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Abstract

The stochastic block model (SBM) is a random graph model with cluster
structures. It is widely employed as a canonical model to study clustering
and community detection, and provides generally a fertile ground to study the
information-theoretic and computational tradeoffs that arise in combinatorial
statistics and data science.

This monograph surveys the recent developments that establish the fun-
damental limits for community detection in the SBM, both with respect to
information-theoretic and computational tradeoffs, and for various recovery
requirements such as exact, partial and weak recovery. The main results dis-
cussed are the phase transitions for exact recovery at the Chernoff-Hellinger
threshold, the phase transition for weak recovery at the Kesten-Stigum threshold,
the optimal distortion-SNR tradeoff for partial recovery, and the gap between
information-theoretic and computational thresholds.

The monograph gives a principled derivation of the main algorithms devel-
oped in the quest of achieving the limits, in particular two-round algorithms via
graph-splitting, semi-definite programming, (linearized) belief propagation, clas-
sical and nonbacktracking spectral methods. Extension to other block models,
such as geometric block models, and a few open problems are also discussed.
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1 Introduction

1.1 Community detection, clustering and block models

The most basic task of community detection, or graph clustering, consists in parti-
tioning the vertices of a graph into clusters that are more densely connected. From
a more general point of view, community structures may also refer to groups of
vertices that connect similarly to the rest of the graphs without having necessarily a
higher inner density, such as disassortative communities that have higher external
connectivity. Note that the terminology of ‘community’ is sometimes used only for
assortative clusters in the literature, but we adopt here the more general definition.
Community detection may also be performed on graphs where edges have labels or
intensities, and if these labels represent similarities among data points, the problem
may be called data clustering. In this monograph, we will use the terms communities
and clusters exchangeably. Further one may also have access to interactions that go
beyond pairs of vertices, such as in hypergraphs, and communities may not always
be well separated due to overlaps. In the most general context, community detection
refers to the problem of inferring similarity classes of vertices in a network by having
access to measurements of local interactions.

Community detection and clustering are central problems in machine learning and
data science. A vast amount of data sets can be represented as a network of interacting
items, and one of the first features of interest in such networks is to understand
which items are “alike,” as an end or as a preliminary step towards other learning
tasks. Community detection is used in particular to understand sociological behavior
[GZFA10, Forl0, NWS], protein to protein interactions [CY06, MPN"99], gene
expressions [CSCT07, JTZ04], recommendation systems [LSY03, SC11, WXST15],
medical prognosis [SPTT01], DNA 3D folding [CAT15], image segmentation [SM97],
natural language processing [BKN11a], product-customer segmentation [CNMO4],
webpage sorting [KRRT99] and more.

The field of community detection has been expanding greatly since the 80’s, with
a remarkable diversity of models and algorithms developed in different communities
such as machine learning, computer science, network science, social science and
statistical physics. These rely on various benchmarks for finding clusters, in particular
cost functions based on cuts or modularities [GN02]. We refer to [New10, Forl0,
GZFA10, NWS§] for an overview of these developments.

Various fundamental questions remain nonetheless unsettled such as:

e Are there really communities? Algorithms may output community structures,
but are these meaningful or artefacts?

e Can we always extract the communities when they are present; fully, partially?

e What is a good benchmark to measure the performance of algorithms, and
how good are the current algorithms?



Figure 1: The above two graphs are the same graph re-organized and drawn from the
SBM model with 1000 vertices, 5 balanced communities, within-cluster probability
of 1/50 and across-cluster probability of 1/1000. The goal of community detection
in this case is to obtain the right graph (with five communities) from the left graph
(scrambled) up to some level of accuracy. In such a context, community detection
may be called graph clustering. In general, communities may not only refer to denser
clusters but more generally to groups of vertices that behave similarly.

The goal of this monograph is to describe recent developments aiming at answering
these questions in the context of block models. Block models are a family of
random graphs with planted clusters. The “mother model” is the stochastic block
model (SBM), which has been widely employed as a canonical model for community
detection. It is arguably the simplest model of a graph with communities (see
definitions in the next section). Since the SBM is a generative model, it benefits from
a ground truth for the communities, which allows to consider the previous questions
in a formal context. As any model, it is not necessarily realistic, but it is insightful -
judging for example from the powerful algorithms that have emerged from its study.

In a sense, the SBM plays a similar role to the discrete memoryless channel (DMC)
in information theory. While the task of modelling external noise may be more
amenable to simplifications that real data sets, the SBM captures some of the key
bottleneck phenomena for community detection and admits many possible refinements
that improve the fit to real data. Our focus will be here on the fundamental
understanding of the core SBM, without diving too much into the refined extensions.

The core SBM is defined as follows. For positive integers k,n, a probability



vector p of dimension k, and a symmetric matrix W of dimension k£ x k with entries
in [0, 1], the model SBM(n, p, W) defines an n-vertex random graph with vertices
split in & communities, where each vertex is assigned a community label in {1,..., k}
independently under the community prior p, and pairs of vertices with labels 7 and j
connect independently with probability W; ;.

Further generalizations allow for labelled edges and continuous vertex labels,
connecting to low-rank approximation models and graphons (using the latter termi-
nology as adapted in the statistics literature). For example, a spiked Wigner model
with observation Y = X X7 4 Z, where X is an unknown vector and Z is Wigner, can
be viewed as a labeled graph where edge-(i, j)’s label is given by Y;; = X;X; + Z;;.
If the X;’s take discrete values, e.g., {1, —1}, this is closely related to the stochastic
block model—see [DAMI15] for a precise connection. Continuous labels can also
model Euclidean connectivity kernels, an important setting for data clustering. In
general, models where a collection of variables {X;} have to be recovered from noisy
observations {Yj;} that are stochastic functions of Xj;, X, or more generally that
depend on local interactions of some of the X;’s, can be viewed as inverse problems
on graphs or hypergraphs that bear similarities with the basic community detec-
tion problems discussed here. This concerns in particular topic modelling, ranking,
synchronization problems and other unsupervised learning problems. We refer to
Section 9 for further discussion on these. The specificity of the core stochastic block
model is that the input variables are discrete.

A first hint on the centrality of the SBM comes from the fact that the model
appeared independently in numerous scientific communities. It appeared under
the SBM terminology in the context of social networks, in the machine learning
and statistics literature [HLL83], while the model is typically called the planted
partition model in theoretical computer science [BCLS87, DF89, Bop87], and the
inhomogeneous random graph in the mathematics literature [BJR07]. The model
takes also different interpretations, such as a planted spin-glass model [DKMZ11],
a sparse-graph code [AS15b, AS15a] or a low-rank (spiked) random matrix model
[McS01, Vuld, DAMI5] among others.

In addition, the SBM has recently turned into more than a model for community
detection. It provides a fertile ground for studying various central questions in
machine learning, computer science and statistics: It is rich in phase transitions
[DKMZ11, Mas14, MNS14b, ABH16, AS15a], allowing to study the interplay between
statistical and computational barriers [YC14, AS15d, BMNN16, AS17], as well as
the discrepancies between probabilstic and adversarial models [MPW16], and it
serves as a test bed for algorithms, such as SDPs [ABH16, BH14, HWX15a, GV16,
AL14, ABKK15, MS16, PW15], spectral methods [Vul4, XLM14, Mas14, KMM™13,
BLM15, YP14a], and belief propagation [DKMZ11, AS15¢].



1.2 Fundamental limits: information and computation

This monograph focuses on the fundamental limits of community detection. The
term ‘fundamental limit’ here is used to emphasize the fact that we seek conditions
for recovery of the communities that are necessary and sufficient. In the information-
theoretic sense, this means finding conditions under which a given task can or cannot
be resolved irrespective of complexity or algorithmic considerations, whereas in the
computational sense, this further constraints the algorithms to run in polynomial
time in the number of vertices. As we shall see in this monograph, such fundamental
limits are often expressed through phase transition phenomena, which provide sharp
transitions in the relevant regimes between phases where the given task can or cannot
be resolved.

Fundamental limits have proved to be instrumental in the developments of
algorithms. A prominent example is Shannon’s coding theorem [Sha48], that gives a
sharp threshold for coding algorithms at the channel capacity, and which has led
the development of coding algorithms for more than 60 years (e.g., LDPC, turbo
or polar codes) at both the theoretical and practical level [RUO1]. Similarly, the
SAT threshold [ANP05] has driven the developments of a variety of satisfiability
algorithms such as survey propagation [MPZ03].

In the area of clustering and community detection, where establishing rigorous
benchmarks is a long standing challenge, the quest of fundamental limits and phase
transitions is also impacting the development of algorithms. As discussed in the
monograph, this has already lead to developments such as neighborhood comparison
algorithms, linearized belief propagation algorithms or nonbacktracking spectral
algorithms. However, unlike in the Shannon’s context, information-theoretic limits
may not always be achievable in community detection, with information-computation
gaps that may emerge as discussed in Section 8.

1.3 An example on real data

This monograph focuses on the fundamentals of community detection, but we want
to illustrate here how the developed theory can impact real data applications. We use
the blogosphere data set from the 2004 US political elections [AGO05] as an archetype
example.

Consider the problem where one is interested in extracting features about a
collection of items, in our case n = 1,222 individuals writing about US politics,
observing only some of their interactions. In our example, we have access to which
blogs refers to which (via hyperlinks), but nothing else about the content of the
blogs. The hope is to extract knowledge about the individual features from these
simple interactions.

To proceed, build a graph of interaction among the n individuals, connecting
two individuals if one refers to the other, ignoring the direction of the hyperlink for
simplicity. Assume next that the data set is generated from a stochastic block model;



assuming two communities is an educated guess here, but one can also estimate the
number of communities (e.g., as in [AS15d]). The type of algorithms developed in
Sections 7.2 and 7.1 can then be run on this data set, and two assortative communities
are obtained. In the paper [AG05], Adamic and Glance recorded which blogs are
right or left leaning, so that we can check how much agreement the algorithms give
with the true partition of the blogs. The results give about 95% agreement on the
blogs’ political inclinations, which is the state-of-the-art [New11, Jinl5, GMZZ15].

Figure 2: The above graphs represent the real data set of the political blogs from
[AGO5]. Each vertex represents a blog and each edge represents the fact that one of
the blogs refers to the other. The left graph is plotted with a random arrangement
of the vertices, and the right graph is the output of the ABP algorithm described
in Section 7.2, which gives 95% accuracy on the reconstruction of the political
inclination of the blogs (blue and red colors correspond to left and right leaning
blogs).

Despite the fact that the blog data set is particularly ‘well behaved’—there are
two dominant clusters that are well balanced and well separated—the above approach
can be applied to a broad collection of data sets to extract knowledge about the data
from graphs of similarities. In some applications, the graph of similarity is obvious
(such as in social networks with friendships), while in others, it is engineered from the
data set based on metrics of similarity that need to be chosen properly (e.g, similarity
of pixels in image segmentation). The goal is to apply such approaches to problems
where the ground truth is unknown, such as to understand biological functionality
of protein complexes; to find genetically related sub-populations; to make accurate
recommendations; medical diagnosis; image classification; segmentation; page sorting;
and more.



In such cases where the ground truth is not available, a key question is to
understand how reliable the algorithms’ outputs may be. On this matter, the theory
discussed in this note gives a new perspective as follows. Following the definitions
from Sections 7.2 and 7.1, the parameters estimated by fitting an SBM on this data
set in the constant degree regime are

(1)

5.16 47.43

L =048, py=052, Q= (52.06 5.16) .

and in the logarithmic degree regime

(2)

0.73 6.66

Following the definitions of Theorem 30 from Section 7.2, we can now compute
the SNR for these parameters in the constant-degree regime, obtaining \3/\; ~ 18
which is much greater than 1. Thus, under an SBM model, the data is largely in a
regime where communities can be detected, i.e., above the weak recovery threshold.
Following the definitions of Theorem 25 from Section 7.1, we can also compute
the CH-divergence for these parameters in the logarithmic-degree regime, obtaining
J(p, Q) ~ 2 which is also greater than 1. Thus, under an SBM model, the data is in
a regime where the graph communities can in fact be recovered entirely, i.e, above
the exact recovery threshold. This does not answer whether the SBM is a good or
a bad model, but it gives that under this model, the data appears to be in a very
good ‘clusterable regime.” This is of course counting on the fact that n = 1,222 is
large enough to trust the asymptotic analysis. This is the type of insight that the
study of fundamental limits can provide.

1.4 Historical overview of the recent developments

This section provides a brief historical overview of the recent developments discussed
in this monograph. The resurged interest in the SBM and its ‘modern study’ has
been initiated in big part due to the paper of Decelle, Krzakala, Moore, Zdeborova
[DKMZ11], which conjectured! phase transition phenomena for the weak recovery
(a.k.a. detection) problem at the Kesten-Stigum threshold and the information-
computation gap at 4 symmetric communities in the symmetric case. These conjec-
tures are backed in [DKMZ11] with strong insights from statistical physics, based

!The conjecture of the Kesten-Stigum threshold in [DKMZ11] was formulated with what we call
in this note the max-detection criteria, asking for an algorithm to output a reconstruction of the
communities that strictly improves on the trivial performance achieved by putting all the vertices
in the largest community. This conjecture is formally incorrect for general SBMs, see [AS17] for
a counter-example, as the notion of max-detection is too strong in some cases. The conjecture
is always true for symmetric SBMs, as re-stated in [MINS15], but it requires a different notion of
detection to hold for general SBMs [AS17]—see Section 7.2.



on the cavity method (belief propagation), and provide a detailed picture of the
weak recovery problem, both for the algorithmic and information-theoretic behavior.
Paper [DKMZ11] opened a new research avenue driven by establishing such phase
transitions.

One of the first paper that obtains a non-trivial algorithmic result for the weak
recovery problem is [CO10] from 2010, which appeared before the conjecture (and
does not achieve the threshold by a logarithmic degree factor). The first paper to make
progress on the conjecture is [MNS15] from 2012, which proves the impossibility part
of the conjecture for two symmetric communities, introducing various key concepts
in the analysis of block models. In 2013, [MINS13] also obtains a result on the partial
recovery of the communities, expressing the optimal fraction of mislabelled vertices
when the signal-to-noise ratio is large enough in terms of the broadcasting problem
on trees [KS66, EKXPS00].

The positive part of the conjecture for efficient algorithm and two communities
was first proved in 2014 with [Masl4] and [MINS14b], using respectively a spectral
method from the matrix of self-avoiding walks and weighted non-backtracking walks
between vertices.

In 2014, [ABH14, ABH16] and [MNS14a] found that the exact recovery problem
for two symmetric communities has also a phase transition, in the logarithmic
rather than constant degree regime, further shown to be efficiently achievable. This
relates to a large body of work from the first decades of research on the SBM
[BCLS87, DF89, Bop87, SN97, CK99, McS01, BC09, CWA12, Vul4, YC14], driven
by the exact or almost exact recovery problems without sharp thresholds.

In 2015, the phase transition for exact recovery is obtained for the general SBM
[AS15a, AS15d], and shown to be efficiently achievable irrespective of the number of
communities. For the weak recovery problem, [BL.M15] shows that the Kesten-Stigum
threshold can be achieved with a spectral method based on the nonbacktracking
(edge) operator in a fairly general setting (covering SBMs that are not necessarily
symmetric), but falling short to settle the conjecture for more than two communities
in the symmetric case due to technical reasons. The approach of [BLM15] is based on
the ‘spectral redemption’ conjecture made in 2013 in [KMM " 13], which introduces
the use of the nonbacktracking operator as a linearization of belief propagation.
This is arguably the most elegant approach to the weak recovery problem, besides
for the fact that the matrix is not symmetrical (to work with a symmetric matrix,
the first proof of [Mas14] provides also a clean description via self-avoiding walks).
The general conjecture for arbitrary many symmetric or asymmetric communities is
settled later in 2015 with [AS15¢, AS16], relying on a higher-order nonbacktracking
matrix and a message passing implementation. It is further shown in [AS15¢, AS17]
that it is possible to cross information-theoretically the Kesten-Stigum threshold in
the symmetric case at 4 communities, settling both positive parts of the conjectures
from [DKKMZ11]. Crossing at 5 communities is also obtained in [BM16, BMNN16],
which further obtains the scaling of the information-theoretic threshold for a growing
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number of communities.

In 2016, a tight expression is obtained for partial recovery with two communities
in the regime of finite SNR with diverging degrees in [DAMI15] and [MX15] for
different distortion measures. This also gives the threshold for weak recovery in the
regime where the SNR in the regime of finite SNR with diverging degrees.

Other major lines of work on the SBM have been concerned with the performance
of SDPs, with a precise picture obtained in [GV16, MS16, JMR16] for the weak
recovery problem and in [ABH16, BH14, AL14, Banl5, ABKKI15, PW15] for the
(almost) exact recovery problem, as well as spectral methods on classical operators
[McS01, CO10, CRV15, XLM14, Vul4, YP14a, YP15]. A detailed picture has also
been developed for the problem of a single planted community in [Monl15, HWX15¢,
HWX15b, CLM16]. There is a much broader list of works on the SBMs that is not
covered in this paper, specially before the ‘recent developments’ discussed above but
also after. It is particularly challenging to track the vast literature on this subject as
it is split between different communities of statistics, machine learning, mathematics,
computer science, information theory, social sciences and statistical physics. This
monograph covers developments mainly until 2016. There a few additional surveys
available. Community detection and more generally statistical network models are
discussed in [New10, Forl0, GZFA10], and C. Moore has a recent overview paper
[Moo17] that focuses on the weak recovery problem with emphasis on the cavity
method.

The main thresholds proved for weak and exact recovery are summarized in the
table below:

Weak recovery (detection) Exact recovery
(constant degrees) (logarithmic degrees)
2-SSBM (a —b)? > 2(a +b) [Masl4, MNS14b] |v/a — Vb| > /2 [ABH14, MNS14a]

[ General SBM [ A3(PQ) > \i(PQ) [BLMI15, AS15¢] | mini<; Dy (PQ)q, (PQ);) > 1 [AS154] |

1.5 Outline

In the next section, we formally define the SBM and various recovery requirements for
community detection, namely exact, weak, and partial recovery. We then start with
a quick overview of the key approaches for these recovery requirements in Section 3,
introducing the key new concepts obtained in the recent developments. We then treat
each of the three recovery requirements separately for the two community SBM in
Sections 7.1, 7.2 and 6 respectively, discussing both fundamental limits and efficient
algorithms. We give complete (and revised) proofs for exact recovery and partial
proofs for weak and partial recovery. We then move to the results for the general
SBM in Section 7. In Section 9 we discuss other block models, such as geometric
block models, and in Section 10 we give concluding remarks and open problems.
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2 The stochastic block model

The history of the SBM is long, and we omit a comprehensive treatment here. As
mentioned earlier, the model appeared independently in multiple scientific com-
munities: the terminology SBM, which seems to have dominated in the recent
years, comes from the machine learning and statistics literature [HLL83], while
the model is typically called the planted partition model in theoretical computer
science [BCLS87, DFg9, Bop&7], and the inhomogeneous random graphs model in
the mathematics literature [BJRO7].

2.1 The general SBM

Definition 1. Let n be a positive integer (the number of vertices), k be a positive
integer (the number of communities), p = (p1,...,px) be a probability vector on
[k] := {1,...,k} (the prior on the k communities) and W be a k x k symmetric
matriz with entries in [0,1] (the connectivity probabilities). The pair (X, G) is drawn
under SBM(n, p, W) if X is an n-dimensional random vector with i.i.d. components
distributed under p, and G is an n-vertex simple graph where vertices i and j are
connected with probability Wx, x;, independently of other pairs of vertices. We also
define the community sets by Q; = Q;(X) :={v € [n] : X, = i},i € [k].

Thus the distribution of (X, G) where G = ([n], E(G)) is defined as follows; for
z e [k and y € {0,1}(5),

P{X =z} := szu Hp (3)

P{E(G) = y’X = 1’} = H Wgsvxv _ mexv)l_yuv (4)
1<u<v<n
H W 1] xy 1 _ W ])Nicj($7y) (5)
1<i<j<k

where,

Nij(xay) = Z 1(yuv = 1)7 (6)
Ny = Y U =0) = @I - Nyly) P45 (D)
Ni(zy) = Y Lyw =0) = Q(@)|(|% (@) - 1)/2 = N(z,y),  (8)

ULV, Ty, =1,Ty =1

which are the number of edges and non-edges between any pair of communities. We
may also talk about G drawn under SBM(n, p, W) without specifying the underlying
community labels X.

12



Remark 1. Besides for Section 10, we assume that p does not scale with n, whereas
W typically does. As a consequence, the number of communities does not scale with
n and the communities have linear size. Nonetheless, various results discussed in this
monograph should extend (by inspection) to cases where k is growing slowly enough.

Remark 2. Note that by the law of large numbers, almost surely,
1
—[€%] = pi.
n

Alternative definitions of the SBM require X to be drawn uniformly at random with
the constraint that L|{v € [n] : X, = i}| = pi + o(1), or L|{v € [n] : X, =i} = p;
for consistent values of n and p (e.g., n/2 being an integer for two symmetric com-
munities). For the purpose of this paper, these definitions are essentially equivalent,
and we may switch between the models to simplify some proofs.

Note also that if all entries of W are the same, then the SBM collapses to the
Erdés-Rényi random graph, and no meaningful reconstruction of the communities is
possible.

2.2 The symmetric SBM

The SBM is called symmetric if p is uniform and if W takes the same value on the
diagonal and the same value outside the diagonal.

Definition 2. (X, G) is drawn under SSBM(n, k, ¢in, qout) if W takes value g, on
the diagonal and qou off the diagonal, and if the community prior is p = {1/k}*
in the Bernoulli model, and X is drawn uniformly at random with the constraints
H{v € [n] : Xy =i} = n/k, n a multiple of k, in the uniform or strictly balanced
model.

2.3 Recovery requirements

The goal of community detection is to recover the labels X by observing G, up to
some level of accuracy. We next define the notions of agreement.

Definition 3 (Agreement and normalized agreement). The agreement between two
community vectors x,y € [k|" is obtained by mazimizing the common components
between x and any relabelling of y, i.e.,

A(z,y) —maX—Zl:):Z—ﬂyz 9)

TESE N

> e in] Ly = 7(yu), Ty = 17)

Zue[n] 1(‘TU - Z) ’

A(z,y) = max - Z

10
TESk k ( )

13



Note that the relabelling permutation is used to handle symmetric communities
such as in SSBM, as it is impossible to recover the actual labels in this case, but we
may still hope to recover the partition. In fact, one can alternatively work with the
community partition 2 = Q(X), defined earlier as the unordered collection of the k
disjoint unordered subsets €, ..., Q covering [n| with Q; = {u € [n]: X, = i}. It
is however often convenient to work with vertex labels. Further, upon solving the
problem of finding the partition, the problem of assigning the labels is often a much
simpler task. It cannot be resolved if symmetry makes the community label non
identifiable, such as for SSBM, and it is trivial otherwise by using the community
sizes and clusters/cuts densities.

For (X,G) ~ SBM(n,p, W) one can always attempt to reconstruct X without
even taking into account G, simply drawing each component of X i.i.d. under D.
Then the agreement satisfies almost surely

A(X, X) = [lpll3, (11)

and ||p||3 = 1/k in the case of p uniform. Thus an agreement becomes interesting
only when it is above this value.

One can alternatively define a notion of component-wise agreement. Define the
overlap between two random variables X,Y on [k] as

OX,Y)= > (P{X =2Y =z} - P{X = 2}P{Y = z2}) (12)
z€[k]

and O*(X,Y) = maxes, O(X,n(Y)). In this case, for X, X ii.d. under p, we
have O* (X, X ) = 0. When discussing impossibility for weak recovery in the SSBM
(Section 5.2.1), we use an alternative definition, showing that the conditional mutual
information between any pair of vertices u # v vanishes, i.e., I(X,; X,|G) — 0 as
n — 0.

All recovery requirement in this note are going to be asymptotic, taking place
with high probability as n tends to infinity. We also assume in the following sections—
except for Section 2.5—that the parameters of the SBM are known when designing
the algorithms.

Definition 4. Let (X,G) ~ SBM(n,p, W). The following recovery requirements are
solved if there exists an algorithm that takes G as an input and outputs X = X(G)
such that

e Exact recovery: P{A(X,X)=1}=1-o0(1),
e Almost exact recovery: P{A(X,X)=1—-0(1)} =1—o0(1),
e Partial recovery: P{A(X,X)>a} =1-o0(1), a € (1/k,1),

e Weak recovery: P{A(X,X)>1/k+Q(1)} =1—o(1).
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In other words, exact recovery requires the entire partition to be correctly
recovered, almost exact recovery allows for a vanishing fraction of misclassified
vertices, partial recovery allows for a constant fraction of misclassified vertices and
weak recovery allows for a non-trivial fraction of misclassified vertices. We call «
the agreement or accuracy of the algorithm. Note that partial and weak recovery
are defined by means of the normalized agreement A rather the agreement A. The
reason for this is discussed in details below and matters for asymmetric SBMs; for
the case of symmetric SBMs, A can be used for all four definitions.

Different terminologies are sometimes used in the literature, with following
equivalences:

e exact recovery <= strong consistency

e almost exact recovery <= weak consistency

)

Sometimes ‘exact recovery’ is also called just ‘recovery’ and ‘almost exact recovery
is called ‘strong recovery.’

As mentioned above, that values of o that are too small may not be interesting or
possible. In the symmetric SBM with k& communities, an algorithm that that ignores
the graph and simply draws X ii.d. under p achieves an accuracy of 1/k. Thus the
problem becomes interesting when « > 1/k, leading to the following definition.

Definition 5. Weak recovery or detection is solved in SSBM(n, k, ¢in, qout) if for
(X,G) ~ SSBM(n, k, Gin, Gout ), there exists € > 0 and an algorithm that takes G as
an input and outputs X such that P{A(X,X) >1/k+¢e} =1—0(1).

Equivalently, P{O*(Xy, Xy/) > ¢} = 1 — o(1) where V is uniformly drawn in [n].
Determining the counterpart of weak recovery in the general SBM requires some
discussion. Consider an SBM with two communities of relative sizes (0.8,0.2). A
random guess under this prior gives an agreement of 0.8% 4+ 0.22 = 0.68, however an
algorithm that simply puts every vertex in the first community achieves an agreement
of 0.8. In [DKMZ11], the latter agreement is considered as the one to improve upon
in order to detect communities, leading to the following definition:

Definition 6. Mazx-detection is solved in SBM(n,p, W) if for (X, G) ~ SBM(nA, p, W),
there exists e>0 and an algorithm that takes G as an input and outputs X such
that P{A(X, X) > max;cpy pi +¢} = 1 —o(1).

As shown in [AS17], previous definition is however not the right definition to
capture the Kesten-Stigum threshold in the general case. In other words, the
conjecture that max-detection is always possible above the Kesten-Stigum threshold
is not accurate in general SBMs. Back to our example with communities of relative
sizes (0.8,0.2), an algorithm that could find a set containing 2/3 of the vertices
from the large community and 1/3 of the vertices from the small community would
not satisfy the above above weak recovery criteria, while the algorithm produces
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nontrivial amounts of evidence on what communities the vertices are in. To be more
specific, consider a two community SBM where each vertex is in community 1 with
probability 0.99, each pair of vertices in community 1 have an edge between them
with probability 2/n, while vertices in community 2 never have edges. Regardless of
what edges a vertex has it is more likely to be in community 1 than community 2, so
weak recovery according to the above definition is not impossible, but one can still
divide the vertices into those with degree 0 and those with positive degree to obtain
a non-trivial detection—see [AS17] for a formal counter-example.

Using the normalized agreement fixes this issue. Weak recovery can then be
defined as obtaining with high probability a weighted agreement of

AX, X(G)) =1/k +Q,(1),

and this applies to the general SBM. Another definition of weak recovery that seems
easier to manipulate and that implies the previous one is as follows; note that this
definition requires a single partition even for the general SBM.

Definition 7. Weak recovery (or detection) is solved in SBM(n,p, W) if for
(X,G) ~ SBM(n,p, W), there exists € > 0, i,j € [k] and an algorithm that takes G
as an input and outputs a partition of [n] into two sets (S, S¢) such that

P{I€2: 0 S1/1€%] = 125 0 S[/194] = e} =1 = o(1),
where we recall that Q; = {u € [n] : X, = i}.

In other words, an algorithm solves weak recovery if it divides the graph’s
vertices into two sets such that vertices from two different communities have different
probabilities of being assigned to one of the sets. With this definition, putting all
vertices in one community does not detect, since |£2; NS|/|Q;| = 1 for all ¢ € [k].
Further, in the symmetric SBM, this definition implies Definition 5 provided that we
fix the output:

Lemma 1. If an algorithm solves weak recovery in the sense of Definition § for a
symmetric SBM, then it solves max-detection (or detection according to Decelle et
al.’s definition), provided that we consider it as returning k —2 empty sets in addition
to its actual output.

See [AS16] for the proof. The above is likely to extend to other weakly symmetric
SBMs, i.e., that have constant expected degree, but not all.

Finally, note that our notion of weak recovery requires to separate at least two
communities 4, j € [k]. One may ask for a definition where two specific communities
need to be separated:

Definition 8. Separation of communities i and j, with i,5 € [k], is solved in
SBM(n, p, W) if for (X,G) ~ SBM(n,p, W), there exists € > 0 and an algorithm
that takes G as an input and outputs a partition of [n] into two sets (S, S¢) such that

P{1€% 0 S[/1] = 1950 S1/1€5] > e} =1 = o(1).
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There are at least two additional questions that are natural to ask about SBMs,
both can be asked for efficient or information-theoretic algorithms:

e Distinguishability (or testing): Consider an hypothesis test where a ran-
dom graph G is drawn with probability 1/2 from an SBM model (with same
expected degree in each community) and with probability 1/2 from an Erdés-
Rényi model with matching expected degree. Is is possible to decide with
asymptotic probability 1/2 + ¢ for some € > 0 from which ensemble the graph
is drawn? This requires the total variation between the two ensembles to be
non-vanishing. This is also sometimes called ‘detection’, which partly explains
why we prefer to use ‘weak recovery’ in lieu of ‘detection’ for the previously
discussed problem. Distinguishability is further discussed in Section 8.

e Model learnability or parameter estimation: Assume that G is drawn
from an SBM ensemble, is it possible to obtain a consistent estimator for
the parameters? E.g., can we estimate k,p,Q from a graph drawn from
SBM(n,p,@/n)? This is further discussed in Section 2.5.

The obvious implications are: exact recovery = almost exact recovery = partial
recovery = weak detection = distinguishability. Moreover, for symmetric SBMs
with two symmetric communities: learnability < weak recovery < distinguishability,
but these are broken for general SBMs; see Section 2.5.

2.4 SBM regimes and topology

Before discussing when the various recovery requirements can be solved or not in
SBMs, it is important to recall a few topological properties of the SBM graph.

When all the entries of W are the same and equal to w, the SBM collapses to the
Erdés-Rényi model G(n,w) where each edge is drawn independently with probability
w. Let us recall a few basic results for this model derived mainly from [ER60]:

e G(n,clog(n)/n) is connected with high probability if and only if ¢ > 1,

e G(n,c/n) has a giant component (i.e., a component of size linear in n) if and
only if ¢ > 1,

e For § < 1/2, the neighborhood at depth r = dlog. n of a vertex v in G(n,c/n),
ie., B(v,r) ={u € [n] : d(u,v) <r} where d(u,v) is the length of the shortest
path connecting v and v, tends in total variation to a Galton-Watson branching
process of offspring distribution Poisson(c).

For SSBM(n, k, gin, Gout ), these results hold by essentially replacing ¢ with the
average degree.

e For a,b > 0, SSBM(n, k,alogn/n,blogn/n) is connected with high probability

.0 at+(k—=1)b

if and only > 1 (if @ or b is equal to 0, the graph is of course not

connected).
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e SSBM(n,k,a/n,b/n) has a giant component (i.e., a component of size linear

a+(k—1)
k

in n) if and only if d := b>1,

e For 6 < 1/2, the neighborhood at depth r = dlog;n of a vertex v in
SSBM(n, k,a/n,b/n) tends in total variation to a Galton-Watson branching
process of offspring distribution Poisson(d) where d is as above.

Similar results hold for the general SBM, at least for the case of a constant
excepted degrees. For connectivity, one has that SBM(n, p, @ logn/n) is connected
with high probability if

min ||(diag(p)@)i[1 > 1 (13)
i€[k]

and is not connected with high probability if min;ep [|(diag(p)@)ill1 < 1, where
(diag(p)@); is the i-th column of diag(p)Q.

These results are important to us as they already point regimes where exact or
weak recovery are not possible. Namely, if the SBM graph is not connected, exact
recovery is not possible (since there is no hope to label disconnected components
with higher chance than 1/2), hence exact recovery can take place only if the
SBM parameters are in the logarithmic degree regime. In other words, exact
recovery in SSBM(n, k,alogn/n,blogn/n) is not solvable if w < 1. This is
however unlikely to provide a tight condition, i.e., exact recovery is not equivalent
to connectivity, and next section will precisely investigate how much more than
w > 1 is needed to obtain exact recovery. Similarly, it is not hard to see that
weak recovery is not solvable if the graph does not have a giant component, i.e.,
weak recovery is not solvable in SSBM(n, k,a/n,b/n) if w < 1, and we will
see in Section 7.2 how much more is needed to go from the giant to weak recovery.

2.5 Learning the model

In this section we overview the results on estimating the SBM parameters by observing
a one shot realization of the graph. We briefly discuss these are the estimation
problem is generally simpler than the recovery problems. We consider first the case
where degrees are diverging, where estimation can be obtained as a side result of
universal almost exact recovery, and the case of constant degrees, where estimation
can be performed without being able to recover the clusters but only above the weak
recovery threshold.

2.5.1 Diverging degree regime

For diverging degrees, one can estimate the parameters by solving first almost exact
recovery without knowing the parameters, and proceeding then to basic estimates on
the clusters’ cuts and volumes. This requires solving an harder problem potentially,
but turns out to be solvable:
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Theorem 1. [AS15d] Given § > 0 and for any k € Z, p € (0,1)F with > p; = 1
and 0 < § < minp;, and any symmetric matriz QQ with no two rows equal such that
every entry in QF is strictly positive (in other words, Q) such that there is a nonzero
probability of a path between vertices in any two commumnities in a graph drawn from
SBM(n,p,Q/n)), there exist e(c) = O(1/log(c)) such that for all sufficiently large c,
the Agnostic-sphere-comparison algorithm detects communities in graphs drawn from
SBM(n,p,aQ/n) with accuracy at least 1 — e~ in O, (n' <)) time.

The algorithm used in this theorem (agnostic-sphere-comparison) is discussed in
section 6.1 in the context of two communities and is based on comparing neighbor-
hoods of vertices. Note that the knowledge on § in this theorem can be removed if
a = w(1). We then obtain:

Corollary 1. [AS15d] The number of communities k, the community prior p and
the comnectivity matriz () can be consistently estimated in quasi-linear time in

SBM(n,p,w(1)Q/n).

Note that for symmetric SBMs, certain algorithms such as SDPs or spectral
algorithms discussed in Section 3 can also be used to recover the communities without
knowledge of the parameters, and thus to learn the parameters in the symmetric
case. A different line of work has also studied the problem of estimating ‘graphons’
[CWA12, ACC13, OW14] via block models, assuming regularity conditions on the
graphon, such as piecewise Lipschitz, to obtain estimation guarantees. In addition,
[BCS15] considers private graphon estimation in the logarithmic degree regime, and
obtains a non-efficient procedure to estimate ‘graphons’ in an appropriate version
of the Ly norm. More recently, [BCCG15] extends the type of results from [WO13]
to a much more general family of ‘graphons’ and to sparser regimes (though still
with diverging degrees) with efficient methods (based on degrees) and non-efficient
methods (based on least square and least cut norm).

2.5.2 Constant degree regime

In the case of the constant degree regime, it is not possible to recover the clusters
fully, and thus estimation has to be done differently. The first paper that shows
how to estimate the parameter in this regime tightly is [MNS15], which is based
on approximating cycle counts by nonbacktracking walks. An alternative method
based on expectation-maximization using the Bethe free energy is also proposed in
[DKMZ11] (without a rigorous analysis).

Theorem 2. [MNS15] Let G ~ SSBM(n,2,a/n,b/n) such that (a — b)? > 2(a +b),
and let Cyy, be the number of m-cycles in G, d,, = 2|E(G)|/n be the average degree in
G and fn = (2m,Cp,,, —dﬁn)l/mn where m,, = Llog1/4(n)J. Then Jn+fn and cin—fn
are consistent estimators for a and b respectively. Further, there is a polynomial time
estimator to calculate cZn and fn.
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This theorem is extended in [AS15¢]| for the symmetric SBM with k clusters,
where k is also estimated. The first step needed is the following estimate.

Lemma 2. Let Cy, be the number of m-cycles in SBM(n,p, Q/n). If m = o(loglog(n)),
then

1 .
EC), ~ VarC), ~ %tr(dlag(p)Q) . (14)

To see this lemma, note that there is a cycle on a given selection of m vertices
with probability

S Qo Qo Qo L (ding(p)Q/m)". (15)

n n n
9617---,$m6[k]

Since there are ~ n'"/2m such selections, the first moment follows. The second
moment follows from the fact that overlapping cycles do not contribute to the second
moment. See [MNS15] for proof details for the 2-SSBM and [AS15¢] for the general
SBM.

Hence, one can estimate ﬁtr(diag(p)@)m for slowly growing m. In the symmetric
SBM, this gives enough degrees of freedom to estimate the three parameters a, b, k.
Theorem 2 uses for example the average degree (m = 1) and slowly growing cycles
to obtain a system of equation that allows to solve for a,b. This extends easily to
all symmetric SBMs, and the efficient part follows from the fact that for slowly
growing m, the cycle counts coincides with the nonbacktracking walk counts with
high probability [MINS15]. Note that Theorem 2 provides a tight condition for the
estimation problem, i.e., [MNS15] also shows that when (a — b)? < 2(a + b) (which
we recall is equivalent to the requirement for impossibility of weak recovery) the
SBM is contiguous to the Erdés-Rényi model with edge probability (a + b)/(2n).

However, for the general SBM, the problem is more delicate and one has to first
stabilize the cycle count statistics to extract the eigenvalues of PQ, and use weak
recovery methods to further peal down the parameters p and ). Deciding which
parameters can or cannot be learned in the general SBM seems to be a non-trivial
problem. This is also expected to come into play in the estimation of graphons
[CWA12, ACC13, BCS15].

3 Tackling the stochastic block model

In this section, we discuss how to tackle the problem of community detection for the
various recovery requirements of Section ??7. One feature of the SBM is that it can
(and has) been viewed from many different angles. In particular, we will pursue here
the algebraic and information-theoretic (or statistical) interpretations, viewing the

SBM:
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e As a low-rank perturbation model: the adjacency matrix of the SBM has low
rank in expectation; thus one may hope to characterize its behavior, e.g., its
eigenvectors, as perturbations of its expected counter-parts.

Expected adjacency matrix of a two community SBM:

Qll--~Q11 Q12--- '--Q12

Qll’- . -.Qll QIQ'- SRR -‘QIQ
EA= Q12---Q12 Q22--- ---Q22

QIQ.- . -.QIQ QQQ‘- SIS -‘Q22

=

np np2

e As a noisy channel: the SBM graph can be viewed as the output on a channel
that takes the community memberships as inputs. In particular, this corre-
sponds to a memoryless channel encoded with a sparse graph code as in Figure
3.

<
=

X1

il

Channel:

(75 0)
1-q ¢

ITTTT

TYVYYYYYYYY
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o
:

Figure 3: A graph model like the stochastic block model where edges are drawn
based on hidden vertex labels can be seen as an unorthodox code on a memoryless
channel.

3.1 The block MAP estimator

A natural starting point (e.g., from viewpoint 2) is to resolve the estimation of X
from the noisy observation G by taking the Maximum A Posteriori estimator. Upon
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observing G, if one estimates the community partition Q = Q(X) with Q(G), the
probability of error is given by

P.:=P{Q#QG)} =) P{Q(g) # QG = g}P{G = g}, (16)
g

and an estimator Qpap(-) minimizing the above must minimize P{Q(g) # Q|G = g}
for every g. To minimize P{{2(g) # Q|G = g}, we must declare a reconstruction w
that maximizes the posterior distribution

P{Q =w|G =g} x P{G = ¢|Q? = w}P{Q = w}. (17)

Consider now the strictly balanced SSBM, where P{{2 = w} is the same for all
equal size partitions. Then MAP is thus equivalent to the Maximum Likelihood
estimator:

maximize P{G = g|Q2 = w} over equal size partitions w. (18)

In the two-community case, denoting by N, and Ny, the number of edges inside
and across the clusters respectively,

— Nout
PG () 9

Assuming g, > Gout, We have % < 1 and thus

MAP is equivalent to finding a min-bisection of G,

i.e., a balanced partition with the least number of crossing edges.
This brings us to a first question:

Is it a good idea to use MAP, i.e, clusters obtained from a min-bisection?

Since MAP minimizes the probability of making an error for the reconstruction
of the entire partition (2, it minimizes the error probability for exact recovery. Thus,
if MAP fails in solving exact recovery, no other algorithm can succeed. In addition,
MAP may not be optimal for weak recovery, since the most likely partition may not
necessarily maximize the agreement. To see this, consider for example the uniform
SSBM in a sparse regime with a + b slightly above 2. In this case, the graph has a
giant component that contains less than half of the vertices, and there are various
balanced partitions of the graph that have zero crossing edges (they separate the
giant component from a collection of small disconnected components). Clearly, these
are min-bisections, but they do not solve weak recovery. Nonetheless, weak recovery
can still be solved in such cases:
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Lemma 3. There ezist a, b such that weak recovery is solvable in SSBM(n, 2,a/n,b/n)
but block MAP fails at solving weak recovery.

Proof. Let a = 2.5 and b = 0.1. We have that (a — b)?> > 2(a + b), so there is
an algorithm that solves weak recovery on SSBM(n,2,a/n,b/n). However, in a
graph drawn from SSBM(n,2,a/n,b/n), with high probability, only about 42% of
the vertices are in the main component of the graph while the rest are in small
components of size O(logn). So, one can partition the vertices of the graph into
two equal sized sets with no edges between them by assigning every vertex in the
main component and some suitable collection of small components to community
1 and the rest to community 2. However, the vertices in the main component are
split approximately evenly between the two communities, and there is no way to tell
which of the small components are disproportionately drawn from one community or
the other, so for any € > 0, each set returned by this algorithm will have less than
1/2 + € of its vertices drawn from each community with probability 1 — o(1). O

Note that such an argument is harder to establish if one restricts the min-bisection
to the giant component (though we still conjecture that MAP can fail at weak recovery
with this restriction). We summarize the two points obtained so far:

e Fact 1: If MAP does not solve exact recovery, then exact recovery is not
solvable.

e Fact 2: Weak recovery may still be solvable when MAP does not solve weak
recovery.

3.2 Computing block MAP: spectral and SDP relaxations

Resolving exactly the maximization in (226) requires comparing exponentially many
terms a priori, so the MAP estimator may not always reveal the computational
threshold for exact recovery. In fact, in the worst-case model, min-bisection is NP-
hard, and approximations leave a polylogarithmic integrality gap [KKF06]. Various
relaxations have been proposed for the MAP estimator. We review here two of the
main ideas.

Spectral relaxations. Consider again the symmetric SBM with strictly bal-
anced communities. Recall that MAP maximizes

max z'Ar, (20)
ze{+1,-1}"
zt1m=0
since this counts the number of edges inside the clusters minus the number of edges
across the clusters, which is equivalent to the min-bisection problem (the total number
of edges being fixed by the graph). The general idea behind spectral methods is to
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relax the integral constraint to an Euclidean constraint on real valued vectors. This
leads to looking for a maximizer of

max ' Aux. (21)
xeRn:Hng:n
zt1n=0

Without the constraint 2!1" = 0, the above maximization gives precisely the eigen-
vector corresponding to the largest eigenvalue of A. Note that A1™ is the vector
containing the degrees of each node in g, and when ¢ is an instance of the sym-
metric SBM, this concentrates to the same value for each vertex, and 1™ is close to
an eigenvector of A. Since A is real symmetric, this suggests that the constraint
2'1™ = 0 leads the maximization (21) to focus on the eigenspace orthogonal to the
first eigenvector, and thus to the eigenvector corresponding to the second largest
eigenvalue. Thus it is reasonable to take the second largest eigenvector ¢9(A) of A
and round it to obtain an efficient relaxation of MAP:

. 1 if ¢o(A) >0
Xspec = ) ( ’ (22)
2 if ¢o (A) < 0.
We will discuss later on whether this is a good algorithm or not (in brief, it works
well in the exact recovery regime but not in the weak recovery regime). Equivalently,
one can write the MAP estimator as a maximizer of
e — )2
Lmax Y Ay — ;) (23)
zt1m=0 1§1<]§n

since the above minimizes the size of the cut between two balanced clusters. From
simple algebraic manipulations, this is equivalent to looking for maximizers of

max 'Lz, (24)
ze{+1,—-1}"
zt1m=0

where L is the Laplacian of the graph, i.e.,
L=D-A, (25)

and D is the degree matrix of the graph. With this approach 1™ is precisely an
eigenvector of L with eigenvalue 0, and the relaxation to a real valued vector leads
directly to the second eigenvector of L, which can be rounded (positive or negative)
to determine the communities. A third variant of such basic spectral approaches is
to center A and take the first eigenvector of A — %lnlﬁl and round it.

The challenge with such ‘basic’ spectral methods is that, as the graph becomes
sparser, the fluctuations in the node degrees become more important, and this can
disrupt the second largest eigenvector from concentrating on the communities (it
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may concentrate instead on large degree nodes). To analyze this, one may express
the adjacency matrix as a perturbation of its expected value, i.e.,

A=EA+ (A—EA). (26)

When indexing the first n/2 rows and columns to be in the same community, the
expected adjacency matrix takes the following block structure

q@/QXn/Q qn/2><n/2
EA = < 17?/2Xn/2 %%mﬁ) ) (27)
Aout Gin
where qﬁl/an/Q is the n/2 x n/2 matrix with all entries equal to ¢in. As expected, EA

has two eigenvalues, the expected degree (gin + gout)/2 With the constant eigenvector,
and (gin — gout)/2 with the eigenvector taking the same constant with opposite signs
on each community. The spectral methods described above succeeds in recovering the
true communities if the noise Z = A — EA does not disrupt the first two eigenvectors
of A to be somewhat aligned with those of EA. We will discuss when this takes place
in Section 7.1.

SDP relaxations. Another common relaxation can be obtained from semi-
definite programming. We discuss again the case of two symmetric strictly balanced
communities. The idea of SDPs is instead to lift the variables to change the quadratic
optimization into a linear optimization (as for max-cut [GW95]). Namely, since
tr(AB) = tr(BA) for any matrices of matching dimensions, we have

1 Ar = tr(a' Az) = tr(Azat), (28)

t

hence defining X := zz', we can write (28) as

A~

Xmap(g) = argmax  x-o0  tr(4AX). (29)
X;;=1,Vi€[n]

rank X =1

X1"=0
Note that the first three constraints on X force X to take the form zz! for a vector
x € {+1,—1}", as desired, and the last constraint gives the balance requirement.
The advantage of (29) is that the objective function is now linear in the lifted variable
X. The constraint rankX = 1 is responsible now for keeping the optimization hard.

We hence simply remove that constraint to obtain an SDP relaxation:

A~

Xsdp(g) = argmax  x»o0  tr(AX). (30)
X;;=1,Vi€[n]
X1 =0
A possible approach to handle the constraint X1™ = 0 is to use again a centering
of A. For example, on can replace the adjacency matrix A by the matrix B such
that B;; = 1 if there is an edge between vertices ¢ and j, and B;; = —1 otherwise.
Using —T for a large T instead of —1 for non-edges would force the clusters to be
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balanced, and it turns out that —1 is already sufficient for our purpose. This gives
another SDP:

Xspp(g) = argmax  x»o0  tr(BX). (31)
X;;=1,Vi€[n]

We will further discuss the performance of SDPs in Section 4.3.2. In brief, they
work well for exact recovery, and while they are suboptimal for weak recovery, they
are not as senstive as vanilla spectral methods to degree variations. However, the
complexity of SDPs is significantly higher than that of spectral methods. We will
also discus how other spectral methods can afford optimality in both the weak and
exact recovery regimes, while preserving a quasi-linear complexity. Notice however
that we are putting the cart before the horse by talking about weak recovery now:
we viewed spectral and SDP methods as relaxations of the MAP estimator, which is
only an optimal estimator for exact recovery. These relaxations may still work for
weak recovery, but the connection is less clear. Let us thus move to what would be
the right figure of merit for weak recovery.

3.3 The bit MAP estimator

If block MAP is not optimal for weak recovery, what is the right figure of merit? To
answer this more easily, we again have to break the symmetry in some way when
working with the symmetric SBM, as done in previous section by using the partition
function Q(X). This is slightly more technical for weak recovery. We use a different
trick to avoid uninteresting technicalities, and consider a weakly symmetric SBM.
Le., consider a two-community SBM with a Bernoulli prior given by (p1,p2), p1 # p2,
and connectivity @/n such that PQ has two rows with the same sum. In other words,
the expected degree of every vertex is the same (and weak recovery is non-trivial),
but the model is slightly asymmetrical and one can determine the community labels
from the partition. In this case, we can work with the agreement between the true
labels and the algorithm reconstruction without use of the relabelling 7, i.e.,

AX, X(@) =) 1(X, = X,(G)). (32)

v=1

Consider now an algorithm that maximizes the expected agreement, i.e,
n
EA(X, X(G)) = ) _P(X, = X,(G)). (33)
v=1

To solve weak recovery, one needs a non-trivial expected agreement, and to maximize
the above, one has to maximize each term given by

P(X; = X,(G)) = Y _P(X, = X,(9)|G = g)P(G = g), (34)
g

26



i.e., X,(g) should take the maximal value of the function z, — P(X, = z,|G = g).
In other words, we need the marginal P(X, = -|G = g). Note that in the symmetric
SBM, this marginal is 1/2, hence the need for the symmetry breaking.?

3.4 Computing bit MAP: belief propagation

How do we compute the marginal P(X, = z,|G = ¢g)? By Bayes rule, this requires
the term P(G = ¢|X, = z,), which can easily be obtained from the conditional
independence of the edges given the vertex labels, and the marginal P(G = g) =
er[2]n P(G = g|X = x), which is the non-trivial part.

Set vg to be a specific vertex in G. Let vy, ...v;, be the vertices that are adjacent
to vp, and define the vectors g1, ..., ¢, such that for each community ¢ and vertex v;,

(gj)i = P(Xo; = i[G\{vo} = g\{vo})-

Assume for a moment? that the probability distributions for X,,, X,,, ..., X,,
ignoring vg are asymptotically independent, i.e., for all z1, ..., 2y,

P(Xy, =21, Xp, =22, ..., X4, = T |G\{vo} = g\{vo}) (35)

= (1+0(1)) H P (Xy, = 2:|G\{vo} = g\{vo}) - (36)

This is a reasonable assumption in the SBM because the graph is locally tree-like,
i.e., with probability 1 — o(1), for every ¢ and j, every path between v; and v; in
G\{vo} has a length of Q(logn). So we would expect that knowing the community
of v; would provide little evidence about the community of v;. Then, with high
probability,

pi 1721 (Qa))i
Zf’:l Dy H;n:1 (QQj)i’

One can now iterate this reasoning. In order to estimate P[X, = i|G = g|, one
needs P[X,, = i'|G\{v} = g\{v}] for all 7/ and all v; adjacent to v. In order to
compute those, one needs P(X,, = #|G\{v,v;} = ¢g\{v,v;}) for all v; adjacent to v,
v adjacent to v;, and community i’. To apply the formula recursively with ¢ layers
of recursion, one needs an estimate of P(X,, = ¢|G\{v1,...,v:} = g\{v1,...,v}) for
every path vg,...,v; in G. The number of these paths is exponential in ¢, and so

P(Xvo = ’L|G = g) - (1 + O<1))

2There are different ways to break the symmetry in the symmetric SBM. One may reveal each
vertex with some noisy genie; another option is to call community 1 the community that has the
largest number of vertices among the 2|v/n| + 1 largest degree vertices in the graph (we pick
2[v/n] + 1 to have an odd number and avoid ties).

3This is where the symmetry breaking based on large degree vertices discussed in the previous
footnote is convenient, as it allows to make the statement.
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this approach would be inefficient. However, due again to the tree-like nature of the
SBM, it may be reasonable to assume that

P(Xy =1G\{v,v;} = g\{v,v;}) = (1 + (1)) P(Xy = |G\{v;} = g\{v;}),

which should hold as long as there is no small cycle containing v, v;, and v'.

Therefore, using an initial estimate (g, ); of P(Xy = i|G\{v} = ¢g\{v}), for
each community ¢ and each adjacent v and v’, we can iteratively refine our beliefs
using the following algorithm which is essentially* belief propagation (BP):

1. Set ¢(© = ¢, where ¢ provides (q, ) € [0,1] for all v,o' € [n], i € [k], the
initial belief that vertex v’ sends to vertex v (one can set gy, = qu ).

2. For each 0 <t/ < t, each v € G, and each community 4, set

(1)
pi Hv”:(v’,v”)EE(G),v”;ﬁU(qu’,v” )'L

(")) =
R k t'—1
D=1 P Hv”:(v/,v”)eE(G),v”#U(qu(/,v”))i'

3. For each v € G and each community %, set

t—1
1)), = Pi Hv”r(v,v”)eE(G)(qumu N

Zf’:l Di HUN5(U,U")€E(G) (qu(f’_v/ll) )i’

4. Return q(t).

This algorithm is efficient and terminates with a probability distribution for the
community of each vertex given the graph, which seems to converge to the true
distribution with enough iterations even with a random initialization. Showing this
remains an open problem. Instead, we will discuss in Section 5.3.1 how one can
linearlize BP, in order to obtain a version of BP that can be analyzed more easily.
This linearization of BP will further lead to a new spectral method on an operator
called the nonbacktracking operator (see Section 5.3.1), which connects us back to
spectral methods without the issues mentioned previously for the adjacency matrix
in the weak recovery regime (i.e., the sensitivity to degree variations).

4One should normally also factor in the non-edges, but we ignore these for now as their effect is
negligible in BP, although we will factor them back in when discussing linearized BP.
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4 Exact recovery for two communities

Exact recovery for linear size communities has been one of the most studied problem
for block models in its first decades. A partial list of papers is given by [BCLS87,
DF89, Bop87, SN97, CK99, McS01, BC09, CWA12, Vul4, YC14]. In this line of
work, the approach is mainly driven by the choice of the algorithms, and in particular
for the model with two symmetric communities. The results look as follows”:

Bui, Chaudhuri,

Leighton, Sipser "84 maxflow-mincut | gin = Q(1/n), gous = o(n ™14 (G Fdou)n))
Boppana 87 spectral meth. (Gin — Gout)/v/@in F Gout = 2(y/log(n)/n)
Dyer, Frieze '89 min-cut via degrees Gin — Jous = 2(1)

Snijders, Nowicki '97 EM algo. Gin — Gout = 2(1)

Jerrum, Sorkin ’98 Metropolis aglo. Gin — Qous = Q(n=1/6%F¢€)
Condon, Karp 99 augmentation algo. Gin — Gous = Q(n~1/2F€)

Carson, Impagliazzo '01 hill-climbing algo. Gin — Gous = Q(n~"?1log*(n))
McSherry 01 spectral meth. (Gin — Gout)/\/Tm > Qy/log(n)/n)
Bickel, Chen 09 N-G modularity (Gin — Qout)/v/@in T dous = Q(log(n)/+/n)
Rohe, Chatterjee, Yu ’11 spectral meth. Gin — Gout = 2(1)

More recently, [Vul4] obtained result for a spectral algorithm that works in the
regime where the expected degrees are logarithmic, rather than poly-logarithmic as
in [McS01, CWA12], extending results also obtained in [XLM1I14]. Note that exact
recovery requires the node degrees to be at least logarithmic, as discussed in Section
2.4. Thus the results of [Vul4] are tight in the scaling, and the first to apply in
such generality, but as for the other results in Table 1, they do not reveal the phase
transition. The fundamental limit for exact recovery was derived first for the case of
symmetric SBMs with two communities:

Theorem 3. [ABH1/, MNS1/ja] Exact recovery in SSBM(n, 2, alog(n)/n,blog(n)/n)
is solvable and efficiently so if |\/a — Vb| > /2 and unsolvable if |/a — V/b| < /2.

A few remarks regarding this result:

e At the threshold, one has to distinguish two cases: if a,b > 0, then exact
recovery is solvable (and efficiently so) if |\/a — v/b| = /2 as first shown in
[MNS14a]. If a or b are equal to 0, exact recovery is solvable (and efficiently
so) if \/a > V2 or Vb > /2 respectively, and this corresponds to connectivity.

e Theorem 3 provides a necessary and sufficient condition for exact recovery,
and covers all cases for exact recovery in SSBM(n, 2, gin, Gout) Were gin and gip
may depend on n as long as not asymptotically equivalent (i.e., gin/gout - 1).

5Some of the conditions have been borrowed from attended talks and bounds and have not been
double-checked.
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For example, if ¢, = 1/v/n and gou = log®(n)/n, which can be written as

. __ y/n logn logn
Gin = logn n

as |v/a — V/b| goes to infinity. If 1nstead Gin/dout — 1, then one needs to look
at the second order terms. This is covered by [MNS14a] for the 2 symmetric
community case, which shows that for ay,, b, = O(1), exact recovery is solvable

if and only if ((\/an — vby)? — 1) logn + loglogn/2 = w(1).

e Note that |y/a — v/b| > v/2 can be rewritten as %% > 1 + v/ab and recall that
a+b

and gout = log n—2= then exact recovery is trivially solvable

> 2 is the connectivity requirement in SSBM As expected, exact recovery
reqmres connectivity, but connectivity is not sufficient. The extra term Vab is
the ‘over-sampling’ factor needed to go from connectivity to exact recovery,
and the connectivity threshold can be recovered by considering the case where
b = 0. An information-theoretic interpretation of Theorem 3 is also discussed
in Section 7.1.

4.1 Warm up: genie-aided hypothesis test

Before discussing exact recovery in the SBM, we discuss a simpler problem which
will turn out to be crucial to understand exact recovery. Namely, exact recovery
with a genie that reveals all the vertices labels besides for a few. By ‘a few’ we
really mean here one or two. If one works with the strictly balanced model for the
community prior, then it is not interesting to isolate a single vertex as this one is
forced to take the value of the community that has not n/2 vertices. In this case we
isolate two vertices. If one works with the Bernoulli model for the community prior,
then one can isolate a single vertex and it is non-trivial to decide for the labelling of
that vertex given others.

To further clean up the problem, assume for now that we have a single vertex (say
vertex 0) that needs to be labelled, with n/2 vertices revealed in each community,
i.e., assume that we have a model with two communities of size exactly n/2 and an
extra vertex that can be in each community with probability 1/2.

To minimize the probability of error for this vertex we need to use the MAP
estimator that picks v maximizing

P{XO = u]G = g,XNo = $~0}(??) (37)

Note that the above probability depends only on the number of edges that vertex 0
has with each of the two communities; denoting by N; and N5 these edge counts, we
have

P{Xo=u|G=g,Xu1 =21} =P{Xo=u|Ni(G,Xw0) = Ni(g,2~0)} (38)
o P{N1(G, X~0) = N1(g,z~0)|Xo =u}  (39)

This gives an hypothesis test with two hypotheses corresponding to the two values
that vertex 0 can take, with equiprobable prior and distributions for the observable
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Ny = Ni1(G, Xp) given by

X() =1: N1 ~ Bin(n/2,qin)

i (10)
Xo=2:Ny ~ B1n(n/2, QOut)

Genie-aided hypothesis test: {

The probability of error of the MAP test is then given by®
P. := P{Bin(n/2, ¢in) < Bin(n/2, gout) }- (41)

This is the probability that a vertex “has more friends in the other community than
its own.” We have the following key estimate.

Lemma 4. Let ¢, = alog(n)/n, gout = blog(n)/n. The probability of error of the
genie-aided hypothesis test is given by

_(f—\/E)2+O(1)

P{Bin(n/2, ¢n) < Bin(n/2,qout)} =n \ V2 . (42)
Remark 3. The same equality holds for P{Bin(n/2, qn) + O(1) < Bin(n/2, gout) };
these are all special cases of the Lemma in Appendiz 11.

The next result, which we will prove in the next section, reveals why this
hypothesis test is crucial.

Theorem 4. Ezact recovery in SSBM(n,alog(n)/n,blog(n)/n) is
{solvable ifnP, — 0

. (43)
unsolvable if nP, — oo.

In other words, when the probability of error of classifying a single vertex when
all others are revealed scales sub-linearly, one can classify all vertices correctly whp,
and when it scales supper-linearly, one cannot classify all vertices correctly whp.

4.2 The information-theoretic threshold

In this section, we establish the information-theoretic threshold for exact recovery
in the two-community symmetric SBM with the uniform prior. That is, we assume
that the two communities have size exactly n/2, where n is even, and are uniformly
drawn with that constraint.

Recall that the MAP estimator for this model picks a min-bisection (see Section
3.1), i.e., a partition of the vertices in two balanced group with the least number
of crossing edges (breaking ties arbitrarily). We will thus investigate when this
estimator succeeds/fails in recovering the planted partition. Recall also that we work
in the regime where

logn logn

gin = Q y  Gout = b
n

(44)

where the logarithm is in natural base, a, b are two positive constants.

5Ties can be broken arbitrarily; assume that an error is declared in case of ties to simplify the
expressions.
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4.2.1 Converse

Recall that exact recovery cannot be solved in a regime where the graph is dis-
connected with high probability, because two disconnected components cannot be
correctly labelled with a probability tending to one. So this gives us already a
condition:

Lemma 5 (Disconnectedness). Ezact recovery is not solvable if

a+b
2

< 1. (45)

Proof. Under this condition, the graph is disconnected with high probability [ER60].
O

As we will see, this condition is not tight and exact recovery requires more than
connectivity:

Theorem 5. Ezact recovery is not solvable if

a+b

<14+Vab — |Va— Vb <V2 (46)

We will now describe the main obstruction for exact recovery. First assume
without loss of generality that the planted community is given by

xo=(1,...,1,2,...,2), (47)
with resulting communities
Cy=[1:n/2], Cy=[n/2:n], (48)
and let
G ~ Pgyx(-|o) (49)

be the SBM graph generated from this planted community assignment.
Definition 9. We define the set of bad pairs of vertices by
B(G) == {(u,v) : u € C1,v € Ca, Pgx(Glz0) < Pgx(Glzolu < v])}, (50)

where xo[u <+ v] denotes the vector obtained by swapping the values of coordinates u
and v in xg.

Lemma 6. Ezact recovery is not solvable if B(G) is non-empty with non-vanishing
probability.
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Proof. 1f there exists (u,v) in B(G), we can swap the coordinates u and v in xy and
increase the likelihood of the partition, obtaining thus a different partition than the
planted one that is as likely as the planted one, and thus a probability of error of at
least 1/2. O

We now examine the condition Pgx(Glro) < Pgx(Glwo[u <> v]). This is a
condition on the number of edges that vertex u and v have in each of the two
communities. Note first that an edge between vertex uw and v stays in the cut if
the two vertices are swapped. So the likelihood can only vary based on the number
of edges that u has in its community and in the other community ignoring v, and
similarly for v.

Definition 10. For a vertex u, define dy(u) and d_(u) as the number of edges that
u has in its own and other community respectively. For vertices u and v in different
communities, define d_(u\ v) as the number of edges that a vertex u has in the other
community ignoring vertex v.

We then have
Faix (Glwo) < Pax(Gleolu < v]) & dy(u) +dy(v) < d-(u\v) +d-(v\u). (51)
We can now define the set of bad vertices (rather than bad pairs) in each community.
Definition 11.
Bi(G) :={u:ueCCdi(u) <d_(u)—1}, i=1,2. (52)

Lemma 7. If Bi(G) is non-empty with probability 1/2 + Q(1), then B(G) is non-
empty with non-vanishing probability.

Proof. If u € Cy and v € Cy are such that di (u) < d_(u)—1 and d4(v) < d_(v)—1,

then dy (u)+d4(v) < d_(u)+d_(v)—2, and since d_(u) < d_(u\v)+1, this implies
di(u) +dy(v) <d_(u\v)+d_(v\u). Therefore

P{3(u,v) € B(G)} > P{3u € B1(G),Tv € Ba2(G)}. (53)

Using the union bound and the symmetry in the model, we have
P{Ju € B1(G),3v € B2(G)} > 2P{Fu € B1(G)} — 1. (54)
O

We can now see the theorem’s bound appearing: the probability that a given vertex

is bad is essentially the genie-aided hypothesis test of previous section, which has a

. —(f“/g)2+o(1) . .
probability of n V2 , and there are order n vertices in each community, so

under “approximate independence,” there should exists a bad vertex with probability
nl—(ﬁ**/g)aro(l)

V2 which gives the theorem’s bound. We now handle the “approximate

independence” part.
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Lemma 8. If \/a — Vb < /2, then
P{3ue Bi(G)} =1—o(1). (55)
Proof. We have
P{Iue Bi(G)} =1—P{Vue C,u¢ Bi(GQ)} (56)

If the events {u ¢ Bi(G)}uec, were pairwise independent, then we would be done.
The technical issue is that for two vertices v and v, the events are not exactly
independent since the vertices can share an edge. This does not however create
significant dependencies. Let

B, = 1{dy(u) <d_(u) —1}. (57)

By the second moment bound,

P{Vu e Cy,u ¢ Bi(G)} =P{) B, =0} (58)
u=1
Var) "', By
SECL, B (59)
thus
P(3u € B,(G)) > (& u=mt Bu)” (60)

~ EQCu— Bu)?
_ (nP{B; = 1})?
- nP{B =1} + (n(n—1)/2)P{By =1,By = 1} + (n?/2)P{B1 = 1, B, 21 = 1}

(61)
and the last bound tends to 1 if the following three conditions hold
nP{B; =1} = w(1), (62)
P{B; =1|By =1}
=1 1
P{Bl = 1’Bn/2+1 = 1}
=1 1). 64

The first condition follows from the genie-aided hypothesis test” and reveals the
bound in the theorem; the second (or third) condition amounts to say that B; and
By (or By and B, /511) are asymptotically independent.

"In this case, one of the two Binomial random variables has n — 1 trails rather than n, with a
trial replace by 1, which makes no difference in the result as mentioned in Remark 3.
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We now show the second condition; the third is handled analogously. We have

P(B = 1By = 1} = P{dy (1) <d (1)~ 1|d, @) < d_(2)~1}  (69)
=P{B(n/2 —2,¢n) + B12 < B(n/2,qout) — 1 (66)
|B'(n/2 —2,¢in) + B12 < B'(n/2, qout) — 1} (67)

where B(m,C') or B'(m,C) denotes a Binomial random variable with m trials and
success probability C', By 2 is Bernoulli(giy), and the five different random variables
appearing in (67) are mutually independent. Thus,

P{B; =1|By =1} (68)
= > P{B(n/2 - 2,¢w) + b < B(1n/2,gous) — 1 (69)
b=0,1
|B'(n/2 = 2,qin) + b < B'(n/2, gout) — 1, By 2 = b} (70)
-P{B12 =0|B'(n/2 - 2,¢in) + B12 < B'(n/2,qout) — 1} (71)
= > P{B(n/2 - 2,¢w) + b < B(n/2,gou) — 1} (72)
b=0,1
-P{B12 =0|B'(n/2 = 2,qin) + B12 < B'(n/2, gow) — 1}. (73)
Let
A:=B(n/2—2,qu) — B(n/2 —2,¢in) — 1. (74)
We have

P{Bi2 = b}P{b < A}
Zb:m P{Bi2 =b}P{b < A}

and since P{B12 =1} < P{B12 =0} =1—0(1) and P{1 < A} < P{0 < A}, we
have

P{Bi2=0b|B12 <A} =

(75)

> P{Bio=b}P{b < A} =P{0 < A}(1 +0(1)), (76)
b=0,1

P{B12=0|B12 <A} =P{B12=0}(1+0(1)) =1+ o(1), (77)
P{BLQ = l‘BLQ S A} = 0(1) (78)

Thus
(73) =P{0 < A}(1+4+0(1)) + P{1 < A}o(1) = P{0 < A}(1 + o(1)). (79)

On the other hand, for a random variable B’ that is Bernoulli(¢gi,) and independent
of A, we have

P{B1 =1} = P{B(n/2 = 2,¢) + B' < B(n/2, qout) — 1} (80)
=P{B' <A} =P{0 < A}(1+0(1)) (81)
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Thus,

P{B, =1|B, = 1}
P{B; =1}

=14o0(1), (82)
which concludes the proof. O

4.2.2 Achievability
The next result shows that the previous bound is tight.

Theorem 6. Ezxact recovery is solvable if
IVa — Vbl > V2. (83)

We will discuss the boundary case |\/a — v/b| > v/2 later on (it is still possible to
solve exact recovery in this case as long as both a and b are non-zero). To prove this
theorem, one can proceed with different approaches:

1. Showing k-swaps are dominated by 1-swaps. The converse shows that below
the threshold, there exists a bad pair of vertices in each community that can
be swapped (and thus placed in the wrong community) while increasing the
likelihood (i.e., reducing the cut). To show that the min-bisection gives the
planted bisection, we need to show instead that there is no possibility to swap

k vertices from each community and reduce the cut for any k € {1,...,n/4}

(we can use n/4 because the communities have size n/2). That is, above the
threshold,

P{HSl g Cl,SQ Q CQ . (84)

191] = [Sal,d4(S1) + dy(S2) < d—(51\ S2) +d-(S2\ S1)}  (85)

= o(1). (86)

For T1 - Cl,TQ - CQ such that |T1| = |T2| = k‘, define
Pe(k) :=P{ld(T1) + d(T2) < d (T2 \ T2) + d (T2 \ T2)}.  (87)
Then, by a union bound,

P{351 C C1,52 C Cy: (88)
|S1] = [S2],d+(51) + d1(S2) < d—(S1\ S2) +d_(S2\ 1)} (89)
=P{3k € [n/4],51 C C1,S52 C Cy:|S1| = |52 =k, (90)
d4(S1) +d1(S2) < d—(S1) +d—(S2)} (91)
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where R := ZL 42 ("44) ("£4) P.(k). Note that P.(1) behaves like the error
probability of the genie-aided test squared (we look at two vertices instead
of one), and one can show that the product n?P.(1) is vanishing above the
threshold. So it remains to show that the reminder R is also vanishing, and in
fact, one can show that R = O(n?P,(1)), i.e., the first term (1-swaps) dominates
the other terms (k-swaps). This approached is used in [ABHI16].

2. Using graph-splitting. The technique of graph-splitting is developed in [ABH16,
AS15a] to allow for multi-round methods, where solutions are successively
refined. The idea is split the graph G into two new graphs G; and Gy on
the same vertex set, by throwing each edge independently from G to G;
with probability v and keeping the other edges in G3. In sparse enough
regime, such as logarithmic degrees, one can further treat the two graphs
as essentially independent SBMs on the same planted community. Taking
v = loglog(n)/log(n), one obtains for G; an SBM with degrees that scale
with loglog(n), and it is not too hard to show that almost exact recovery can
be solved in such a diverging-degree regime. One can then use the almost
exact clustering obtained on (G; and refine it using the edges of Gg, using a
genie-aided test for each vertex, where the genie is not an exact genie as in
Section 4.1, but an almost-exact genie obtained from G;. One then shows that
the almost-exact nature of the genie does not change the outcome, and the
same threshold emerges. This approach is discussed in more details in Section
7.1 when we consider exact recovery in the general SBM.

3. Using the spectral algorithm. While it is not necessary to use an efficient algo-
rithm to establish the information-theoretic threshold, the spectral algorithm
offers a nice algebraic intuition to the problem. This approach is discussed in
details in next section.

4.3 Achieving the threshold
4.3.1 Spectral algorithm

In this section, we show that the vanilla spectral algorithm discussed in Section 3.2
achieves the exact recovery threshold. The proof is based on [AFWZ17]. Recall that
the algorithm is a relaxation of the min-bisection, changing the integral constraint
on the community labels to an Euclidean-norm constraint. This suggest that taking
the second largest eigenvector of A, i.e., the eigenvector corresponding to the second
largest eigenvalue of A, and rounding it, gives a plausible reconstruction. Techniques
from random matrix theory are naturally relevant here, as used in various works
such as [NN12, Vu07, Vul4d, OVWI18, YP14b, PWBMI16b] and references therein.
Denote by A’ the adjacency matrix of the graph with self-loops added with
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probability p for each vertex. Therefore,

pP—4q
2

P17 +n Pagh (94)

where

¢1=1"/Vn, (95)
¢o = [1"% —1"%) //n. (96)

We will work with the “centered” adjacency matrix which we denote by A in this
section (with an abuse of notation compared to previous sections) where we subtract
the top expected eigenvector:

Qin + Gout

The slight advantage is that A is now rank 1 in expectation:

A:=EA=n? 5 95,85 (98)

= Ao’ (99)
where we renamed

A= (a_b);og(") (100)

&= o (101)

We now want to show that the top eigenvector ¢ of A has all its components
aligned with ¢ in terms of signs (up to a global flip). Define, for i € [n],

1 ifg(i) >0,

2 if ¢(i) < 0. (102)

Xspee(t) = {
Theorem 7. The spectral algorithm that outputs Xgpec solves exact recovery when

IVa — Vbl > V2. (103)

Note that the algorithm runs in polynomial time in n, at most n® counting loose
and less using the sparsity of A. Note also that we do not have to worry about the
case where the resulting community is not balanced, as this enters the vanishing
error probability. Another way to write the theorem is as follows:

Theorem 8. In the regime ¢, = plo%, Gout = b 105"7 a#b,a,b>0,|/a— b #
V2,

P{Xspec = Xnmar} =1 —o(1) whenever P{X = Xyap} =1—o(1), (104)

i.e., the spectral and MAP estimators are equivalent whenever MAP succeeds at
recovering the true X.
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This an interesting phenomena that seems to take place for more than one
problem in combinatorial statistics, see for example discussion in [AFWZ17].

We now proceed to prove Theorem 8. We will break the proof in several parts.
A first important result gives a bound on the norm of A — A:

Lemma 9 (Refined Feige-Ofek [AFWZ17]). For any a,b > 0, there ezists c1,co > 0
such that

P{||A — All2 > c11/log(n)} < can™®. (105)

This implies a first reassuring fact, i.e., the first eigenvalue A of A is in fact
asymptotic to A in our regime. This follows from the Courant-Fisher Theorem:

Lemma 10 (Courant-Fisher or Weyl’s Theorem). The following holds surely,
A=Al < [|A - A2, (106)

This implies that A ~ X with high probability, since A < log(n). However, this
does not imply anything for the eigenvectors yet. A classical result to convert bounds
on the norm A — A to eigenvector alignments is the Davis-Kahan Theorem. Below
we present a user-friendly version based on the Lemma 3 in [AFWZ17].

Theorem 9 (Davis-Kahan Theorem). Suppose that H = > i1 ﬂjﬂjﬂz and H =
H+E, where iy > -+ > fin, |Uj|l2 = 1 and E is symmetric. Let u; be an eigenvector
of H corresponding to its j-th largest eigenvalue, and A = min{f; 1 — fij, ij — fLj+1},

where we define fig = +00 and finy1 = —00. We have
. = HEHQ
. . <
min |su; — a2 S . (107)

In addition, if |[E|2 < A, then

: . B2
min [lsu; —ajlls S 5 (108)
where both < only hide absolute constants.
Corollary 2. For any a,b > 0, with high probability,
(&, &)l =1 - o(1). (109)

While this gives a strong alignment, it this does not give any result for exact
recovery. One can use a graph-splitting step to leverage this result into an exact
recovery result by using a cleaning phase to the eigenvector (see item 2 in Section
4.2.2). Interestingly, one can also proceed directly using a sharper spectral analysis,
and show that the sign of the eigenvector ¢ directly recovers the communities. This
was done in [AFWZ17] and is covered below.
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A first attempt would be to show that ¢ and ¢ are close enough in each component,
i.e., that with high probability,

6 — &l < |8il, Vi€ ] (110)
= [6— 8l <1/vn (111)

or [[¢— (—9) |l ; 1/y/n since we must allow for a global flip due to symmetry. This
would imply that rounding the components of ¢ to their signs would produce with
high probability the same signs as ¢ (or —¢), which solves exact recovery.

Unfortunately the above inequality does not hold all the way down to the exact
recovery threshold, which makes the problem more difficult. However, note that it is
not necessary to have (110) in order to obtain the correct sign by rounding ¢: one
can have a large gap for |¢; — ¢;| which still produces the good sign as long as this
gap in “on the right side,” i.e., ¢; can be much larger than ¢; if ¢; is positive and
#; can be much smaller than ¢; if ¢; is negative (or the reverse statement for —¢).
This is illustrated in Figure 4 and is shown below.
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Figure 4: The second eigenvector and its first-order approximation in SBM. The
left plot: The histogram of coordinates of y/n us computed from a single realization
of adjacency matrix A, where n is 5000, a is 4.5 and b is 0.25. Under this regime,
exact recovery is expected, and indeed coordinates form two well-separated clusters.
The right plot: boxplots showing four different distance/errors (up to sign) over 100
realizations. (i) v/n |luga — u3||oo, (i) /1 |[Aub /N5 — ub]|co, (iil) /7o ||ug — Aud /A3 ||0o-
These boxplots show that Auj/\; is a good approximation of us under ¢ norm
even though ||us — uj||cc may be large.
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The main idea is to show that the components of ¢ are well approximated by
the components of A¢/\ (rather than ¢), i.e.,

¢=Ap/A~ Ap/XA = ¢+ (A—EA)p/\. (112)
Formally:

Theorem 10. Leta > b > 0. There exist constants C and ¢ such that for sufficiently
large n,

. Y UEY & _9
_ < | >1-— .
P <§I:Hinl ls¢ = A¢/Alloo < \/ﬁloglogn) =1-=Cn (113)

Note that A¢ is familiar to us: it contains exactly the random variable entering
the error event for the genie-aided hypothesis test in (41), i.e.,

(4811 Y Bin(n/2,p) — Bin(n/2,q), (114)

which we know from Lemma 4 has probability n~ =% to be negative (i.e., to move

to “the other side”) above the exact recovery threshold. Since A¢ is normalized
by A, we will use a stronger version of Lemma 4, namely the Lemma of Appendix
11, which gives a similar bound. We now give the proof for Theorem 7, and then
proceed to proving Theorem 10.

Proof of Theorem 7. Define the following events,

&1 = {min |(AG/3)] > A {sen(Ad/)) = ksgn(@)}  (115)

2e
=
) - < c
& 1= {smlin1 ls¢ — Ag/Alloo < \/ﬁloglogn} :

Note that Theorem 10 says that & takes place with high probability. Therefore if &
takes place with high probability as well, the event

(116)

sgn(¢) = +sgn(9) (117)
must take place with high probability, because (up to a global flip) ¢ is at distance
O(m) from A¢/\, and Ap/\ is at distance Q(ﬁ) from the origin, 50 the noise
that takes ¢ to ¢ cannot make ¢ cross the origin and change sign since |¢| = 1/y/n
(though it could take ¢ far on the other side).

We now show that £ takes place with high probability. We have
P (&) (118)

i 5/ 2 /) = sgn(¢)) —
> P (1min 46/ 0] 2 5= ) + P (sea(Ad/%) = sgn@) =1 (119

2 \/ﬁ>)n +P (sgn(Ag/) = £sgn(g)) — 1

21—<1_P<|(A¢_5/5‘)1|Z(a_b) ( )
120
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When v/a — Vb > /2, we can choose some ¢ = £(a,b) > 0 such that (v/a —
Vb)2/2 — elog(a/b)/2 > 1. Thus from the strong genie-aided error bound in the
Appendix Lemma,

AT 2e (i ol L
P <\(A¢/)\)1 > (a—b)\/ﬁ) < p—(Va—vb)?/2+elog(a/b)/2 _ ,, —1-Q(1) (121)

and a fortiori,
P (sgn(A¢/A) = +sgn(¢)) =1 — o(1), (122)

since each component of Ag/ ):\ is at least strictly positive or strictly negative (de-
pending on the global flip on ¢) with probability n~ 1= Therefore,

P(&)=1-o0(1). (123)
O
We now proceed with the proof of Theorem 10.

Proof of Theorem 10. To simplify the notation, assume that ¢ is chosen such that
¢t¢ > 0, so that we can remove the sign variable s. We want to obtain a bound on

|6 — Ad/ Moo = ¢ — Ad/X + Ap/A — Ad/N||oo (124)
<|l¢ — Ap/Aloe + |AD/X — Ad/N|so (125)
A= 1 o
= 5 MI#lloo + 146 = D)lloo- (126)

Let us define the event

£ :={||A— Alz < c11/log(n)}. (127)

Recall that Weyl’s theorem gives |[A—\| < ||A—A[|2, and thus under the event £, which
takes place with high probability from Lemma 9, we must have [A —A| = O(y/log(n)).
Given that A = O(log(n)), we must have under £

A2 <A< 22 (128)

and a fortiori D‘;“ = O(1/4/log(n)). Therefore, under &£, we have that the first

term in (126) is bounded as

2ol < O(l6loe/ 0B (120)

Before worrying about estimating [/¢[|oc, We move to the second term in (126). One
difficulty in estimating [|A(¢ — ¢)||~ is that A and (¢ — ¢) are dependent since ¢
is an eigenvector of A. Thus, to bound the m-th component of A(¢ — ¢), namely
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A (¢ — @), where A,, is the m-row of A, we cannot use directly a concentration
result that applies to expressions of the kind A,,w where w is an independent test
vector. To decouple the dependencies, we use a leave-one-out technique, as used for
example in [BBEKY13], [JM15], and [ZB17].

Define n auxiliary matrices {A(™}7? _ C R™ " as follows: for any m € [n], let

(A")i5 = Aid(izmjemy.  Vioj € [0

where d4 is the indicator function on the event A. Therefore, A is obtained from
A by zeroing out the m-th row and column. Let ™ be the leading eigenvector of
A Again, ¢(™) is chosen such that (¢)t¢(™ > 0. We can write

(A(D — @))m = Am(d — &) = Amn(d — ¢"™) + A (6™ — §) (130)

and thus
[(A() = )| < |Am(d — o™ + |4 (0™ — )] (131)
< | Amll2ll¢ — 6™ |2 + | Am (6™ — ¢)] (132)
< [ Allz=oollé — 6|2 + [ A (6™ — )] (133)
%: T

where we used the Cauchy-Schwarz Inequality in the first inequality, and || A||2— 00 ==
MaX,, ey [[Aml|2 in the second inequality. The point of introducing A(™) is that for
the second term in (133), we have that A, and (¢™) — ) are now independent.
Thus this term can be tackled with concentration results. We now handle both terms
in (133). Recall the definition of the event £ in (127).

Claim 1: Under &, Ty = || All2—00 | — ™2 = O(y/1og(n)]|¢]|oo)-

To prove this claim, assume that € takes place. To bound ||u — ¢(™ |9, we will
view A(™) ag a perturbation of A and apply Davis-Kahn Theorem (Theorem 9).

We first show that

£ < {10 ~ olls = uin 6™ ~ ol }. (134)
Note that
14T — Allz < |AT — Al p < V2||All2-500, (135)
and
_ _ logn
[All2500 < [A = All2 + [[All2500 S VIogn + N < Vlogn. (136)

Therefore, (135) and (136) imply that

1A — Ay < JAT) — A}z + | A = Af]2 S Viog n. (137)
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By definition we have (¢)T¢ > 0 and (¢)7¢(™ > 0. Using Theorem 9, we have

[ = Jll2 = min [s¢'™ — Gl < AT — All2/X £ 1/v/logn,  (138)
|¢ = 6ll2 = min |s¢ — Gll2 S |4 — All2/A S 1/ logn. (139)

and thus
167 = 8]l < 1/y/log n. (140)

When n is large enough, we have that ||¢(™ — ¢||y < 1, which implies (134) since
{£1} 3 5+ ||s¢™) — $|la = 2 — 5(¢™), $) has its minima below 1 for s = 1.

By Weyl’s inequality, max; |\;(A) — A\j(A)| < ||A — A|2. Recall that we are under
&, thus

AM(A) = Aa(A) > A —2||A— A2 2 A = logn. (141)
Moreover from (137) we have that for n large enough,
AT — Ally < A (A) = Xa(A). (142)

Therefore (142) provides the condition for Theorem 9. Combined with (134),
this yields

I(A"™ — A)olla _ [I(A— A8
A (4) = Ao(4) A ‘

16 — ¢l = min [|s¢™ — ||z < (143)

Note that (A — A")¢), = Apd = A and (A — A™)@); = Aipdp, for i # m.
By (128) and (136),

1/2
(A= AT)glls = (A2¢m2 + A?md%) < |pmly/ A% + 1430 < [dmlA.
i#Em

Using this with (143), we have that there exists C; > 0 such that

16 = éll2 < Crlm| < Cilllloc, ¥ € [n]. (144)
Finally, from (136) and (144), there exists Co > 0 such that

Ty = || Allzsosllé = 67|z < Cav/log(n)|6]|oos (145)

which proves Claim 1.

Claim 2: Under &, Ty = |Apm (6™ — ¢)| = O(log(n)||d||ss/ log log(n)).

To prove this claim, we work again under £ and use a concentration bound.
This is where we exploit the independence between ¢(™ — ¢ and {4}, to
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control [A,,(¢(™ — @)|. From concentration bounds, namely taking w = ¢{™) — ¢,
{Xi3, = {A'mi ™, (note that Ay — Ay = A'pi — EA ), p = (aV b) 107%" and
a=3/(aVb)in Lemma 10 from [AFWZ17], we get

—9)i| <

[2(avb) + 3]logn - ™) — M) 120,

1 V lOg (\/ﬁllﬁb(m)_fg“oo

=1 EREIE

For a scalar ('3, define

(m) _ (m) _ = logn . V8™ — llo
&= {Am(¢ M 3/ (¢ —¢ll2+ 1V log (ﬁwm)i&nm)

6™ |12
(146)
£ = ﬂ gm (147)
Since
logn -
g < Aloesoe 6 =l S = =16 = 6l
there exists a choice of C'3 > 0 in the definition of Sl(m) such that
PE™) > 1-2n73, (148)
and from the union bound,
P(&F) < 2n 2 (149)
From (140), we have
£c () {||<Z>(m) — 0|2 < 04/\/10gn} (150)
m=1

for some constant C4 > 1. Define v = C4/+/log n, which is smaller than 1 for large
enough n. It follows from direct algebraic manipulations that

16" — lloo Vv =
log(1/7) ‘

cnem {‘A m) _ &)j<20310gn

Note that under &, (144) leads to

167 = Blloe < 6™ = @l + 16 — Blloo < 6™ = @ll2 + [|P]loc + ||®]loc

< (C1+ 1)]¢]lo0 + jﬁ < (C1+2)[6]lor
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where we used ||¢]|oc > 1/4/n. Hence, recalling that v = Cy/+/logn, we have that
under £ N & there exists C5 > 0 such that

Cs log(n)[| |0

A (0™ — &
(¢ %) < loglogn

,  Vm € [n], (151)
which implies Claim 2.

Let us use now plug the bounds from Claim 1 and 2 in (133), which gives under
ENé&,

H¢Hoo
Sl4 . 152
Putting this back in (126) together with (129), we obtain under £ N &y,
I — A¢/Aloo < élloe (153)
~ Toglog(n)’

We are now left to show that ||¢||c.c = O(1/4/n), which implies the theorem’s
statement since £ N &; take place with probability 1 — Q(n~2).

Claim 3: ||¢]lc = O(1//n).
To prove this claim, note that from (153) and ||¢]|c < ||¢ — Aqﬁ/)\Hoo—i- | Ad/ ]| oo,
we have [|¢]loo < [|Ad||lso/A. Hence it remains to show that [|Ad|lee < %82, Observe

NV
that [Amd| < [[@lloe 30y [Amil = 3211 |Amil /v/n and

B { 11— %blognl, if A'py =1

—b
< QA%—I—Mlogn,

A=A . —
A ‘ " |blogn|, if Ay =0 = 2n

a2
ogn| =
2n &

where the last inequality holds for n large enough. Moreover from (136),

—b —b
ZlAmzl <22A e Mogn < 241 + 1 iogn 5 10gn.
Therefore, HAQZ;HOO < k\’/gf, which proves Claim 3 and the theorem. O

4.3.2 SDP algorithm

Recall that the idea of SDPs is to lift the variables to change the quadratic optimiza-
tion into a linear optimization (as for max-cut [GW95]). Since tr(AB) = tr(BA) for
any matrices of matching dimensions, we have

o' Ar = tr(a' Az) = tr(Azat), (154)

t

hence defining X := zz*, we can write (154) as

Xmap(g) = argmax  x=0  tr(AX). (155)
X;i=1,Vi€[n]
rankX =1
X1n=0
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The first three constraints on X force X to take the form zz! for a vector z €
{+1,—1}", as desired, and the last constraint gives the balance requirement. The
advantage of (155) is that the objective function is linear in the lifted variable X.
The constraint rankX = 1 is responsible for hardness of the optimization. We hence
simply remove that constraint to obtain an SDP relaxation:

Xsip(g) = argmax  x»o0  tr(AX). (156)
X;i=1,Vi€[n]
X1m=0

A possible approach to handle the constraint X1™ = 0 is to replace the adjacency
matrix A by the matrix B such that B;; = 1 if there is an edge between vertices ¢
and j, and B;; = —1 otherwise. Using —7T" for a large 7" instead of —1 for non-edges
would force the clusters to be balanced, and it turns out that —1 is already sufficient
for our purpose. This gives another SDP:

Xspp(g) = argmax  x»o0  tr(BX). (157)

X;;=1,Vi€[n]

The dual of this SDP is given by

Yijzog}g}#én tr(Y). (158)
Y>B

Since the dual minimization gives an upper-bound on the primal maximization, a
solution is optimal if it makes the dual minima match the primal maxima. The
Ansatz here consists in taking Y = 2(Dj, — Doyt) + I, as a candidate for the diagonal
matrix Y, which gives the primal maxima. It we thus have Y = B(g), this is a
feasible solution for the dual, and we obtain a dual certificate. The following is
shown in [ABH16] based on this reasoning.

Definition 12. Define the SBM Laplacian for G drawn under the symmetric SBM
with two communities by

LSBM - D(Gzn) - D(Gout) - A, (159)

where D(Gin) (D(Gout)) are the degree matrices of the subgraphs of G containing
only the edges inside (respectively across) the clusters, and A is the adjacency matriz

of G.

Theorem 11. [ABHI16] The SDP solves exact recovery in the symmetric SBM with
2 communities if 2Lsgy + 111 4+ I, = 0 and A\o(2Lspym + 118 + 1) > 0.

The second requirement above is used for the uniqueness of the solution. This
condition is verified all the way down to the exact recovery threshold. In [ABH16],
it is shown that this condition holds in a regime that does not exactly match
the threshold, off roughly by a factor of 2 for large degrees. This gap is closed
in [BH14, Banl5], which show that SDPs achieve the exact recovery threshold in
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the symmetric case. Results for unbalanced communities were also obtained in
[PW15], although it is still open to achieve the general CH threshold with SDPs.
Many other works have studied SDPs for the stochastic block model, we refer to
[AL14, ABHI16, Banlb, ABKKI15, BH14, MS16, PW15] for further references. In
particular, [MS16] shows that SDPs allow to approach the threshold for weak recovery
in the two-community SSBM arbitrarily close when the expected degrees diverge.

5 Weak recovery for two communities

The focus on weak recovery, also called detection, was initiated® with [CO10),
DKMZ11]. Note that weak recovery is typically investigated in SBMs where vertices
have constant expected degree, as otherwise the problem can trivially be resolved by
exploiting the degree variations.

The following conjecture was stated in [DKMZ11] based on deep but non-rigorous
statistical physics arguments, and is responsible in part for the resurged interest on
the SBM:

Conjecture. [DKMZ11, MNS15] Let (X,G) be drawn from SSBM(n, k,a/n,b/n),
i.e., the symmetric SBM with k communities, probability a/n inside the communities

and b/n across. Define SNR = Wlﬂj)b). Then,

(i) For any k > 2, it is possible to solve weak recovery efficiently if and only if
SNR > 1 (the Kesten-Stigum (KS) threshold);

(ii) If k > 4, it is possible to solve weak recovery information-theoretically (i.e.,
not necessarily in polynomial time in n) for some SNR. strictly below 1.°

It was proved in [Masl4, MNS14b] that the KS threshold can be achieved
efficiently for & = 2, and [MNS15] shows that it is impossible to detect below the
KS threshold for k = 2. Further, [DAM15] extends the results for k = 2 to the case
where a and b diverge while maintaining the SNR finite. So weak recovery is closed
for k£ =2 in SSBM.

Theorem 12. [Converse in [MNS15], achievability in [Mas1j, MNS1/b]] Weak
recovery is solvable (and efficiently so) in SSBM(n,2,a/n,b/n) when a,b = O(1) if
and only if (a — b)? > 2(a + ).

8The earlier work [R108] also considers detection in the SBM.

9The conjecture states that k = 5 is necessary when imposing the constraint that a > b, but
k = 4 is enough in general.

1O[DKMZ'1 1] made in fact a more precise conjecture, stating that there is a second transition
below the KS threshold for information-theoretic methods when k > 4, whereas there is a single
threshold when k = 3.
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Theorem 13. [DAM15] Weak recovery is solvable (and efficiently so) in SSBM(n, 2, an/n, by, /n)
when an, by, = w(1) and (an — bp)%/(2(an +by)) — X if and only if X > 1.

Theorem 13 is discussed in Section 6 in the context of partial recovery. We
discuss here Theorem 12. An additional result is obtained in [MNS15], showing that
when SNR < 1, the symmetric SBM with two communities is in fact contiguous to
the Erd6s-Rénti model with edge probability (a + b)/(2n), i.e, distinguishability is
not solvable in this case. Contiguity is further discussed in Section 8.

For several communities, it was also shown in [BLM15] that for SBMs with mul-
tiple communities that are balanced and that satisfy a certain asymmetry condition
(i.e., the requirement that py, is a simple eigenvalue in Theorem 5 of [BLM15]), the
KS threshold can be achieved efficiently. The achievability parts of previous onjecture
for k > 3 are resolved in [AS15¢, AS17]. We discuss these in Section 7.2.

Note that the terminology ‘KS threshold’ comes from the reconstruction problem
on trees problem [KS66, EKPS00, MP03, MMO6], referring to the first paper by
Kesten-Stigum (KS). A transmitter broadcasts a uniform bit to some relays, which
themselves forward the received bits to other relays, etc. The goal is to reconstruct
the root bit from the leaf bits as the depth of the tree diverges. In particular, for
two communities, [MNS15] makes a reduction between failing in the reconstruction
problem in the tree setting and failing in weak recovery in the SBM. This is discussed
in more details in next section. The fact that the reconstruction problem on tree also
gives the positive behavior for efficient algorithm requires a more involved argument
discussed in Section 5.3.

Achieving the KS threshold raises an interesting challenge for community detection
algorithms, as standard clustering methods fail to achieve the threshold, as discussed
in Section 5.3.1. This includes spectral methods based on the adjacency matrix
or standard Laplacians, as well as SDPs. For standard spectral methods, a first
issue is that the fluctuations in the node degrees produce high-degree nodes that
disrupt the eigenvectors from concentrating on the clusters. A classical trick is to
suppress such high-degree nodes, by either trimming or shifting the matrix entries
[JY13, LLV15, CO10, Vul4, GV16, CRV15], throwing away some information, but
this does not suffice to achieve the KS threshold [KK15]. SDPs are a natural
alternative, but they also appear to stumble before the KS threshold [GV16, MS16,
MPW16], focusing on the most likely rather than typical clusterings. As shown in
[Mas14, MNS14b, BLM15, AS15¢], approximate BP algorithms or spectral algorithms
on more robust graph operators allow instead to achieve KS.

5.1 Warm up: broadcasting on trees

As for exact recovery, we start with a simpler problem that will play a key role
in understanding weak recovery. The idea is similar to that of the exact recovery
warm up, except that we do not reveal only the direct neigbors of a vertex, but the
neighbords at a short depth. In particular, at depth (1/2 — ¢)log(n)/log((a + b)/2),
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the SBM neigborhood of a vertex can be coupled with a Galton-Watson tree, and
so we will consider trees for the warm up. In contrast to exact recovery, we will
not be interested in reconstructing the isolated vertex with probability tending to
1, but with probability greater than 1/2. This is known in the literature as the
reconstruction problem for broadcasting on tree. We refer to [MP03] for a survey on
this topic.

The problem consists in broadcasting a bit from the root of a tree down to its
leaves, and trying to guess back this bit from the leaf bits at large depth. Consider
first the case of a deterministic tree with fixed degree ¢ + 1, i.e., each vertex has
exactly ¢ descendants (note that the root has degree ¢). Assume that on each branch
of the tree the incoming bit is flipped with probability ¢ € [0,1], and that each
branch flips independently. Let X® be the bits received at depth ¢ in this tree, with
X ) being the root bit, assumed to be drawn uniformly at random in {0,1}.

We now define weak recovery in this context. Note that E(X ()| X®) is a random
variable that gives the probability that X(©) = 1 given the leaf bits, as a function of
the leaf bits X ®. If this probability is equal to 1 /2, then the leaf bits provide no
useful information about the root, and we are interested in understanding whether
this takes place in the limit of large t or not.

Definition 13. Weak recovery (usually called reconstruction in this context) is
solvable in the broadcasting on regular tree if lim;_oo EJE(X@|X®) —1/2] > 0.
FEquivalently, weak recovery is solvable if limy_ o I(X(O); X(t)) > 0, where I s the
mutual information.

Note that the above limits exist due to monotonicity arguments. The first result
on this model is due to Kesten-Stigum:

Theorem 14. In the tree model with constant degree ¢ and flip probability ¢,
o [KS66] weak recovery is solvable if ¢(1 — 2e)? > 1,
e [BRZ95, EKPS00] weak recovery is not solvable'! if ¢(1 — 2¢)? < 1.

In fact, one can show a seemingly stronger result where weak recovery fails in
the sense that, when c(1 — 2¢)? < 1,

lim EXOXx®)=1/2 as. (160)
—00

Thus weak recovery in the tree model is solvable if and only if ¢(1 — 2¢)? > 1, which
gives rise to the so-called Kesten-Stigum (KS) threshold in this tree context. Note
that [MPO03] further shows that the KS threshold is sharp for “census reconstruction,”
i.e., deciding about the root-bit by taking majority on the leaf-bits, which is shown

"The proof from [EKPS00] appeared first in 1996.
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to still hold in models such as the multicolor Potts model where the KS threshold is
no longer sharp for reconstruction.

To see this result, let us compute the moments of the number 0-bits minus
1-bits at generation t. First, consider +1 variables rather than bits, i.e., redefine

Xi(t) — (—I)Xi(t), and consider the difference variable:
A® =3 x 1. (161)
i€[ct]

Note that, if there are x bits of value 1 and y bits of value —1 at generation ¢,

then A+ would be the sum of z¢ Radamacher(1 — ) and yc Radamacher(e) (all

independent), and since the expectation of Radamacher(l —¢) is 1 — 2¢ and the
variance of Radamacher(1 — ¢) or Radamacher(e) is 2¢(1 — 2¢), we have

E(ATIAD) = ¢(1 — 26) AW, (162)

VarA+HD) = Var(ATHD | X O)) = ¢2¢(1 — ). (163)

Since X(© — A® — AC+D forms a Markov chain and E(A©|X©) = x(0),

E(ACHD | X @) = E(E(ATH) | AD) | x () (164)
= (1 —2e)E(A® | X)) (165)
= (1 - 20)1 x (0, (166)
Therefore, we have
(E(AM|XO = 1) Var(A® | X = 1)) < (f(1 — 20)%, &), (167)

(E(AD|XO = —1) Var(AD|X© = 1)) < (=cf(1 — 2¢)*, ). (168)

Therefore, defining the signal-to-noise ratio as the term that is exponentiated in the
ratio of the expectation magnitude by the standard-deviation, i.e., SNR = /c(1—2¢),
we have that the statistics A® will preserve information about X, in that the
standard deviation of each posterior will not overflow the magnitude of their respective
means, if (1/c(1 — 2¢))! gets amplified as ¢ grows, i.e., if SNR > 1.

Conversely, irrespective of the statistics used, one can show that the mutual
information I(X(9); X(®)) vanishes as ¢ grows if SNR < 1. In the binary case, it turns
out that the mutual information is subadditive among leaves [EKPS00], i.e.,

Note that this subadditivity holds in greater generality for the first layer, i.e., if
we have a Markov chain Y7 — X — Y5, such as happens when a root variable X is
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broadcasted on two independent channels producing Y7 and Y3, then
I(X;Y1) 4+ (X;Y2) — I[(X;Y7,Y2) (169)
=HY)) - HWY|X)+ H(Ys2) — HY:|X) - H(Y1,Y2) + H(Y1,Y2|X) (170)
=H(Y1) - HW[X) + H(Yz) — H(Y2|X) — H(Y1,Y2) + H(Y1[X) + H(Y2|X)

(171)
= H(Vi) + H(Ys) - H(Y,Y2) (172)
— (Y1 Y2) > 0. (173)

However, going to depth 2 of the tree, there is no simple inequality as the above
that shows the subadditivity, and in fact, the subadditivity is not true in general for
binary non-symmetric noise or for non-binary labels. For binary labels and symmetric
channels, it is shown in [EKPS00] that “detaching” the tree paths produces a degraded
channel which implies the inequality.

Further, the channel between X(© and a one leaf-bit such as Xft) corresponds

to t Bernoulli(e) random variables added, and the mutual information scales as
(1 —2¢)?

1(x®; x1") = 0((1 - 2¢)*) (174)
which implies with the subadditivity
I(X©; x®) = o1 — 2¢)%). (175)
Therefore, if ¢(1 — 2¢)? < 1,
I(X©, x®) = (1)

and the information of the root-bit gets lost in the leaves.

We will soon turn to the connection between the reconstruction on tree problem
and weak recovery in the SBM. It is easy to guess that the tree for us will not
be a fixed degree tree, but the local neighborhood of an SBM vertex, which is
a Gaton-Watson tree with Poisson offspring. We first state the above results for
Galton-Walton trees.

Definition 14. A Galton- Walton tree with offspring distribution p on Z is a rooted
tree where the number of descendants from each vertex is independently drawn under
the distribution p. We denote by T ~ GW (u) a Galton-Walton tree with offspring
w and t generations of descendants, where T©) is the root vertex.

Define as before X®) as the variables at generation ¢ obtained from broadcasting
the root-bit on a Galton-Watson tree T,

Definition 15. Weak recovery is solvable in the broadcasting on Galton- Waston tree
{TW}50 if limy_ o E[E(X Q| X® T®) —1/2| > 0. Equivalently, weak recovery is
solvable if limy_,oo I(X©); XW|TW®) > 0, where I is the mutual information.
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In [EKPS00], it is shown that the threshold c(1 — 2¢)? > 0 is necessary and
sufficient for weak recovery for a large class of offspring distributions, where c is the
expectation of u, such as the Poisson(c) distribution of particular interest to us:

Theorem 15. [EKPS00] In the broadcasting model with Galton-Watson tree of
Poisson(c) offspring and flip probability e, weak recovery is solvable if and only if

c(1—2¢)? > 1.

Another important extension is the ‘robust reconstruction’ problem [JMO04], where
the leaves are not revealed exactly but with the addition of independent noise. It
was shown in [JMO04] that for very noisy leaves, the KS threshold is also tight.

5.2 The information-theoretic threshold

We discuss in this Section the proof for the threshold of Theorem 12, i.e., that weak
recovery is solvable in SSBM(n,2,a/n,b/n) (and efficiently so) if and only if

(a—b)2>2(a+b).

We focus in particular on the information-theoretic converse. Interestingly, for the
achievability part, there is currently not a simpler proof available in the literature
than the proof that are directly giving an efficient algorithm. We discuss below some
attempt, and move to Section 5.3 for the (efficient) achievability.

5.2.1 Converse

We will now prove the converse putting aside two important technical steps: (1) the
coupling of a neighborhood of the SBM with the broadcasting on Galton-Watson
tree, (2) the weak effect of non-edges outside a neighborhood. The second point
refers to the fact that two vertices that are not connected by an edge are not in
the same community with probability exactly 1/2; in fact, P{X; = X3|E1 2 =0} =
1_@};% =1/2(14 (b—a)/2n) + o(1/n), and there is a slight repulsion towards
being in the same community.

Using two lemmas proved in [MNS15] to cover the above two points, [MNS15]
shows the following result:

Theorem 16. [MNS15] Let (X,G) ~ SSBM(n,2,a/n,b/n), the SBM with two
symmetric communities. If (a — b)? < 2(a + b),

P{X; =1|G, Xy =1} > 1/2 a.as. (176)

Here we will give the following equivalent result that also implies the impossibility
of weak recovery:
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Theorem 17. [MNS15] Let (X,G) ~ SSBM(n,2,a/n,b/n) with (a —b)? < 2(a+1).
Then,

Note that the role of vertex 1 and 2 is arbitrary above, it could be any fixed pair
of vertices (not chosen based on the graph).

The connection between the warm-up problem and the SBM comes from the fact
that if one picks a vertex v in the SBM graph, its neighborhood at small enough
depth behaves likes a Galton-Watson tree of offspring Poissonc, ¢ = ((a + b)/2), and
the labelling on the vertices behaves like the broadcasting process discussed above
with a flip probability of e = b/(a+b). Note that the latter parameter is precisely the
probability that two vertices have different labels given that there is an edge between
them. More formally, if the depth is ¢t < (1/2 — §)log(n)/log(a + b)/2) for some
0 > 0, then the true distribution and the above one have a vanishing total variation
when n diverges. This depth requirement can be understood from the fact that the
expected number of leaves in that case is in expectation n'/27% and by the birthday
paradox, no collision will likely occur between two vertices neighborhoods if 6 > 0
(hence no loops take place and the neighborhood is a tree with high probability).

To establish the converse of Theorem 12, it is sufficient to argue that, if it
impossible to detect a single vertex when a genie reveals all the leaves at such a
depth, it must be impossible to detect. In fact, consider P{ X, = =, |G = g, X, = x4},
the posterior distribution given the graph and an arbitrary vertex revealed (here u
and v are arbitrary and chosen before the graph is drawn). With high probability,
these vertices will not be at small graph-distance of each other, and one can open
a small neighborhood around u of depth, say, loglog(n). Now reveal not only the
value of X, but in fact all the values at the boundary of this neighborhood. This is
an easier problem since the neighborhood is a tree with high probability and since
there is approximately a Markov relationship between these boundary vertices and
the original X, (note that ‘approximately’ is used here since there is a negligible
effect due to non-edges). We are now back to the broadcasting problem on tree
discussed above, and the requirement ¢(1 —2¢)? < 0 gives the theorem’s bound (since
c=(a+0b)/2 and e =b/(a +b)).

The reduction extends to more than two communities (i.e., non-binary labels
broadcasted on trees) and to asymmetrical communities, but the tightness of the KS
bound is no longer present in these cases. For two asymmetrical communities, the
result still extends if the communities are roughly symmetrical, using [BCMRO06] and
[MNS13, pri]. For more than three symmetric communities, new gap phenomena
take place [AS17], see Section 8.

We now proceed to proving Theorem 17. The first step is to formalize what is
meant by the fact that the neighborhoods of the SBM look like a Galton-Watson
tree. Let G
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Lemma 11. [MNS15] Let (X,G) ~ SSBM(n, 2,a/n,b/n) and R = R(n) = | ;5 log(n)/log(2(a+
b))|. Let Br :={v € [n] : dg(1,v) < R} be the set of vertices at graph distance at

most R from vertex 1, Gg be the restriction of G on Br, and let Xg = {X, : u € Br}.

Let Tr be a Galton-Watson tree with offspring Poisson(a + b)/2 and R generations,

and let X be the labelling on the vertices at generation t obtained by broadcasting the

bit X := X, from the root with flip probability b/(a +b). Let Xp = {Xff) :t < R}.

Then, there exists a coupling between (Gr, Xgr) and (TRjXR) such that

(Gr, XRg) = (Tr, XR) a.a.s. (178)

The second technical lemma that we need is regarding the negligible effect of
non-edges outside from our local neighborhood of a vertex. The difficulty here is
that these non-edges are negligible if the vertices labels are more or less balanced;
for example, the effect of non-edges would not be negligible if the vertices had all
the same labels.

Lemma 12. [MNS515] Let (X,G) ~ SSBM(n,2,a/n,b/n), R = R(n) = {5 log(n)/ log(2(a+
b))| and Xor = { Xy : dg(u,1) = R}. Then,

P{X1|Xor, X2,G} = (1 + 0o(1))P{X1[XoR, G} (179)
for a.a.e. (X,QG).

The statement means that the probability that (X, G) is such that (179) holds
tends to one as n tends to infinity. Note that R could actually be clog(n)/log((a +
b)/2)] for any ¢ < 1/2 for the above to still hold; we keep the same R as in previous
lemma to reduce the number of parameters.

Corollary 3. Using the same definition as in Lemma 12,
H(X1|Xor, G, X2) = H(X1|Xor, G) + o(1). (180)
We can now prove Theorem 17.

Proof of Theorem 17. Let Tr and {X®}2 | be the random variables appearing in
the coupling of Lemma 11. We have,

1> H(X1|G, X2) > H(X1|G, X2, Xor) (181)
= H(X1|Xor, G) + o(1) (182)
= HXW|X®B Tg) 4 0(1) (183)
=1+0(1) (184)

where (181) follows from the fact that conditioning reduces entropy, (182) follows
from the asymptotic conditional independence of Lemma 12, (183) from the fact
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that the neighbordhood of a vertex can be coupled with the broadcasting on Galton-
Watson tree, i.e., Lemma 11, and (184) follows from the fact that below the KS
threshold weak recovery is not solvable for the broadcasting problem on tree problem,
i.e., Lemma 15. Therefore,

I(X1; X2|G) =1 - H(X41|G, X3) = o(1). (185)
O

5.2.2 Achievability

Interestingly, the achievability part of Theorem 12 was directly proved for an efficient
algorithm, discussed in the next section. Using an efficient algorithm should a priori
require more work than what could be achieved if complexity considerations were put
aside, but a short information-theoretic proof has not been given in the literature
yet. Here we sketch how this could be potentially achieved, although there may be
simpler ways. In Section 8, we discuss an alternative approach that is simpler than
the approach described below; however, it does not provide the right constant for
two communities.

Since (a — b)? > 2(a + b) is the threshold for weak recovery in the broadcasting
on tree problem (when the expected degree is (a 4+ b)/2 and the flip probability
is b/(a + b)), one would hope to find a proof that reduces weak recovery in the
SBM to this broadcasting on tree problem. For a converse argument, it is fairly
easy to connect to this problem since one can always use a genie that gives further
information in a converse argument, in this case, the values at the boundary of a
vertex’ neighborhood. How would one connect to the broadcasting on tree problem
for an achievability result?

We will next discuss how one can hope to replace the genie by many random
guesses. First consider the effect of making a random guess about each vertex.
Let (X,G) ~ SSBM(n,2,a/n,b/n) and let X (e) = {X, + Ber,(1/2 —¢) : v € [n]}
be the noisy genie, i.e., a corruption of each community labels with independent
additive Bernoulli noise for each vertex with flip probability 1/2 —¢, with € € [0,1/2].
Note that X (0) is pure noise, so we can assume that we have access to (X (0), G)
rather than G only (which may seem irrelevant). Next we argue that we can replace
(X(0),G) with (X(©(1/4/n)),q), i.e., not a purely noisy genie but a genie with a
very small bias of order ©(1/4/n) towards the truth.

Lemma 13. If weak recovery is solvable by observing (X (1/v/n),G), then it is
solvable by observing G only.

The proof follows by noting that if weak recovery is solvable using (X (0), G), then
it is solvable using G only since X (0) is independent of (X, G). But X (0) produces
with high probability a bias of ©(y/n) vertices on either the good or bad size (by the
Central Limit Theorem); since both are equivalent in view of weak recovery, we can
assume that we have a genie that gives ©(y/n) vertices on the good side.
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Naive plan: as one can obtain a weak genie ‘for free’ by random guessing, one
may hope to connect to the broadcasting problem on trees by amplifying this weak
genie for each vertex at tree-like depth. That is, take a vertex v in the graph, open
a neighborhood at depth R(n) as in the converse argument of previous section, and
re-decide for the vertex v by solving the broadcasting on tree problem using the
noisy vertex labels at the leaves. Do this for each vertex in parallel; assuming that
correlations between different vertices are negligible.

We next explain why this plan is doomed to fail, because the depth R(n) is too
short to amplify such a weak genie. In fact, For a vertex v and integer t, let Ny(v)
be the number of vertices ¢ edges away from v, A;(v) be the difference between the
number of vertices ¢ edges away from v that are in community 1 and the number of
vertices t edges away from v that are in community 2, and A;(v) be the difference
between the number of vertices t edges away from v that are in C7 and the number
of vertices ¢t edges away from v that are in Cy. For small ¢,

pv) < (“52)

and

Blao] = (%5 b)t (1)

For any fixed values of Ny(v) and A;(v), the probability distribution of As(v)
is essentially a Gaussian distribution with a mean of ©(A.(v)/y/n) and a variance
of &~ N¢(v) because it is the sum of Ny(v) nearly independent variables that are
approximately equally likely to be 1 or —1. So, ﬁt(v) is positive with a probability
of 2+ O(Ai(v)/v/|Ni(v)|n). In other words, if v is in community 1 then A (v) is
positive with a probability of

() () )

and if v is in community 2 then ﬁt(v) is positive with a probability of

Loof(azt) (exb)y ™ L

2 2 2 Jn
If (a — b)? < 2(a+b), then this is not improving the accuracy of the classification, so
this technique is useless. On the other hand, if (a — b)? > 2(a + b), the classification

becomes more accurate as t increases. However, this formula says that to classify
vertices with an accuracy of 1/2 + (1), we would need to have ¢ such that

(452) o ((5%) )
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However, unless a or b is 0, that would imply that

b 2t o\ 2 b\ !
(5 =) ) == ((5))
which means that (QTH’)t = w(n). It is obviously impossible for Ny(v) to be greater

than n, so this t is too large for the approximation to hold. In any case, this shows
that working at the tree-like regime is not going to suffice.

Figure 5: The left figure shows the neighborhood of vertex v pulled from the SBM
graph at depth clogy, n, ¢ < 1/2, which is a tree with high probability. If one had
an educated guess about each vertex’s label, of good enough accuracy, then it would
be possible to amplify that guess by considering only such small neighborhoods
(deciding with the majority at the leaves). However, we do not have such an educated
guess. We thus initialize our labels purely at random, obtaining a small advantage of
roughly \/n vertices by luck (i.e., the central limit theorem), in either an agreement
or disagreement form. This is illustrated in agreement form in the right figure.

This takes us to two possibilities:

e Go deeper. In order to amplify our weak bias of order 1//n to a constant
bias, we can go deeper in the neighborhoods, leaving the regime where the
neighborhood is tree-like. In fact, according to (186), this requires going
beyond the diameter of the graph whcih is log(n)/log((a 4+ b)/2), and having
to repeat vertices (i.e., count walks). The problem is, the above approximation
assumes that each vertex at a distance of t — 1 from v has one edge leading
back towards v, and that the rest of its edges lead towards new vertices. Once
a significant fraction of the vertices are less than t edges away from v, a
significant fraction of the edges incident to vertices t — 1 edges away from v
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are part of loops and thus do not lead to new vertices. This creates obviously
significant complications. This is the approach that is discussed in the next
section, using nonbacktracking walks. In fact, we re-derive this approach in
the next section from our principles on weak recovery from Section 5.3.1. Note
also that this approach is efficient, and it is thus legitimate to ask whether a
simpler argument could be obtained information-theoretically, which takes us
to the next point;

e Repeat guessing. A single random guess gives a bias of order 1/4/n. However,
if we keep guessing again and again, eventually one random guess will be
atypically correlated with the ground truth. In particular, with enough guesses,
one would get a strong enough correlation for the random guess that the
naive plan described above could work at the tree-like depth (connecting us
to the (robust) broadcasting on tree problem, as desired). Of course, a new
difficulty is now to identify which of these many random guesses leads to a
good reconstruction. For this, we propose to use a graph-splitting argument as
discussed next.

Achieving KS information-theoretically: attempt.

(1) Graph-split G into G and G4 such that G; is above the KS threshold.

(2) Take M = M (n) independent random guesses (i.e., partitions of [n]) and amplify
each at the three-like depth on G1. Let Xl, e ,XM be the amplified guesses; these
are each partitions of [n].

(3) Test the edge density of the residue graph G9 on each partition Xi, and output
the first X; that gives a typical edge density (i.e., above a constant factor of what a
purely random partition typically gives for the edge density).

We conjecture that there exists an appropriate choice of M such that (i) a “good
guess” will come up whp, i.e., a guess with enough initial correlation that the naive
plan described above amplifies that guess to a weak recovery solution using Gy, (ii)
the “good guess” amplification is tested positive on the residue graph Go before
any bad guess amplification is potentially tested positive. Note that one could
use variants for testing the validity of the good guess, for example, using the Ay
statistics of previous section to set the validity test. The advantage of this plan is
that its analysis would mainly be based on estimates at tree-like depths and moments
computations.

5.3 Achieving the threshold

In previous section we mentioned two plans to amplify a random guess to a valid
weak recovery reconstruction: (i) one can repeat guessing exponentially many time
until one hits an atypically good random guess that can be amplified on shallow
neighorhoods to a valid weak recovery solution; (ii) on can take a single random
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guess and amplify it on deep neighborhoods to reach directly a valid weak recovery
construction. We now discuss the latter plan, which can be run efficiently.

For this, we continue the reasoning from previous section that explained why the
tree-like regime was not sufficient to amplify a random guess. An obvious way to
solve the problem caused by running out of vertices would be to simply count the
walks of length ¢ from v to vertices in C; or Cy. Recall that a walk is a series of
vertices such that each vertex in the walk is adjacent to the next, and a path is a
walk with no repeated vertices. The last vertex of such a walk will be adjacent to an
average of approximately a/2 vertices in its community outside the walk and b/2
vertices in the other community outside the walk. However, it will also be adjacent
to the second to last vertex of the walk, and maybe some of the other vertices in the
walk as well. As a result, the number of walks of length ¢ from v to vertices in C; or
C5 cannot be easily predicted in terms of v’s community. So, the numbers of such
walks are not useful for classifying vertices.

We could deal with this issue by counting paths'? of length ¢ from v to vertices in
C1 and C5. The expected number of paths of length ¢ from v is approximately (“TH’)t
and the expected difference between the number that end in vertices in the same
community as v and the number that end in the other community is approximately
(%)t. The problem with this is that counting all of these paths is inefficient.

A compromise is to count nonbacktracking walks ending at v, i.e. walks that
never repeat the same edge twice in a row. We can efficiently determine how many
nonbacktracking walks of length ¢ there are from vertices in C; to v. Furthermore,
most nonbacktracking walks of a given length that is logarithmic in n are paths, so
it seems reasonable to expect that counting nonbacktracking walks instead of paths
in our algorithm will have a negligible effect on the accuracy.

12This type of approach is considered in [BB14].
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Figure 6: This figure extends Figure 5 to a larger neighborhood. The ABP algorithm
amplifies the belief of vertex v by considering all the walks of a given length that
end at it. To avoid being disrupted by backtracking or cycling the beliefs on short
loops, the algorithm considers only walks that do not repeat the same vertex within
r steps, i.e., r-nonbacktracking walks. For example, when r = 3 and when the walks
have length 7, the green walk starting at vertex v; is discarded, whereas the orange
walk starting at the vertex vy is counted. Note also that the same vertex can lead to
multiple walks, as illustrated with the two magenta walks from v3. Since there are
approximately equally many such walks between any two vertices, if the majority
of the vertices were initially classified as blue, this is likely to classify all of the
vertices as blue. We hence need a compensation step to prevent the classification
from becoming biased towards one community.

5.3.1 Linearized BP and the nonbacktracking matrix

To derive the algorithm more formally, we now switch to a more principled approach,
starting from the weak recovery figure of merit discussed in Section 3.4. The idea
of using nonbacktracking walks results from a series of papers [KMM™ 13, MNS14b,
BLM15, AS15¢], as discussed in Section 1.4.

Recall that the Belief Propagation algorithm presented in Section 3.4 as a
derivation of the Bayes Optimal estimator. Recall also that we purposely work
with a slightly more general SBM to break the symmetry: i.e., a weakly symmetric
SBM with community prior p = (p1,p2) and connectivity channel W = @ /n such
that diag(p)@ has constant row sums, i.e., the expected degrees in the graph are
constant d. As mentioned in Section 3.4, the BP algorithm ends with a probability
distribution for the community of each vertex, and taking for each vertex the most
likely assignment is conjectured to give a weak recovery solution. However, this
algorithm has several downsides. First of all, it uses a nonlinear formula to calculate
each sucessive set of probability distributions (Bayes rule), and its analysis remains to
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date challenging. From a practical point of view, one needs to know the parameters
of the model in order to run the algorithm, which makes it model-dependent.

We now discuss how both issues can be mitigated by “linearizing” the algorithm.
Recall first that our original guesses of the vertice’s communities gives only a very
weak bias. As such, it may be useful to focus on the first order approximation of
our formula when our beliefs about the communities of v, ..., v, are all close to the
prior probabilities for a vertex’s community. In this case, every entry of @p must be
equal to d. So, we have that

pi[1/21(Qg;)

P[X,, = ilG = g] ~ -
i Z?f:l by Hj:l(QQj)i’

w5 ld+ Qg — p))il
Ef/:l pir [I11[d + (Q(g; — p))i]

- pill + 377, (Q(g5 — p))i/d]
Sy P+ 37 Qg — p))a /d]

_ pill+ 2750, (Q(g5 — p)i/d]
1+ p- Qg —p)/d

m

=pi+pi Y (Qg; —p))i/d

=1

We can then rewrite BeliefPropagationAlgorithm using this approximation in
order to get the following:

PseudoLinearizedBeliefPropagationAlgorithm(t, p, Q, q, G):
1. Set €9, = g, — p for all (v,v') € E(G).

v,

2. For each 0 < t/ < t, and each v € G, set
) _ (t'-1)
D S e

v'":(v ") EE(G),v" #v
3. For each (v,v") € E(G), set

@ =p+ > PV
v:(v,0")EE(G)
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4. Return q(t).

It is time to bring up an issue that was swept under the rung until now, i.e., the
effect of non-edges. If one has access to a good initial guess and operates a short
depth, then the non-edges have negligible effects and the above algorithm can be
used. However, in the current context where we will run the iteration at large depth,
the non-edges need to be factored in. The fundamental problem is that the absence of
an edge between v and v’ provides slight evidence that these vertices are in different
communities, and this algorithm fails to take that into account. Generally, as long as
our current estimates of vertices communities assign the right number of vertices to
each community, each vertex’s nonneighors are balanced between the communities,
so the nonedges provide negligible amounts of evidence. However, if they are not
taken into account, then any bias of the estimates towards one community can grow
over time, and one may end up classifying all vertices in the community that was
initially more represented.

Re-deriving BP by taking into account the non-edges in Bayes rule and writing
down the proper linearization leads to the following algorithm:

LinearizedBeliefPropagationAlgorithm(t, p, Q, q, G):

1. Set 6(03), = ¢y — p for all (v,v') € E(G).

2. Set 61()0) =gqy,—plorallvedG.
3. For each 0 <t < t:
(a) For each (v,v") € E(G), set
o = > P - > PQe ™ /n
(v ") eE(G) v #v v (v W EE(GQ) v #v'

(b) For each v € G, set
) = Z PQEf}t;;l)/d — Z PQeS/_l)/n

v': (v )EE(G) (v, ) EE(G) v #v

4. For each v € G, set

@ =p+ > PV~ > PQE /n

v':(v,v")EE(G) v (v, ) EE(GQ) v #v
5. Return ¢(®).
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We will now discuss a spectral implementation of this algorithm, as the above
resemble a power iteration method on a linear operator. Define the graph’s nonback-
tracking walk and adjusted nonbacktracking matrix as follows.

Definition 16. Given a graph (V, E), the graph’s nonbacktracking walk matriz, B,
is a matriz of dimension |Es| X |Es|, where Es is the set of directed edges on E (i.e.,
|Eo| = 2|E|), such that for two directed edges e = (i,7), f = (k,1),

Bey=1(=1i,k # j). (187)

In other words, B maps a directed edge to the sum of all directed edges starting at
its end, except for the reversal edge.

Definition 17. Given a graph G, and d > 0, the graph’s adjusted nonbacktracking
walk matriz, B is the (|Ea| +n) x (|Ea| + n) matriz such that for all w in the vector
space with a dimension for each directed edge and each vertex, we have that Bw = w’,
where w' is defined such that

wzl),'u’ = Z wv’,’u”/d — Z w,uu/n

v'":(v W) EE(G) v #v (v W EE(G) v £

for all (v,v") € E(G) and

'w;) = Z wv,v’/d - Z wv'/n

v': (v, )EE(G) v':(v, V) EE(GQ) v #v
forallv e G.
These definitions allows us to state the following fact:

Theorem 18. When LinearizedBeliefPropagationAlgorithm is run, for every 0 <
t' < t, we have that

= (Borg) @

This follows from the definition of B and the fact that the propagation step of
LinearizedBeliefPropagationAlgorithm gives e(*) = (E ® PQ) =1 forall 0 < ' <
t.

In other words, LinearizedBeliefPropagationAlgorithm is essentially a power
iteration algorithm that finds the eigenvector of B® PQ with the largest eigenvalue.
B® PQ@Q has an eigenbasis consisting of tensor products of eigenvectors of B and
eigenvectors of PQ, with eigenvalues equal to the products of the corresponding
eigenvalues of B and PQ. As such, this suggests that for large ¢, ) would be
approximately equal to a tensor product of eigenvectors of B and PQ with maximum
corresponding eigenvalues. For the sake of concreteness, assume that w and p are
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eigenvectors of B and PQ such that ¢) ~ w ® p. That corresponds to estimating
that
PIX, =i|G = g] = p; + wypi

for each vertex v and community 7. If these estimates are any good, they must
estimate that there are approximately p;n vertices in community ¢ for each ¢. In other
words, it must be the case that the sum over all vertices of the estimated probabilities
that they are in community ¢ is approximately p;n. That means that either p is small,
in which case these estimates are trivial, or ) _~w, = 0. Now, let the eigenvalue
corresponding to w be A. If 3 -~ w, ~ 0, then for each (v,v") € E(G), we have that

)\’U}Uﬂﬂ =~ E ’wv/ﬂ}///d

(v w")EE(G),v'" #v

- Z B(v’,v”),(v,v’)wv’,v”/d
v (v w")eE(G)

So, the restriction of w to the space spanned by vectors corresponding to directed
edges will be approximately an eigenvector of B with an eigenvalue of approximately
A/d. Conversely, any eigenvector of B that is balanced in the sense that its entries
add up to approximately 0 should correspond to an eigenvector of B. So, we
could try to determine what communities vertices were in by finding some of the
balanced eigenvectors of B with the largest eignvalues, adding together the entries
corresponding to edges ending at each vertex, and thresholding.The eigenvector of
B with the largest eigenvalue will have solely nonnegative entries, so it will not be
balanced. However, it is reasonable to expect that its next few eigenvectors would
be relatively well balanced.

This approach has a couple of advantages over the full BP algorithm. First of all,
one does not need to know anything about the graph’s parameters to find the top
few eigenvectors of B, so this algorithm works on a graph drawn from an SBM with
unknown parameters. Secondly, the approximation of the top few eigenvectors of B
will tend to be simpler than the analysis of the BP algorithm. Note that balanced
eigenvectors of B will be approximately eigenvectors of B — %1, where )\ is the
largest eigenvalue of B and 1 is the matrix thats entries are all 1. Therefore, we
could also look for the main eigenvectors of B — );1—11 instead of looking for the main
balanced eigenvectors of B. We next give two variants of the resulting algorithm for
the case of the SSBM. '3

Nonbacktracking eigenvector extraction algorithm [KMM 13, BLM15].
Input: A graph G and a parameter 7 € R.
(1) Construct the nonbacktracking matrix B of the graph G.

13Note that the symmetry breaking is used to derived the algorithm but we can now apply it
equally well to the symmetric SBM.
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(2) Extract the eigenvector £, corresponding to the second largest eigenvalue of B.
(3) Assign vertex v to the first community if > ... _ &2(e) > 7/4/|V(G)] and to the
second community otherwise.

Theorem 19. [BLM15] If (a — b)? > 2(a +b), then there exists T € R such that
previous algorithm solves weak recovery in SSBM(n,2,a/n,b/n).

Extracting the second eigenvector of the nonbacktracking matrix directly may
not be the most efficient way to proceed, specially as the graph gets denser. A power
iteration method is a natural implementation, which requires additional proofs as
done in [AS17]. Below is the message-passing implementation.

Approximate Belief Propagation (ABP) algorithm. [AS16, AS17]

Inputs: A graph G and a parameter m € Z.
(

1 . .
N 1);' from a Gaussian distribution

(1) For each adjacent v and v’ in G, randomly draw y

®)

v,V

with mean 0 and variance 1. Assign gy /, to value of 0 for ¢t < 1.

(2) For each 1 <t <m, set

(t—1) _ (t-1) 1 Z (t—1)
Z’U o yv o yv// N
; ' 20E(G)|  , 4 ’

(" W"EE(G)

for all adjacent v and v'.
(3) Set ¥y, = >0 w)eB(@) yf)”:) for all v € G. Return ({v: vy, > 0}, {v:y, <0}).

In [AS17], an extension of the above algorithm that prohibits backtrack of higher
order (i.e, avoiding short loops rather than just self-loops) is shown to achieve the
threshold for weak recovery in the SBM when m = 2log(n)/log(SNR) + w(1). The
idea of prohibiting short loops is further discussed in the next section.

5.3.2 Algorithms robustness and graph powering

The quick intuition on why the nonbacktracking matrix is more amenable for com-
munity detection than the adjacency matrix can be seen by taking powers of these
matrices. In the case of the adjacency matrix, powers are counting walks from a
vertex to another, and these get amplified around high-degree vertices since the walk
can come in and out in many ways. This creates large eigenvalues with eigenvectors
localized around high-degree vertices. This phenomenon is well documented in the
literature; see Figure 7 for a illustration of a real output of the spectral algorithm on
a SBM with two symmetric communities (above the KS threshold).

Instead, by construction of the nonbacktracking matrix, taking powers forces a
directed edge to leave to another directed edge that does not backtrack, preventing
such amplifications around high-degree vertices. So nonbacktracking gives a way to
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Figure 7: The communities obtained with the spectral algorithm on the adjacency
matrix in a sparse symmetric SBM above the KS threshold (n = 100000, a = 2.2,b =
0.06): one community corresponds to the neighborhood of a high-degree vertex, and
all other vertices are put in the second community.

mitigate the degree-variations and to avoid localized eigenvector (recall discussion
in Section 3). Note also that one cannot simply remove the high-degree vertices in
order to achieve the threshold; one would have to remove too many of them and the
graph would loose the information about the communities. This is one of the reason
why the weak recovery regime is interesting.

This robustness property of the nonbacktracking matrix is reflected in its spectrum,
which has for largest magnitude eigenvalue A\; (which is real positive), and for second
largest magnitude eigenvalue Ay which appears before v/A; above the KS threshold:

\ A< |/\2’ < A (188)

Then weak recovery can then be solved by using the eigenvector corresponding to
Ao; see previous section. Figure 8 provides an illustration for the SBM with two
symmetric communities.

However the robustness of the NB matrix may not be as strong as desired. It
happens that in the SBM, being pushed away from a high-degree vertex makes it
unlikely for the walk to go back to a high-degree vertex. Therefore, avoiding direct
backtracks suffices. Unfortunately, in many real data graphs, loops are much more
frequent than they are in the SBM. Consider for example the geometric block model
with two Gaussians discussed in Section 9; in such a model, being pushed away
from a high degree vertex likely brings the walk back to another neighbor of that
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Nonbacktracking matrix spectrum
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Figure 8: Illustration of the spectrum of the adjacency and nonbacktracking matrices
for the SBM with two symmetric communities above the KS threshold.

same high degree vertex, and prohibiting direct backtracks does not help much. In
fact, this issue is also present for BP itself (rather than linearized BP), which is
originally designed!'* for locally tree-like models as motived in Section 3.4, although
BP has the advantage over ABP to pass probability messages that cannot grow out
of proportions (being bounded to [0, 1]).

A natural attempt to improve on this is to then extend the notion of nonback-
tracking beyond direct backtracks, prohibiting any repeat of a vertex within r steps
of the walk (rather than just 2 steps). In fact, this idea was already used in [AS17]
for the SBM, as the increased robustness also helped with simplifying the proofs
(even though it is likely unnecessary for the final result to hold). We now define
formally the r-NB matrix of a graph:

Definition 18. [The r-nonbacktracking (r-NB) matriz.] Let G = (V, E) be a simple
graph and let E, be the set of directed paths of length r — 1 obtained on E. The
r-nonbacktracking matriz B") is a |E,| x | E,| matriz indexed by the elements of E,

4 Although it also works in some loopy context [?]; in addition to the AMP framework that
applies to the cases of denser graphs
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Figure 9: A graph drawn from the mixture-GBM(n,2,T,S) defined in Section 9,
where n/2 points are sampled i.i.d. from an isotropic Gaussian in dimension 2
centered at (0,0) and n/2 points are sampled i.i.d. from an isotropic Gaussian in
dimension 2 centered at (.5,0), and any points at distance less than 7' are connected
(here n = 10000, S = 2 and T' = 10/4/n). The spectral algorithm on the NB matrix
gives the right plot, which puts a small fraction of densely connected vertices (a
tangle) in a community, and all other vertices in the second community. The right
plot is the desired community output, that graph powering produces.

such that, for e = (e1,...,e,1), f = (f1,..., fr1) € E,
r—1

Bér} = H 1((eir1)2 = (fi)1)L1((e1)1 # (fr-1)2), (189)

i=1

i.e., entry (e, f) of B") is 1 4f f extends e by one edge (i.e., the last r — 1 edges of e
agree with the first r — 1 edges of f) without creating a loop, and 0 otherwise.

Figure 10: Two paths of length 3 that contribute to an entry of 1 in B®.

Remark 4. Note that B = B is the classical nonbacktracking matriz from Def-
inition ??. As for r = 2, we have that ((B")*=1), ; counts the number of -
nonbacktracking walks of length k from e to f.
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While one gains further robustness by using »-NB with larger r, one may still
require r to be impractically large in cases where a large number of cliques and
tangles are present in the graph (such as in the two-Gaussian geometric block model
mentioned before). We now discuss three alternatives to further increase such ro-
bustness.

(1) SDPs. While the SDP in Section 3.2 was motivated as a relaxation of the
min-bisection estimator that is optimal for exact recovery but not necessarily for
weak recovery, one may still use SDPs for weak recovery as well. In fact, the SDP
benefits from a key feature; recall that the SDPs discussed in Section 3.2 takes the
form:

Xspp(g) = argmax  x-0  tr(BX). (190)
X;i=1,Vi€[n]
for a matrix B which is a centered version of the adjacency matrix. The key feature

is that the constraint
Xii =1

on the matrix X does not make the above optimization hard, as opposed to the
original min-bisection problem that requires
mf =1
on the vector x, which makes min-bisection an NP-hard integral optimization problem.
The advantage is that X;; = 1 prohibits the entries of X to grow out of proportion (X
needs to be also PSD), and the SDP does not produce as much localized eigenvector.
Several works have investigated SDPs for SBMs [AL14, ABH16, Banl5, BH14,
PW15], with a precise picture about for weak recovery from [GV16, MS16, JMR16].
We now mention one important result from [MS16] that shows that SDPs allow to
approach the threshold for weak recovery in the two-community SSBM arbitrarily
close when the expected degrees diverge.

Theorem 20. [MS16] There exists 6(a,b) satisfying 5(a,b) — 0 as (a+b) — oo, such

that if g?;ﬁ%f) > 14+9(a,b), then the SDP solves weak recovery in SSBM(n,2,a/n,b/n).

So for large degrees, SDPs are both performing well and afford further robustness
compared to NB spectral methods. For example, [MPW16] shows that SDPs are
robust to certain monotone adversary, that can add edges within clusters and remove
edges across clusters. Such adversary could instead create trouble to NB spectral,
e.g., by adding a clique within a community to create a localized eigenvector of large
eigenvalue.

On the flip side, SDPs have two issues: (1) they do not perform as well in very
sparse regime; take for instance the example covered in Section 3.2 showing that
the SDP fails to give the clusters when they are disjoint and which can generalize
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to more subtle cases where the sparsest cut is at the periphery of the graph rather
than in the middle of the two clusters; (2) most importantly, SDPs are not truly
practical® which makes their direct application difficult in graphs that are not small.
One may use various tricks to initalized or accelerate SDPs, but these make instead
the analysis more challenging.

(2) Laplacian and Normalized Laplacian. In contrast to SDPs, spectral methods
afford much better complexity attributes. A possibility to improve their robustness
to degree variations would be to simply normalize the matrix by taking into accounts
degree variations, such as

L:=D-A (191)
Lyowm :=1 — D7 Y2ADY? & D71/2ApD~1/2 (192)
These can also be viewed as relaxations of min-cuts where one does not constrain the

number of vertices to be strictly balanced in each community, but where one weighs
in the volume of the communities in terms of the number of vertices of degrees:

normeut, 1 12O 10(S)]10(S)]
b= gggee V1= s T e (193)
_ _10(9)] _1aes)] . 1a(S)]

e = sy T ats) s (199

where d(S) = ) g degree(v), V = [n].

One can now look for a {0, 1}-valued vector, i.e., the indicator vectors on a subset
S, that minimizes these normalized cuts. This is still an NP-hard problem, but
its spectral relaxation obtained by removing the integral constraints leads to the
smallest eigenvector of the matrices in (191), (192) (ignoring the 0 eigenvalue), which
have now some balanceness properties embedded.

These afford in fact better robustness to high-degree vertices. However, they
tend to overdo the degree correction and can have trouble with low-degree regions of
the graph in models such as the SBM. Attached are two examples of SBMs that are
above the weak recovery threshold, but where these two normalized spectral method
produce communities that are peripheral, i.e., cutting a small tail of the graph that
has a sparse normalized cut — see Figure 11.

In fact, we conjecture that none of these two operators achieves the weak recovery
threshold for general parameters. But, more importantly, one should be reminded of
the principled approach pursued here: The normalized Laplacians are motivated by
combinatorial benchmarks, i.e., normalized cuts, which do not have a clear connection
to the Bayes optimal estimator.

15The complexity may be of the order of n®.
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Figure 11: The communities obtained with the spectral algorithm on the Laplacian
matrix in a sparse symmetric SBM above the KS threshold (n = 100000, a = 2.2,b =
0.06): one community corresponds to a “tail” of the graph (i.e., a small region
connected by a single edge to the giant component), and all other vertices are put in
the second community. The same outcome takes place for the normalized Laplacian.

(3) Graph powering. We conclude with a recent proposal to bridge the advantage
of spectral methods with robustness attributes, while keeping a Bayes-inspired
construction. The method is developed in [?] and relies on the following operator.

Definition 19 (Graph powering). We give two equivalent definitions:

e Given a graph G and a positive integer r, define the r-th graph power of G
as the graph G with the same vertex set as G and where two vertices are
connected if there exists a path of length < r between them in G.

Note: GU) contains the edges of G and adds edges between any two vertices at
distance < r in G. Note also that one can equivalently ask for a walk of length
<r, rather than a path.

If A denotes the adjacency matrixz of G with 1 on the diagonal (i.e., put self-
loops to every vertex of G), then the adjacency matriz A" of G) is defined

by
A =1(47 > 1). (195)

Note: A" has the same spectrum as A (up to rescaling), but the action of the
non-linearity 1(- > 1) gives a key modification to the spectrum.
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Definition 20 (Deep cuts). For a graph G, a r-deepcut in G corresponds to a cut
in G, j.e.,

,(S)={ueSves:(AM),,=1}, SCV(Q). (196)
We now discuss two key attributes of graph powering:

o Deep cuts as Bayes-like cuts. The cut-based algorithms discussed previously
for A, L or Lyorm can be viewed as relaxation of the MAP estimator, i.e.,
min-bisection. As said multiple times, this is not the right figure of merit
for weak recovery. Let us illustrate again the distinction on a toy example,
illustrated in Figure 12.

11 1 1222222222222 11 1 1222222222222

Figure 12: In the left graph, assumed to come from SSBM(n,2,3/n,2/n), the root
vertex is labelled community 1 from the ML estimator given the leaf labels, which
corresponds to the min-cut around that vertex. In contrast, the Bayes optimal
estimator puts the root vertex in community 2, as the belief of its right descendent
towards community 2 is much stronger than the belief of its two left descendents
towards community 1. This corresponds in fact to the min-deep-cut obtained from
the right graph, where 2-deep edges are added by a graph-power.

Imagine that a graph drawn from SSBM(n, 2,3/n,2/n) contained the following
induced subgraph. vg is adjacent to v, ve, and v3. v; and vy are each adjacent
to two outside vertices that are known to be in community 1, and v3 is adjacent
to a large number of vertices that are known to be in community 2. v; and vy
are more likely to be in community 1 than they are to be in community 2, and
vg is more likely to be in community 2 than it is to be in community 1. So, the
single most likely scenario is that vg, v1, and ve are in community 1 while vg is
in community 2. In particular, this puts vg in the community that produces
the sparsest cut (1 edge in the cut vs 2 edges in the other case). However, v3
is almost certain to be in community 2, while if we disregard any evidence
provided by their adjacency to vy, we would conclude that v; and vy are each
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only about 69% likely to be in community 1. As a result, vg is actually slightly
more likely to be in community 2 than it is to be in community 1.

The reason why powering and deepcuts matter is that it helps getting feedback
from vertices that are further away, producing a form of combinatorial likelihood
that is measured by the number of vertices that are not just directly connected
to a vertex, but also neighbors at a deeper depth. The deepcuts are thus more
“Bayes-like” and less “MAP-like,” as seen in the previous example where vertex
1 is now assigned to community 2 using 2-deepcuts rather than community 1
using standard cuts (i.e., 1-deepcuts).

e Powering to homogenize the graph. Powering further helps mitigating the
degree variations, and more generally density variations in the graph, both
with respect to high and low densities. Since the degree of all vertices is raised
with powering, both high and low density regions are not contrasting as much
under powering. Large degree vertices do not stick out as much, tails (as in
Figure 11) are thickened, and the more macroscopic properties of the graph
can prevail.

Of course, powering is useful only if the power r is not too low or not too large.
If it is too low, say r = 2, powering may not help much. If it is too large, say
r > diameter(G), then powering turns any graph to a complete graph, which
destroys all the useful information. However, powering with r below the diameter
and larger than loglog(n), such as r = |y/log(n)], allows to regularize the SBM
graph to achieve the weak recovery threshold with the vanilla spectral algorithm.

The key property is captured by the following pictural representation of the
spectrum of A (say for r = [/log(n)]):

Note also that a similar picture to Figure 13 holds in the SBM when taking
a different operator, namely W where W;; counts the number of paths of length
r between ¢ and j, as shown by Massoulié in the first proof of the KS threshold
achievability [Mas14]. The key difference is that the operator W suffers from the
same issues as discussed above for the nonbacktracking operator: it allows to mitigate
high-degree vertices, but not denser regions such as tangles. In particular, planting a
moderately small clique in a community of the SBM or taking the mixture GBM as
in Figure 9 can drive the spectral algorithm on W to produce localized eigenvector,
while the powering operator is more robust due to the non-linearity 1(- > 1) that
flattens out the entries of large magnitude.

A down side of powering approaches is that they densify the graph, so one would
ideally combine graph powering with degree normalizations to reduce the number
of powers (since powering raises the density of the graph, normalization may no
longer have the issues mentioned above) or some form of graph sparsification (such
as [SS11]). Note that powering and sparsifying do not cancel each other: powering
adds edges to “complete the graph” where edges should be present, while sparsifying
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graph-powered adjacency matrix A(r)

>
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Figure 13: Illustration of the spectrum of the adjacency matrix of the powered graph
for a two community symmetric SBM above the KS threshold. The power must be
below half the diameter and larger than €2(loglog(n)), such as r = (loglog(n))? or
r = elogn, € small enough. The bulk is delimited by the eigenvalues of random
vectors, while the localized eigenvectors on high-degree vertices mark the next
transition (note that previous two regions may not appear separated as in the
figure on a real plot), followed by the isolated eigenvalue containing the community
information, and at last the Perron-Frobenius eigenvalue close to the average degree.
A similar picture takes place for the operator of [Masl4], which does not use the
non-linearity of graph-powering, but which is more sensitive to tangles as for the NB
operator in Figure 9.

prunes down the graph by adding weights on other edges. Finally, one may also
remove leaves (with a few recursion) and paths to further reduce the powering.

6 Partial recovery for two communities

We discuss in this section various results for partial recovery.

6.1 Almost Exact Recovery

Almost exact recovery, also called weak consistency in the statistics literature, or
strong recovery, has been investigated in various papers such as [YP14b, AL14,
GMZZ15, MNS14a, YP14a, AS15a].

Theorem 21. Almost exact recovery is solvable in SSBM(n,2,a,/n,b,/n) (and
efficiently so) if and only if

(an — bn)2

i w(1). (197)

Note that the constant 2 above is not necessary but it makes the connection to
the SNR of previous section more explicit. This result appeared in several papers;
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a first appearance is from [YP14b] where it results from the case of non-adaptive
random samples, and it is also shown in [MNS14a, AS15a].
We point out two approaches to obtain this result:

e Boosting weak recovery with graph-splitting. One can use graph-splitting
repeatedly to turn the result of previous section on weak recovery into Theorem
21. This requires however having an algorithm to solve weak recovery first,
which represents more work than needed to obtain Theorem 21. We mention
nonetheless how one can cut shorter assuming such an algorithm.

The idea is to graph-split G with equiprobable probabilities into G1, ..., Gk
with £ = [y/log(n)]. Note that each G; is marginally an SBM with parameters
an = a/log(n), by, = by/log(n), so largely above the KS threshold. Apply now
the algorithm that solves weak recovery in each of these graphs, to obtain a
collection of k clusterings Xl, . ,Xk. One can now boost the accuracy by
doing a voting for each pair of vertices over these different clusterings. E.g.,
take vertices 1 and 2, and define

A~

k
Vip= Zl(f(z‘(l) = Xi(2)), (198)
i=1

which counts how many times vertices 1 and 2 have been classified as being
in the same community over the k trials. If these graphs were independently
drawn, since P(X;(1) = X;(2)) = 1/2+¢ from the weak recovery algorithm, and
as V] 2 concentrates towards its mean, one can decide with probability 1 — o(1)
whether 1 and 2 are in the same community or not. The conclusion stays the
same with graph-splitting as one has an approximate independence. The reason
is that the graphs are in a sparse enough regime. In particular, the probability
that vertex 1 and 2 would receive multiple edges from k truly independent such
SBMs is only 1 — (1 —py)? —2(1 — py)ps = O(py) = O(y/1log(n)/n), where
p+ is the probability of placing an edge given by py = (a + b)+/log(n)/(2n).

e Sphere comparison. While previous argument cuts shorter if one has a weak
recovery algorithm, one can also obtain almost exact recovery directly. One
possibility is to count the common neighbors at large enough depth between
each pair of vertices. This uses “two poles” for comparison rather than a
“single pole” as used in previous section for weak recovery (where we decided for
each vertex by looking at the neighbors at large depths, rather than comparing
two neighborhoods). We found that it is simpler to use a single pole when
having to work at very large depth as needed for the sparse regime of weak
recovery, whereas if one has the advantage of having diverging degrees, and
thus the possibility of working at shorter depth, then using two poles allows
for simplifications. The name “sphere comparision” used in [AS15a] refers to
the fact that one compares the “spheres” of two vertices, i.e., the neighbors

76



at a given depth from each vertex. This goes for example with the general
intuition that the social spheres of two like-minded people should be more
similar. In particular, the count of common neighbors is a natural benchmark
of comparison.

The depth at which spheres need to be compared needs to be above half
the graph diameter, so that spheres can overlap. However, in contrast to
the constant degree regime, diverging degrees allow us to compare spheres
at depths below the diameter, circumventing the use of walks. In [AS15a],
graph splitting is also used to inject independence in the comparisons of the
sphere, as the direct count of common neighbors is a challenging quantity to
analyze due to dependencies. Instead, [AS15a] graph-splits the original graph
into a work-graph and a bridge-graph, counting how many edges from the
bridge-graph connect two spheres in the work-graph. We provide next more
formal statements about this approach.

Definition 21. For any vertex v, let N,g)(v) be the set of all vertices with shortest
path in G to v of length r. We often drop the subscript G if the graph in question is
the original SBM.

For an arbitrary vertex v and reasonably small r, there will be typically about
d" vertices in N,(v) (recall d = (a + b)/2), and about (%52)" more of them will be
in v’s community than in each other community. Of course, this only holds when
r < logn/logd because there are not enough vertices in the graph otherwise. The
obvious way to try to determine whether or not two vertices v and v" are in the same
community is to guess that they are in the same community if | N, (v)N\N,.(v")| > d?" /n
and different communities otherwise. Unfortunately, whether or not a vertex is in
N, (v) is not independent of whether or not it is in N, (v’), which compromises this
plan. This is why we use the graph-splitting step: Randomly assign every edge in G
to some set E with a fixed probability ¢ and then count the number of edges in F
that connect Nyq\ g) and Ny gy:

Definition 22. For anyv,v' € G, r,r" € Z, and subset of G'’s edges E, let Ny (g(v-
v') be the number of pairs (vi,va) such that vi € Ny g)(v), v2 € N\ g (v'), and
(Ul, Ug) e F.

Figure 14 provides an illustration of the used statistics. Further, [AS15d] develops
an invariant statistics that does not require the knowledge of the model parameters
in order to compare the spheres:

Definition 23. Let G be a graph and let E be the edge set obtained by sampling
each edge with probability ¢ (i.e., the graph-split). For two vertices v,v' in G, define
the sign-invariant statistics as

L g (v 0") i= Nygo o (0 - 0') - Ny gy (0 - 0') — N3+L7,,[E] (v-). (199)
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Nya\g)(v)  Npja\g (v')

Figure 14: Sphere comparison: The algorithm takes a graph-splitting of the graph
with a constant probability, and decides whether two vertices are in the same
community or not based on the number of crossing edges (in the first graph of the
graph-split) between the two neighborhoods’ spheres at a given depth of each vertices
(in the second graph of the graph-split). A careful (unbalanced) choice of r, 7’ allows
to reduce the complexity of the algorithm, but in general, r = v’ = %log n/logd
suffices for the algorithm to succeed (where d is the average degree).

The key property is that this statistics ,.,g) is with high probability scaling as

2 1— 2r4+2r'+2 —b 2 , b r4r/4+1
c*(1-2¢) _ <d— a > gt (a 5 ) (20x,,x, —1).  (200)

n? 2

In particular, for r + ' odd, Ly (v - v") will tend to be positive if v and v’ are in
the same community and negative otherwise, irrespective of the specific values of
a,b. That suggests the following agnostic algorithm for partial recovery:

Agnostic-sphere-comparison. Input: an n-vertex graph and a parameter 7 < 0. Let
d be the average degree of the graph:

1. Set r = o' = %logn/ logd and put each of the graph’s edges in E with
probability ¢ = 1/10.

2. Find two vertices u1, uz of maximal degrees such that I,/ g (u1 - u2) < 7, and
assign each of these to a different community. Assign each vertex u ¢ {ui,ug}
to the community i € {1,2} maximizing I, /g (u - ;).

A variant of this algorithm (that applies to the general SBM) is shown in [AS15d]
to solve almost exact recovery efficiently under the condition of Theorem 21. We
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conclude this section by noting that one can also study more specific almost exact
recovery requirements, allowing for a specified number of misclassified vertices s(n).
This is investigated in [YP15] when s(n) is moderately small (at most logarithmic),
with an extension of Theorem 21 that applies to this more general setting. The
case where s(n) is linear, i.e., a constant fraction of errors, is more challenging and
discussed in the next sections.

6.2 Partial recovery at finite SNR

Recall that partial recovery refers to the a fraction of misclassified vertices that is
constant, whereas previous section investigates a fraction of misclassified vertices
that is vanishing.
In the symmetric SSBM(n,2,a/n,b/n), the regime for partial recovery takes
place when the following notion of SNR is finite:
(a—b)? _

SNR = 55 = 0(1), (201)

This takes place under two circumstances:
I. If a,b are constant, i.e., the constant degree regime,

II. If a, b are functions of n that diverge such that the numerator and denominator
in SNR scale proportionally.

Our main goal is to identify the optimal tradeoff between SNR and the fraction of
misclassified vertices, or between SNR and the MMSE or the mutual information of
the reconstruction. The latter has in particular application to the compression of
graphs [Abb16, AAV17b]. We first mention some bounds.

Upper bounds on the fraction of incorrectly recovered vertices were demonstrated,
among others, in [AS15a, YP14a, CRV15, GMZZ15], taking form Cexp(—cSNR)
when SNR is large. A bound that applies to the general SBM with arbitrary
connectivity matrix W = @/n is also provided in [AS15a]. In [YP14a], a spectral
algorithm is shown to reach an upper bounded of Cexp{—SNR/2} for the two
symmetric case, and in a suitable asymptotic sense. An upper bound of the form
C exp(—SNR/4.1)—again for a spectral algorithm—was obtained earlier in [CRV 15].
Further, [GMZZ15] also establishes minimax optimal rate of C'exp{—SNR/2} in the
case of large SNR and for certain types of SBMs, further handling a growing number
of communities (to the expense of looser bounds).

The optimal fraction of nodes that can be recovered was obtained in [MNS13] for
two symmetric communities when the degrees are constant but the SNR is sufficiently
large, connecting to the broadcasting problem on tree problem [EKPS00]. This result
is further discussed below. It remains open to establish such a result at arbitrary
finite SNR.
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We next describe a result that gives the optimal tradeoff between the SNR and
the MMSE (or the mutual information) for the two-symmetric SBM in the second
regime, where SNR is finite (and arbitrary) but where degrees diverge. After that,
we discuss results for constant degrees but large enough SNR.

6.3 Mutual Information-SNR tradeoff

In this section, we study the finite SNR regime with diverging degrees and show
that the SBM is essentially equivalent to a spiked Wigner model, where the spiked
signal has a block structure (rather than a sparse structure as in sparse PCA 77).
To compare the two models, we use the mutual information.

For (X,G) ~ SSBM(n, 2, pn, ¢»), the mutual information of the SBM is I(X; G),
where

I(X;G) = H(G) - H(G|X) = H(X) - H(X|G),

and H denotes the entropy. We next introduce the normalized MMSE of the SBM:

MMSE,,(SNR) = n(nl_l)E{HXXT - E{XXUG}H?} . (202)
=, min E{[X1X - 3u(@)]'} (203)

To state the result that provides a single-letter characterization of the per-vertex
MMSE (or mutual information), we need to introduce the effective Gaussian scalar
channel. Namely, define the Gaussian channel

Yo = Yo(v) = Vv Xo + Zo, (204)

where Xy ~ Unif({+1, —1}) independent of Zy ~ N(0,1). We denote by mmse()
and I(~y) the corresponding minimum mean square error and mutual information:

L I
mmse(~) = E { (X0 — E {XoYo(1)})?} - (206)

Note that these quantities can be written explicitly as Gaussian integrals of elementary
functions:

I(y) = v — Elogcosh (v + /7 %) , (207)
mmse(y) = 1 — E{ tanh(y + /7 Zo)*} - (208)

We are now in position to state the result.
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Theorem 22. [DAMI15] For any A > 0, let v« = v+(\) be the largest non-negative
solution of the equation

7 =A(1 — mmse(y)) (209)
and
2
v =2+ L), (210)

Let (X, G) ~ SSBM(TL’ 2, pn, QH) and deﬁnew SNR :=n (pn_Qn)Q/(Q(pn+Qn)(1_
(Pn+qn)/2)). Assume that, as n — oo, (1) SNR — X and (ii) n(pn + qn)/2(1 — (pn +
Gn)/2) — 0o. Then,

lim MMSE,(SNR) = 1 - 7*2)2 (211)
lim 2~ I(X:G) = U(ra(N), \). (212)

n—oo n

Further, this implies lim,_,ooc MMSE,,(SNR) = 1 for A <1 (i.e., weak recovery
unsolvable) and lim,,_,,o MMSE,,(SNR) < 1 for A > 1 (i.e., weak recovery solvable).

Corollary 4. [DAM15] When p, = a/n,q, = b/n, where a,b are bounded as n
diverges, there exists an absolute constant C' such that

li LI @) — W (M)A <C”\3/2
lffolipﬁ( 1 G) = U(7(N), ) SN

Here X\, (v, \) and v«(\) are as in Theorem 22.

(213)

A few remarks about previous theorem and corollary:

e Theorem 22 shows that the normalized MMSE (or mutual information) is
non-trivial if and only if A > 1. This extends the results on weak recovery
[Mas14, MNS15] discussed in Section 7.2 for the regime of finite SNR with
diverging degrees, completing weak recovery in the SSBM with two communities
and any choice of parameters;

e Theorem 22 also gives upper and lower bound for the optimal agreement. Let

Overlapn(SNR):iAg S{IE N E{|(X,s(G))|}.
s:Gn— ,—1pm

Then,

1 — MMSE,,(SNR) 4+ O(n™!) < Overlap,,(SNR) (214)
< /1 —=MMSE,(SNR) 4+ O(n"'/?).  (215)

6Note that this is asymptotically the same notion of SNR as defined earlier when p,,, ¢, vanish.
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In [MX15], tight expressions similar to those obtained in Theorem 22 for
the MMSE are obtained for the optimal expected agreement with additional
scaling requirements. Namely, it is shown that for SSBM(n, 2,a/n,b/n) with
a=b+ puvb and b = o(logn), the least fraction of misclassified vertices is in
expectation given by Q(v/v*) where v* is the unique fixed point of the equation
v = “TQE tanh(v + vv/Z), Z is normal distributed, and @ is the Q-function for
the normal distribution. Similar expressions were also derived in [ZMN16] for
the overlap metric, and [LKZ15] for the MMSE.

Note that Theorem 22 requires merely diverging degrees (arbitrarily slowly),
in contrast to general results from random matrix theory such as [BBAP05]
that would require poly-logarithmic degrees to extract communities from
the spiked Wigner model point of view. We refer to [PWBM16b, PWBI6]
for generalizations of the spiked Wigner model discussed here with a sharp
statistical and algorithmic analysis.

1.0

0.8

0.6
A4
.

1(X;G)/n

0.4

0.2

0.0
0

1 2 3 2 5
A=n(p—q)° /[45(1-F)]

Figure 15: Asymptotic mutual information per vertex of the symmetric stochastic
block model with two communities, as a function of the signal-to-noise ratio A\. The
dashed lines are simple upper bounds: lim,_, [(X;G)/n < A\/4 and I(X;G)/n <

log 2.

6.4

Proof technique and connections to spiked Wigner models

Theorem 22 gives an exact expression for the normalized MMSE and mutual infor-
mation in terms of an effective Gaussian noise channel. The Gaussian distribution
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emerge due to a universality result established in the proof: in the regime of the
theorem, the SBM model is equivalent to a spiked Wigner model given by

Y =AnXX'+ 7

where Z is a Wigner random matrix (i.e., symmetric with i.i.d. Normal entries), and
where we recall that A corresponds to the limit of SNR.
The formal statement of the equivalence is as follows:

Theorem 23 (Equivalence of SBM and a spiked Wigner model). Let I[(X;G) be
the mutual information of SSBM(n, 2, pp, qn) with SNR — X and n(p, + qn)/2(1 —
(Pn + qn)/2) = o0, and I1(X;Y) be the mutual information for spiked Wigner model
Y = /A/nXX'+ Z. Then, there is a constant C independent of n such that

)\3/2
\/n(pn + Qn)/2(1 - (pn + Qn)/2)

%\I(X;G)—[(X;Y)\ gc( +]SNR—/\|>.

(216)

To obtain the limiting expression for the normalized mutual information in
Theorem 22, notice first that for Y (\) = \/A\/nX X" + Z,

%I(X;Y(O)) —0 %I(X;Y(oo)) — log(2).
Next, (i) use the fundamental theorem of calculus to express these boundary condi-
tions as an integral of the derivative of the mutual information, (ii) use the -MMSE
identity [GSV05] to express this derivative in terms of the MMSE, (iii) upper-bound
the MMSE using a specific estimator obtained from the AMP algorithm [DMMO09] (or
any algorithm performing optimally in this regime), (iv) evaluate the asymptotic per-
formance of the AMP estimate using the density evolution technique [BM11, DM14],
and (v) note that the obtained bound matches the original value of log(2) in the
limit of n tending to infinty:

@1 [0

log(2) = — aI(XXt;Y(A))dA (217)
nJo
(i) 471%2 /0 T MMSE(X XYY (M) dA (218)
(4i) 00
< 47112/0 E(X X" — &anp A (00) 2y (00))? dA (219)
2 B (7(00), 00) — ¥(7(0),0) + 0 (1) (220)
© log(2) + on(1). (221)

This implies that (iii) is in fact an equality asymptotically, and using monotonicity
and continuity properties of the integrant, the identify must hold for all SNR as
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stated in the theorem. The only caveat not discussed here is the fact that AMP
needs an initialization that is not fully symmetric to converge to the right solution,
which causes the insertion in the proof of a noisy genie on the true labels X at
the channel output to break the symmetry for AMP. The genie is then removed by
taking noise parameters that are arbitrarily large.

6.5 Partial recovery for constant degrees

Obtaining the expression for the optimal agreement at finite and arbitrary SNR

when the degrees are constant remains an open problem (see also Sections 6.1 and

10). The problem is settled for high enough SNR in [MNS13], with the following

expression relying on reconstruction error for the broadcasting on tree problem.
Define the optimal agreement fraction as

Po, (@)= 5 + SpE| 31070, G = Xo) — 51 (222)

v

Note that the above expression takes into account the symmetry of the problem
and can also been interpreted both as a normalized agreement and probability. Let
Pg(a,b) = limsup, Pg, (a,b). Define now the counter-part for the broadcasting
problem on tree: Back to the notation of Section 5.1, define T as the Galton-
Watson tree with Poisson((a + b)/2) offspring, flip probability b/(a + b) and depth ¢,
and define the optimal inference probability of the root as

Pr(a,b) == % + lim EE(X @) x®) —1/2]. (223)

The reduction from [MNS15] discussed in Section 5.1 allows to deduce that Pg(a,b) <
Pr(a,b), and this is shown to be an equality for large enough SNR:

Theorem 24. [MNS13] There exists C' large enough such that if SNR > C' then
Pg(a,b) = Pr(a,b), and this normalized agreement is efficiently achievable.

The theorem in [MNS13] has a weaker requirement of SNR > C'log(a + b), but
later developments on weak recovery allow to obtain for free the version stated above.
Note that Pr(a,b) gives an implicit expression for the optimal fraction, though it
admits a variational representation due to [MMO0G]. The efficient algorithm is a
variant of belief propagation.

In [DKMZ11], it is conjectured that BP gives the optimal agreement at all SNR.
However, as discussed in Section 3.4, BP is hard to analyze it in the context of
loopy graphs with a random initialization. Another strategy is to proceed with a
two-round procedure, which is used to establish the above results in [MNS13] for
two communities. The idea is to use a simpler algorithm to obtain a non-trivial
reconstruction when SNR > 1, see Section 7.2, and then to improve the accuracy
using full BP at shorter depth. To show that the accuracy achieved is optimal, one
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has to also show that a noisy version of the reconstruction on tree problem [JMO04],
where leaves do not have exact labels but noisy labels, leads to the same probability
of error at the root. This is expected to take place for two communities at all SNR
above the KS threshold, and it was shown in [MNS13] for the case of large enough
SNR. This type of claim is not expected to hold for general k. For more than two
communities, one needs to convert first the output of the algorithm discussed in
Section 5.3.1, which gives two sets that correlated with their communities, into a
nontrivial assignment of a belief to each vertex; this is discussed in [AS17]. Then
one can use these beliefs as starting probabilities for a belief propagation algorithm
of depth log(n)/31log(A1), which runs now on a tree-like graph.

7 The general SBM

In this section we discuss results for the general SBM, where communities can
take arbitrary relative sizes and where connectivity rates among communities are
arbitrary.

7.1 Exact recovery and CH-divergence

We provide the fundamental limit for exact recovery in the general SBM, in the
regime of the phase transition where W scales like log(n)@Q/n for a matrix @ with
positive entries.

Theorem 25. [AS15a] Ezact recovery in SBM(n,p,log(n)Q/n) is solvable and
efficiently so if

Ii(p, Q) == min Dy ((diag(p)Q)ill(diag(p)@);) > 1

1<i<j<k

and is not solvable if I.(p,Q) < 1, where D4 is defined by

Di(ullv) := max ) v(@)filu@)/vi@), fily)=1—t+ty = v (229)

Remark 5. Regarding the behavior at the threshold: If all the entries of Q are non-
zero, then exact recovery is solvable (and efficiently so) if and only if I (p, Q) > 1.
In general, exact recovery is solvable at the threshold, i.e., when I (p,Q) =1, if and
only if any two columns of diag(p)@ have a component that is non-zero and different
in both columns.

Remark 6. In the symmetric case SSBM(n,k,alog(n)/n,blog(n)/n), the CH-
divergence is mazimized at the value of t = 1/2, and it reduces in this case to
the Hellinger divergence between any two columns of Q; the theorem’s inequality
becomes

%(\f— Vb2 > 1,

matching the expression obtained in Theorem 3 for 2 symmetric communities.
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We discuss now some properties of the functional D, governing the fundamental
limit for exact recovery in Theorem 25. For ¢ € [0, 1], let

Dy(ullv) =Y v(@) fulp(@)/v(@), fily) =1—t+ty—y", (225)

xT

and note that Dy = maxyc(o1) Dt. Since the function f; satisfies
[ ] ft(l) - 0
e f; is convex on Ry,

the functional D, is what is an f-divergence [Csi63], like the KL-divergence (f(y) =
ylogy), the Hellinger divergence, or the Chernoff divergence. Such functionals have a
list of common properties described in [Csi63]. For example, if two distributions are
perturbed by additive noise (i.e., convolving with a distribution), then the divergence
always increases, or if some of the elements of the distributions’ support are merged,
then the divergence always decreases. Each of these properties can be interpreted
in terms of community detection (e.g., it is easier to recovery merged communities,
etc.). Since D, collapses to the Hellinger divergence when ¢t = 1/2 and since it
matches the Chernoff divergence for probability measures, we call D, (and D) the
Chernoff-Hellinger (CH) divergence in [AS15a].

Theorem 25 gives thus a new operational meaning to an f-divergence, showing that
the fundamental limit for data clustering in SBMs is governed by the CH-divergence,
similarly to the fundamental limit for data transmission in DMCs being governed
by the KL-divergence. If the columns of diag(p)@) are “different” enough, where
difference is measured in CH-divergence, then one can separate the communities.
This is analog to the channel coding theorem that says that when the output’s
distributions are “different” enough, where difference is measured in KL-divergence,
then one can separate the codewords.

7.1.1 Converse

Let (X,G) ~ SBM(n,p, W). Recall that to solve exact recovery, we need to find
the partition of the vertices, but not necessarily the actual labels. Equivalently, the
goal is to find the community partition Q = Q(X) as defined in Section 2. Recall
also that the optimal estimator (sce Section 4) is the MAP estimator Qpmap(-) that
maximizes the posterior distribution

P{Q = s|G = g}, (226)

or equivalently

k
S PG =g X =2} [ (227)

z€[k]™:Q(z)=s i=1
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and any such maximizer can be chosen arbitrarily. If MAP fails in solving exact
recovery, no other algorithm can succeed.

We proceed similarly to the symmetric case to obtain the impossibility part of
Theorem 25, i.e., we reduce the problem to a genie hypothesis test for recovering
a single vertex given the other vertices. However, we now work in the Bernoulli
community prior model, for slight conveniences.

Imagine that in addition to observing G, a genie provides the observation of
Xy ={X,:v € [n]\ {u}}. Define now X, = X, for v € [n] \ {u} and

)A(%map(g,:nNu) = arg Héz[af]( P{X, =i|G =g, Xy =Tu}, (228)
A

where ties can be broken arbitrarily if they occur (we assume that an error is declared
in case of ties to simplify the analysis). If we fail at recovering a single component
when all others are revealed, we must fail at solving exact recovery all at once, thus

P{Qmap(G) # Q} > P{3u € [n] : Xymap(G, Xu) # Xu}- (229)

This lower bound may appear to be loose at first, as recovering the entire communities
from the graph G seems much more difficult than classifying each vertex by having all
others revealed (we call the latter component-MAP). As shown for the two symmetric
case in Section 4, the obtained bound is however tight.

Let FE, = {X’u’map(G,XNu) # X,}. If the events E, were independent, we
could write P{U,E,} = 1 — P{N,ES} =1 — (1 — P{E1})" > 1 — e "P{E1} and if
P{E1} = w(1/n), this would drive P{U, E,}, and thus P., to 1. The events F, are
not independent, but their dependencies are weak enough that previous reasoning
still applies, and P, is driven to 1 when P{E;} = w(1/n). In Section 4, we used
the second moment method to obtained this statement, showing that the events are
asymptotically independent, which we also pursue below. In [AS15a], a variant of
this method is used to obtain the conclusion.

Recall that for the second moment method, one defines

Z =Y 1 Xumap(G, Xu) # Xu),
u€(n|

which counts the number of components where component-MAP fails. Note that the
right hand side of (229) corresponds to P{Z > 1} as desired. Our goal is to show

that (Var)2 stays strictly below 1 in the limit, or equivalently, €7 ; stays strictly

below 2 in the limit. In fact, the latter tends to 1 in the converse of Theorem 25.
Note that Z = >_ cp, Zu where Z, := 1( umap(G XNU) # X,) are binary

random variables with EZ,, = EZ,, for all u,v. Hence, W tends to 1 if

1 P{Zy=1|Z = 1}
nP{Z; =1} P{Z =1}

=1+ o0(1) (230)
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which takes place if nP{Z; =1} = w(1) and % =1+o0(1).

The location of the threshold is then dictated by requirement that nP{Z; =1}
diverges, and this where the CH-divergence threshold emerges from a moderate
deviation analysis. We next summarize what we obtained with the above reasoning,
and then specialized to the regime of Theorem 25.

Theorem 26. Let (X,G) ~ SBM(n,p, W) and Z, = 1(Xymap(G, Xou) # Xu),
u € [n]. If p, W are such that Ey and Es are asymptotically independent, then exact
recovery is not solvable if

P{Xymap(G, X)) # Xu} = w(1/n). (231)

The next lemma gives the behavior of P{Z; = 1} in the logarithmic degree
regime.

Lemma 14. [AS15a] Consider the hypothesis test where H =i has prior probability
pi for i € [k], and where observable Y is distributed Bin(np, W;) under hypothesis
H = i. This is called degree-profiling in [AS15a], and is illustrated in Figure
?7. Then the probability of error P.(p, W) of MAP decoding for this test satisfies
ﬁOVer(n,p, W) < P.(p,W) < Over(n, p, W) where

Over(n,p, W) = Z Z min(P{Bin(np, W;) = z}p;, P{Bin(np, W;) = z}p;),

i<j zezt
and for a symmetric Q € R’fk,

where I (p, Q) = min;«; D4 ((diag(p)Q):, (diag(p)@);)-

Corollary 5. Let (X,G) ~ SBM(n,p, W) where p is constant and W = Qlofbn.
Then

P{Xu,map(Ga Xeow) # Xu} = n~ I+ (PQ)+o(1) (233)

A robust extension of this Lemma is proved in [AS15a] that allows for a slight
perturbation of the binomial distributions.

7.1.2 Achievability

Two-rounds algorithms have proved to be powerful in the context of exact recovery.
The general idea consists in using a first algorithm to obtain a good but not necessarily
exact clustering, solving a joint assignment of all vertices, and then to switch to a
local algorithm that “cleans up” the good clustering into an exact one by reclassifying
each vertex. This approach has a few advantages:
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Hypothesis 1 Hypothesis 2 Hypothesis 3
d, ~ P(log(n)(PQ)1) dy ~ P(log(n)(PQ)2) dy ~ P(log(n)(PQ)3)

Figure 16: The genie-aided hypothesis test (degree-profiling) to classify a vertex
based given the labels of all other vertices consists in a multi-hypotheses test with
multivariate Poisson distributions of means corresponding to the different community
profiles. The probability of error of that test scales as n~I+P.Q) where Ii(p,Q) is
given by the CH-divergence D, between the community profiles as in Lemma 14.

e If the clustering of the first round is accurate enough, the second round becomes
approximately the genie-aided hypothesis test discussed in previous section,
and the approach is built in to achieve the threshold;

e if the clustering of the first round is efficient, then the overall method is
efficient since the second round only performs computations for each single
node separately and has thus linear complexity.

Some difficulties need to be overome for this program to be carried out:

e One needs to obtain a good clustering in the first round, which is typically
non-trivial;

e One needs to be able to analyze the probability of success of the second round,
as the graph is no longer independent of the obtained clusters.

To resolve the latter point, we rely in [ABHI16] a technique which we call “graph-
splitting” and which takes again advantage of the sparsity of the graph.

Definition 24 (Graph-splitting). Let G be an n-vertex graph and v € [0,1]. The
graph-splitting of G with split-probability v produces two random graphs G1,Go on
the same vertex set as G. The graph Gi is obtained by sampling each edge of G
independently with probability v, and Go = G \ G1 (i.e., Gy contains the edges from
G that have not been subsampled in G ).

Graph splitting is convenient in part due to the following fact.
Lemma 15. Let (X, G) ~ SBM(n, p,lognQ/n), (G1,G2) be a graph splitting of G
with parameters v and (X, Ga) ~ SBM(n, p, (1 —v)logn@Q/n) with Go independent
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of G1. Let X = X(G1) be valued in [k]™ such that P{A(X,X) > 1—o0(n)} =1—o(1).
For any v € [n], d € Z%,

P{D,(X,G3) =d} < (14 0(1))P{Dy(X,Gs) = d} +n M), (234)

where DU(X,GQ) is the degree profile of vertex v, i.e., the k-dimensional vector
counting the number of neighbors of vertex v in each community using the clustered

graph (X', Ga).

The meaning of this lemma is as follows. We can consider G; and G5 to be approx-
imately independent, and export the output of an algorithm run on G to the graph
G2 without worrying about dependencies to proceed with component-MAP. Further,
if v is to chosen as v = 7(n)/log(n) where 7(n) = o(log(n)), then G is distributed
as SBM(n, p, 7(n)Q/n) and G2 remains approximately as SBM(n, p,logn@/n). This
means that from our original SBM graph, we produce essentially ‘for free’ a prelim-
inary graph G; with 7(n) expected degrees that can be used to get a preliminary
clustering, and we can then improve that clustering on the graph Gy which has still
logarithmic expected degree.

Our goal is to obtain on G; a clustering that is almost exact, i.e., with only a
vanishing fraction of misclassified vertices. If this can be achieved for some 7(n)
that is o(log(n)), then a robust version of the genie-aided hypothesis test described
in Section ?? can be run to re-classify each node successfully when I (p, Q) > 1.
Luckily, as we shall see in Section 6.1, almost exact recovery can be solved with
the mere requirement that 7(n) = w(1) (i.e., 7(n) diverges). In particular, setting
7(n) = loglog(n) does the job. We next describe more formally the previous
reasoning.

Theorem 27. Assume that almost exact recovery is solvable in SBM(n, p,w(1)@Q/n).
Then exact recovery is solvable in SBM(n, p,logn@/n) if

I (p,Q) > 1. (235)

To see this, let (X, G) ~ SBM(n,p, 7(n)Q/n), and (G1,G2) be a graph splitting
of G with parameters v = loglogn/logn. Let (X, G2) ~ SBM(n, p, (1 —v)7(n)Q/n)
with Gy independent of G (note that the same X appears twice). Let X = X(Gy)
be valued in [k]" such that P{A(X,X) > 1 —o0(1)} = 1 — o(1); note that such
an X exists from the Theorem’s hypothesis. Since A(X,X) =1 — o(1) with high
probability, (Ga, X ) are functions of G and using a union bound, we have

P{Qumap(G) # O} < P{Qmap(G) # QIA(X, X) =1 - o(1)} + 0(1) (236)
< P{ap(G2, X) # QA(X, X) =1 — o(1)} + o(1) (237)
< IP{ X1 map(G2, Xo1) # X1|A(X, X) =1 —o(1)} + o(1). (238)

We next replace Gy by ég. Note that ég has already the same marginal as Go, the
only issue is that G2 is not independent from G since the two graphs are disjoint,
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and since X is derived from Ga, some dependencies are carried along with Gj.
However, G5 and Gy are ‘essentially independent’ as stated in Lemma 15, because
the probability that G samples an edge that is already present in G is O(log? n/n?),
and the expected degrees in each graph is O(logn). This takes us to

P{map(G) # Q} < nP{X1 map(Ga, Xu1) # X1]A(X, X) = 1 = o(1)}(1 + o(1)) + o(1).
(239)

We can now replace X1 with X1 to the expense that we may blow up this the
probability by a factor n°() since A(X,X) = 1 — o(1), using again the fact that
expected degrees are logarithmic. Thus we have

P{Qumap(G) # 2} < 0 IPLX Y jnap(Ga, Xn) # X A(X, X) = 1= o(1)} + o(1)
(240)
and the conditioning on A(X, X) = 1—0(1) can now be removed due to independence,
so that

P{map(G) # Q) < n'H°OP{X 10 (Go, Xo1) # X1} + o(1). (241)

The last step consists in closing the loop and replacing G by G, since 1 —7 =1- o(1),
which uses the same type of argument as for the replacement of Gg by Go, with a
blow up that is at most n°1). As a result,

P{Qmap(G) 7é Q} S n1+0(1)P{X1,map(G, XNl) 7é Xl} + 0(1)7 (242)
and if
P{Xl,map(G7 X~1) 7& Xl} = n_1_€ (243)

for & > 0, then P{Qumap(G) # Q} is vanishing as stated in the theorem.
Therefore, in view of Theorem 27, the achievability part of Theorem 25 reduces
to the following result.

Theorem 28. [AS15a] Almost exact recovery is solvable in SBM(n,p,w(1)Q/n),
and efficiently so.

This follows from Theorem 31 discussed below, based on the Sphere-comparison
algorithm discussed in Section 6.

In conclusion, in the regime of Theorem 25, exact recovery can be shown by
using graph-splitting and combining almost exact recovery with degrees that grow
sub-logarithmically and an additional clean-up phase. The behavior of the component-
MAP error (i.e., the probability of misclassifying a single node when others have
been revealed) pings down the behavior of the threshold: if this probability is w(1/n),
exact recovery is not possible, and if it is o(1/n), exact recovery is possible. Decoding
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for the latter is then resolved by obtaining the exponent of the component-MAP
error, which brings the CH-divergence in.

Local to global amplification. Previous two sections give a lower bound and an
upper bound on the probability that MAP fails at recovering the entire clusters, in
terms of the probability that MAP fails at recovering a single vertex when others
are revealed. Denoting by Pylohal and Plocal these two probability of errors, we
essentially!” have

1—

+ 0(1) S Pglobal S n]jloca] + 0(1). (244)

nPocal

This implies that Pyopa1 has a threshold phenomena as Poca varies:

0 if Plocal < 1/na

] (245)
1 if Pocar > 1/n.

Pglobal — {

Moreover, deriving this relies mainly on the regime of the model, rather than the
specific structure of the SBM. In particular, it mainly relies on the exchangeability
of the model (i.e., vertex labels have no relevance) and the fact that the vertex
degrees do not grow rapidly. This suggests that this ‘local to global’ phenomenon
takes place in a more general class of models. The expression of the threshold for
exact recovery in SBM(n, p,logn@/n) as a function of the parameters p, @ is instead
specific to the model, and relies on the CH-divergence in the case of the SBM, but
the moderate/large deviation analysis of Poca) for other models may reveal a different
functional or f-divergence.

The local to global approach has also an important implication at the computa-
tional level. The achievability proof described in previous section gives directly an
algorithm: use graph-splitting to produce two graphs; solve almost exact recovery on
the first graph and improve locally the latter with the second graph. Since the second
round is by construction efficient (it corresponds to n parallel local computations),
it is sufficient to solve almost exact recovery efficiently (in the regime of diverging
degrees) to obtain for free an efficient algorithm for exact recovery down to the
threshold. This thus gives a computational reduction. In fact, the process can be
iterated to further reduce almost exact recovery to a weaker recovery requirements,
until a ‘bottle-neck’ recovery problem is attained.

7.2 Weak recovery and generalized KS threshold
We recall the conjecture stated in [DKMZ11]:

" The upper bound discussed in Section 7.1.2 gives n1+°(1)]310cal + o(1), but the analysis can be
tighten to yield a factor n instead of n'+°().
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Conjecture 1. [DKMZ11, MNS15] Let (X, G) be drawn from SSBM(n, k,a/n,b/n),
i.e., the symmetric SBM with k communities, probability a/n inside the communities

and b/n across. Define SNR = ka_)i)b). Then,

(i) For any k > 2, it is possible to solve weak recovery efficiently if and only if
SNR > 1 (the Kesten-Stigum (KS) threshold);

(ii) If'® k > 4, it is possible to solve weak recovery information-theoretically (i.e.,
not necessarily in polynomial time in n) for some SNR strictly below 1.

It was also shown in [BLM15] that for SBMs with communities that are balanced
and for parameters that satisfy a certain asymmetry condition, i.e., the requirement
that py is a simple eigenvalue in Theorem 5 of [BLM15], the KS threshold can be
achieved efficiently. The conditions of [BLM15] do not cover Conjecture 1 for k& > 3.
In [AS15¢, AS17], the two positive parts of the above conjecture are proved, with an
extended result applying to the general SBM. We discuss next these various results.

Given parameters p and @ in the general model SBM(n,p,@Q/n), let P be the
diagonal matrix such that P;; = p; for each i € [k]. Also, let Ay, ..., A, be the distinct
eigenvalues of PQ in order of nonincreasing magnitude.

Definition 25. Define the signal-to-noise ratio of SBM(n,p,Q/n) by
SNR = A2/)\;.

In the k community symmetric case where vertices in the same community are
connected with probability a/n and vertices in different communities are connected
. o —b +(k—1)b
with probability b/n, we have SNR = (%)2/(%) = (a—b)?/(k(a+ (k—1)b)),
which matches the quantity in Conjecture 1 and in all previous sections dealing with
two communities.

Theorem 29. [BLM15] Let G ~ SBM(n,p,Q/n) such that p = (1/k,...,1/k) and
such that PQ has an eigenvector with corresponding eigenvalue in (v/A1, A1) of single
multiplicity. If SNR > 1, then weak recovery is efficiently solvable.

Theorem 30. [AS15¢, AS17] Let G ~ SBM(n,p,Q/n) for p,Q arbitrary. If SNR >
1, then weak recovery is efficiently solvable.

Theorem 30 implies the achievability part of Conjecture 1 part (i).

8The conjecture states that k = 5 is necessary when imposing the constraint that a > b, but
k = 4 is enough in general.

IQ[DK]\[ZI 1] made in fact a more precise conjecture, stating that there is a second transition
below the KS threshold for information-theoretic methods when k > 4, whereas there is a single
threshold when k£ = 3.
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The algorithm used in [BLM15] is a spectral algorithm using the second eigenvector
of the NB matrix discussed in Section 5.3.1. The algorithm used in [AS17] is an
approximate acyclic belief propagation (ABP) algorithm, which corresponds to a
power iteration method to extract the second eigenvector of the r-NB matrix.

Remark 7. Note also that it is important to use the notion of weak recovery defined
in Section ?7, where the agreement is normalized by the sizes of the communities.
Without this normalization, the conjecture may not be true. In particular, the
congecture from [DKMZ11] that maz-detection is efficiently solvable if and only if
SNR > 1 for the general SBM is not true; a counter-example is given in [AS17]
where max-detection is not solvable if SNR > 1.

We conjecture that Theorem 30 is tight, i.e., if SNR < 1, then efficient weak
recovery is not solvable. However, establishing formally such a converse argument
seems out of reach at the moment: as we shall see in next section, except for a
few possible cases with low values of k (e.g., symmetric SBMs with k£ = 2,3), it is
possible to detect information-theoretically when SNR < 1, and thus one cannot get
a converse for efficient algorithms by considering all algorithms.

7.3 Partial recovery

The Sphere-comparison algorithm discussed in Section 6.1 gives the following result:

Theorem 31. [AS15b] For any k € Z, p € (0, 1)’7C and @Q with no two rows equal,
there exist e(c) = O(1/log(c)) such that for all sufficiently large c, Sphere-comparison

detects communities in SBM(n,p,cQ/n) with accuracy 1 — e ) gnd complexity
On(nH_E(C)).

Tight expressions for partial recovery in the general SBM and at a finite SNR
is open. We note the exception of a result obtained recently in [CKPZ16], which
requires the assortative regime. We also refer to [GMZZ15, YP14a).

8 The information-computation gap

We discuss in this section SBM regimes where weak recovery can be solved information-
theoretically. As stated in Conjecture 1 and proved in Theorem 30, the information-
computation gap—defined as the gap between the KS and IT thresholds—takes place
when the number of communities & is larger than 4. We provide an information-
theoretic (IT) bound for SSBM(n, k,a/n,b/n) that confirms this, showing further
that the gap can grow fast with the number of communities.

The information-theoretic bound described below is obtained by using a non-
efficient algorithm that samples uniformly at random a clustering that is typical, i.e.,
that has the right proportions of edges inside and across the clusters. We describe
below how this gives a tight expression in various regimes. Note that to capture
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the exact information-theoretic threshold in all regimes, one would have to rely on
tighter estimates on the posterior distribution of the clusters given the graph. A
possibility is to estimate the limit of the normalized mutual information between the
clusters and the graph, i.e., %I(X; @), as done in [DAMI15] for the regime of finite
SNR with diverging degrees’’—see Section 6.3. Recent results also obtained the
expression for the finite degree regime in the disassortative case [CKPZ16]. Another
possibility is to estimate the limiting total variation or KL-divergence between the
graph distribution in the SBM vs. Erdés-Rényi model of matching expected degree.
The limiting total variation is positive if and only if an hypothesis test can distinguish
between the two models with a chance better than half. The easy implication of this
is that if the total variation is vanishing, the weak recovery is not solvable (otherwise
we would detect virtual clusters in the Erdés-Rényi model). This used in [BM16]
to obtain a lower-bound on the information-theoretic threshold, using a contiguity
argument, see further details at the end of this section.

8.1 Crossing KS: typicality

To obtain our information-theoretic upper-bound, we rely on the following sampling
algorithm:

Typicality Sampling Algorithm. Given an n-vertex graph G and § > 0, the
algorithm draws Xy, (G) uniformly at random in

T5(G) ={z € Balanced(n, k) :

an

k
) [n] -
;HGU,U : (u,v) € <2> St @y =ty =1} > Qk(l - 95),

> HGuw: (uv) € <[Z]> St Ty =1,2, = j}| < b”(gk_l)(l +0)},

i,j€[k]i<]

where the above assumes that a > b; flip the above two inequalities in the case a < b.

The bound that is obtained below is claimed to be tight at the extremal regimes
of a and b. For b = 0, SSBM(n, k, a/n,0) is simply a patching of disjoint Erdés-Rényi
random graph, and thus the information-theoretic threshold corresponds to the giant
component threshold, i.e., a > k, achieved by separating the giants. This breaks
down for b positive, however small, but we expect that the bound derived below
remains tight in the scaling of small b. For a = 0, the problem corresponds to planted
coloring, which is already challenging [AK97]. The bound obtained below gives in this
case that weak recovery is information-theoretically solvable if b > cklogk + ox(1),

€ [1,2]. This scaling is further shown to be tight in [BM16], which also provides a

20Gimilar results were also obtained recently in a more general context in [CLM16, LM16].
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simple upper-bound that scales as klogk for a = 0. Overall, the bound below shows
that the KS threshold gives a much more restrictive regime than what is possible
information-theoretically, as the latter reads b > k(k — 1) for a = 0.

Theorem 32. Let d := a+(i_1)b, assume d > 1, and let T = 14 be the unique
solution in (0,1) of Te™™ = de™?, ie., T = Z;;O? jjj—;l(de_d)j. The Typicality
Sampling Algorithm detects* communities in SSBM(n, k,a/n,b/n) if

1 —1)bl -1 -1
aloga+ (k—1)blogb a+(k )bloga—i-(k )b (246)

k k k
1—71
i 2log(k), 2log(k) — 2log(2)e~ k(1 — (1 — e ¥/k)k=1) ) |
i (T2 0R(h), 21og() — 2log(2)e (1 (1 - V)
(247)

This bound strictly improves on the KS threshold for & > 4. See [AS17] for a
numerical example.

Corollary 6. Conjecture 1 part (ii) holds.
Note that (247) simplifies to

1 aloga+ (k—1)blogb
2logk k

I—7
1—7/d

dlog d> >  f(r,d), (248)

and since f(7,d) < 1 when d > 1 (which is needed for the presence of the giant),
weak recovery is already solvable in SBM(n, k, a,b) if
1 aloga+ (k—1)blogb
2logk k

— dlog d> > 1. (249)

The above bound corresponds to the regime where there is no bad clustering that is
typical with high probability. The analog of this bound in the unbalanced case already
provides examples to crossing KS for two communities, such as for p = (1/10,9/10)
and @ = (0,81;81,72). However, the above bound is not tight in the extreme regime
of b = 0, since it reads a > 2k as opposed to a > k, and it only crosses the KS
threshold at k = 5. Before explaining how to obtain tight interpolations, we provide
further insight on the bound of Theorem 32.
Defining ay(b) as the unique solution of

1 aloga + (k—1)blogb
. < d — dlog d) (250)
—a/ _ — e b/kYk—
- (f(ﬂ P 10;(kb)k)k 1)log(2)> (251)

and simplifying the bound in Theorem 32 gives the following.

21Getting 6 > 0 small enough gives the existence of € > 0 for weak recovery.
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Corollary 7. Weak recovery is solvable

in SBM(n,k,0,b) if b> Lgkkf(f, b(k — 1)/k), (252)
(k—1)log 75
in SBM(n,k,a,b) if a>ag(b), wherea(0)=k. (253)

Remark 8. Note that (253) approaches the optimal bound given by the presence of
the giant at b =0, and we further conjecture that ay(b) gives the correct first order
approzimation of the information-theoretic bound for small b.

Remark 9. Note that the k-colorability threshold for Erdds-Rényi graphs grows as
2klogk [ANO5]. This may be used to obtain an information-theoretic bound, which
would however be looser than the one obtained above.

It is possible to see that this gives also the correct scaling in k for a = 0, i.e.,
that for b < (1 — e)klog(k) + or(1), € > 0, weak recovery is information-theoretically
impossible. To see this, consider v € G, b = (1 —¢)klog(k), and assume that we know
the communities of all vertices more than r = log(log(n)) edges away from v. For
each vertex r edges away from v, there will be approximately k¢ communities that
it has no neighbors in. Then vertices r — 1 edges away from v have approximately
k€log(k) neighbors that are potentially in each community, with approximately
log(k) fewer neighbors suspected of being in its community than in the average
other community. At that point, the noise has mostly drowned out the signal and
our confidence that we know anything about the vertices’ communities continues to
degrade with each successive step towards v.

A different approach is developed in [BM16] to prove that the scaling in & is in
fact optimal, obtaining both upper and lower bounds on the information-theoretic
threshold that match in the regime of large k£ when (a — b)/d = O(1). In terms of
the expected degree, the threshold reads as follows.

Theorem 33. [BM16, BMNN16] When (a —b)/d = O(1), the critical value of d

satisfies d = © (dfak_l%%k>, i.e., the critical SNR satisfies SNR = O(log(k)/k).

The upper-bound in [BM16] corresponds essentially to (249), the regime in which
the first moment bound is vanishing. The lower-bound is based on a contiguity
argument and second moment estimates from [ANO5]. The idea is to compare the
distribution of graphs drawn from the SBM, i.e.,

psonile) = 3 PG = g|X = 2}P(X =) (254)
z€E[k|™

with the distribution of graphs drawn from the Erdos-Rényi model with matching
expected degree, call it ugr. If one can show that

|nsBm — pER[1 — 0, (255)
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then upon observing a graph drawn from either of the two models, say with probability
half for each, it is impossible to decide from which ensemble the graph is drawn
with probability asymptotically greater than half. Thus it is not possible to solve
weak recovery (otherwise one would detect clusters in the Erdds-Rényi model). A
sufficient condition to imply (255) is to show that ugspm < pER, i-e., for any sequence
of event E,, such that ugr(E,) — 0, it must be that usgy — 0. In particular, pspm
and ugg are called contiguous if uspm < ppr and prr < uspm, but only the first of
these conditions is needed here. Further, this is implied from Cauchy-Schwarz if the
ratio function

p(GQ) := pspm(G)/ 1er(G)

has a bounded second moment, i.e.,
Ec~erp’(G) = O(1),

which is shown in [BM16]; see also [Mool7] for more details.

8.2 Nature of the gap

The nature of such gap phenomena can be seen from different perspectives. One
interpretation comes from the behavior of belief propagation. See also [Mool7] for
further discussions.

Above the Kesten-Stigum threshold, the uniform fixed point is unstable and BP
does not get attracted to it and reaches on most initialization a non-trivial solution.
In particular, the ABP algorithm discussed in Section 5.3.1, which starts with a
random initialization with order y/n vertices towards the true partition (due to the
Central Limit Theorem), is enough to make linearized BP reach a non-trivial fixed
point. Below the information-theoretic threshold, the non-trivial fixed points are
no longer present, and BP settles in a solution that represents a noisy clustering,
i.e., one that would also take place in the Erds-Rényi model due to the model
fluctuations. In the gap region, non-trivial fixed points are still present, but the
trivial fixed points are locally stable and attracts most initializations. One could try
multiple initializations until a non-trivial fixed point is reached, using for example the
graph-splitting technique discussed in Section 5.2.2 to test such solutions. However,
it is believed that an exponential number of initializations is needed to reach such a
good solution.

This connects to the energy landscape of the possible clusterings: in this gap
region, the non-trivial fixed-points have a very small basin of attraction, and they
can only attract an exponentially small fraction of initializations. To connect to
the results from Section 7.1 and the two-rounds procedure, there too the picture is
related the energy landscape. Above the CH threshold, an almost exact solution
having n — o(n) correctly labeled vertices can be converted to an exact solution by
the degree-profiling hypothesis test. This is essentially saying that BP at depth 1,
i.e., computing the likelihood of a vertex based on its direct neighbors, allows to

98



reach the global maxima of the likelihood function with such a strong initialization.
In other words, the BP view, or more precisely understanding how accurate our
initial beliefs need to be in order to amplify these to non-trivial levels based on
neighbords at a given depth, is related to the landscape of the objective function.
The gap phenomenon also admits a local manifestation in the context of ABP,
having to do with the approximation discussed in Section 5.3.1, where the non-linear
terms behave differently from k = 3 to k = 4 due to the loss of a diminishing return
property. Understanding better such gap phenomena is an active research area.

8.3 Proof technique for crossing KS

We explain in this section how to obtain the bound in Theorem 32. A first question
is to estimate the likelihood that a bad clustering, i.e., one that has an overlap close
to 1/k with the true clustering, belongs to the typical set. As clusters sampled from
the TS algorithm are balanced, a bad clustering must split each cluster roughly
into k balanced subgroups that belong to each community, see Figure 17. It is thus
unlikely to keep the right proportions of edges inside and across the clusters, but
depending on the exponent of this rare event, and since there are exponentially many
bad clusterings, there may exist one bad clustering that looks typical.

Figure 17: A bad clustering roughly splits each community equally among the k
communities. Each pair of nodes connects with probability a/n among vertices
of same communities (i.e., same color groups, plain line connections), and b/n
across communities (i.e., different color groups, dashed line connections). Only some
connections are displayed in the Figure to ease the visualization.

As illustrated in Figure 17, the number of edges that are contained in the clusters
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of a bad clustering is roughly distributed as the sum of two Binomial random

variables,
. (1% a . ((k—=1)n? b
Ein ~ Bin (2]{27 n) + Bin <2k2 5 n) N

where we use ~ to emphasize that this is an approximation that ignores the fact that
the clustering is not exactly bad and exactly balanced. Note that the expectation of

the above distribution is %w In contrast, the true clustering would have a

distribution given by Bin(%, ©), which would give an expectation of g¢. In turn,
the number of edges that are crossing the clusters of a bad clustering is roughly

distributed as
L (n*(k—=1) a . (n?(k—-1)2 b
Fous ~ Bin (2k2 n> - Bin <2k:2 n> ’

which has an expectation of n(l;igl)%_l)b In contrast, the true clustering would

2(L.__ —
have the above replaced by Bin(" (fk D! , %), and an expectation of %kl).

Thus, we need to estimate the rare event that the Binomial sum deviates from
its expectations. While there is a large list of bounds on Binomial tail events, the
number of trials here is quadratic in n and the success bias decays linearly in n,
which require particular care to ensure tight bounds. We derive these in [AS15¢],
obtaining that P{zp.q € T5(G)|Tpag € Bc} behaves when ¢, § are arbitrarily small as

o (-34)

where A := a+b(2k_1) log a—&—(lf—l)b + g loga + @ logb. One can then use the fact

that |T5(G)| > 1 with high probability, since the planted clustering is typical with
high probability, and using a union bound and the fact that there are at most k™
bad clusterings:

P{X(G) € B} = EGW (256)
< Eg|T5(G) N Be| + o(1) (257)

< k" - P{xpaq € T5(G)|2paq € Be} + o(1).

Checking when the above upper-bound vanishes already gives a regime that
crosses the KS threshold when k£ > 5 for symmetric communities, when k > 2
for asymmetric communities (deriving the version of the bound for asymmetric
communities), and scales properly in k& when a = 0. However, it does not interpolate
the correct behavior of the information-theoretic bound in the extreme regime of
b = 0 and does not cross at £ = 4. In fact, for b = 0, the union bound requires
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a > 2k to imply no bad typical clustering with high probability, whereas as soon
as a > k, an algorithm that simply separates the two giants in SBM(n, k, a,0) and
assigns communities uniformly at random for the other vertices solves weak recovery.
Thus when a € (k, 2k], the union bound is loose. To remediate to this, we next take
into account the topology of the SBM graph to tighten our bound on |T5(G)|.

Since the algorithm samples a typical clustering, we only need the number of
bad and typical clusterings to be small compared to the total number of typical
clusterings, in expectation. Namely, we can get a tighter bound on the probability
of error of the TS algorithm by obtaining a tighter bound on the typical set size
than simply 1, i.e., estimating (256) without relying on the loose bound from (257).
We proceed here with three level of refinements to bound the typical set size. In
each level, we construct a random labelling of the vertices that maintain the planted
labelling a typical one, and then use entropic estimates to count the number of such
typical labellings.

First we exploit the large fraction of nodes that are in tree-like components outside
of the giant, and the labels are distributed on such trees as in the broadcasting on
tree problem 5.1. Specifically, for a uniformly drawn root node X, each edge in
the tree acts as a k-ary symmetric channel. Thus, labelling the nodes in the trees
according to the above distribution and freezing the giant to the correct labels leads
to a typical clustering with high probability. The resulting bound matches the giant
component bound at b = 0, but is unlikely to scale properly for small b. To improve
on this, we next take into account the vertices in the giant that belong to planted
trees, and follow the same program as above, except that the root node (in the giant)
is now frozen to the correct label rather than being uniformly drawn. This gives a
bound that we claim is tight at the first order approximation when b is small. Finally,
we also take into account vertices that are not saturated, i.e., whose neighbors do
not cover all communities and who can thus be swapped without affecting typicality.
The final bound allows to cross at k = 4.

9 Other block models

There are various extensions of the basic SBM discussed in previous section. The
variations increase yearly, and we mention here a few basic variants:

e Labelled SBMs: allowing for edges to carry a label, which can model intensi-
ties of similarity functions between vertices; see for example [HLM12, XTLM14,
JL15, YP15]; see also [Abb17] for a reduction from labelled edges to unlabelled
edges for certain recovery requirements;

e Degree-corrected SBMs: allowing for a degree parameter for each vertex
that scales the edge probabilities in order to makes expected degrees match
the observed degrees; see for example [KN11] and [?, GLM15] for sharp results
on such models;
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Figure 18: Illustration of the topology of SBM(n, k, a, b) for k = 2. A giant component
covering the two communities takes place when d = w > 1; a linear fraction of
vertices belong to isolated trees (including isolated vertices), and a linear fraction of
vertices in the giant are on planted trees. The following is used to estimate the size
of the typical set in [AS17]. For isolated trees, sample a bit uniformly at random for
a vertex (green vertices) and propagate the bit according to the symmetric channel
with flip probability b/(a + (k — 1)b) (plain edges do not flip whereas dashed edges

flip). For planted trees, do the same but freeze the root bit to its true value.

e Overlapping SBMs: allowing for the communities to overlap, such as in the
mixed-membership SBM [ABFXO08], where each vertex has a profile of com-
munity memberships or a continuous label—see also [For10, NP15, BKN11b,
Peil5, PDEV05, GB13, AS15al; also [Abb17] for reductions to non-overlapping
community models in some cases and recent results that sharp for MMSBM in

[?];

e Metric and geometric SBMs: allowing for labels at the vertices that leave
in metric spaces, e.g., a grid, an Euclidean space or a sphere, and where
connectivity depends on the distance between the vertices labels as further
discussed below; see for example [BRS16, AMM™"17, SB17, SAB, GMPS17,
ABS];

Definition 26 (Geometric block models). We define here two geometric block
models with two communities, the sphere-GBM and the mizture-GBM. For each
model, X™ = (X1,...,Xy) has i.i.d. Bernoulli(1/2) components, which represents
the abstract community labels for each vertex. We next add a geometric label for
each vertex, and draw the graph depending on both the abstract and geometric labels:
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e [n the sphere-GBM(n,d, 1,a,b), U™ = (Uy,...,U,) has i.i.d. components drawn
uniformly at random on a sphere of dimension d; the graph G = ([n], E) is drawn
with edges independent conditionally on X™ U™, such that for 1 <1 < j <mn,

a if ||lup —ujl| <7 oand x; =
P{E; =1 X" =2"U"=u"} =<b  if lui —uy|| <7 and x; #x; (258)
0 if lug —ujl| >7

and P{E;; = 0| X" =2, U" =u"} =1 —-P{E;; = 1| X" = 2", U" =u"}. One
can have a variant with o special symbol x that indicates if ||u; — uj|| > 7.

e In the mizture-GBM(n,d,s, ), U™ = (Uy,...,U,) has independent compo-
nents conditionally on X™ with U; drawn from N'(0%,1;) if X; = 0 and from
N((5,0071), 1) if X; =1 (two isotropic Gaussians in dimension d at distance
s); the graph G = ([n], E) is drawn with edges independent conditionally on
U™, such that for 1 <i<j<mn,

Lodf flug — gl <7

) (259)
0 if lus — w4l >7

P{E; = 1|U" = u"} = {

and P{E;; =0|U" =u"} =1 - P{E;; = 1|U" = u"}.

In dimension d, we want 7 to be at least of order n~/? with a large enough
constant in order for the graphs to have giant components, and (log(n)/n)"/% with a
large enough constant for connectivity.

Previous models have a much larger number of short loops than the SBM does,
which captures a feature of various real world graphs having transitive attributes
(“friends of friends are more likely to be friends”). On the flip side, these models do
not have ‘abstract edges’ as in the SBM, that can also occur frequently in applications
given the “small-world phenomenon”. The latter says that real graphs often have
relatively low diameter (about 6 in the case of Milgram’s experiment), which is not
taking place in purely geometric block models. Therefore, a natural candidate is
to superpose an SBM and a GBM to form an hybrid block model (HBM), see for
example [ABS]. The many loops of the GBM can be challenging for some of the
algorithms discussed in this monograph, in particular for basic spectral methods and
even belief propagation; we discussed in Section 5.3.2 how graph powering provides
a more robust alternative in such cases.

Another variant that circumvents the discussions about non-edges is to consider
a censored block model (CBM), defined as follows (see [ABBS14a]).

Definition 27 (Binary symmetric CBM). Let G = ([n], E') be a graph and ¢ € [0, 1].
Let X" = (X4,...,X,) with i.i.d. Bernoulli(1/2) components. LetY be a random
vector of dimension (g) taking values in {0,1,%} such that
P{Yij =11X; =X, E;; =1} =P{Y;; =0\ X; # X;, B =1} =¢ (260)
P{Yi; = #|Ej; =0} = 1. (261)
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The case of an Erdos-Renyi graph is discussed in [ABBS14a, ABBS14b, CRV15,
SKLZ15, CHG14, CG14] and the case of a grid in [AMMT'17]. For a random
geometric graph on a sphere, it is closely related to the above sphere-GBM. Inserting
the * symbol simplifies a few aspects compared to SBMs, such as Lemma 12 needed
in the weak recovery converse of the SBM. In that sense, the CBM is a more
convenient model than the SBM from a mathematical viewpoint, while behaving
similarly to the SBM (when G is an Erdos-Renyi graph of degree (a + b)/2 and
e =b/(a+0b) for the two community symmetric case). The CBM can also be viewed
as a synchronization model over the binary field, and more general synchronization
models have been studied in [PWBM16b, PWBM16a], with a complete description
both at the fundamental and algorithmic level (generalizing in particular the results
from Section 6.3).

Note all previously mentioned models are different forms of latent variable
models. Focusing on the graphical nature, on can also consider the more general
inhomogenous random graphs [BJR07], which attach to each vertex a label in
a set that is not necessarily finite, and where edges are drawn independently from
a given kernel conditionally on these labels. This gives in fact a way to model
mixed-membership, and is also related to graphons, which corresponds to the case
where each vertex has a continuous label.

It may be worth saying a few words about the theory of graphons and its
implications for us. Lovész and co-authors introduced graphons [L.S06, BCL 08,
Lov12] in the study of large graphs (also related to Szemerédi’s Regularity Lemma
[Sze76]), showing that?? a convergent sequence of graphs admits a limit object, the
graphon, that preserves many local and global properties of the sequence. Graphons
can be represented by a measurable function w : [0,1]> — [0,1], which can be
viewed as a continuous extensions of the connectivity matrix W used throughout
this paper. Most relevant to us is that any network model that is invariant under
node labelings, such as most models of practical interests, can be described by an
edge distribution that is conditionally independent on hidden node labels, via such
a measurable map w. This gives a de Finetti’s theorem for label-invariant models
[Hoo79, Ald8&1, DJO7], but does not require the topological theory behind it. Thus
the theory of graphons may give a broader meaning to the study of block models,
which are precisely building blocks to graphons, but for the sole purpose of studying
exchangeable network models, inhomogeneous random graphs give enough degrees
of freedom.

Further, many problems in machine learning and networks are also concerned
with interactions of items that go beyond the pairwise setting. For example, citation
or metabolic networks rely on interactions among k-tuples of vertices. These can be
captured by extending previous models to hypergraphs.?

**Tnitially in dense regimes and more recently for sparse regimes [BCCZ14].

23Recent results for community detection in hypergraphs were obtained in [KBC17].
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10 Concluding remarks and open problems

One may cast the SBM and the previously discussed variants into a comprehensive
class of conditional random field [Laf01] or channel model [AM15], where edge labels
depend on vertex labels.

Definition 28. Let V = [n] and G = (V, E(G)) be a hypergraph with N = |E(G)|.
Let X and Y be two finite sets called respectively the input and output alphabets, and
Q(-|") be a channel from X* to Y called the kernel. To each vertex in V, assign a
vertex-variable in X, and to each edge in E(G), assign an edge-variable in ). Let
yr denote the edge-variable attached to edge I, and x[I] denote the k node-variables
adjacent to I. We define a graphical channel with graph G and kernel Q) as the
channel P(-|-) given by

Piyle)= [ Qi) >/

I€E(G)

iEEXV;yGyE(G) :cn/o\ N\ @
YN

Quantities that are key to understand how much information can be carried in
such graphical channels are:

how “rich” is the observation graph G and
how “noisy” is the connectivity kernel Q.

This survey quantifies the tradeoffs between these two quantities in the SBM (which
corresponds to a discrete X, a specific graph G and a specific kernel @), in order
to recover the input from the output. It shows that depending on the recovery
requirements, different phase transitions take place: For exact recovery, the CH
threshold is efficiently achievable for any fix number of communities. For weak
recovery, the KS threshold is efficiently achievable for any fix number of communities,
but it is not necessarily the information-theoretic threshold, leaving a question mark
on whether the KS threshold is indeed the fundamental limit for efficient weak
recovery algorithms.

In the quest of achieving these thresholds, novel algorithmic ideas emerged,
similarly to the quest of achieving the capacity in channel coding, with sphere-
comparison, graph-splitting, linearized BP, nonbacktracking operators and graph
powering. This program can now be pursued in different directions, refining the
models, improving the algorithms and expanding the realm of applications. In
particular, similar tradeoffs are expected to take place in other graphical channels,
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such as ranking, synchronization, topic modelling, collaboration filtering, planted
embedding and more. We list below a series of possible open problem.

e FEzxact recovery for sub-linear communities. The survey gives a comprehensive
treatment for exact recovery with linear-size communities, i.e., when the entries
of p and its dimension k do not scale with n. If k& = o(log(n)), most of
the developed techniques tend to extend. What happens for larger k7 In
[ABKK15, YC14], some of this is captured by looking at coarse regimes of the
parameters. It would be interesting to pursue sub-linear communities in the
lens of phase transitions and information-computation gaps.

e Partial recovery. What is the fundamental tradeoff between the SNR and the
distortion (MMSE, agreement or mutual information) for partial recovery and
arbitrary constant degrees? As a preliminary result, one may attempt to show
that I(X; G)/n admits a limit in the constant degree regime. This is proved in
[AM15] for two symmetric disassortative communities, but the assortative case
remains open. A recent result from [CKPZ16] further gives the expression for
the limit in the disassortative case, but the assortative case remains open.

e The information-computation gap:

— Related to the last point; can we locate the exact information-theoretic
threshold for weak recovery when k > 37 Recent results and precise
conjectures were recently obtained in [CLM16], for the regime of finite
SNR with diverging degrees discussed in Section 6.3. Arbitrary constant
degrees remain open.

— Can we strengthen the evidences that the KS threshold is the compu-
tational threshold? In the general sparse SBM, this corresponds to the
following conjecture:

Conjecture 2. Let k € Z,, p € (0,1)* be a probability distribution, Q
be a k x k symmetric matriz with nonnegative entries. If A3 < \1, then

there is no polynomial time algorithm that can solve weak recovery (using
Definition /) in G drawn from SBM(n,p,Q/n).

e Learning the general sparse SBM. Under what conditions can we learn the
parameters in SBM(n, p, @/n) efficiently or information-theoretically?

e Scaling laws: What is the optimal scaling/exponents of the probability of error
for the various recovery requirements? How large need the graph be, i.e., what
is the scaling in n, so that the probability of error in the discussed results>? is
below a given threshold?

21 Recent work [YDHDT16] has investigated finite size information-theoretic analysis for weak
recovery.
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e Beyond the SBM:

— How do previous results and open problems generalize to the extensions
of SBMs with labels, degree-corrections, overlaps, etc. In the related line
of work for graphons [CWA12, ACC13, BCS15], are there fundamental
limits in learning the model or recovering the vertex parameters up to a
given distortion? The approach of [AS15a] and sphere-comparison were
generalized to the case of overlapping communities in [BCLS17] with
applications to collaborative filtering. Can we establish fundamental
limits and algorithms achieving the limits for other unsupervised machine
learning problems, such as topic modelling, ranking, Gaussian mixture
clustering, low-rank matrix recovery (see [DM14] for sparse PCA) or
general graphical channels?

— How robust are the thresholds to model perturbations or adversaries? It
was shown in [MPW16, MMV15] that monotone adversaries can interest-
ingly shift the threshold for weak recovery; what is the threshold for such
adversarial models or adversaries having a budget of edges to perturb?
What are robust algorithms (see also Section 5.3.2)7 What are the exact
and weak recovery thresholds in geometric block models (see also previous
section)?

e Semi-supervised extensions: How do the fundamental limits change in a semi-
supervised setting,?® i.e., when some of the vertex labels are revealed, exactly
or probabilistically?

e Dynamical extensions: In some cases, the network may be dynamical and one
may observe different time instances of the network. How does one integrate
such dynamics to understand community detection??°

11 Appendix
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