(Y) @ Mgr(Q)(r) for some Y,Q € SmPrVar
with dimY = dim Z.

Proof. According to Lemma [L.T.4{]), there exists a smooth projective k-variety YV
with dimY = dim Z along with a morphism h : M%4(Y) — M%(Z) such that
dimY = dimZ and h gives a weight decomposition of M%(Z); hence the ho-
momorphisms CH;(hg) are surjective for all function fields K/k and j > 0 (see
Lemma LT A[H)). Next, the long exact sequence ([@.1)) yields that CH;(Zk ) surjects
onto CH;(Xg) for all function fields K/k and 0 < j < r. Thus the composed
morphism A’ : MG(Y) — M%G(X) gives a surjection of the corresponding Chow
groups as well. Applying Corollary B.3.9 for ¢; = 0 and ¢ = 7 we conclude that
the morphism id,, factors through Mgz(Y) @ Mgr(Q)(r) for some @ € SmPrVar
(cf. Remark [05). O

Proposition 4.3.4. Let X be a smooth proper variety, r > 0, and ¢ > 0.
Then the following conditions are equivalent.

(1) The motive M = Mpg(X) is a retract of a Chow motive of the form
Do<j<c Mr(P})(j), where P; € SmPrVar for all j and dim P; < r for
1 <ec.

(2) There exist closed subvarieties V; C X for 0 < j < ¢ such that for all
j we have dimV; < j +r and CH;((X \ V;)k,R) = {0} (i.e., the group
CH,(Xk,R) is “supported on” V; k) for all field extensions K/k.

(3) The diagonal A of X x X (considered as an algebraic cycle on it) is ratio-
nally equivalent to the sum Z;ZO Aj, where the cycle Aj is supported on
W; x Vj forj < cand on W, x X forj=candV; (for0 < j <c) are
closed subvarieties of X of dimension at most j+r and W; (for0 < j <c)
are closed subvarieties of X of codimension at least j.

Moreover, if R = Q then one can take a single universal domain Ky containing
k for K in condition (2.

Proof. Once again, Proposition [Z34(IT) implies that in the case R = Q condition
@) is equivalent to its Ky-version.

Thus it suffices to prove the main part of the statement. We fix some X, r,
and c as above, and recall that M = Mz (X) is a Chow motive itself according to
Lemma TAY).

First we prove that condition (I) implies ([2). Assume that condition () is
fulfilled; we will check the support condition for certain j = jy, 0 < jg < ¢. Denote
by p the corresponding split surjective morphism p : @< <. Mr(P;)(j) = M; pk
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clearly gives a surjection of the hgj, j,-groups. Moreover, haj, i, (MRr(Pjx)(j), Q) =
{0} whenever j > jo; hence for Nj, = @< ;< , Mr(P;)(j) the corresponding
retract pj;, of p is converted by the functor hsj, j,(—x, R) into a surjection as well.

Now we choose a presentation of p;, as an algebraic cycle on Q;, = (Uo<j<j, Pj) %
X; this cycle is supported on a subvariety Rj, of Q;, of dimension at most r +
jo- Then the definition of the action of correspondences on cycles implies that
CH,, (X k) is supported on the image of R, x in X (with respect to the projection
Qj,,x — XK). Since the latter has dimension not greater than that of R;, (and
comes by base change from the corresponding k-variety), we obtain the implication
in question.

Next we prove that condition (@) implies condition (2)) by an argument rather
similar to the one that we have just used. We fix jp, 0 < jg < ¢, and find a
support k-variety for CH; (Xg) (for all K). Arguing similarly to the proof of
Proposition Z20[3]) we easily obtain that for any j > jo the endomorphism h; of
M corresponding to the cycle A; factors through Choweﬁ(k, R){j); hence its action
on the group CH,,(Xg) is zero. Therefore it suffices to note that for 0 < j < jo
the elements of h;.(CH,, (X)) are supported on V; x (by the classical theory of
correspondences), and the dimensions of these V; are at most jo + 7.

Now we prove that condition (2)) implies condition (). Assume that condition
@) is fulfilled (for our X, r, and ¢). Then Lemma H33] implies that for each
J, 0 < j < ¢, the morphism id; may be factored through Mz(Y;) @ Mg(Q,){j+1)
for some Y;,Q; € SmPrVar such that dimY; < j +r (for all j). We “compose
these factorizations” starting from the last one, i.e., we factor idy; through the
chain of objects M — Mpg(Y._1) @ Mg(Qce—1){(c) = Mg(Ye_2) EB Mp(Qe—2){c—
1) = ... Mg(Yo) B Mr(Qo){1) — M. This gives a decomposition of idys into
2¢ summands e; such that each of these endomorphisms factors either through
Mp(Yeei) D MR(Qc—i)(c—i+1) at the “ith step”. It obviously suffices to verify
that each of e; factors through certain Mg(P)(j) such that P € SmPrVar and
either j = cor 0 < j < c and dimP; < r. Now we choose one of these e¢; and
consider the smallest ¢ such that e; factors through Mpg(Q.—;){c — i+ 1). If there
is no such i then e; factors through Mg(Yp); thus we can take j = 0 and P = Y.
If this minimal ¢ equals 1 then we can take j = ¢ and P = Q.. In other cases the
morphism e; factors firstly through Mg(Y.—;41) and through Mgz(Q.—;){c—i+1)
after that; thus Proposition[Z2Z6I[B]) implies that e; factors through Mg(P){(c—i+1)
for some P of dimension at most dimY,_;41 — (c—i+1) <.

Lastly we prove that condition () implies condition [B]). It clearly suffices to
verify for 0 < j < ¢ that an endomorphism h; of M that factors through Mg (P;)(j),
where P; € SmPrVar and dim P; < r if j < ¢, can be presented by a cycle A; that
satisfies the support assumptions of condition (B]). Consequently, we present h; as a

composition M % Mg(P;)(j) 2 M. Now, Proposition 220[3]) gives the existence
of an open embedding w : W’ — P such that W; = P\ W’ is of codimension j in
P and a o Mpg(w) = 0. Hence we can choose a presentation of ¢ as an algebraic
cycle supported on W;. Next (similarly to the proof ({l) = (), we consider the
support variety R; for some cycle in P; x P that represents b, and take V; to be
the image of R; in P. Obviously, V; is of dimension at most j + r if j < c. It
remains to note that the composition boa = h; is clearly supported on W; x V; as
an algebraic cycle. O
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Remark 4.3.5.

(1) In the case K = Ky and R = Q our conditions ([B) and (@] are precisely
conditions (i) and (ii) of [Lat96, Theorem 1.7].

(2) Now let us discuss possible variations of the argument that we used to
deduce condition () from condition (2]).

One can certainly re-formulate it inductively to obtain the following:
condition () is fulfilled if and only if M is a retract both of a motive of the
form @y ;<. s Mr(P})(j), where P; € SmPrVar for all j and dim P; <r
for j < ¢—1, and also of Mg(Ye—1) P Mpg(Qc—1){c) for some Y._1,Q._1 €
SmPrVar such that dimY,_; < ¢+ r — 1 (see Lemma [L33)).

Now we pass to a “triangulated” version of the equivalence of these
conditions. The proof of this result is also somewhat similar to the afore-
mentioned part of the proof of Proposition [£.3.41

Proposition 4.3.6. Let M € Obj DM;ffn(k, R), r >0, and ¢ > 0.
Then the following conditions are equivalent.

(1) M is an object of the subcategory D,. . of DMngf;L(k, R) densely generated by

Obj Chow®" (k, R)(c) U (Up<j<c Obj(d<, Chow® (k, R))(j)).
(2) M is an object both of D,. .y and of the category

E, . = (ObjChow®" (k, R)(c) U Obj(d<,+c—1 Chow*" (k, R))).
(3) M is an object of E, ; for all 0 < j < c.

Proof. Obviously, condition () implies condition (), and the latter implies condi-
tion [B). Moreover, obvious induction (cf. Remark L3.5[2)) implies that it suffices
to verify that condition (Z) implies condition () for all ¢ > 0 (whereas we can
assume 7 to be fixed).

So we assume that condition (@) is fulfilled. Similarly to Corollary 2Z2:4(1,3),
Proposition [LZA(®) implies that the Chow weight structure on DM (k, R) re-
stricts to D, ; and E, ; for any j > 0, and the corresponding hearts HD, ; and

HE, ; are the Karoubi-closures in Chow®™ (k, R) of the sets

Obj Chow*™ (k, R) () ED( €D Obj(ds, Chow™ (k, R))(1))

0<I<j

and of Obj Chow®™ (k, R)(j) @ Obj(d<,1;_1 Chow*™ (k, R)), respectively.
Now, Proposition ZZZBI[3]) easily implies that any morphism from HE, . into
HD factors through HD,. . (cf. the proof that condition (2)) implies () in

r,c—1
Proposition 334)). Thus applying Proposition 1.9 of [Bonl8al (cf. also Remark
2.3(2) of ibid.) we obtain the result in question. O
Remark 4.3.7.

(1) The authors do not know of any “nice” if and only if criteria for M €
Obj DMH (k, R) to be an object of the subcategory E, ; C DM (k, R)
(see the previous proposition). However, M is clearly an object of E,;
whenever it is an extension of an object of M; of dSrH,lDM;gl(k, R) by
an object My of DM (k, R)(j). Moreover, we can check whether M, is
an object of DMg,ffL(k, R)(j) by looking at its Chow-weight homology; see
Theorem B2T)(1).
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(2) Furthermore, Proposition ELT.2(@]) says that the motive M = M%(X) for
X € Var is an extension of My = M%(X\ Z) by My = M%(Z) whenever Z
is a closed subvariety of X. Now, M, is an object of d<,y; 1 DMSH (k, R)
if Z is of dimension at most r 4+ j — 1 by Lemma [T 4|B]); thus to prove that
M is an object of the subcategory E, ; it suffices to suppose in addition
that CWH.(My k) = {0} for all i € Z, 0 < r < 7, and all function fields
K/k.

Note also that one can check if a motive M; belongs to

d<rij—1DMgy, (k, R)

by looking at its Chow-weight cohomology; see Proposition [(£.2.1] below.

(3) Clearly, all the “motivic” conditions of this subsection (see condition (2))
in Proposition 31 condition (I) in Proposition 34l and Proposition
[436([) easily imply certain properties for (co)homology of M; cf. Propo-
sition [B.5.1] and Theorem [3.5.41

4.4. On (tensor) products. First we deduce a simple corollary from Corollary

B3(1D).

Corollary 4.4.1. Assume that U = Uy x Us, where Uy,Us € Var, and for some
1,72 > 0 and a uniwersal domain Ko D k we have hj(Usk,, Q) = {0} for0 < j <r;
andi=1,2.

Then h;j(Uk,, Q) = {0} for 0 <j <ri+rs.

Proof. According to Proposition (see Remark EI7()), our vanishing as-
sumptions imply that Mg (U;) € DM;ﬁ(k,Q)g{')) for i+ = 1,2. Hence Corol-
lary B3.7(IT) along with Proposition T.2(E) imply that Mg(U; x Us) belongs
to DM;,ffL(k,Q)géJr”). It remains to apply the converse implication in Remark

7). O

Remark 4.4.2.

(1) Corollaries I4T] and are quite non-trivial since there certainly can-
not exist any Kiinneth-type formulae for Chow groups (or Chow-weight
homology) of general varieties and motives.

(2) One can easily prove the following R-linear version of Corollary [L4.1] (for
any Z[1/e]-algebra R): if h;(U;x, R) = {0} for all 0 < j < r;, all function
fields K/k, and ¢ = 1,2, then h;(Ux,R) = {0} for 0 < j < r1 + 12
and all K of this sort. These vanishing assumptions are equivalent to
MG(U;) € DM (k, R)g(y; see Remark ELT.7(H).

Now we will try to deduce some curious statements on motives and varieties from
simple properties of Hodge structures. Unfortunately, this requires assumptions A
and B of Proposition B.:55] (and confines us to Q-linear motives).

Proposition 4.4.3. Assume that p = 0, assumptions A and B of Proposition
are fulfilled, My, Ms € Obj DM;gl(k,Q), and r1,r9 > 0. Then the following
statements are fulfilled.
(1) If My ¢ Obj DMST (k,Q)(r1) and My ¢ Obj DMy (k, Q)(ra) then M) ®
My ¢ Obj DMl (k,Q)(r1 +ra — 1).
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(2) If My ¢ Obj DM (k, Q)"%om=<"" and My ¢ Obj DM (k,Q)/en<"> then
M, @ My ¢ DM;gl(k.’Q)t%mnsrﬁrﬁy

(3) If My belongs to DM (k,Q)uweyn>0 \ DMgfl(k,Q)g(%) and My €
DM (B, Q) ey 20\DMEE (k, Q) U2 then Mi@My ¢ DM (k, Q) 1571,

Proof. Firstly we note that both M; and M, are defined over some countable
subfield &’ of k (see Proposition (.23](1)). Next, all the conditions on motives in
this proposition can be “detected” by (the vanishing of the corresponding) Chow-
weight homology of C'k,, where C either M;, M, or M; ® My, and K is a universal
domain that contains k; see Corollaries B377(T) and along with Proposition
B4T3). Thus we can assume k = k’; hence there exists an embedding of & into C.

Recall now that the “total Hodge” version of singular cohomology as provided
by Theorem 2.3.3 of [Hub00] is a tensor exact functor. Consequently, for any
m € Z we have a (Kiinneth) filtration on HJ  (M; ® M) whose factors are
Hsling(Ml) ® Hs’ﬁl_gl(Mg) for I running through integers, where Hging is the “mixed
Hodge” version of singular cohomology (see Definition B.5.3(4)). Next, if F1VE #
V¢ and Fe2VE # V2 for (effective) mixed Hodge structures V! and V? and ¢y, ¢o > 0
then Farte—L(V1 @ V2)e £ (VI ® V?)c; see Examples 3.2(2) of [PeS08§].

Now we apply Proposition The assumptions of assertion (1) imply (see
Theorem 3.2.1(1)) that there exist g1, g2 € Z such that F™* HE (M) # HZ, (M)
and F2HE (M,) # H% (Ms). Hence F™ 2= HI M2 (M @ My) # HE L (M@
Ms). Thus My ® My ¢ Obj DMEH (k,Q)(ry + 72 — 1) indeed by Theorem BE.4(3);
this gives assertion (1).

The proofs of assertions (2) and (3) are similar.

Recall that for any » € Z if N € Obj DM;ﬁ(k,Q)t%omST then N fulfils all
the conditions of Theorem B33(2) for Z being the staircase set Z[—r] = {(4,7) :
i—1r > j > 0}; see Corollary Thus Proposition implies that there exist
qQ1,q2, w1, ws > 0 such that

FU (Hg " (Mi) W g, -1 Hg " (Mi) # HEL™ (Mi) /W g, -1 Hg ™ (M)

sing sing sing sing
for i = 1,2. Hence the mixed Hodge structure V' = (HE, " /Wby, 4, -1)(M1) ®
(Hgii;”/Wqu_i_wQ_z)(Ml) is not wy + wy — 1-effective. Now, the definition of the

tensor product of mixed Hodge structures (see loc. cit.) easily implies that V is
a quotiont of V' = HZ." (My) © Hing ™ (Ma) /Wiy 4yt (Hlg™ (M) @
H2 " (M,)) . Looking at the Kiinneth filtration of H% ™%~ (M; @ My) and
applying Theorem B.5:4)(3) once again we conclude the proof of assertion (2).
Lastly, the assumptions of assertion (3) imply (cf. Theorem B.5.4(3)) that there
exist q1,q2 € Z such that both H%(M;)/Wp,,_1H™(M;) are not ri-effective. It

follows that H%+42 (M Q@ M3) /Wby, +q,—1 H™ (M1 @ Ma) is not, 71 +1r — 1-effective.
Thus M; ® M, ¢ D]M_gffl(k:,(@)gg)Hr1> according to Theorem [B5.4](3). O

Remark 4.4.4.

(1) Clearly, no analogue of this proposition holds for motives with integral
coefficients, since Z/IZQ7Z/mZ = 0 in DM;fg(k, Z) for any mutually prime
integers m and |.

(2) Surprisingly, it appears that Proposition does not extend to the case
p > 0. Indeed, to demonstrate this it suffices to find objects of ChowCH(k, Q)
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that are not 1-effective whereas their product is. Now, R. van Dobben de
Bruyn’s answer [RvD20] hints that tensor powers of (retracts of) motives
of abelian varieties over finite fields can give an example of this sort.

(3) One can easily prove some more statements similar to the parts of our
proposition. In particular, one can prove the following strengthening of
Proposition L.43(3): if M, ¢ DM;Jeff (k, Q) ) for i = 1,2 then M; @ M, ¢

DMy o (k, Q)Y {47271 e Jeave this claim as an exercise to the reader since
we W111 not apply it below.

Now we can establish a certain “converse” to Corollary [£4.11

Corollary 4.4.5. Assume that U = Uy x Uy, where Uy,Us € Var, r1,79 > 0, Ky D

k is a universal domain, and assumptions A and B of Proposition are fulfilled.

Suppose hj(Uik,,Q) = {0} for 0 <j<r; andi=1,2, and h,,(U;x,,Q) # {0}.
Then hy,1r, (Ugk,,Q) # {0} as well.

Proof. By Corollary 411 h;(Uk,, Q) = {0} for i < ry +rs.
Next take M; = MG(U;) for i = 1,2. Then we have:
M; € DM (k, Q)5 \ DM (k, @) L+
by Proposition Thus M; ® My ¢ DM;H (k, Q)<r1+r2+1> according to Propo-

sition [£.4.3)(3). Lastly, applying Proposition @ once again (see also Remark
ET7()) we conclude that h,, 4, (Uk,, Q) # {0} indeed. O

5. SUPPLEMENTS: SMALL CHOW-WEIGHT HOMOLOGY, CHOW-WEIGHT
COHOMOLOGY, AND REMARKS

In this section we deduce some more implications from the previous results.

In §5.Tlwe consider motives in DM °ff (k, Q) whose Chow-weight homology groups
in a “staircase range” 7 are finite d1mens1ona1 (over Q); thus we extend Theorems
B33)2) in the case R = Q. We also prove a motivic criterion for the lower Q-linear
Chow groups of a variety X (over a universal domain) to be finite dimensional; it
follows that the corresponding weight factors of the singular or étale cohomology
of X with compact support are Artin-Tate ones (cf. Theorem [ 2T]).

In §5.2 we dualize Theorem B.2T} this allows to bound the dimensions of motives
and also their weights (from above) via calculating their Chow-weight cohomology.
We also note that to verify the vanishing of Chow-weight homology of M (in higher
degrees) over arbitrary extensions of k it suffices to compute these groups over
(rational) extensions of k of bounded transcendence degrees.

In §5.3] we make some more remarks on our main results. In particular, we pro-
pose (briefly) a “sheaf-theoretic” approach to our results, and discuss their possible
extensions to motives over a base.

5.1. On motives with “small” Chow-weight homology.

Definition 5.1.1. We write either AT or AT for the class {Mg(k’)(j)}, where
j >0 and &’ runs through finite extensions of k, and EAT = U;cz AT [i].

Theorem 5.1.2. Assume that K is a universal domain containing k, I is a stair-
case set (see Definition B3T), and M € DM (k, Q)wepo, >io for some ig € Z.
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Then the groups CWH;(MKO,Q) are finite-dimensional Q-vector spaces for all
(i,7) € T if and only if M belongs to the envelope (see §L.11) of the set

Ui<_io (Obj Chow® (k, Q) (az ;) U AT*F)[—i].
Proof. Clearly, for any object N of Obj Chow®® (k, Q)[—i](az ;) we have:
CWH!, (Ng,,Q) = {0} for all (i',j') € Z.

Moreover, the only non-zero Chow-weight homology group of the motive T =
Mo(Spec k') {(j)[—i] (over Ko; here k' is a finite extension of k) is CWH;-(TKO, Q) =
QU*"*]. Since Chow-weight homology functors are homological, we obtain that any
element of the envelope in question does have finite-dimensional CWH;--homology
over Ky for (i,j) € T.

Now we verify the converse implication. Clearly, the number of non-zero Chow-
weight homology groups of M is finite.

Assume that k& = Kj; then any element of CWH;(M K,) gives a morphism
Q(j)[—i] = t(M). Thus in this case there exists a K°(Chow®®(k, Q))-morphism
DB Qi) [—il] = t(M) for some i; < —ip and j; > 0, such that for its cone C
we have CWH;-(C’) = {0} for all (¢,j) € ZU[1 —ip,+00) x [0,400). Applying the
K?(Chow*™ (k, Q))-version of Theorem B3:3(2) (see Remark B:3.5) we obtain that
C belongs to the K?(Chow®™ (k, Q))-extension-closure of

Ui<—ig (ObJ ChOWCH(k, Q) [—’L] (az’z}).

Hence there exists a choice of ¢(M) = (M?®) such that M*® =0if s > iy and M*® =
E*(az,—s) D@D, Q(j;)) for some Chow motives E® and j7 > 0; see Proposition
[CZ2@). Tt remains to apply Proposition [LZ2[HE) to conclude the proof in this
case.

Now we prove our assertion in the general case step-by-step. Firstly, the “if”
implication that we have just proved implies that it suffices to verify the “only if”
implication in the case where Ky is of infinite transcendence degree over k. Hence
Lemmal T3 below (this is a rather easy Suslin rigidity-type statement) implies that
the aforementioned morphism €0, , Q(ji)[—ii] — t(M) is defined over the algebraic
closure of k. Arguing as above we obtain that M., belongs to the envelope (and
actually, also the extension-closure) of the set U;<_;, (Obj Chow®™ (k*9, Q)(az ;) U
AT, )[—].

Next, the “continuity” of motivic categories discussed in Remark 1.3.3(4) of
[Bon20a] easily yields the existence of a finite extension K /k such that My belongs
to the envelope of U;< _;, (Obj Chow®™ (K, Q)(az ,YUATST)[—i] (actually, Artin-Tate
motives can be replaced by Tate motives here).

It remains to apply a rather standard descent argument. Denote the correspond-
ing morphism Spec K — Speck by f. Then Remark 1.2 and Corollary 3.2(2) of
[CiD15] (cf. also Appendix A of [BoK20] or sections A.5 and C in the introduc-
tion to [CiD19]) give the existence of (the “effective geometric” version of) the
functor f, that is right adjoint to the functor —g in Definition 2T.2/(3). More-
over, the composition f, o —g is isomorphic to the functor Mg(Spec K) ® —,
and for a variety X over K we have fiMgr(X) = Mg(X) (we consider X
as a Speck-scheme in the right hand side). Thus applying the functor f. to
the fact that My belongs to the envelope of U;<_;,(Obj Chovveff(K7 Q){az,:) U
ATEH)[—i] we obtain that f.(Mg) = M ® Mq(Spec K) belongs to the envelope
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of Ui<_i, (Obj Chow®™ (k, Q)(az ;) U AT*T)[~i]. Tt remains to note that @ is a re-
tract of Mg(Spec K) (this is an easy property of Artin motives); hence M is a
retract of M ® Mg(Spec K) and we obtain the result. O

To conclude the proof we need the following statement.

Lemma 5.1.3. Let k be an algebraically closed field.

(1) Denote the category of smooth connected affine schemes by SmAffVar, and
suppose that F is a functor SmAffVar °? — Q—Mod that satisfies the follow-
ing condition (*): F(f) is injective whenever f is an SmAffVar-morphism
that is either an open embedding or finite and flat.

Assume in addition that there exists an algebraically closed field exten-
sion Ko/k of infinite transcendence degree over k such that F(Spec Ko) is
finite dimensional over Q; here F is the natural extension of F to pro-
smooth affine connected k-schemes (that is, we set ﬁ'(@ X;) = li_n>1F(Xi),
where X; is any projective system of smooth connected affine varieties; cf.
§1.4 of [DegI]).

Then F is a constant functor; thus for the morphism pg : Spec Ko — pt
the homomorphism F(po) is bijective.

(2) Condition (*) of assertion (1) is fulfilled whenever F' equals the Nisnevich
sheafification of the presheaf G : X + Ho((hoji1;(M* @ Mg(X),Q)))
(the zeroth homology of this complex) for any fixed j,1 € Z and any com-
plex M' as in Proposition Z34. Moreover, F(Spec K) is isomorphic to
Ho((h2jt1,;(Mi,Q))) whenever K is an extension of k.

Proof. (1) Assume that F(Spec Ky) = Q¢ (for some d > 0). Arguing as in the
proof of Proposition Z34(I) we easily obtain that F(Spec(i)) is injective whenever
1 is a k-linear embedding of algebraically closed extensions of k, and there exists
an (algebraically closed ) extension K /k of finite transcendence degree such that
F(Spec K1) = Q. Moreover, applying (*) we obtain that Q-dimension of F(Y)
is at most d if Y is either a smooth affine variety or (the spectrum) of its generic
point; moreover, there exists Yy € SmAffVar such that F(Yy) = Q. Being more
precise, the homomorphisms F(Y) — F(Speck(Y')) — F(Spec Kj) are injective for
any Y € SmAffVar and any k-linear field embedding k(Y) — K.

Since any C € SmAffVar has a k-rational point, the homomorphism F'(c¢ X idy; )
is bijective for the structure morphism ¢ of any C' € SmAffVar. It obviously follows
that for any two SmAffVar-morphisms fi, fo : C1 — Cy we have F(f1 x idy,) =
F(fy x idy,). Since Yy has a k-point, it follows that F'(f;) = F(f2). In particular,
for (C,c) as above and a morphism i : Speck — C (coming from any point of C)
both F(ioc) and F(co ) are identical.

Therefore F is constant indeed. It obviously follows that F (po) is bijective.

(2) This is a rather simple motivic exercise. Let us consider the functors F' and
G, as well as the functors G below, as presheaves on the Nisnevich site SmVaryjis
of all smooth k-varieties; note that this extension of the domain is compatible with
the Nisnevich sheafification.

Since for any i € Z the functor G : X — haj;(M' @ Mg(X),Q) is additive
and factors through Mg, it yields a homotopy invariant presheaf with transfers; see
Definitions 2.4 and 2.15, and Theorem 14.11 of [MVWO06]. Since the category of
homotopy invariant presheaves with transfers is abelian, and the forgetful functor
from it into presheaves on SmVary;is is well-known to be exact, G yields a homotopy
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invariant presheaf with transfers as well. By Theorems 13.1 and 13.8 of ibid., it
follows that F' comes from a homotopy invariant (Nisnevich) sheaf with transfers.

Now let us recall that any homotopy invariant sheaf H with transfers satisfies
condition (*). Firstly, if f is flat then Lemma 2.3.5 of [SuV00] immediately implies
that H(f) is injective[l Moreover, Lemma 22.8 of IMVWO6] implies that F(f) is
injective whenever f is a (dense) open embedding of smooth k-varieties.

Lastly, the zeroth homology of the complex (hgj41j(Mj,Q)) is clearly isomor-
phic to G(Spec K). Tt remains to recall that spectra of fields give points in the
Nisnevich topology; thus G(Spec K) = F(Spec K). O

Remark 5.1.4.

(1) Our arguments in the proof of Theorem also yield that a motive
M € DM (k,Q)uwe,,, >i, satisfies its assumptions if and only if M
is a retract of M’ that belongs to the extension-closure of the set
Uigfio(Obj ChOWCﬁ'(k, Q) (az’z} @] ATeH)[—Z’}.

(2) Since geometric motives are wcpow-bounded below, we obtain that for any
object M of DMER (k,Q) the groups CWH; (Mg, , Q) are finite-dimensional
Q-vector spaces for all (i,5) € Z if and only if M belongs to the envelope
of the set (Ujez(Obj Chow®™ (k, Q)(az ;))[—i]) U EATH.

On the other hand, one can easily generalize our theorem and establish
for any staircase sets Z and Z’ a similar envelope criterion for the groups
CWH;- (Mk,,Q) to vanish if (i,7j) € Z’ and to be Q-finite dimensional if
(i,7) € Z. The formulation of Theorem corresponds to the case 7' =
[1 — g, +00) x [0, 400).

(3) One can define another notion of “smallness” of Chow-weight homology
using certain “Chow-weight” cycle classes into singular and étale homol-
ogy (and asking whether they are injective); this matter is discussed in
Remark 5.1.3 and Proposition 5.1.4 of [BoS14]. Loc. cit. gives a certain
generalization of [Voildl Theorem 3.18].

(4) The proof of Lemma [BT3(1) was inspired by [Sus83|; this is a certain
“rigidity” statement.

Let us now relate Theorem [5.1.2] to étale and singular cohomology; cf. Theorem
354

Definition 5.1.5.

(1) We say that a (pure) object of weight m of the category M HS,s; is an
Artin-Tate one if it is a direct sum of copies of the pure Hodge structures
Q((-m)/2)H

(2) Let k be an essentially finitely generated field; G is the absolute Galois
group of k. Then we will say that a pure object V of weight m (see Defi-
nition B5.3)(2)) in the category Q¢[G] — Mod is an Artin-Tate one if there
exists a finite extension K/k such that V becomes a direct sum of copies
of the representation Q;((—m)/2) as a Q,[Gal(K)]-module.

10 Actually, this statement holds for any presheaf with transfers. The authors are deeply
grateful to Prof. D.-Ch. Cisinski for this argument.

11t would be certainly more natural to call these Hodge structures Tate ones. Our reason to
call them Artin-Tate ones is just to make the formulation of Corollary shorter.
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Corollary 5.1.6. Assume that either k is a subfield of C and H = Hging or that k
is an essentially finitely generated field and H = Hey g, (for £ # p; see Definition
B.5.3(4)).
(1) Suppose that T is a staircase set and an object M of DM;g(hQ) satisfies
the equivalent conditions of Theorem [B.1.2]
Then for all m,l € Z the object GTTVZ_lem (M) vanishes (resp. an Artin-
Tate one, see Definition [B10]) if m + 1 is less than 2a;;,; and is odd (resp.
even), and it is a;; -effective if m 4+ 1> 2a,; ;.
(2) Assume that X € Var, Ky is a universal domain containing k, and r > 0.
Then the vector spaces CH;(Xg,, Q) are finite dimensional if j < r if
and only if the motive Mg(X) belongs to the envelope of

(Uiso Obj Chow®™ (k,Q)[i]) U Obj Chow®™ (k, Q) (r) U AT

(see Definition BI.T]).

Furthermore, if these conditions hold then for any 0 < m < r the object
erlefm’l(X) vanishes and Gry? H?™(X) (this is the corresponding
Deligne weight factor of the cohomology of X with compact support; see

Definition BE3I3) and Theorem B2.1K2)) is an Artin-Tate one.

Proof. (1) This is an easy combination of PropositionB.5.1[(1) with Theorem [B3.5.4}2)
(that relates Deligne’s weight filtration to the Chow-weight one); one should only
note that (m + [)/2-effective (pure) Hodge structures and pure representations of
weight ¢ are zero if ¢ < m + 1 (cf. Theorem E27T](2)).

(2) Recall that the motive M = Mg(X) belongs to DMEE (£, Q)wepey >0 and
CH,(Xk,,Q) = CWH?(MKD,Q) for all j > 0; see Lemma T4 (I ). Thus our
finite dimensionality assumption is fulfilled if and only if CWH; (Mk,, Q) is finite

dimensional over Q for (i,7) € Iér> (see Definition B:3.6]). Applying Theorem
in the case igp = 0 we obtain the equivalence part of this assertion.

Combining it with assertion (1) of this proposition we obtain the cohomological
part of the assertion as well. ([l

5.2. Chow-weight cohomology and the dimension of motives. Now we du-
alize (parts (1) and (3) of) Theorem B:ZTl along with some other properties of
Chow-weight homology.

To this end we note that Proposition Z2II[]) yields the following: the Poincaré
duality for DM, (k, R) “respects” wchow, i-€., the image under the duality functor
of DM gy (E, R)wenow<0 18 DMy (ky R)wey.,,. >0 (and also vice versa). Moreover, the
categorical duality (cf. Proposition [[L2Z4) essentially respects weight complexes (at
least, for motives; see Remark 1.5.9(1) of [Bonl0Oa] and Corollary 3.5 of [Sosl9]
along with its proof which is essentially self-dual). Thus one easily obtains the
following results.

Proposition 5.2.1. For an object M of DM, (k,R), j,1,i € Z, (M*) that is
a choice of a weight complex for M, and a field extension K/k let us define
CWC?* (Mg, R) as the ith homology of the complex DM, (KP™ R)(M~*, R{j)).
1. The following properties of these cohomology theories are valid.
(1) CWC?!(—, R) yields a cohomological functor on DMy, (k, R).
(2) CWC?"(—k) vanishes on d<, DM (k, R) C DMy (k, R) if j—i > n.
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I1. Assume that M is an object of dSnDMgfl(k,R) for some n > 0.
Then M belongs to d<n— s DM (k,R) (for some s € [1,n]) if and only
if CWC? (M, R) = {0} for alli € Z, j € [n — s+ 1,n], and all function
fields K/k.

III. For M as above and q € Z M belongs to DMEE (k, R)wey.,<q if and only
if CWCH (M) = {0} for alli > q, j € [L,n], and all function fields K /k.

IV. Now let R = Q. Then it suffices to verify any of the assertions in parts I1

and III of the proposition for a single universal domain K containing k.

Proof. Recall that the Poincaré dual of d<, DM (k, R) is d<, DMgh, (k, R)(—n),
and that the dual to Obj dgn,sDM;fg(k, R) can (also) be described as

Objd<, DMgy, (k, R)(s — n) N Obj d<, DMy, (k, R)(—n)
(see Proposition Z22Z.0|H])). Along with the observations made prior to this propo-
sition, this easily reduces our assertions I-III to their duals given by Proposition
B12(1,2) and Theorem B.2.1](1,3), respectively.
Lastly, assertion IV easily follows from Proposition [Z34(IT); cf. Proposition
BATL3). O
Remark 5.2.2.

(1) Certainly, one can dualize Theorems B33 and 3.5.4] Propositions B.5.1land
B35 and the results of §3.4lin a similar way as well.

Moreover, one may consider higher Chow-weight cohomology groups of
motives; see Proposition 5.2.1 of [BoS14] (and Proposition B:41]).

(2) Since Chow-weight cohomology yields a mighty tool for computing the di-
mension of an (effective) motive, it makes all the more sense to make the
main “arithmetical” observation of this subsection (that appears to be more
interesting either if R # Q or if we study motives over essentially finitely
generated fields).

(3) One can define dimensions of not necessarily effective motives as follows:
for m € Z and M € Obj DMy, (k, R) we say that M is of dimension at
most m if M belongs to (Mg (P)(c), P € SmPrVar, ¢ € Z,dim P < m—c).
This definition is easily seen to be coherent with the formulations of this
section.

Now let M be an object of d<, DM (k,R) (for some n > 0). We recall
that in the proof of Theorem B2.I[2) we have studied the question whether g :
Wl <il¢TH(M) =171 (M) is zero. By our assumption on M, we can choose
W ey <t 1 (M) to be of dimension at most d (in DM, (k, R)). Hence the cor-
responding application of Proposition B.I.2l(5) reduces the verification of g = 0 to
the vanishing of the corresponding CWH;- (Mypy), whereas the dimension of P; not
greater than n — j.

Thus we obtain the following statement; we will call the transcendence degrees
of function fields over k their dimensions in it.

Proposition 5.2.3. Let M be an object of d<, DML (k, R) (for some n € Z).
Then the following statements are valid.

(1) To werify any of the conditions in Theorem B.21] (resp. condition ) in
the setting of PropositionB.4.1Y2), resp. condition (2) of Corollary 3.4.2)) it
suffices to compute the corresponding CWH} (M) (resp. motivic homology
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groups over KP"f) for K runmning through function fields of dimension at
most d — j (resp. for K/k of dimension at most d) only.

(2) In Proposition BAT2) it suffices to verify condition @) for rational exten-
sions K/k of transcendence degree at most d — j + 1.

(3) For R = Q, in the assertions mentioned in part (1) of this proposition it
suffices to take K to be the algebraic closure of k(ti,...,tq—;) (resp. of
k(t1,...,tq)) instead.

Remark 5.2.4.

(1) Thus, if M does not satisfy the (motivic) equivalence conditions of the
statements mentioned in the previous proposition, there necessarily exists
a function field K/k of “small dimension” such that (at least) one of the
corresponding Chow-weight homology (resp. motivic homology) groups
does not vanish over K.

Note also that it is actually suffices to consider dimensions of fields over
a field of definition for M (that certainly may be smaller than k).

(2) The question whether these dimension restrictions are the best possible ones
seems to be quite difficult in general (especially if we consider geometric
motives only). Note however that in the case d = 1, R = Q, and a finite k
it is clearly not sufficient to compute Chow-weight homology over algebraic
extensions of k only.

5.3. Some more remarks; possible development. We make some more re-
marks on our main results; some of them concern torsion phenomena. Possibly the
matters mentioned below will be studied in consequent papers.

Remark 5.3.1.

(1) Tt would certainly be interesting to relate the results of this paper to earlier
statements on effectivity of cohomology (of singular varieties); cf. Theorem
1.2 of [BELO3].

(2) The results of the current paper can be easily combined with the main
statements in [Bacl8] and [Bon20a] to obtain certain Chow-weight homol-
ogy criteria for the effectivity and connectivity of motivic spectra (that is,
objects of the R-linear version SHg(k) of the stable homotopy category
SH(k), where R is a localization of Z[1/e]); see §5.3 of [BoS14].

(3) The main formulations of this paper are easier to apply when R = Q (or
R is a Q-algebra). Now we describe some ideas related to motives and
homology with integral and torsion coefficients.

Firstly we note that a bound on the dimension of a motive clearly yields
some information on its (co)homology. In particular, the Z,-étale homology
H of an object M of Chow®™ (k, R) of dimension at most d is concentrated in
degrees [—2d, 0] (here we take a prime ¢ # p, a coefficient ring not containing
1/¢, and consider the étale homology over an algebraically closed field of
definition; we apply our convention for enumerating homology). Moreover,
considering the relation between Z,-homology and Z/{¢Z-one one obtains
that H_54(M) is torsion-free.

One can use these simple remarks for studying the Fs-terms of Chow-
weight spectral sequences for H; cf. Theorem[3.5.4 In particular, the latter
of them can be applied for “comparing M with M ®Q”; cf. [Voil4l Remark
3.11]. Note however that the groups E3*T(H, M) cannot be recovered from
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the weight filtration on H*(M) in general; see [GiS96, §3.1.3] (cf. the proof
of Proposition [LT.8(2)).

(4) In the current paper we treat Chow-weight homology (of a fixed object M
of DMS® (k, R)) as functors that associate to field extensions of k certain
R-modules. Yet one can apply a “more structured” approach instead; it
seems to be especially actual for R # Q.

For any U € SmVar and tg(M) = (M*), j,l € Z, one can consider
the homology of the complex DMy, (k, R)(Mg(U)(j)[l], M*). Next the
functors obtained can be sheafified with respect to U; this yields a collection
of certain Chow-weight homology sheaves (for any (j,1)). Moreover, if j > 0
then the sheafifications of U + DM, (k, R)(Mg(U){j)[l], M*) (that were
called the Chow sheaves of M in [KaLL10]) are birational (in U, i.e., they
convert open dense embeddings of smooth varieties into isomorphisms; see
Remark 2.3 of [HuKO06]). Hence the corresponding Chow-weight homology
sheaves are birational as well.

Moreover, these observations can probably be extended to the setting
of motives (with rational coefficients) over any “reasonable” base scheme
S; one should study the corresponding dimensional homotopy invariant
Chow sheaves for S-motives (recall that those are conjecturally Rost’s cycle
modules over S) and apply the results of [BoD17].

(5) Chow*™ (k, R)-complexes of length 1 yield a simple counterexample to the
natural analogue of Theorem B.2.1k(3) for motives whose Chow-weight ho-
mology vanishes in degrees less than n (along with the corresponding
analogues of Theorem [B2.T[(2) and Theorem B33[2)). Assume R = Q,
k C K = C (actually, any K that is not an algebraic extension of a fi-
nite field is fine for our purposes); take a smooth projective P/k (say, an
elliptic curve) that possesses a 0O-cycle ¢y of degree 0 that is rationally
non-torsion. We also use the notation ¢y for the corresponding morphism
Q = M2, (pt) = M2, (P); let M be the cone of ¢ (e, M = ...0 =
Q% MOP) = 0—...; MP) is in degree 0).

Since ¢y is rationally non-trivial (as a cycle with Q-coefficients), the map
hoo(co, Q) is an injection (and hej ;(co i, Q) is injective for any j > 0 and
K /k as well). Hence CWH;(MK, Q) = {0} whenever ¢ # 0 (and any field
extension K/k). On the other hand, ¢y does not split since it is numerically
trivial as a cycle. Thus M does not belong to K°(Chow®™ (k, Q))wapu.<0
(or to DM;gl(k,Q)wChowgo if we “put it into” DM;fn(k,Q)). Hence the
vanishing of the Chow-weight homology in negative degrees does not imply
that the weights of a motive M are non-negative.

Moreover, tensor products of examples of this type behave “even worth”
from this point of view; see Remark 5.4.1(6) of [BoS14] for more detail.
Thus Chow-weight homology cannot be used for bounding weights from
above. On the other hand, the argument used in the proof of Proposition
can easily be modified to prove that the weight filtration on singular
homology does yield bounds of this sort (if one assumes conjectures A and
B in the proposition); the corresponding version of Theorem B354 is valid
as well.
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(6)
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In the current paper we mostly study geometric Voevodsky motives; these
are certainly the most important ones. Yet in [BoK20] some of our main re-
sults are extended to wopew-bounded below objects of DMEH(k:, R). These
generalizations allow treating slices of motives (in §2.3 of ibid.); note that
slices of geometric motives do not have to be geometric. As an application, a
generalization of Corollary (that is new for geometric motives as well)
was obtained. Possibly, some more properties of slices can be obtained us-
ing our methods. The authors are deeply grateful to Prof. M. Levine for
the suggestion to study this problem (and for mentioning Theorem 7.4.2 of
[KaL.10] as an interesting example of the calculation of slices).
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