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Abstract 

 

The trigintaduonions form a 32 -dimensional Cayley-Dickson algebra. In this 

paper, we introduce the 𝑘- Fibonacci and  𝑘-Lucas trigintaduonions. Moreover, we 

give some properties of these trigintaduonions and derive relationships between 

them.  
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1. Introduction 

 
The 𝑘-Fibonacci numbers appear in many fields of science (see, e.g., [14]). The 

𝑘-Fibonacci number 𝐹𝑘,𝑛 is defined by the recurrence relation 

 𝐹𝑘,0 = 0, 𝐹𝑘,1 = 1, 𝐹𝑘,𝑛+1 = 𝑘𝐹𝑘,𝑛 + 𝐹𝑘,𝑛−1; 𝑛 ≥ 1. 

Another important sequence is the 𝑘-Lucas sequence. This sequence is defined by 

the recurrence relation 

 𝐿𝑘,0 = 2, 𝐿𝑘,1 = 𝑘 and 𝐿𝑘,𝑛+1 = 𝑘𝐿𝑘,𝑛 + 𝐿𝑘,𝑛−1; 𝑛 ≥ 1. 

These sequences were firstly studied by Horadam in [10]. The interested reader is 

also referred to [2, 6-8] for further details about these sequences.  

The Cayley- Dickson algebras are real numbers, complex numbers, quaternions, 

octonions, sedenions and trigintaduonions. The Cayley- Dickson algebras have 

been studied in several papers. 
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In 1963, Horadam [11] introduced 𝑛 th Fibonacci and 𝑛 th Lucas quaternions. 

Many interesting properties of Fibonacci and Lucas quaternions have been 

presented in the literature ( e.g. see [9,12, 15]). Octonions and sedenions that are 

hyper-complex 

numbers as quaternions have been studied some of recent papers [1,13]. 

The trigintaduonions which are real algebras form a 32 -dimensional the 

Cayley-Dickson algebra. A trigintaduonion is defined by  

           𝑡 = 𝑡0 + ∑31
𝑖=1 𝑡𝑖𝑒𝑖. 

The trigintaduonions product is given in the matrix-vector multiplication form as: 

[3] 

 𝑡1 = 𝑎0 + ∑31
𝑖=1 𝑎𝑖𝑒𝑖, 𝑡2 = 𝑏0 + ∑31

𝑖=1 𝑏𝑖𝑒𝑖, 𝑡3 = 𝑡1𝑡2 = 𝑐0 + ∑31
𝑖=1 𝑐𝑖𝑒𝑖  (1) 

 

The operations requiring for the matrix-vector multiplication in (1) are quite alot. 

Detailed informations about these operations have been presented in the literature 

(e.g. see [3-5,16]). 

In this paper, we give some properties of 𝑘 - Fibonacci and   𝑘 -Lucas 

trigintaduonions and derive relationships between these trigintaduonions.  

 

2. 𝒌- Fibonacci and  𝒌-Lucas Trigintaduonions 

 

In this section, we introduce 𝑘-Fibonacci and 𝑘-Lucas trigintaduonions. Also, we 

give generating functions, Binet’s formulas and some identities for these 

trigintaduonions.   

 

Definition 1.  

𝑘-Fibonacci and 𝑘-Lucas trigintaduonions are defined by  

𝑇𝐹𝑘,𝑛 = ∑31
𝑠=0 𝐹𝑘,𝑛+𝑠𝑒𝑠 and 𝑇𝐿𝑘,𝑛 = ∑31

𝑠=0 𝐿𝑘,𝑛+𝑠𝑒𝑠 

where 𝐹𝑘,𝑛  and 𝐿𝑘,𝑛  are the 𝑛 th 𝑘 -Fibonacci number and the 𝑛 th 𝑘 - Lucas 

number, respectively. 

The sum of 𝑇𝐹𝑘,𝑛 and 𝑇𝐿𝑘,𝑛 is  

 𝑇𝐹𝑘,𝑛 ± 𝑇𝐿𝑘,𝑛 = ∑31
𝑠=0 (𝐹𝑘,𝑛+𝑠 ± 𝐿𝑘,𝑛+𝑠)𝑒𝑠. 

 

The conjugates of 𝑇𝐹𝑘,𝑛 and 𝑇𝐿𝑘,𝑛 are defined by, respectively, 

 𝑇𝐹∗
𝑘,𝑛 = 𝐹𝑘,𝑛𝑒0 − ∑31

𝑠=1 𝐹𝑘,𝑛+𝑠𝑒𝑠 and 𝑇𝐿∗
𝑘,𝑛 = 𝐿𝑘,𝑛𝑒0 − ∑31

𝑠=1 𝐿𝑘,𝑛+𝑠𝑒𝑠. 

 

The norm of 𝑇𝐹𝑘,𝑛 and 𝑇𝐿𝑘,𝑛 are defined by, respectively, 

 

 𝑇𝐹𝑘,𝑛𝑇𝐹∗
𝑘,𝑛 = ∑31

𝑠=0 𝐹𝑘,𝑛+𝑠
2 𝑒𝑠 and 𝑇𝐿𝑘,𝑛𝑇𝐿∗

𝑘,𝑛 = ∑31
𝑠=0 𝐿𝑘,𝑛+𝑠

2 𝑒𝑠. 
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We can give some important identities of 𝑘 - Fibonacci trigintaduonion and 

𝑘-Lucas trigintaduonion as follows:  

 𝑘𝑇𝐹𝑘,𝑛 + 𝑇𝐹𝑘,𝑛−1 = 𝑇𝐹𝑘,𝑛+1, 

 𝑘𝑇𝐿𝑘,𝑛 + 𝑇𝐿𝑘,𝑛−1 = 𝑇𝐿𝑘,𝑛+1, 

 𝑇𝐹𝑘,𝑛−1 + 𝑇𝐹𝑘,𝑛+1 = 𝑇𝐿𝑘,𝑛. 

The characteristic equation of these sequences is 𝑟2 − 𝑘𝑟 − 1 = 0. The roots of 

this equation are 𝑟1 =
𝑘+√𝑘2+4

2
 and 𝑟2 =

𝑘−√𝑘2+4

2
. Also, There are the following 

identities:  

 𝑟1 + 𝑟2 = 𝑘, 𝑟1 − 𝑟2 = √𝑘2 + 4, 𝑟1𝑟2 = −1. 

Binet formulas for 𝑛-th (𝑛 ≥ 0) 𝑘-Fibonacci and 𝑘-Lucas numbers are given by 

𝐹𝑘,𝑛 =
𝑟1

𝑛−𝑟2
𝑛

𝑟1−𝑟2
 , 𝐿𝑘,𝑛 = 𝑟1

𝑛 + 𝑟2
𝑛,  

respectively [6,8]. 

 

Theorem 2.  

Binet’s formula for 𝑇𝐹𝑘,𝑛 and 𝑇𝐿𝑘,𝑛, respectively, are given by  

𝑇𝐹𝑘,𝑛 =
�̂�1𝑟1

𝑛−�̂�2𝑟2
𝑛

𝑟1−𝑟2
 and 𝑇𝐿𝑘,𝑛 = �̂�1𝑟1

𝑛 − �̂�2𝑟2
𝑛,  

where �̂�1 = ∑31
𝑖=0 𝑟1

𝑖𝑒𝑖 and �̂�2 = ∑31
𝑖=0 𝑟2

𝑖𝑒𝑖. 

 

Proof. 

We know that 𝑇𝐹𝑘,𝑛 = 𝐴𝑟1
𝑛 + 𝐵𝑟2

𝑛                                            (2) 

                                         

 

For 𝑛 = 0 and 𝑛 = 1, 𝑇𝐹𝑘,0 = 𝐴 + 𝐵 and 𝑇𝐹𝑘,1 = 𝐴𝑟1 + 𝐵𝑟2 we obtain    

𝐴 =
𝑇𝐹𝑘,1 − 𝑟2𝑇𝐹𝑘,0

𝑟1 − 𝑟2
=

�̂�1

𝑟1 − 𝑟2
, 

𝐵 = −
𝑇𝐹𝑘,1 − 𝑟1𝑇𝐹𝑘,0

𝑟1 − 𝑟2
= −

�̂�2

𝑟1 − 𝑟2
. 

 

When these values write in equality (2), we have 

𝑇𝐹𝑘,𝑛 =
�̂�1𝑟1

𝑛 − �̂�2𝑟2
𝑛

𝑟1 − 𝑟2
. 

 

Similarly, we can see 𝑇𝐿𝑘,𝑛 = �̂�1𝑟1
𝑛 − �̂�2𝑟2

𝑛. 

Using the Binet’s formulas for 𝑇𝐹𝑘,𝑛 and 𝑇𝐿𝑘,𝑛, we give some relations between 

𝑟1, 𝑟2, �̂�1, �̂�2 and 𝑘-Fibonacci or 𝑘- Lucas trigintaduonion by following lemma: 
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Lemma 3.  

�̂�1𝑟1
𝑛 = 𝑇𝐹𝑘,𝑛+1 − 𝑟2𝑇𝐹𝑘,𝑛 =

𝑇𝐿𝑘,𝑛+1 − 𝑟2𝑇𝐿𝑘,𝑛

𝑟1 − 𝑟2
, 

�̂�2𝑟2
𝑛 = 𝑇𝐹𝑘,𝑛+1 − 𝑟1𝑇𝐹𝑘,𝑛 =

𝑇𝐿𝑘,𝑛+1 − 𝑟1𝑇𝐿𝑘,𝑛

𝑟1 − 𝑟2
. 

 

Proof.  

By applying Binet formula, we obtain the following equalities: 

 𝑇𝐹𝑘,𝑛+1 − 𝑟2𝑇𝐹𝑘,𝑛 =
�̂�1𝑟1

𝑛+1−�̂�2𝑟2
𝑛+1

𝑟1−𝑟2
− 𝑟2

�̂�1𝑟1
𝑛−�̂�2𝑟2

𝑛

𝑟1−𝑟2
 

=
1

𝑟1 − 𝑟2

(�̂�1𝑟1
𝑛+1 − �̂�2𝑟2

𝑛+1 − �̂�1𝑟2𝑟1
𝑛 + �̂�2𝑟2

𝑛+1) = �̂�1𝑟1
𝑛. 

 𝑇𝐹𝑘,𝑛+1 − 𝑟1𝑇𝐹𝑘,𝑛 =
�̂�1𝑟1

𝑛+1−�̂�2𝑟2
𝑛+1

𝑟1−𝑟2
− 𝑟1

�̂�1𝑟1
𝑛−�̂�2𝑟2

𝑛

𝑟1−𝑟2
 

=
1

𝑟1 − 𝑟2

(�̂�1𝑟1
𝑛+1 − �̂�2𝑟2

𝑛+1 + �̂�2𝑟1𝑟2
𝑛 − �̂�1𝑟1

𝑛+1) = �̂�2𝑟2
𝑛. 

 

Theorem 4.  

(Catalan’s identity) For 𝑛 ≥ 𝑟 ≥ 1, we have the following formulas: 

 𝑇𝐹𝑘,𝑛−𝑟𝑇𝐹𝑘,𝑛+𝑟 − 𝑇𝐹𝑘,𝑛
2 =

(−1)𝑛−𝑟+1

𝑘2+4
((�̂�1�̂�2)(𝑟2

2𝑟 − (−1)𝑟) +

(�̂�2�̂�1)(𝑟1
2𝑟 − (−1)𝑟)), 

 𝑇𝐿𝑘,𝑛−𝑟𝑇𝐿𝑘,𝑛+𝑟 − 𝑇𝐿𝑘,𝑛
2 = (−1)𝑛−𝑟+1((�̂�1�̂�2)(𝑟2

2𝑟 − (−1)𝑟) +

(�̂�2�̂�1)(𝑟1
2𝑟 − (−1)𝑟)). 

 

Proof.  

By using Binet formula and 𝑟1𝑟2 = −1, we obtain 

 𝑇𝐹𝑘,𝑛−𝑟𝑇𝐹𝑘,𝑛+𝑟 − 𝑇𝐹𝑘,𝑛
2 =

�̂�1𝑟1
𝑛−𝑟−�̂�2𝑟2

𝑛−𝑟

𝑟1−𝑟2

�̂�1𝑟1
𝑛+𝑟−�̂�2𝑟2

𝑛+𝑟

𝑟1−𝑟2
− (

�̂�1𝑟1
𝑛−�̂�2𝑟2

𝑛

𝑟1−𝑟2
)

2

 

                                                

=
�̂�1�̂�2(−𝑟1

𝑛−𝑟𝑟2
𝑛+𝑟 + 𝑟1

𝑛𝑟2
𝑛) + �̂�2�̂�1(−𝑟2

𝑛−𝑟𝑟1
𝑛+𝑟 + 𝑟1

𝑛𝑟2
𝑛)

(𝑟1 − 𝑟2)2
 

                                         

=
(−1)𝑛−𝑟+1((�̂�1�̂�2)(𝑟2

2𝑟 − (−1)𝑟) + (�̂�2�̂�1)(𝑟1
2𝑟 − (−1)𝑟))

(𝑟1 − 𝑟2)2
 

 =
(−1)𝑛−𝑟+1

𝑘2+4
((�̂�1�̂�2)(𝑟2

2𝑟 − (−1)𝑟) + (�̂�2�̂�1)(𝑟1
2𝑟 − (−1)𝑟)) 

𝑇𝐿𝑘,𝑛−𝑟𝑇𝐿𝑘,𝑛+𝑟 − 𝑇𝐿𝑘,𝑛
2

= (�̂�1𝑟1
𝑛−𝑟 − �̂�2𝑟2

𝑛−𝑟)(�̂�1𝑟1
𝑛+𝑟 − �̂�2𝑟2

𝑛+𝑟) − (�̂�1𝑟1
𝑛 − �̂�2𝑟2

𝑛)2 

 = (−1)𝑛−𝑟+1((�̂�1�̂�2)(𝑟2
2𝑟 − (−1)𝑟) + (�̂�2�̂�1)(𝑟1

2𝑟 − (−1)𝑟)). 
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The Cassini’s identity given in the following theorem is the special case of 

Catalan’s identity.  

 

Theorem 5.  

(Cassini’s identity) For 𝑛 ≥ 1, we have the following formulas: 

 𝑇𝐹𝑘,𝑛−1𝑇𝐹𝑘,𝑛+1 − 𝑇𝐹𝑘,𝑛
2 =

(−1)𝑛

𝑘2+4
((�̂�1�̂�2)(𝑟2

2 + 1) + (�̂�2�̂�1)(𝑟1
2 + 1)), 

 𝑇𝐿𝑘,𝑛−1𝑇𝐿𝑘,𝑛+1 − 𝑇𝐿𝑘,𝑛
2 = (−1)𝑛((�̂�1�̂�2)(𝑟2

2 + 1) + (�̂�2�̂�1)(𝑟1
2 + 1)). 

 

Theorem 6.  

If 𝑚 > 𝑛, then we get 

   𝑇𝐹𝑘,𝑚𝑇𝐹𝑘,𝑛+𝑟 − 𝑇𝐹𝑘,𝑚+𝑟𝑇𝐹𝑘,𝑛 =
(−1)𝑛

√𝑘2+4
𝐹𝑘,𝑟(�̂�1�̂�2𝑟1

𝑚−𝑛 − �̂�2�̂�1𝑟2
𝑚−𝑛), 

 𝑇𝐿𝑘,𝑚𝑇𝐿𝑘,𝑛+𝑟 − 𝑇𝐿𝑘,𝑚+𝑟𝑇𝐿𝑘,𝑛 = (−1)𝑛√𝑘2 + 4𝐹𝑘,𝑟(�̂�1�̂�2𝑟1
𝑚−𝑛 −

�̂�2�̂�1𝑟2
𝑚−𝑛). 

 

Proof.  

By using Binet formula and 𝑟1𝑟2 = −1, we obtain 

 𝑇𝐹𝑘,𝑚𝑇𝐹𝑘,𝑛+r − 𝑇𝐹𝑘,𝑚+r𝑇𝐹𝑘,𝑛 = (
�̂�1𝑟1

𝑚−�̂�2𝑟2
𝑚

𝑟1−𝑟2

�̂�1𝑟1
𝑛+r−�̂�2𝑟2

𝑛+r

𝑟1−𝑟2
) −

(
�̂�1𝑟1

𝑚+r−�̂�2𝑟2
𝑚+r

𝑟1−𝑟2

�̂�1𝑟1
𝑛−�̂�2𝑟2

𝑛

𝑟1−𝑟2
) 

 =
(−1)𝑛

√𝑘2+4
𝐹𝑘,𝑟(�̂�1�̂�2𝑟1

𝑚−𝑛 − �̂�2�̂�1𝑟2
𝑚−𝑛). 

The second identity is found in a similar manner. 

 

Corollary 7.  

If 𝑚 > 𝑛, then we get  

   𝑇𝐹𝑘,𝑚𝑇𝐹𝑘,𝑛+1 − 𝑇𝐹𝑘,𝑚+1𝑇𝐹𝑘,𝑛 =
(−1)𝑛

√𝑘2+4
(�̂�1�̂�2𝑟1

𝑚−𝑛 − �̂�2�̂�1𝑟2
𝑚−𝑛), 

 𝑇𝐿𝑘,𝑚𝑇𝐿𝑘,𝑛+1 − 𝑇𝐿𝑘,𝑚+1𝑇𝐿𝑘,𝑛 = (−1)𝑛√𝑘2 + 4(�̂�1�̂�2𝑟1
𝑚−𝑛 − �̂�2�̂�1𝑟2

𝑚−𝑛). 

 

Proof. 

Taking 𝑟 = 1 a special case of theorem 6, the proof can easily seen. 

 

Theorem 8.  

The relationship between 𝑇𝐹𝑘,𝑛 and 𝑇𝐿𝑘,𝑛 is as follows: 

i. 𝑇𝐹𝑘,𝑛
2 =

1

𝑘2+4
T𝐿2

𝑘,𝑛, 

ii. 𝑇𝐿𝑘,𝑛
2 + 𝑇𝐹𝑘,𝑛

2 =
𝑘2+5(T𝐿2

𝑘,𝑛)

𝑘2+4
  

Proof. By using Binet formula for 𝑇𝐹𝑘,𝑛 and 𝑇𝐿𝑘,𝑛, we have 
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i. 𝑇𝐿𝑘,𝑛
2 − 𝑇𝐹𝑘,𝑛

2 = (�̂�1𝑟1
𝑛 − �̂�2𝑟2

𝑛)2 − (
�̂�1𝑟1

𝑛−�̂�2𝑟2
𝑛

𝑟1−𝑟2
)

2

 

                       = ((𝑟1 − 𝑟2)2 − 1)
(�̂�1𝑟1

𝑛−�̂�2𝑟2
𝑛)2

(𝑟1−𝑟2)2  

                  =
𝑘2+3(T𝐿2

𝑘,𝑛)

𝑘2+4
 

                  𝑇𝐹𝑘,𝑛
2 =

1

𝑘2+4
T𝐿2

𝑘,𝑛. 

ii. 𝑇𝐿𝑘,𝑛
2 + 𝑇𝐹𝑘,𝑛

2 = (�̂�1𝑟1
𝑛 − �̂�2𝑟2

𝑛)2 + (
�̂�1𝑟1

𝑛−�̂�2𝑟2
𝑛

𝑟1−𝑟2
)

2

 

                       =
𝑘2+5(T𝐿2

𝑘,𝑛)

𝑘2+4
. 

 

Theorem 9.  

The generating functions for the 𝑘-Fibonacci and 𝑘-Lucas trigintaduonions are 

∑ 𝑇𝐹𝑘,𝑖𝑥
𝑖 =

∞

𝑖=0

𝑇𝐹𝑘,0 + 𝑇𝐹𝑘,−1𝑥

1 − 𝑘𝑥 − 𝑥2
 

and 

∑ 𝑇𝐿𝑘,𝑖𝑥
𝑖 =

∞

𝑖=0

𝑇𝐿𝑘,0 + 𝑇𝐿𝑘,−1𝑥

1 − 𝑘𝑥 − 𝑥2
. 

 

Proof.  

Define 𝐺(𝑇𝐹𝑘,𝑖; 𝑥) = ∑ 𝑇𝐹𝑘,𝑖𝑥
𝑖∞

𝑖=0 . Multiplying both sides of this equation by 

– 𝑘𝑥 and −𝑥2, we obtain the following equations; 

𝐺(𝑇𝐹𝑘,𝑖; 𝑥) = 𝑇𝐹𝑘,0 + 𝑇𝐹𝑘,1𝑥 + 𝑇𝐹𝑘,2𝑥2 + ⋯ + 𝑇𝐹𝑘,𝑖𝑥
𝑖 + ⋯, 

−𝑘𝑥𝐺(𝑇𝐹𝑘,𝑖; 𝑥) = −𝑘𝑇𝐹𝑘,0𝑥 − 𝑘𝑇𝐹𝑘,1𝑥2 − 𝑘𝑇𝐹𝑘,2𝑥3 − ⋯ − 𝑘𝑇𝐹𝑘,𝑖𝑥
𝑖+1 − ⋯, 

−𝑥2𝐺(𝑇𝐹𝑘,𝑖; 𝑥) = −𝑇𝐹𝑘,0𝑥2 − 𝑇𝐹𝑘,1𝑥3 − 𝑇𝐹𝑘,2𝑥4 − ⋯ − 𝑇𝐹𝑘,𝑖𝑥
𝑖+2 − ⋯. 

 

By adding these equations and using the identity 𝑘𝑇𝐹𝑘,𝑛 + 𝑇𝐹𝑘,𝑛−1 = 𝑇𝐹𝑘,𝑛+1, we 

obtain 

𝐺(𝑇𝐹𝑘,𝑖; 𝑥) =
𝑇𝐹𝑘,0 + 𝑇𝐹𝑘,1𝑥 − 𝑘𝑇𝐹𝑘,0𝑥

1 − 𝑘𝑥 − 𝑥2
 

    =
𝑇𝐹𝑘,0 + 𝑇𝐹𝑘,−1𝑥

1 − 𝑘𝑥 − 𝑥2
. 

The generating function for the 𝑘-Lucas trigintaduonion is obtained in a similar 

way. 

 

Theorem 10.  

For any integer 𝑚, 𝑛, the generating functions of the 𝑘-Fibonacci trigintaduonion 

𝑇𝐹𝑘,𝑚+𝑛 and the 𝑘-Lucas 𝑇𝐿𝑘,𝑚+𝑛 trigintaduonion are 
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∑ 𝑇𝐹𝑘,𝑚+𝑛

∞

𝑛=0

𝑥𝑛 =
𝑇𝐹𝑘,𝑚 + 𝑥𝑇𝐹𝑘,𝑚−1

1 − 𝑘𝑥 − 𝑥2
 

and 

∑ 𝑇𝐿𝑘,𝑚+𝑛

∞

𝑛=0

𝑥𝑛 =
𝑇𝐿𝑘,𝑚 + 𝑥𝑇𝐿𝑘,𝑚−1

1 − 𝑘𝑥 − 𝑥2
. 

 

Proof. 

∑ 𝑇𝐹𝑘,𝑚+𝑛

∞

𝑛=0

𝑥𝑛 = ∑ (
�̂�1𝑟1

𝑚+𝑛 − �̂�2𝑟2
𝑚+𝑛

𝑟1 − 𝑟2
)

∞

𝑛=0

𝑥𝑛 

                                           =
�̂�1𝑟1

𝑚

𝑟1 − 𝑟2
∑ 𝑟1

𝑛𝑥𝑛 −
�̂�2𝑟2

𝑚

𝑟1 − 𝑟2
∑ 𝑟2

𝑛𝑥𝑛

∞

𝑛=0

∞

𝑛=0

 

                                     =
�̂�1𝑟1

𝑚

𝑟1 − 𝑟2

1

1 − 𝑥𝑟1
−

�̂�2𝑟2
𝑚

𝑟1 − 𝑟2

1

1 − 𝑥𝑟2
 

                                                                  

=
1

𝑟1 − 𝑟2
(

(�̂�1𝑟1
𝑚 − �̂�2𝑟2

𝑚) + 𝑥(�̂�1𝑟1
𝑚−1 − �̂�2𝑟2

𝑚−1)

1 − 𝑘𝑥 − 𝑥2
) 

        =
𝑇𝐹𝑘,𝑚 + 𝑥𝑇𝐹𝑘,𝑚−1

1 − 𝑘𝑥 − 𝑥2
. 

The proof of the second sum is found in a similar manner. 

 

Theorem 11. 

For any integer 𝑛, we have 

∑ (
𝑛
𝑖

) 𝑘𝑖𝑇𝐹𝑘,𝑖

𝑛

𝑖=0

= 𝑇𝐹𝑘,2𝑛, 

∑ (
𝑛
𝑖

) 𝑘𝑖𝑇𝐿𝑘,𝑖

𝑛

𝑖=0

= 𝑇𝐿𝑘,2𝑛. 

 

Proof. 

∑ (
𝑛
𝑖

) 𝑘𝑖𝑇𝐹𝑘,𝑖

𝑛

𝑖=0

= ∑ (
𝑛
𝑖

) 𝑘𝑖

𝑛

𝑖=0

�̂�1𝑟1
𝑖 − �̂�2𝑟2

𝑖

𝑟1 − 𝑟2
 

=
�̂�1

𝑟1 − 𝑟2
∑ (

𝑛
𝑖

) 𝑘𝑖

𝑛

𝑖=0

𝑟1
𝑖 −

�̂�2

𝑟1 − 𝑟2
∑ (

𝑛
𝑖

) 𝑘𝑖

𝑛

𝑖=0

𝑟2
𝑖 

=
�̂�1

𝑟1 − 𝑟2

(1 + 𝑘𝑟1)𝑛 −
�̂�2

𝑟1 − 𝑟2

(1 + 𝑘𝑟2)𝑛 
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𝑟1 and 𝑟2  are roots of the equation 𝑟2 − 𝑘𝑟 − 1 = 0. Thus, we can write 1 +

𝑘𝑟1 = (𝑟1)2 and 1 + 𝑘𝑟2 = (𝑟2)2. Using these equations in the last equation, we 

obtain 

∑ (
𝑛
𝑖

) 𝑘𝑖𝑇𝐹𝑘,𝑖

𝑛

𝑖=0

=
�̂�1𝑟1

2𝑛 − �̂�2𝑟2
2𝑛

𝑟1 − 𝑟2
= 𝑇𝐹𝑘,2𝑛. 

The second identity is found in the same manner. 

Now, we give the matrix representations of 𝑘 -Fibonacci and 𝑘 -Lucas 

trigintaduonions.   

 
Theorem 12.  

Let 𝑛 ≥ 1 be integer. Then we have 

[
𝑇𝐹𝑘,𝑛 𝑇𝐹𝑘,𝑛−1

𝑇𝐹𝑘,𝑛+1 𝑇𝐹𝑘,𝑛
] = [

𝑇𝐹𝑘,1 𝑇𝐹𝑘,0

𝑇𝐹𝑘,2 𝑇𝐹𝑘,1
] [

𝑘 1
1 0

]
𝑛−1

, 

[
𝑇𝐿𝑘,𝑛 𝑇𝐿𝑘,𝑛−1

𝑇𝐿𝑘,𝑛+1 𝑇𝐿𝑘,𝑛
] = [

𝑇𝐿𝑘,1 𝑇𝐿𝑘,0

𝑇𝐿𝑘,2 𝑇𝐿𝑘,1
] [

𝑘 1
1 0

]
𝑛−1

. 

 

Proof.  

The proof will be done by induction steps. Firstly, for 𝑛 = 1, it holds the equation. 

Assume that the equation holds for all 𝑛, that is, 

[
𝑇𝐹𝑘,𝑛 𝑇𝐹𝑘,𝑛−1

𝑇𝐹𝑘,𝑛+1 𝑇𝐹𝑘,𝑛
] = [

𝑇𝐹𝑘,1 𝑇𝐹𝑘,0

𝑇𝐹𝑘,2 𝑇𝐹𝑘,1
] [

𝑘 1
1 0

]
𝑛−1

, 

We can end up the proof if we show that  

[
𝑇𝐹𝑘,𝑛+1 𝑇𝐹𝑘,𝑛

𝑇𝐹𝑘,𝑛+2 𝑇𝐹𝑘,𝑛+1
] = [

𝑇𝐹𝑘,1 𝑇𝐹𝑘,0

𝑇𝐹𝑘,2 𝑇𝐹𝑘,1
] [

𝑘 1
1 0

]
𝑛

. 

By using induction’s hypothesis, we have 

[
𝑇𝐹𝑘,1 𝑇𝐹𝑘,0

𝑇𝐹𝑘,2 𝑇𝐹𝑘,1
] [

𝑘 1
1 0

]
𝑛−1

[
𝑘 1
1 0

] = [
𝑇𝐹𝑘,𝑛 𝑇𝐹𝑘,𝑛−1

𝑇𝐹𝑘,𝑛+1 𝑇𝐹𝑘,𝑛
] [

𝑘 1
1 0

] 

                                                                                          =  [
𝑘𝑇𝐹𝑘,𝑛 + 𝑇𝐹𝑘,𝑛−1 𝑇𝐹𝑘,𝑛

𝑘𝑇𝐹𝑘,𝑛+1 + 𝑇𝐹𝑘,𝑛 𝑇𝐹𝑘,𝑛+1
] 

                                                     = [
𝑇𝐹𝑘,𝑛+1 𝑇𝐹𝑘,𝑛

𝑇𝐹𝑘,𝑛+2 𝑇𝐹𝑘,𝑛+1
]. 

Thus, the proof is ended. 

The remaining part of the theorem is proved in a similar way.  

 

Corollary 13.  

 

𝑇𝐹𝑘,𝑛−1𝑇𝐹𝑘,𝑛+1 − 𝑇𝐹𝑘,𝑛
2 = (−1)𝑛−1(𝑇𝐹𝑘,0𝑇𝐹𝑘,2 − 𝑇𝐹𝑘,1

2 ), 

𝑇𝐿𝑘,𝑛−1𝑇𝐿𝑘,𝑛+1 − 𝑇𝐿𝑘,𝑛
2 = (−1)𝑛−1(𝑇𝐿𝑘,0𝑇𝐿𝑘,2 − 𝑇𝐿𝑘,1

2 ). 
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Proof.  

If there exist the determinations of the matrix representations of 𝑇𝐹𝑘,𝑛 and 𝑇𝐿𝑘,𝑛,  

the proof can be easily seen.   
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