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Last Time:

A double category D is a pseudo internal category in CAT
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I horizontal (tight) morphisms, like f0
I vertical (loose) morphisms, like v
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D is fibrant if every f : X // Y has a companion f∗ and conjoint f ∗

X
f∗ //oo
f ∗

Y•
•

Examples: Top, S-Topos, Loc, Quantop, V-Cat, Ring, Quant
Groth. toposes



Double Categories and Glueing

Paré: “Read Shulman” Saw cells in exponential constructions.

For spaces, locales/toposes, categories, and posets, proved:
(1978) (1980) (2000) (2001)

Theorem Y ⊆ B exponentiable ⇐⇒ locally closed

Proof of (⇐) for locales/toposes used Artin-Wraith glueing.

Idea: Prove (⇐) via “glueing” for all 5 using double categories.

Note: These D have a “Sierpinski” object 2 and D1 ' D0/2.



Cotabulators

A cotabulator of v : X0
//• X1 is a universal cell ηv : v // id•
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i.e., ∀ϕ : v // id•
Y , ∃! f : Γv // Y such that ηv · f = ϕ.

Exercise: D has cotabulators ⇐⇒ D0
id• // D1 has a left adjoint

Note: If D has a horizontal terminal object 1, i.e., id•
1 is a terminal

object in D1, then Γ induces a functor

Γ2 : D1
// D0/2

where 2 = Γ( id•
1).



Cotabulator Examples

V-Cat: Γv is the collage X0 t X1v

Γv(x0, x1) = v(x0, x1)

2 is the category 0 // 1
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Top: Γv = X0 t X1 with U = U0 t U1 open when U1 ⊆ v(U0)
v

gives ηv2 is the Sierpinski space {0, 1}

Loc: Γv = { (x0, x1) | x1 ≤ v(x0) } Artin-Wraith glueing

i0∗(x0) = (x0, v(x0)), i1∗(x1) = (>, x1)

2 is the Sierpinski locale O(2)

Topos: Artin-Wraith glueing

2 is the Sierpinski topos S2



Glueing Categories

A glueing category is a fibrant double D such that

G1: D has cotabulators

G2: D has a horizontal initial object 0 and terminal object 1

G3: Γ2 : D1
// D0/2 is an equivalence, where 2 = Γ( id•

1), and
the following are pullbacks in D0
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Remark: Companions and conjoints are used for Γ−1
2 .

Examples: Top,Loc,Topos, Pos, and V-Cat.



Locally Closed Inclusions

Suppose D is a glueing category. Then X0
// X is open (resp.,

X1
// X is closed) if there is a morphism p : X // 2 such that the

diagram on the left (resp., right) is a pullback in D0
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A pullback of an open and a closed is called locally closed.

Examples: This agrees with the usual definitions for spaces, locales,
and toposes, and the ones given for categories (2000), where the
inclusion of a full subcategory is called locally closed if it is a UFL.



Exponentiable Morphisms

Recall: A morphism X
p // B is called exponentiable in a category

D, if the functor D/B −×BX

−×p
// D/B has a right adjoint.

Lemma If D is a glueing category and B = Γ(b), then Γ2 induces
an equivalence of categories D1/b ' D0/B.

Proof. D1/b ' (D0/2)/p ∼= D0/B, where p = Γ2(b // id•
1).

Exercise: For n = 0, 1, the functor D1/b
−×bbn

−×βn

// D1/b corresponds

to D0/B
−×BBn

−×in
// D0/B via Γb, where in : Bn

// B and
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Exponentiability of Locally Closed Morphisms

Theorem Suppose D is a glueing category. Then open, closed, and
hence, locally closed morphisms are exponentiable in D0.

Proof. To show b0
β0 // b is exponentiable, where B0

b0 //• 0, take
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Then v × β0 : X0
//• 0, and define wβ0 : Y0

q0∗ //• B0
b //• B1
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v×bb0
// w

uses 0 initial

v // wb0

q0f0=p0

The result follows, since both are determined by q0f0 = p0.

Similarly, for 0
β1 //• B1, define wβ1 : B0

b //• B1
q∗1 //• Y1.



Examples

Corollary Locally closed inclusions are exponentiable in Top0,
Loc0, Topos0, Pos0, and V-Cat0, for symmetric monoidal V.

Remark: The converse holds in each case, but not via double categories.
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