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1. Introduction

Let A and B be self-adjoint operators in a Hilbert space $) and assume that the
resolvent difference

B-N"=(A=N"",  Aep(A)no(B), (L1)

belongs to the ideal &4($) of trace class operators. It is well known that in this situa-
tion the wave operators Wi (A, B) of the pair {A, B} exist and are complete, and the
scattering operator S(A, B) = W, (A, B)*W_(A, B) is unitarily equivalent to a multipli-
cation operator induced by a family {S(A, B; \)}.cr of unitary operators S(A, B; \) in
the spectral representation of the absolutely continuous part of A. This family is called
the scattering matrix of the scattering system {A, B} and is one of the most important
quantities in the analysis of scattering processes; we refer the reader to the monographs
[12,59,79,81,82] for more details.

The main objective of this paper is to express the scattering matrix of { A, B} in terms
of an abstract operator valued Titchmarsh—Weyl m-function, and to apply this result
to scattering problems for Schrédinger operators. In order to explain our main abstract
result Theorem 3.1 consider the closed symmetric operator S = A N B and note that
S has infinite defect numbers whenever the resolvent difference of A and B in (1.1) is
infinite dimensional. The closure of the operator T = A+ B, where + denotes the sum
of subspaces in £ x 9, coincides with S* and clearly A and B are self-adjoint restrictions
of T. This setting can be fitted in the framework of (B-)generalized boundary triples
or quasi boundary triples and their Weyl functions from [38] or [13,14], respectively,
and allows to introduce boundary maps I'g and I'1 on dom(7"), which can be viewed as
abstract analogs of the Dirichlet and Neumann trace operators (see also [34,35]). For
A € C\ R one defines the Weyl function M via

M(/\)Fof)\ = Flf,\, f)\ S ker(T — /\),

see Section 2 for the details. In PDE applications M () is usually the Dirichlet-to-
Neumann map (or its inverse, the Neumann-to-Dirichlet map) acting in some boundary
space. Roughly speaking our main abstract result states that the scattering matrix of
{A, B} is of the form

S(A, B;\) = I —2iy/Tm M (X +i0) M (X + i0) ™' /Im M (X + i0)

for a.e. A € R. This representation is a highly nontrivial generalization of a similar result
from [19], where the special case that the resolvent difference in (1.1) is a finite rank
operator was treated in the context of ordinary boundary triples and their Weyl functions
from [37,38], see also [2], [8, Chapter 4], [82, Chapter 3, §1], and [20] for related results
and simple examples. In contrast to the earlier results in the finite rank case the present
representation formula is applicable to scattering problems for Schrodinger operators (or
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more general elliptic second order differential operators) on unbounded domains, which
we shall explain in more detail next.

In fact, our main motivation for establishing the general representation formula for
the scattering matrix in Section 3 in an abstract extension theory framework is the
applicability to scattering problems for Schrédinger operators with Dirichlet, Neumann,
and Robin boundary conditions on exterior domains in R? and R? in Section 4, and
orthogonal couplings of Schrédinger operators, and Schrodinger operators with singular
potentials supported on curves and hypersurfaces in R? and R? in Section 5. Let us
first explain the situation for a scattering system consisting of a Neumann and a Robin
realization; for more details and a slightly more general situation see Section 4.4. Denote
the Dirichlet and Neumann trace operators by vp and yu, respectively, and consider the
self-adjoint operators

Af = -Af+Vf,  dom(d)= {f € H(Q):w f =0},
and
Bf =-Af+Vf,  dom(B)={feHQ):amnf =]},
where a € C?(09) is real, the potential V is real and bounded, and the domain 2 is the
complement of a bounded set with a C°>-smooth boundary in R? or R3. In this situation

it is known from [15,58] that the resolvent difference of A and B satisfies the trace class
condition (1.1). If N(A), A € C\ R, denotes the Neumann-to-Dirichlet map, that is,

NXN)ynvfr =D fr, —Afx +V =AM,

we obtain in Theorem 4.7 that the scattering matrix of the scattering system {A, B}
admits the form

S(A, B; \) = Ig, + 2i/TnN(A+i0) (I — aN (A +i0)) " ar/Tm N (X + i0)

for a.e. A € R. Here the space L*(R,d\,Gy), where Gy = ran(Im N'(\ +40)) for a.e.
A € R, forms a spectral representation of the absolutely continuous part of the Neumann
operator Ay and the limits Im /(A +i0) and (I —aN (X +10))~! have to be interpreted
in suitable operator topologies; cf. Theorem 4.7 for details. A similar result is proved in
Theorem 4.3 for the pair consisting of the Dirichlet realization of —A +V and the Robin
operator B in L?(R?); here the trace class property (1.1) for n = 2 is due to Birman [24].
For some recent work on related spectral problems for Schrodinger operators we refer
the reader to [9,22,30,46-50,64,67,74,77] and for more general partial elliptic differential
operators to [1,13,14,17,18,21,29,55-58,63,65,66,75,76].

Our second set of examples in Section 5 is a bit more involved. Here scattering systems
consisting of the free Schrédinger operator
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Af = -Af+Vf, dom(A) = H*(R"™), (1.2)

and orthogonal couplings of Schrédinger operators with Dirichlet and Neumann bound-
ary conditions, or Schrodinger operators with singular d-potentials of strength o € L>°(C)
supported on hypersurfaces C which split R? or R? into a bounded smooth domain €2
and a smooth exterior domain {2_ are studied. The latter operator is of the form

Bf=-Af+V/,

dOm(B) = {f = (;"‘) c Hz/2(Rn \C) . ’Y—Ef+ = ﬂYBf—a }; (13)

Oé’hi)fi =i f+ + -

here Hi/Q(]R" \ C) is a subspace of H3/2(2,) x H32(Q_) and 4% and ~£ denote the
Dirichlet and Neumann trace operators on the interior and exterior domain; cf. Sec-
tion 5.4 for the details. Schrodinger operators with d-potentials play an important role
in various physically relevant problems and have therefore attracted a lot of attention.
We refer the interested reader to the review paper [39], to e.g. [7,10,16,27,40-43] and
the monographs [6,8] for more details and further references. We shall briefly discuss the
scattering matrix for the pair of operators in (1.2)—(1.3); for the pairs consisting of A in
(1.2) and the orthogonal sum of the Dirichlet or the Neumann realizations of —A +V
on Q4 and Q_ see Theorem 5.1 and Theorem 5.4, respectively. It follows from [16] that
the above choice of A and B satisfies the trace class condition (1.1) in dimensions n = 2
and n = 3 and we show in this situation in Theorem 5.6 that the scattering matrix is
given by

S(A, B; \) = Ig, + 2i7/Tm E(A + i0) (I — a€(A + i0)) " ar/Tm E(X + i0),

where the function £ is defined as

EN = (DN +D-()T) L AeC\R,

and D4 () denote the Dirichlet-to-Neumann maps corresponding to —A + V on the
domains 4. In this context we also refer the reader to related work by Pavlov and
coauthors in [11,69,72], where scattering problems for certain couplings of Schrodinger
operators were considered.

1.1. Notation

Throughout the paper $ and H denote separable Hilbert spaces with scalar product
(+,+). The linear space of bounded linear operators defined from $) to H is denoted by
B($,H). For brevity we write B($)) instead of B($), $)). The ideal of compact operators
is denoted by S (H,H) and G (H). For p > 0 the Schatten—von Neumann ideals
are denoted by &,($,H) and &,($); they consist of all compact operators T' with
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p-summable singular values s;(T) (i.e. eigenvalues of (7*T')'/2). We shall also work with
the operator ideals

Sp(H,H) = {T € 6oe(H,H) | 5;(T) = O(j /") asj — o0}, p>0,
and we recall that

Sp(H,9)-Sq(H,H) =S5.(9H), where —+ - =—. (1.4)

r

D=
Q| =

The resolvent set and the spectrum of a linear operator A is denoted by p(A) and
o(A), respectively. The domain, kernel and range of a linear operator A are denoted by
dom(A), ker(A), and ran(A), respectively. By B(R) we denote the Borel sets of R. The
Lebesgue measure on B(R) is denoted by dA.

A holomorphic function M(-) : Cy — B(H) is a Nevanlinna (or Herglotz or
R-function) if its imaginary part Im(M(z)) := 5 (M(z) — M(2)*), z € C4, is a non-
negative operator. Nevanlinna functions are extended to C_ by M(z) := M(2)*, z € C_.
The class of B(#H)-valued Nevanlinna functions is denoted by R[H]. A Nevanlinna func-
tion satisfying ker(Im(M(z)) = {0} (0 € p(Im(M(z))) for some, and hence for all,
z € Cy, is said to be strict (uniformly strict, respectively). These subclasses are denoted
by R*[H] and R“[H], respectively.

2. Self-adjoint extensions of symmetric operators and abstract Titchmarsh—Weyl
m-functions

In the preparatory Section 2.1 we recall the notion of boundary triples and their Weyl
functions from extension theory of symmetric operators, and we introduce the concept
of &,-regular Weyl functions in Section 2.2. This notion is important and useful for our
purposes since it is directly related (and in some situations equivalent) to the &,-property
of the resolvent difference of certain self-adjoint extensions.

2.1. B-generalized boundary triples and their Weyl functions

In this subsection we review the notion of generalized (or B-generalized) and ordinary
boundary triples from extension theory of symmetric operators, and we introduce a new
concept, the so-called double B-generalized boundary triples in Definition 2.1 below. We
refer the reader to [28,31,34,37,38,51,80] for more details on ordinary and B-generalized
boundary triples, see also [13,14,32] for related notions.

In the following S denotes a densely defined, closed, symmetric operator in a separable
Hilbert space $).

Definition 2.1 (/38]). A triple Il = {#,T0,I'1} is called a B-generalized boundary triple
for S* if H is a Hilbert space and for some operator T in §) such that T = S*, the linear
mappings g, T'; : dom(T") — H satisfy the abstract Green’s identity
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(Tf7 g) - (f7 Tg) = (]-—‘lfa Fog) - (FOfarlg)a f?g S dOD’l(T), (21)

the operator Ag := T | ker(I'y) is self-adjoint in $, and ran(T'g) = H holds.
If, in addition, the operator A; := T [ ker(I';) is self-adjoint in $ and ran(T';) = H,
then the triple IT = {#H,T,T'1 } is called a double B-generalized boundary triple for S*.

We note that a B-generalized boundary triple for S* exists if and only if S admits
self-adjoint extensions in ), that is, the deficiency indices of .S coincide. Furthermore, if
I ={H,Ty,T'1} is a B-generalized boundary triple for S* then

dom(S) = ker(I'g) Nker(I'y)

holds, the mappings I'g,T'; : dom(7T") — H are closable when viewed as linear operators
from dom S* equipped with the graph norm to H, and ran(T'y) turns out to be dense
in H; cf. [38, Section 6].

The notion of double B-generalized boundary triples is inspired by the fact that the
mappings in the so-called transposed triple IIT := {#H,T';, —I'o} satisfy the abstract
Green’s identity but since in general neither Ay = T | ker(I';) is self-adjoint nor
ran(I';) = H holds the transposed triple II" is not a B-generalized boundary triple
in general. In fact, a B-generalized boundary triple II = {H,T¢,T'1} for S* is a dou-
ble B-generalized boundary triple for S* if and only if the transposed triple IIT =
{H,I'1, T} is also a B-generalized boundary triple for S*.

In some of the proofs of the results in Section 2.2 we shall also make use of the notion
of ordinary boundary triples, which we recall here for the convenience of the reader.

Definition 2.2. A triple IT = {#,T,T'1} is called an ordinary boundary triple for S* if
‘H is a Hilbert space, the linear mappings ', T : dom(S*) — H satisfy the abstract
Green’s identity

(8*f,9) = (f,579) = (T1f,Tog) = (Tof, T1g),  f,g € dom(S7), (2.2)
and the mapping I' = (I'9,I';) " : dom(S*) — H x H is surjective.

Observe that any ordinary boundary triple is automatically a double B-generalized
boundary triple; the converse is not true in general. Ordinary boundary triples are an
efficient tool in extension theory of symmetric operators. In particular, if IT = {#, Ty, ' }
is an ordinary boundary triple for S*, then all closed proper extensions S cC S*of Sin
) can be parametrized by means of the set of closed linear relations in H via

S0 :={{Tof,D1f}: f€dom(S)} C H xH. (2.3)
We write S = Se. If © is an operator then (2.3) takes the form

S@ =5* err(Fl — @Fo)



1976 J. Behrndt et al. / Journal of Functional Analysis 273 (2017) 1970-2025

One verifies (Sg)* = So- and hence the self-adjoint extensions of S in $ correspond to
the self-adjoint relations © in H. We shall use that © in (2.3) is an operator (and not a
multivalued linear relation) if and only if the extension Sg and Ag = S* | ker(T'y) are
disjoint, that is, AgNSe = S.

Next we recall the notions and some important properties of y-fields and Weyl func-
tions. For an ordinary boundary triple they go back to [36,37], for B-generalized bound-
ary triples we refer the reader to [38]. In the following let {#,T'o,I'1} be a B-generalized
boundary triple for S*; the special case of an ordinary boundary triple is then covered
as well. Observe first that for each z € p(Ap), Ag = T | ker(I'y), the following direct sum
decomposition holds

dom(T) = dom(Ag) + ker(T — z) = ker(Tg) + ker(T — 2). (2.4)
Hence the restriction of the mapping Iy to ker(T — z) is injective for all z € p(Ap).

Definition 2.3 (/38/). Let Il = {#, Ty, I'1 } be a B-generalized boundary triple. The v-field
~v(-) and Weyl function M(-) corresponding to II are defined by

v(z) := (Lo [ ker(T — z))f1 and M(z) :=T1v(z), z€ p(Ao),
respectively.

It follows from (2.4) that for z € p(Ap) the values v(z) of the y-field and the values
M (z) of the Weyl function are both well defined linear operators on ran(I'y) = H.
Moreover, y(z) € B(H, $) maps onto ker(T'—z) C ker(S*—z) C $ and for all z, £ € p(Ao)
the relations

Y(z) = (I + (2 = &) (Ao — 2) 7 )v(€) = (Ao — §)(Ao — 2) " 'y(&) (2.5)
and
v(2)* =T1(Aog— 2)"' € B(H,H) (2.6)

hold. In particular, ran(y(z)*) = ran(I'y [ dom(Agp)) does not depend on the point
z € p(Ap) and

(ran*y(z)*)J_ = kerv(z) = {0}

shows that ran(+y(z)*) is dense in H for all z € p(Ay). Furthermore, it follows from (2.5)
that 7(-) is holomorphic on p(Ap).

The values of the Weyl function M (-) are operators in B(H) and M (z) maps H into the
dense subspace ran(I';) C H. The Weyl function and ~-field are related by the identity

M(z) = M(€)" = (2 = 1(&)*1(2),  2,€ € p(Ao), (2.7)
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and, in particular, M(z) = M (z)* for all z € p(Ap). It follows from (2.5) and (2.7) that
M{(-) is holomorphic on p(Ap). Setting £ = z in (2.7) one gets
1

Im M(2) = o (M(2) = M(2)") = (Im 2) 7(2)"7(2) (2.8)

and hence Im M(z) > 0 for z € C,.. This identity also yields
ker(Im M (z)) = ker(v(z)) = {0}, z€Cyg,

and together with the holomorphy of M (-) on p(Ag) we conclude that M(-) is a so-called
strict Nevanlinna function with values in B(#) (in symbols M(-) € R*[H]). If II is
a double B-generalized boundary triple then the Weyl function corresponding to the
transposed B-generalized boundary triple II" = {#,';, —T} is given by —M(-)~! and
also belongs to the class R*[H], in particular, for z € p(Ag) N p(A1) the values M (z) of
the Weyl function of a double B-generalized boundary triple are bounded and boundedly
invertible operators.

If IT is an ordinary boundary triple then the operators v(z) are boundedly invertible
when viewed as operators from H onto ker(S* — z). In this case it follows from (2.8)
that Im M (z) is a uniformly positive operator for z € C,, and hence the Weyl function
corresponding to an ordinary boundary triple belongs to the class R*[H] of the so-called
uniformly strict Nevanlinna functions with values in B(H); cf. [34].

2.2. Resolvent comparability and &p-reqular Weyl functions

Let IT = {H,Ty,T'1} be a B-generalized boundary triple for S* with the corresponding
Weyl function M (-), and let Ag = S* | ker(Tp) and Ay = S* | ker(T'y). It is important
to characterize the property of the resolvent comparability of the operators Ay and A;
in terms of the Weyl function M(-). To this end we introduce the notion of &p-regular
Nevanlinna functions in the next definition.

Definition 2.4. A Nevanlinna function M(-) € R[H] is called &,-regular for some p €
(0, 00] if it admits a representation

M(z) =C+ K(z), K():Cy — 6,(H), zeCi, (2.9)

where C' € B(H) is a self-adjoint operator such that 0 € p(C) and K(-) is a strict
Nevanlinna function with values in B(#), that is, K(-) € R*[H]. The class of & -regular
Nevanlinna functions is denoted by Rg®[H].

In other words, a Nevanlinna function is &,-regular if it differs from a strict Nevanlinna
function with values in &, by a bounded and boundedly invertible self-adjoint constant.

Lemma 2.5. If M(-) € Rg¥[HM] for some p € (0,00], then —M()~! € R¥[H].
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Proof. Since M(-) € Rrgf [H] for some p € (0,0], there exists a boundedly invertible
self-adjoint operator C' and a strict Nevanlinna function K (-) € R*[H] such that

M(z) =C+ K(z), z e Cy. (2.10)

Observe first that ker(M(z)) = {0} holds for all z € C,. In fact, M(z)p = 0 yields
((C+ReK(2)p,9) = 0 and ImK(2)p,p) = 0, and as K(-) is strict we conclude
¢ = 0 from the latter. Furthermore, as 0 € p(C) and K(z) € 6,(H) it follows from the
Fredholm alternative (see, e.g. [78, Corollary to Theorem VI.14]) that 0 € p(M(z)) for
all z € C,. It is clear that

—M(2)"' = D+ L(2), z€Cy, (2.11)

holds with L(z) :== C~' — M(2)™1, 2 € C; and the boundedly invertible self-adjoint
operator D := —C~!. Since

Liz)=C'—M()"'=C'K(z)M(2)™', zeCy,

and K (z) € 6,(H), we conclude L(z) € &,(H), z € C. Moreover, as C~! is a bounded
self-adjoint operator one gets

ImL(z) =Im(—M(2)"") = (M(2)") "' (Im K (2))M(2)"!, z€Cy,

where in the last equality we have used (2.10). As K(-) € R*[H] by assumption we have
ker(Im K (z)) = {0} and this yields ker(Im L(z)) = {0} for all z € C;. We have shown
that L(-) : C;4 — &,(H) is a strict Nevanlinna function, L(-) € R*[H], and hence it
follows from (2.11) that —M~1(-) € Rg’f[?—l]. O

The assertions in the next lemma on the boundary values of G;-regular Nevanlinna
functions follow from well-known results due to Birman and Entina [25], de Branges [26],
and Naboko [70]; cf. [44, Theorem 2.2].

Lemma 2.6. Let M(:) be an &;-regular Nevanlinna function, M(-) € Rg®[H]. Then the
following assertions hold.

(i) M(X+140) = lime_,4o M (X + i€) exists for a.e. A € R in the norm of B(H);
(if) M(X+140) is boundedly invertible in H for a.e. X\ € R;
(ili) M(XA+ie) — M(A+1i0) € S,(H) forp e (1,00], € >0 and a.e. X € R, and
lim [[M(A+ig) — M(A+140)||s, ) = 0;
e—=+0

(iv) Im M (X +40) = lime_, 4o Im M (X + ie) exists for a.e. A € R in the &1-norm.
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Proof. By assumption there exists a Nevanlinna function K(-) with values in &;(H)
such that M(z) = C+ K(z), z € C4, holds with some bounded and boundedly invertible
self-adjoint operator C. It follows from [25,26,70] (see, e.g. [44, Theorem 2.2]) that the
limit K (X + ¢0) exists for a.e. A € R in the &,-norm for all p > 1, and that the limit
Im K(A + i0) exists for a.e. A € R in the &;-norm. This yields assertions (i), (iii),
and (iv).

In order to prove (ii) we recall that —M (-)~! is &;-regular by Lemma 2.5 and hence
the boundary values M (X +40)~! exist for a.e. A € R in the operator norm. Hence (ii)
follows from the identity

M\ +ie)M(A+ie) ™ = M\ +ie) "M\ +ic) = Iy, NER,
after passing to the limit € — 40 in the operator norm. 0O

In the next lemma we investigate B-generalized boundary triples with &,-regular Weyl
functions. In particular, it turns out that the symmetric extension Ay = T | ker(T'y) is
self-adjoint and a Krein type resolvent formula is obtained; cf. [14,17,37,38].

Proposition 2.7. Let I = {H,Ty,T'1} be a B-generalized boundary triple for S* such
that the corresponding Weyl function M(-) is Sp,-regular for some p € (0,00]. Then the
following assertions hold.

(i) II s a double B-generalized boundary triple for S*;
(ii) The Weyl function corresponding to the transposed B-generalized boundary triple
07 = {H,Ty,-To} is &,-reqular;
(iii) The operators Ay and Ay are &p-resolvent comparable and

(A1 = 2)7" = (Ao — 2) 7 = —(2) M(2)"'(2)" € &,(9) (2.12)
holds for all z € p(Ap) N p(A47).

Proof. (i) Since the Weyl function M(-) is &,-regular by assumption, Lemma 2.5 implies,
in particular, that M(z)~! € B(H) for all z € C \ R. This yields

ran(ly) = ran(M (z)) = H.

Next we check that A; = T | ker(I'7) is self-adjoint in $). First of all it follows from
the abstract Green’s identity (2.1) that A; is symmetric. Let z € C\ R, fix f € £ and
consider

hi= (Ao —2) 71 f = ()M (2) "1y (2)" .

From Definition 2.3 and (2.6) we obtain
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Iih=T1(Ag—2)" f = T1y(z)M(2) " 'y(2)* f =0
and hence h € dom(A;). Since ranv(z) C ker(T — z)) one gets
(A = 2)h = (T = 2)((Ao — 2) " f = 7(2)M (2) 'y (2)"f) = f

and we conclude the Krein type resolvent formula (2.12) in (iii) and ran(4; — z) = H
for z € C\ R. Hence the symmetric operator A; is self-adjoint in $) and it follows that
IT is a double B-generalized boundary triple for S*.

(ii) The Weyl function corresponding to the transposed B-generalized boundary triple
7 = {H,T';,-Ty} is given by

MT(2) = —M(2)7", z € p(Ao) N p(Ay), (2.13)

which is &,-regular by Lemma 2.5.

(iii) Since M (+) is &,-regular it follows that Im M (z) € &,(H) for z € C\R and hence
v(2)*y(z) € 6,(H) by (2.8). This implies v(2) € Ga,(H,$H) and v(2)* € Sop(H, H) for
z € C\ R, and the resolvent formula in (2.12) together with 0 € p(M(z)), z € C\ R,
yields the &,-property of the resolvent difference in (2.12) for z € C \ R, and hence for
all z € p(Ag)Np(A;). O

Proposition 2.7 (iii) admits the following useful improvement.

Corollary 2.8. Let I1 = {H,To,T'1} be a B-generalized boundary triple for S* such that
the corresponding Weyl function M (-) is Soo-reqular and assume that Im M (z) € S,(H)
for some p € (0,00) and z € C4. Then

(A1 —2)™ = (Ao — 2)7 € 6,(9), = € p(Ao) N p(Ay). (2.14)

Proof. The assumption Im M (z) € &,(H) for some p € (0,00) and z € C; together with
(2.8) yields v(2)*y(z) € 6,(H), and hence v(z) € Gg,(H, $H). The Krein type formula
in (2.12) implies (2.14) for z € C4, and hence also for all z € p(4o) Np(A41). O

Next we show that the p-resolvent comparability condition (2.12) guarantees the ex-
istence of a B-generalized boundary triple such that the corresponding Weyl function is

&-regular.

Proposition 2.9. Let A and B be self-adjoint operators in $ and assume that the closed
symmetric operator S = AN B is densely defined. Then

dom(A) + dom(B)

is dense in dom(S™*) with respect to the graph norm and the following assertions hold.
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(i) There is a B-generalized boundary triple Il = {H,To, T} for S* such that
A=T [ ker(Ty) = A and B =T [ker(I'}) = 4. (2.15)
(ii) If for some z € C\ R and some p € (0,00] the condition
(B=2)7" = (A-2)7" € 6,(9) (2.16)

is satisfied, then there exists a double B-generalized boundary triple Il = {H,To,T'1 }
such that (2.15) holds and the corresponding Weyl function M (-) is &,-regular.

Proof. In order to see that dom(A) + dom(B) is dense in dom(S*) with respect to the
graph norm assume that h € dom(S*) is such that

(fa+ fB,h) + (S*(fa+ f5),S*h) =0 for all f4 € dom(A), f5 € dom(B).

Then (Afa,S*h) = (fa,—h) and (Bfg,S*h) = (f,—h) for all f4 € dom(A) and
fB € dom(B) yield S*h € dom(A) Ndom(B) = dom(S) and (I + SS*)h = 0. Since the
operator I+ 5S* is uniformly positive one gets h = 0, that is, dom(A)+dom(B) is dense
in dom(S*) with respect to the graph norm.

(i) Observe first that S = AN B is a densely defined, closed, symmetric operator with
equal deficiency indices. Hence there exists an ordinary boundary triple Il = {#,Tj, '} }
for S* such that B = S* | ker(T'(); cf. [36,38]. Furthermore, as A and B are disjoint
self-adjoint extensions of S there exists a self-adjoint operator © = ©* € C(H) such that

A =S5 dom(A), dom(A) = ker(I'} — OIY),
see e.g. [38, Proposition 1.4]. We consider the mappings
[o:=T7—-0r; and T;:=-T}
defined on
dom(Ty) = dom(T'y) := dom(A) + dom(B)
and set
T :=5"| dom(T), dom(T') := dom(A) + dom(B).

We claim that IT = {#,T'o,T'1 } is a B-generalized boundary triple for S* such that (2.15)
holds. Note first that A =T | ker(T'g) = Ag, B =T [ ker(T'y) = A;, and that A and B
are disjoint self-adjoint extensions of S by construction. Therefore the argument in the
beginning of the proof implies that dom(7T") = dom(A) 4+ dom(B) is dense in dom(S*)
equipped with the graph norm and hence T = S*. Moreover, since © = ©* and the
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abstract Green’s identity (2.2) holds for the ordinary boundary triple II' we obtain for
fyg € dom(T)

(T1f,Tog) — (Tof,T1g) = (—=Tof, (T} — ©Y)g) — () — %) f, —T59)
= ([ f,Tog) — (Tof.Tig) = (Tf,9) — (f, Tg),

that is, the abstract Green’s identity (2.1) holds. In order to verify ran(Ty) = H fix
h € H. Since II" is an ordinary boundary triple there exists fy € dom(B) = ker(I') such
that I'} fo = h. We then obtain

Dofo =T —0OTg)fo=T1fo=h

and hence ran(I'y) = H. Summing up, we have shown that II is a B-generalized boundary
triple such that (2.15) holds.

(ii) Now we choose an ordinary boundary triple II” = {#H,T'j,T'/} for S* such that
A = 5* | ker(T'y). Since A and B are disjoint extensions of S there exists an operator

© = ©* € C(H) such that

B = 5" | dom(B), dom(B) = ker(I'{ — OIy)). (2.17)
It follows from [37, Theorem 2] that the condition (2.16) is equivalent to the condition
(O &1 € &,(H) for all £ € p(O). In particular, p(©) NR # (), and in the following
we assume without loss of generality that 0 € p(©). Denote the spectral function of
the self-adjoint operator © by Eg(:), let sgn(©) = [, sgn(t)dEe(t) and recall the polar
decomposition

© = 10]'/?5gn(0)[0]'/? = sgn(0)|0| = || sgu(®).

As ©71 € G,(H) we have |©|71/2 € Gy,(H) and ker(|©|~/2) = {0}. We consider the
mappings

To:= 0|2y and T, :=|0|"Y3(T} —6Ty) (2.18)
defined on
dom(Ty) = dom(T'y) := {f € dom(S*) : Ty f € dom(|@|1/2)}. (2.19)
We set
T := 8" | dom(T), dom(T) := dom(I'y) = dom(I'y),

and we claim that II = {H,T,I'1} is a double B-generalized boundary triple for S*.
First of all we have for f,g € dom(T)
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(I'1f,Tog) — (Tof,T1g)
= (|e]72(T] — ery)f,0Y/*I5g) — (IO]V2Tg f,|e|~/*(IY — erg)g)
= (T — erg)f.I'gg) — (Lo f. (1 — ©Tf)g)
= (/. Tgg) — (Tg f,T7g)
and since I1” is an ordinary boundary triple the abstract Green’s identity (2.1) follows.

The condition ran(T) = H is satisfied since 0 € p(0), and thus also 0 € p(|0['/2). Tt is
also clear from the definition of Ty in (2.18)—(2.19) that

ker(Tg) = ker(I'y) = dom(A). (2.20)
Next it will be shown that
ker(I';) = dom(B) (2.21)

holds. In fact, the inclusion ker(I';) C dom(B) in (2.21) follows from the definition of
'y in (2.18)-(2.19) and ker(|©|~1/2) = {0}. For the remaining inclusion let f € dom(B).
Then I'Y f = OT'( f by (2.17) and, in particular,

T f € dom(©) C dom(|©]*/2).

Hence dom(B) C dom(T) and I'y f = 0 is clear, that is, dom(B) C ker(I';) and thus
(2.21) is shown. Combining (2.20) with (2.21) yields (2.15). Moreover, we have T = S*
since

dom(A) + dom(B) = ker(T'g) + ker(I';) C dom(T")

and dom(A)+dom(B) is dense in dom(S*) equipped with the graph norm (as A and B are
disjoint self-adjoint extensions of S). Summing up, we have shown that IT = {#,T¢,T'; }
is a B-generalized boundary triple for S* such that (2.15) holds.

It remains to verify that the Weyl function corresponding to II is &,-regular; Propo-
sition 2.7 (i) then implies that II is a double B-generalized boundary triple. For this
denote the Weyl function corresponding to the ordinary boundary triple II” by M"(+)
and recall that M" (2)T'( f, =T f, for f. € ker(S* —z) and z € p(A). We claim that the
Weyl function corresponding to II is given by

M(z) = |0]7Y2M" (2)|0]7Y? —sgn(®), =z € p(A). (2.22)

In fact, for f, € ker(T — z) we compute
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(161712 M" (2)[©]/* — sgn(©)) Ty /-
= |0]7/2M" () f. — sgn(©)|©]'/*T f.
= |©]72(T) f. — |B]'/* sgn(©)|0]/*T f-)
=[O Y*(Yf. —ergf.) =T1f.

and hence (2.22) follows by Definition 2.3. Let K(2) := |0|~2M"(2)|©|7'/2, 2 € C,
and let C := —sgn(0). Note that C' is a boundedly invertible self-adjoint operator and
that [©]7Y/2 € Gy,(H) and M”(z) € B(H) yield K(2) € G,(H), z € C4. Moreover,
as M"(-) € R"*[H] it follows that K(-) € R*[H], and hence the Weyl function M(:) is
Gp-regular. O

In applications to scattering problems it is important to know whether the resolvent
p-comparability condition (2.12), (2.16) yields the &,-regularity of the Weyl function. A
converse statement to Proposition 2.7 is false for arbitrary double B-generalized bound-
ary triples, while Proposition 2.9 ensures the existence of such a double B-generalized
boundary triple. However in the following proposition we present an affirmative answer
to this question under certain additional explicit assumptions.

Proposition 2.10. Let A and B be self-adjoint operators in § such that
Rpa(2):=(B—2)" = (A-2)"'€6,($) (2.23)

for some z € C\ R and some p € (0,00], and assume that the closed symmetric operator
S = ANB is densely defined. Assume, in addition, that there exists A\g € p(A)Np(B)NR
such that

+Rp.a(No) > 0. (2.24)

If 11 = {H,Tg,T1} is a double B-generalized boundary triple for S* such that condition
(2.15) holds then the corresponding Weyl function M(-) is &,-regular.

Proof. Since Il is a double B-generalized boundary triple, the values of the Weyl function
M(-) and the function —M (-)~1 are in B(#H). Moreover, the assumption \g € p(A) N
p(B) NR ensures that —M (o) ™! € B(H) is a self-adjoint operator and we have

Rp.a(Xo) = (B —Xo) ' = (A= X) " = =v(Ao) M (Xo)'v(No)* (2.25)
by Proposition 2.7 (iii). Assume that R4 g(Ao) > 0 in (2.24). Then by (2.25)
(RA,B()‘U)fa f) = (_M()‘O)_l’Y()\O)*f7’Y()‘0>*f) > 0, f €9,

and since ran(y(A\o)*) is dense in H (see Section 2.1) we have —M(X\g)~! > 0. Setting
T(Xo) :=v(No)(=M(Xo))~Y/2 € B(H,$) and using the assumption (2.23) for some, and
hence for all, z € p(A) N p(B) we conclude from (2.25) that
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RB,A()\O) = T()\())T()\o)* S 6;0(57))

This relation yields T'(A\g)* € G2,($,H) and T'(Ag) € Sop(H,$), and hence y(Ag) =
T(No)(=M(Xo))'/? € &2p(H, $). It then follows from (2.5) that

’7(2:) € 621)(%75) and ’Y(f)* € 62?('6’%)5 2,6 € p(A)

Combining this with (2.7) it follows that M(z) — M(X\g) € &,(H). Therefore, setting
C:= M(X\) and K(z) := M(z) — M(X\g), z € C, we arrive at the representation (2.9).
Note that C = M (\o) is a boundedly invertible self-adjoint operator. Furthermore, since
ImK(z) = ImM(z) and M(-) € R*[H] we conclude K(-) € R*[H], that is, the Weyl
function M(-) is Sp-regular. O

Remark 2.11. Condition (2.24) is satisfied if the symmetric operator S = AN B is
semibounded from below and A is chosen to be its Friedrichs extension. In this case
(2.23) yields the semiboundedness of the operator B and the inequality (2.24) holds for
any Ag smaller than the lower bound of B.

Remark 2.12. The density of dom(A) + dom(B) in $ under the conditions of Proposi-
tion 2.9 is well known (see for instance [36]). The simple proof presented here and which
does not exploit the second Neumann formula seems to be new.

Remark 2.13. Proposition 2.7 (i) can also be viewed as an immediate consequence from
the fact that the values of M ~1(-) are in B(H); cf. [34,38]. For the convenience of the
reader we have presented a simple direct proof.

In the proofs of the results in Sections 4 and 5 we shall occasionally make use of the
following lemma.

Lemma 2.14. Let IT1 = {#,To,I'1} be a B-generalized boundary triple for T = S* and
let M(-) be the corresponding Weyl function. Assume that A1 = A} and that £ € p(Ap).
Then the following equivalence holds:

Eeop(A1) & 0eg,(M(E)).

Proof. Assume first that 0 € o,(M(£)). Then there exists ) € H, ¢ # 0, such that
M (&)Y = 0. Since ran(I'g) = H one finds f¢ € ker(T — &), fe # 0, with ¢» = T'g fe. Then
I'ife =M(&)Y =0 and fe € dom(A;). This shows f¢ € ker(A; —§) and § € 0,(A1).

Conversely, assume that fe € ker(4; — &), fe #0. Then I'y1 fe =0 and ¢ :==Tfe #0
since otherwise £ € o,,(Ag). Then M (&)Y = M()Lofe = I'1 fe = 0 and hence it follows
that 0 € 0,(M(§)). O
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3. A representation of the scattering matrix

Let A and B be self-adjoint operators in a Hilbert space $) and assume that they are
resolvent comparable, i.e. their resolvent difference is a trace class operator,

(B—i) ' —(A-i)"t e &1(9). (3.1)

Denote by $%¢(A) the absolutely continuous subspace of A and let P*¢(A) be the or-
thogonal projection in $ onto $*¢(A). In accordance with the Birman—Krein theorem,
under the assumption (3.1) the wave operators

Wi (A, B):=s— lim e'Beit4Apac(4)

t—~4o0

and

W_(A,B):=s— lim e"Be 4pac(4)
t——o0
exist and are complete, i.e. the ranges of W, (A, B) and W_(A, B) coincide with the
absolutely continuous subspace $%¢(B) of B; cf. [12,59,79,81,82]. The scattering operator
S(A, B) of the scattering system is defined by

S(A,B) =W, (A, B)*W_(A,B).

The operator S(A, B) commutes with A and is unitary in $%°(A4), hence it is unitarily
equivalent to a multiplication operator induced by a family {S(A, B; \)}acr of unitary
operators in a spectral representation of the absolutely continuous part A% of A,

A% = A | dom(A) N H%(A).

The family {S(A, B;\)}aer is called the scattering matriz of the scattering system
{A, B}.

In Theorem 3.1 and Corollary 3.3 below we shall provide a representation of the
scattering matrix {S(A, B; A) }aer of the system { A, B} in an extension theory framework
using B-generalized boundary triples and their Weyl functions. It is assumed that the
closed symmetric operator S = AN B is densely defined; in the more general framework
of non-densely defined symmetric operators this assumption can be dropped. First we
discuss the case that S = AN B is simple, i.e. S does not contain a self-adjoint part or,
equivalently, the condition

$ = clsp{ker(S* — 2) : 2 € C\ R}

is satisfied; cf. [60]. In the sequel the abbreviation a.e. means “almost everywhere with
respect to the Lebesgue measure”.
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Theorem 3.1. Let A and B be self-adjoint operators in a Hilbert space §, assume that
the closed symmetric operator S = AN B is densely defined and simple, and let I =
{H,T9,T1} be a B-generalized boundary triple for S* such that A = T | ker(T'g) and
B =T | ker(I'1). Assume, in addition, that the Weyl function M(-) corresponding to 11
is G1-regular.

Then {A, B} is a complete scattering system and

L3R, d\, Hy), H, := ran(Im M (X + i0)),

forms a spectral representation of A*¢ such that for a.e. A € R the scattering matrix
{S(A, B; \)}rer of the scattering system {A, B} admits the representation

S(A, B;\) = Iy, — 2iy/Tm M (A + i0) M (A +i0) 1 /Tm M (X + i0).

Proof. The proof of Theorem 3.1 consists of three separate steps and is essentially based
on Theorem A.2. Parts of the proof follow the lines in [20, Proof of Theorem 3.1], where
the special case of a symmetric operator S with finite deficiency indices was treated.

First of all we note that the &;-regularity assumption on M(-) together with Propo-
sition 2.7 (iii) ensures that the resolvent difference of A and B is a trace class operator.
Hence the wave operators Wi (A, B) exist and are complete and {4, B} is a complete
scattering system, see, e.g. [82, Theorem VI.5.1].

Step 1. According to Proposition 2.7 (iii) the resolvent difference of A and B in (3.1) can
be written in a Krein type resolvent formula of the form

(B=2)7" = (A=2)7" = =1(x)M(z)""(2)",  z€p(A)Np(B). (3-2)

In particular, from (3.2) and (2.5) we get

(B =)™ = (A—i)™" = —(i) M(3) " y(=i)"
— (A4 i) (A — i) (i) M (i)~ (=) = $(A)CCC

where

t+1

o LER, C:=~(—i) and G:=-M(i)" (3.3)

o(t) :=

We claim that the condition
H(A) = clsp {EY°(§)ranC : 6 € B(R)} (3.4)
in Theorem A.2 is satisfied. In fact, since S is assumed to be simple we have

$ = clsp {ker(5* — 2) : z € C\ R}.
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Furthermore, using ker(S* — z) = ker(T — z), z € C\ R, which follows from (2.4), and
ran(y(z)) = ker(T — z), z € C\ R, it follows that
$ =clsp {ker(T — 2) : z € C\ R}
=clsp{v(2)h:2€ C\R, h e H}
=clsp{(A+i)(A—2)"'y(—i)h: 2 € C\R, h € H}
=clsp{(A+i)(A—2)"'Ch:2€ C\R, h € H}
=clsp{EA(6)Ch:heH, e BR)}
and hence

H%(A) = clsp {P*(A)EA(5)Ch : h € M, § € B(R)}.

Since E9¢(6) = P*“(A)E 4(6) this implies (3.4).

Step 2. Now we apply Theorem A.2 to obtain a preliminary form of the scattering matrix
{S(A, B; \)} aer. Since M(+) is &1-regular by assumption we have

Im M(i) = ~(1)"(i) € 61 (H)
(see (2.8)) and hence (i) € G3(H,$H) and
C =7(=i) = (I = 2i(A+i)"")(i) € S2(H, H).

Therefore the function A — C*E4((—o00, A))C is &1(H)-valued and in accordance with
[25, Lemma 2.2] this function is &;(H)-differentiable for a.e. A € R. We compute its
derivative

A K(\) = %C*EA((—OO, A)C

and the square root A — /K ()) for a.e. A € R. First we note that by the & (H)-gen-
eralization of the Fatou theorem (see [25, Lemma 2.4])

. E * oy a1 _ . N—1
= lim 7TC (A=X—ie) (A= X+ie) H)C
for a.e. A € R. On the other hand, inserting the formula
YA +ig) = (A+0) (A - X—ie) ty(—i) = (A+i)(A— X —ie) 'O

(see (2.5)) into (2.8) leads to
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Im M (X + ig) = ey(A +ie)"y(A + ig)
—eC I+ A% (A=A +ie) (A-r—ie)”'C.
Combining this relation with (3.5) we conclude

Im M(A+1i0) = lim Tm M(A+ie) = m(1 + MK (M)
e—

for a.e. A € R. In particular, ran(Im M (X +i0)) = ran(K(A\)) for a.e. A € R and hence

Hy =ran(Im M (X +40)) =ran(K(X)) for a.e. A €R.

Therefore L?(R, d\, H,) is a spectral representation of A% and in accordance with The-
orem A.2 the scattering matrix {S(A, B; A)}aer is given by

S(A, B; \) = Iy, +2mi(1+ X VK(NZ\)VE(N)

3.6
= Iy, + 2i(1 + A?)y/Im M (X +i0)Z(X\)+/Im M (X + 40) 30
for a.e. A € R, where Z(-) is given by (A.6),
I, . X N
20 = 5 5@ NG+ Jim @(B-(rie) e, ()

and
Q=¢(A)CG = —(A+i)(A—i) Iy(=i) M(i) " = —y(i) M(i) "' € &2(H,9).

Observe that due to the last inclusion the limit in (3.7) exists for a.e. A € R in every
G,-norm with p > 1 and the operator-valued function Z(-) in (3.7) is well defined a.e.
on R; cf. Lemma 2.6.

Step 3. In the third and final step we prove that

Z(\) = M(\+i0)~! (3.8)

Y

for a.e. A € R. Then inserting this expression in (3.6) one arrives at the asserted form of
the scattering matrix.

Applying the mapping 'y to (3.2) and using ker(T'g) = dom(A) and Definition 2.3
one gets

Lo(B —2)7" =To(A —2)7" = Tov(2)M(2)'7(2)" = =M(2)"'9(2)"  (3.9)
for z € p(A) N p(B) and hence

Lo(B+i) " = =M (=) ') = (=) M(i)™)" = Q"
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This yields

Q*(B-2)7'Q=To(B+i) (B-2)'Q
=To(Q (B-2) " (B~1i)7")
=To(To(B+i)""(B—-2)""B—-i) ).

*

(3.10)

In order to compute this expression we note that

(B+i) Y (B-2)"YB-1i)*
-1

=1z (B+i) ' =(B-2"")+ 27;,((3 +i) t=(B—i)7")

and hence (3.9) implies

1

To(B+i4) ' (B-2)"Y(B—-i)'= ]

(M (=)™ y(i)" = M(2)"'(2)")
1

- W(M(—i)*lv(i)* — M(i) "'y (=0)").

Taking into account that (M (i)~1)* = M(u)~* for u € p(A) N p(B) we obtain for the
adjoint

(Co(B+0) (B =27 (B =) = 15 () MG —5() M(:) ™)
+ e (0 M) = (=) M=) )

In turn, combining this identity with (3.10) yields

*

Q (B—2)""Qh=To(To(B+i) "(B—2) " (B—i)")

LM - ME) ) +

T 1y 22 2i(z +1) (M(@)™ = M(=0)™")

for z € p(A) N p(B). Setting here z = A+ e € C1 and passing to the limit as € — 0 one
derives

im, Q*(B—(A+ is))_lQ = Tl/\Q(M(i)_l — M\ +i0)7")
) (3.11)
+ m(M(i)’l - M(—i)™)

for a.e. A € R; note that by Lemma 2.6 the limit M (XA +40)~! € B(H) exists for a.e.
AeR.
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Moreover, we have
Q*Q = (y()) M()™1) "y(i) M(5) ™ = M (=) (i) (i) M (i) "

T2

Inserting this relation and (3.11) into (3.7) and taking notations (3.3) into account we
obtain for a.e. A € R

1

Z0) = Q@+ WG+ @ (B- (B +i0)
- (0 =0 -
+ Hl—Az(M(i)‘l — M(A+i0)7Y) + m(wz)_l M)
1 -
= _WM()\-I-ZO) ,

that is, (3.8) holds. O

Remark 3.2. Instead of the assumption that the Weyl function is &;-regular one may
assume in Theorem 3.1 that Rp a(z) = (B —2)"! — (A —2)7! € &1($) holds for some
z € p(A)Np(B) and Rp, 4(XAg) > 0 for some A\g € RN p(A) N p(B); cf. Proposition 2.10.

Our next task is to drop the assumption of the simplicity of S in Theorem 3.1. If
S = AN B is not simple then the Hilbert space $ admits an orthogonal decomposition
H=9Ho ®H with Hy # {0} such that

S=Sa8, (3.12)

where Sy is a self-adjoint operator in the Hilbert space $y and S’ is a simple symmetric
operator in the Hilbert space $'; cf. [60]. It follows that there exist self-adjoint extensions
A’ and B’ of S’ in §’ such that

A:SO@A/ and B:SOEBBI

By restricting the boundary maps of a B-generalized boundary triple for S* one obtains
a B-generalized boundary triple for the operator (S’)* with the same Weyl function.
Applying Theorem 3.1 to the pair {A’, B’} yields the following variant of Theorem 3.1;
cf. [20, Proof of Theorem 3.2] for the same argument in the special case of finite rank
perturbations.

Corollary 3.3. Let A and B be self-adjoint operators in a Hilbert space $), assume that the
closed symmetric operator S = ANB is densely defined and decomposed in S = So®S’ as
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n (3.12), and let L*(R,d\, Gy) be a spectral representation of S§¢. Let I1 = {H,To,T'1}
be a B-generalized boundary triple for S* as in Theorem 3.1 such that the corresponding
Weyl function M(-) is &1-regular.

Then {A, B} is a complete scattering system and

LA(R,d)\, Hx & Gy), Hy :=ran(Im M (A +40)),

forms a spectral representation of A*¢ such that for a.e. A € R the scattering matrix
{S(A, B; \)}rcr of the scattering system {A, B} admits the representation

S(A",B"; \ 0
S(AaBE)‘)< ( 0 ) ng>a

where
S(A',B";\) = Iy, — 2in/ITm M (X +i0) M (X +i0)~"/Im M (X + i0).
4. Scattering matrices for Schrodinger operators on exterior domains

Our main objective in this section is to derive representations of the scattering ma-
trices for pairs of self-adjoint Schrédinger operators with Dirichlet, Neumann and Robin
boundary conditions on unbounded domains with smooth compact boundaries in terms
of Dirichlet-to-Neumann and Neumann-to-Dirichlet maps. After some necessary prelim-
inaries in Sections 4.1 and 4.2 we formulate and prove our main results Theorem 4.3
and Theorem 4.7 in Sections 4.3 and 4.4, respectively. Both theorems follow in a similar
way from our general result Theorem 3.1 by fixing a suitable B-generalized boundary
triple and verifying that the corresponding Weyl function is &;-regular. We also mention
that along the way we obtain classical results on singular value estimates of resolvent
differences due to Birman, Grubb and others without any extra efforts; cf. Remarks 4.4
and 4.8.

4.1. Preliminaries on Sobolev spaces, trace maps, and Green’s second identity

Let Q C R™ be an exterior domain, that is, R™\ 2 is bounded and closed, and assume
that the boundary 99Q of Q is C*°-smooth. We denote by H?(Q2), s € R, the usual
L2-based Sobolev spaces on the unbounded exterior domain €2, and by H"(9Q), r € R,
the corresponding Sobolev spaces on the compact C'*°-boundary 9€2. The corresponding
scalar products will be denoted by (+,-), and sometimes the space is used as an index.

Recall that the Dirichlet and Neumann trace operators vp and 7y, originally defined
as linear mappings from C§°(Q) to C*°(9€2), admit continuous extensions onto H?2({2)
such that the mapping

(33) : H2(Q) — H??(09) x H'/?(09) (4.1)
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is surjective. The spaces
HA(Q)={fe€HQ): Af € L*(Q)}, s€[0,2], (4.2)
equipped with the Hilbert scalar products
(f,Dus @ = (f, 9 + (Af, Ag)r2(0), [,9 € HA(), (4.3)

will play an important role. In particular, we will use that the Dirichlet trace operator
can be extended by continuity to surjective mappings

o HY?(Q) = HY(0Q) and ~p : HA(Q) — HY?(09), (4.4)
and the Neumann trace operator can be extended by continuity to surjective mappings
v HY2(Q) = L2(09) and vy : HA(Q) — H™/2(09); (4.5)

cf. [62, Theorems 7.3 and 7.4, Chapter 2] for the case of a bounded smooth domain and,
e.g. [49, Lemma 3.1 and Lemma 3.2]. At the same time the second Green’s identity

(=Af,9) 2 — (fs =Ag)20) = (' f,INg) L200) — (W Fi7DG) 12(09), (4.6)

well known for f,g € H?(Q), remains valid for f,g € Hz/ 2(Q) and extends further to
functions f,g € HA(Q)

(=Af,9)r2) — (f,—Ag) 20 = (Y fiY~vg) — (W f. DY), (4.7)

where (-,-) denotes the extension of the L?(9f2)-inner product onto the dual pair
HY2(0Q) x H-'/2(0Q) and H~'/2(0Q) x H'/?(d%), respectively. As usual, here

HY2(0Q) — L*(0Q) — H~Y/?(5Q) (4.8)

is viewed as a rigging of Hilbert spaces, that is, some uniformly positive self-adjoint
operator 7 in L?(99) with dom(y) = H'/2(09Q) is fixed and viewed as an isomorphism

7: HY2(9Q) — L%(09). (4.9)
As scalar product on H'/2(99) we choose (i, V) m/zo0) = (09, 1) L2 (a0); it follows that

H~1/2(9Q) coincides with the completion of L?(9Q) with respect to (37, 77') r2(a0,

and 57!

admits an extension to an isomorphism

7L HY2(00) — L2(09).

The inner product (-,-) on the right hand side of (4.7) is
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(0.0) = (00,77 8) 2oy € HYX(09), v € HT2(00), (4.10)

and extends the L?*(9Q) scalar product in the sense that (¢,1) = (¢, 1) 2(a0) for ¢ €
H'Y2(09) and ¢ € L?(09). A standard and convenient choice for j in (4.9) in many
situations is

Ja = (=Ban + D)V HY2(0Q) — LP(09), (4.11)

where —Apq denotes the Laplace-Beltrami operator in L*(9€2). In this case

Jat = (—Daq + 1)V H-Y2(0Q) — L2(09);

cf. Remark 4.5 for other natural choices of 7. Note in this connection that ja maps
H#(09Q) isomorphically onto H*~/2(99) for any s € R.

In this context we also recall the following lemma, which is essentially a consequence
of the asymptotics of the eigenvalues of the Laplace—Beltrami operator on compact man-
ifolds; cf. [4, Proof of Proposition 5.4.1], [5, Theorem 2.1.2], and [17, Lemma 4.7].

Lemma 4.1. Let IC be a Hilbert space and assume that X € B(K, H*(9)) has the property
ran X C H"(09Q) for some r > s > 0. Then

X € Sums (K H'(90)
and hence X € &,(K, H*(8Q)) for p > “=L.

As a useful consequence of Lemma 4.1 we note that for » > 0 the canonical embeddings
tp 2 HT(0Q) — L2(0Q) and ¢_,. : L2(02) — H~"(09) satisfy

L € Suma (H(09), L*(09))  and 1, € Suos (L?(09), H"(09)),

respectively. In fact, the assertion for the embedding ¢, follows after fixing a unitary
operator U : L*(0Q) — H"(99), applying Lemma 4.1 to the operator X = (.U
and noting that the singular values of X and ¢, are the same. Since the dual opera-
tor ¢ : L2(0Q) — H~"(99) coincides with the canonical embedding ¢, of L?(99)
into H~"(09) the second assertion follows. By composition and (1.4) we also conclude

Ler 0ty € Snz1 (HT(0Q), H 7 (09)). (4.12)
4.2. Schrédinger operators with Dirichlet, Neumann, and Robin boundary conditions

Let 2 C R™ be an exterior domain as in Section 4.1. In the following we consider a
Schrédinger differential expression with a bounded, measurable, real valued potential V,
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L=—A+V, VeL>9). (4.13)

With the expression in (4.13) one naturally associates the minimal operator

Sminf :gfa

dom(Spin) = H2() = {f € H2(Q) : ypf = yn f = 0}, (4.14)

and the maximal operator

Smazf = gfv

dom(Spas) = {f € L*(Q) : —Af + V f € L*(Q)},
in L2(£); the expression A f in dom(S,,4.) is understood in the sense of distributions. We
note that dom(Sy,q.) equipped with the graph norm coincides with the Hilbert space
HQ () introduced above. In the next lemma we collect some well-known properties
of Syin and Spae; for the simplicity of S we refer to [22, Proposition 2.2] and we
mention that another proof of this fact can be obtained following the reasoning in [28,
Example 5.3]. The density of H3 () in dom(S*) equipped with the graph norm is shown
(for the case of a bounded domain) in [62, Chapter 2, Theorem 6.4].

Lemma 4.2. The operator S = Spin is a densely defined, closed, simple, symmetric
operator in L?(Q). The deficiency indices of S coincide and are both infinite,

dim (ran(S — 4)*) = dim(ran(S +i)*) = oo.
The adjoint of the minimal operator is the maximal operator,
S* =8 =Smaz and S = Smin =542
and the spaces HX (2), s € [0,2], are dense in dom(S*) equipped with the graph norm.
In Sections 4.3 and 4.4 we are interested in scattering systems consisting of different

self-adjoint realizations of . in L?(Q). The self-adjoint Dirichlet and Neumann operators
associated to the densely defined, semibounded, closed quadratic forms

aD[fa g] = (Vf7 Vg)(LQ(Q))” + (Vfa g)LZ(Q)7 dom(aD) = H&(Q),
anlf, g9l = (V£,Va) w2 @ym + (Vf,9) L2 ), dom(ay) = H'(),
are given by

Apf =2, dom(Ap) = {f € H*(Q) : vpf =0},

(4.15)
Anf=2f,  dom(Ay)={fe H* Q) : v f =0},
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and for a real valued function o € L*(99Q) the quadratic form

aalf, 9] = anlf,g] — (e f, 'YDg)L2(6Q)7 dom(ay) = Hl(Q)u

is also densely defined, closed and semibounded from below, and hence gives rise to a
semibounded self-adjoint operator in L?(£2), which has the form

Aof = Zf,  dom(Ay) = {f e HY*(Q) :aypf =i} (4.16)

We remark that the H?-regularity of the functions in dom(Ap) and dom(Ay) is a clas-
sical fact (see the monographs [3,61,62]) and the H3/2-regularity of the functions in
dom(A,) can be found in, e.g. [14, Corollary 6.25]; in the case that the coefficient « in
the Robin boundary condition is continuously differentiable also dom(A,) is contained
in H%(Q); cf. [68, Theorem 4.18].

4.8. Scattering matriz for the Dirichlet and Robin realization

In this subsection we consider the pair {Ap, A, } consisting of the self-adjoint Dirichlet
and Robin operator associated to .# in (4.15) and (4.16) on an exterior domain 2 C R?;
here we restrict ourselves to the two dimensional situation in order to ensure that the
trace class condition (3.1) for the resolvent difference is satisfied; cf. Remark 4.4.

Before formulating and proving our main result on the system {Ap, A, } we recall the
definition and some useful properties of the Dirichlet-to-Neumann map. First we note
that for any ¢ € H'/2(9Q) and z € p(Ap) there exists a unique solution f, € HX(Q) of
the boundary value problem

~Af.+ Vi =zf., pf-=v¢eH*0Q). (4.17)
The corresponding solution operator is given by
Pp(z) : HY2(0Q) — HA(Q) C L*(Q), ¢ f.. (4.18)
For z € p(Ap) the Dirichlet-to-Neumann map A, /2(z) is defined by
Ayjo(z) s HY2(0Q) — H™Y2(09Q), 4 = ywPp(2)Y, (4.19)

and takes Dirichlet boundary values vp f. of the solution f, € HX () of (4.17) to their
Neumann boundary values vy f. € H~1/2(9Q).

Now we are ready to formulate and prove a representation of the scattering matrix
for the pair {Ap, A}

Theorem 4.3. Let Q C R? be an exterior domain with a C*>-smooth boundary, let
Ve L>®(Q) and a € L>®(0Q) be real valued functions, and let Ap and A, be the
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self-adjoint Dirichlet and Robin realizations of £ = —A +V in L*(Q) in (4.15) and
(4.16), respectively. Moreover, let Ay5(-) be the Dirichlet-to-Neumann map defined in
(4.19) and let

MP(2) =) (a - Al/Q(Z))j_l, z € p(Ap), (4.20)
where 7: H'/2(0Q) — L*(09Q) denotes some uniformly positive self-adjoint operator in

L%(09) with dom(y) = H'Y2(0Q) as in (4.8)~(4.9).
Then {Ap, Aa} is a complete scattering system and

L3R, d\, Hy), Hy = ran(Im MP (X + i0)),

forms a spectral representation of A such that for a.e. X € R the scattering matriz
{S(Ap, Aa; A\) }rer of the scattering system {Ap, An} admits the representation

S(Ap, Aa; N) = I, — 2iy/Tm MD (X +i0) MP (X +i0)~'/Im MP (X + i0).

Proof. It follows from (4.15) and (4.16) that the operator A, N Ap coincides with the
minimal operator S = S, associated with % in (4.14), which is closed, densely defined
and simple by Lemma 4.2. Define the operator T' as a restriction of S* to the domain

HA(Q),
Tf=-Af+Vf,  dom(T)= HA(Q),
and let
Tof =yypf and Tif =) ayp —yn)f f € dom(T). (4.21)

We claim that 112 = {L?(02),T,T1} is a B-generalized boundary triple for S* with
the &1-regular Weyl function MP(-) given by (4.20) such that

Ap =T [ ker(Ty) and A, =T [ ker(I'y). (4.22)

In fact, for f,g € dom(T") we use (4.7) and the fact that « is real valued, and compute

(T1f,Tog) — Tof,T19)
= (7Y (avp — ) fr3709) — 00 f2 7~ (@D — 7N)9)
ovpf —nfpg) — (¥ f:avDg —ING)

=
= (wf,vvg) — (wf,vpg)
=(Tf,9) - (f,Tyg)

and hence Green’s identity (2.1) is satisfied. Moreover, yp : dom(T) — HY2(99Q) is
well defined and surjective according to (4.4), and since 5 : H/2(9Q) — L?(99) is an
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isomorphism we conclude ran(Tg) = L?(99), i.e., I is surjective. From Lemma 4.2 we
directly obtain that dom(7T") = HA(f?) is dense in dom(S*) equipped with the graph
norm (which is equal to the space HY(Q2)) and hence we have T = S*. Moreover, it
follows from Green’s identity (2.1) that the restrictions T | ker(T'g) and T | ker(T'y) are
both symmetric operators in L?(Q2) and from the definition of the boundary maps it is
clear that the self-adjoint operators Ap and A, are contained in the symmetric operators
T | ker(['g) and T | ker(T'1), and hence they coincide. Therefore, II2 = {L2(99), T, T}
is a B-generalized boundary triple for S* such that (4.22) holds.

In order to see that the Weyl function is given by (4.20) recall that Ay 5(2)ypf. =
yn fy for f, € ker(T — z), z € p(Ap), according to the definition of the Dirichlet-to-
Neumann map A;/o(-) in (4.19). Hence we obtain

]71 (Ol - A1/2(2))j_1F0f2 = F(a’nyz - Al/Q(Z)’Vsz) = Flfz

for f, € ker(T — z) and z € p(Ap), and this yields (4.20).

It remains to verify that MP(-) is &;-regular. For this we denote the v-field associated
to 12 by vP(-) and use the relation (2.7) with some & € p(Ap) N p(As) N p(Ax) NR
and all z € p(Ap). Observe that (2.6), ¢ = &, and the choice of T'y in (4.21) yield

YD) h =T1(Ap — &) 'h = — Iyn(Ap — &) 'h (4.23)

for all h € L?(Q). Since dom(Ap) C H?(Q2) we conclude from (4.1) that the range of
the mapping Yn(Ap — &)~ ! is contained in H'/2(0Q). As vy maps H?() continuously
onto H'/2(9%2) (cf. (4.1)) this operator is defined on the whole space L?(£2) and

v (Ap — €)7 € B(L*(Q), HY/2(09)).
Now we use that the canonical embedding operator t_j/p o t1/2 : H1/2(BQ) —

H~1/2(09) is compact and belongs to Si(HY?(9), H='/2(9Q)) by (4.12). Thus we
have

N (Ap — €)1 € §i (L3 (Q), H/2(09))

and hence (4.23) yields v2(&)* € S1(L3(Q),L?(09)). It follows that also v2(¢) €
S1(L?(09), L?(Q)) and hence by (2.5) for all z € p(Ap)

(=) = (I+(z=&(Ap —2) 7 )2 () € S1(L*(89), L*(2)). (4.24)
Therefore
(2= V2 ()L (2) € 812(L(09), 2 € p(Ap). (4.25)

Since Sy 2(L%(092)) C &1(L*(89)) and MP (&) = MP(£)* we conclude from (2.7) and
(4.25) that
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K(2) = M2 (z) = MP(&) = (z = OV ()*12 () € 61(L*(09)), z€Cy.

Since MP () is a strict Nevanlinna function, K (-) is a strict Nevanlinna function too. It
remains to show that

Ci=MP(€) = 7oy =7 Ay o)y

is boundedly invertible. Using that the maps (4.4) and (4.5) are surjective and £ €
p(Ap)Np(An)NR we find that the self-adjoint operator j)=1Ay/5(£)y~! is surjective, and
hence boundedly invertible in L?(9). From ran(ay~!) C L?(92) we obtain that F(Xj_l
is compact and therefore M2 (¢) is a Fredholm operator. Furthermore, ker(M2 (¢)) # {0}
by Lemma 2.14 and hence C = MP(¢) is boundedly invertible. Therefore MDP(-) is
an G;-regular Weyl function. Now the assertions in Theorem 4.3 follow from Theo-

rem 3.1. O

Remark 4.4. For n = 2,3,4,... one obtains in the same way as in the proof of Theo-
rem 4.3 using (4.12) that

12 (2) € Sp_1 (L*(09), L2 () and 7 (2)* € Sp—1(L*(), L*(92))

for all z € p(Ap) and since MP(2)~1 € B(L?(09Q)), z € p(Ap) N p(A,), we conclude
from Krein’s formula in Proposition 2.7 (iii) that

(Ao =27 = (Ap = 2) " = APEOMP () D) € Sus (I2(Q))  (4.26)

for all z € p(Ap) N p(As) by Proposition 2.7 (iii). In particular, for n = 2 one gets the
& -resolvent comparability of A, and Ap. This well known result goes back to Birman
[24] (see also [17,45,53,54,63] for more details on singular value estimates in this context).

Remark 4.5. There are several possibilities to choose the operator 7 in (4.9) used for the
extension (4.10) of the L?(99) scalar product in the rigging (4.8). Besides the choice
Ja = (=Apq + I)Y/* in (4.11) the following choice is very convenient for the scattering
matrix, since it allows to express it completely in terms of the Dirichlet-to-Neumann
map: Fix some Ao < min{c(Ap),c(An)} and note that the restriction A;(Ag) (see also
the beginning of Section 5.4) of the Dirichlet-to-Neumann map Aq/2(Xg) onto H'(99)
is a non-negative self-adjoint operator in L?(9f2) with a bounded everywhere defined
inverse A1(X\g) ! in L?(99); the Neumann-to-Dirichlet map. Then also the square root
/A1 ()\o) is a non-negative self-adjoint operator in L?(9Q) which is boundedly invertible,
and we have dom(y/A;(\g)) = H'/2(09) (see, e.g., [18, Proposition 3.2 (iii)]). Hence

7=A1(No) : HY2(8Q) — L?(09)

is a possible choice for the definition of the scalar product (-,-) in (4.10).
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Following [23, Section 1] one defines the adjoint X' of an operator
X € B(HY*(0Q), H/2(09))
in the rigging H'/2(09) — L?(0Q) — H~/2(0Q) via

(X, ) = (0, XT), @, € H/*(0Q).

The imaginary part of the operator X is defined by Im X = %(X — X™). The operator
X is self-adjoint if X = X+ and X is non-negative if (X, ) > 0 for all ¢ € HY/2(99).

From the fact that the function MP(-) in (4.20) is &;-regular with values in B(L?(02))
we conclude

Aijo(z) € B(HY?(0Q), HY/2(09)),  z€Cy.
Together with Lemma 2.6 this yields the following corollary.

Corollary 4.6. Let Q C R? be an exterior domain with a C*-smooth boundary and let
A1/2(+) be the Dirichlet-to-Neumann map defined in (4.19). Then the following holds.

(i) The limit Ay jo(A +i0) = lim._, 1o Ay )2 (A + i€) ewists for a.e. X € R in the norm of
B(HY2(00Q), H-'/2(09Q));
ii) Ay/o(A+140) € B(HY2(0Q), H-/2(0)) is boundedly invertible for a.e. X € R;
/
iii) Ay /oA +ig) — Ay oA +1i0) € S,(HY2(9Q), H-/2(99Q)) for p € (1,00], € > 0 and
/ / P
a.e. A ER, and

EIEEOHAU?()‘ t+ie) = M (A +0) || (117200, 1-1/2(02)) = O
(iv) Im Ay o(A+i0) = lim. yo Im Ay /o (A +i€) exists for a.e. A € R in the &1 (HY2(0Q),
H=Y2(0Q))-norm and —Im Ay (X + i0) > 0.

4.4. Scattering matriz for the Neumann and Robin realization

In this subsection we discuss a representation of the scattering matrix for the pair
{An, A} consisting of the self-adjoint Neumann and Robin operator associated to .2
in (4.15) and (4.16). Here €2 is an exterior domain in R? or R3; it is known from [24]
(for R?) and [15,58] (for R? and R?) that the trace class condition (3.1) for the resolvent
difference is satisfied; cf. Remark 4.8.

In a similar way as in the previous subsection we first define the Neumann-to-Dirichlet
map N (z) as an operator in L?(9€) for all z € p(Ay). Recall first that for ¢ € L%(9%)
and z € p(Ayn) the boundary value problem

_Afz+vfz:ZfZ7 ")/Nfz:@y (427)
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admits a unique solution f, € H i/ 2(Q) The corresponding solution operator is given by

Pn(2) : L2(0Q) — HY?(Q) C L*(Q), ¢~ f-. (4.28)
For z € p(An) the Neumann-to-Dirichlet map is defined by
N(z): L*(09) — L*(09), ¢+ vpPn(2)e. (4.29)

It is clear that A/(z) maps Neumann boundary values 7y f, of the solutions f, € H i/ 2((2)
of (4.27) onto their Dirichlet boundary values vp f.; here vy and vp denote the exten-
sions of the Dirichlet and Neumann trace operators onto Hi/ *(€) from (4.4) and (4.5),
respectively. Since (4.27) admits a unique solution for each ¢ € L?(9) it is clear that
the operators Py(z) and N(z) are well defined on L?(9).

In the next theorem the scattering matrix of the pair {Ay, Ay} is expressed in terms
of the limit values of the Neumann-to-Dirichlet map N (z) and the parameter « in the
boundary condition of the Robin realization A,. In contrast to Theorem 4.3 here it is
also assumed that a=! € L>(99Q).

Theorem 4.7. Let Q C R™, n = 2,3, be an exterior domain with a C*°-smooth boundary,
let Ve L*(Q) and a € L>(99Q) be real valued functions such that a=! € L>(99), and
let Ay and A, be the self-adjoint Neumann and Robin realizations of £ = —A+V in
L2(Q) in (4.15) and (4.16), respectively. Moreover, let N'(-) be the Neumann-to-Dirichlet
map defined in (4.29).

Then {An, Ao} is a complete scattering system and

L3R, d\, Hy), Hy = ran(Im N (X +40)),

forms a spectral representation of A such that for a.e. A € R the scattering matriz
{S(ANn, Aa; N }acr of the scattering system {An, Ao} admits the representation

S(An, Aa; A) = Tpgy + 2i/Tm N (X +10) (I — aN (A +0)) ~ ay/Tm N (X + i0).

Proof. First we note that the assumption o~ € L>(99) implies Ay N A, = S, where
S is the minimal operator associated to .Z in (4.14). Recall that S is closed, densely
defined and simple by Lemma 4.2. Define the operator T' as a restriction of S* by

Tf=-Af+Vf  dom(T) = HY*(Q),
and let
Iof :=anf and Tyf:=~pf— é“YNf’ f € dom(T). (4.30)

We claim that IV = {L2(09Q),T,T'1} is a B-generalized boundary triple for S* with
the &1-regular Weyl function
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MY()=NGE) -~ € p(Aw), (431)
such that
AN =T [ ker(Ty) and A, =T | ker(T'y). (4.32)

In fact, Green’s identity (2.1) is an immediate consequence of the definition of the
boundary mappings and (4.6), and ran Ty = L?*(9€2) holds by (4.5). Moreover, dom(T')
is dense in dom(S*) with respect to the graph norm by Lemma 4.2 and A, =T | ker(T';)
is clear from (4.16). Furthermore, the self-adjoint operator Ay in (4.15) is contained in
T | ker(T'g) and since the latter is symmetric (a consequence of Green’s identity (2.1))
both operators coincide, that is, (4.32) holds, and ITY is a B-generalized boundary triple.
For f, € ker(T — 2), z € p(An), we have

1

(N(Z) - a) I—‘sz :N(Z)’YNfZ - é’nyz = 7sz - é’nyz = F1fz

and hence the Weyl function MY (-) corresponding to IT% is given by (4.31).

It remains to check that the Weyl function MY (-) is &;-regular. This is done in a
similar way as in Theorem 4.3. Denote the y-field associated to IIY by vXV(-) and use
(cf. (2.7))

M () = M ()" + (2 = )73 ()74 (2) (4.33)

with some fixed £ € p(An)Np(As) R and all z € p(Ay). From (4.30), (4.15), and (4.1)
we obtain for any f € L?(Q)

Y (©) f=T1(An — 7' f =yp(An — 7' f € H¥?(0Q)

and hence Lemma 4.1 yields

Ya ()" € Sy (L*(Q), L*(092)) (4.34)
and

YN (z2) e San-ny (L*(09), L*(Q)) (4.35)
for all z € p(Ax). Now combining (1.4) with (4.33) yields

K(z) = MY (2) = MY(€) = (2 = 72 ()" (2) € Sua (L2(09))

for z € p(An). Since S(,_1y/3(L?(812)) is contained in &;(L*(99)) for n = 2,3, and

MY (€) = MY (€)* we conclude that K(z) € &1(L?(09)), z € C. Because MY (-) is a
strict Nevanlinna function K (-) is also strict. Let us show that
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C = MY(€) = N(©) ~ ~

(07

is invertible. In fact, since é is a boundedly invertible operator and A/ (£) is a compact

operator it follows that M2 (¢) is a Fredholm operator. Furthermore, ker(M[ (€)) is
trivial by Lemma 2.14 and hence C' is boundedly invertible. Therefore, the Weyl function
MY (-) is &;-regular. Now the assertions in Theorem 4.7 follow from Theorem 3.1,

Im MY (2) =ImN(2), MY(z)"'=-(I- oz./\/'(z))floz7 z € Cy,

(e

and
Im MY (A +40) = ImN (XA +140), MYA+i0)"'=—(I—aN(\+ iO))’la
fora.e. AeR. O

Remark 4.8. From (4.34) and (4.35) one concludes in the same way as in Remark 4.4
that Krein’s formula in Proposition 2.7 (iii) and the property (1.4) leads to

(Ao = 2) 7" = (An = 2) 7! = =7 ()MZ (2) 93 (2)" € Suza (LP()) (4.36)
for all z € p(Aq) N p(An); cf. [15,58]. Note that a weaker estimate with Sn—1 instead

of § a1 is immediate from (4.26) first established by Birman [24] (see Remark 4.4). Tt
yields the Gp-resolvent comparability for n = 2.

Remark 4.9. The definition of the boundary triples II2 and IIY in Theorems 4.3 and 4.7
given for an exterior domain €2, and the form and properties of the corresponding Weyl
functions remain the same in the case of a bounded domain € with smooth boundary.
The constructions and properties are only based on the compactness and smoothness of

o0f.
5. Schrodinger operators with interactions supported on hypersurfaces

In this section we investigate scattering systems consisting of Schrodinger operators
in R”. Here the Euclidean space is decomposed into a smooth bounded domain and
its complement, and the usual self-adjoint Schrédinger operator on the whole space is
compared with the orthogonal sum of the Dirichlet or Neumann operators on the subdo-
mains in Section 5.2 and 5.3, and with a Schréodinger operator with a singular -potential
supported on the interface in Section 5.4. In our main results Theorem 5.1, 5.4, and 5.6
we obtain explicit forms of the scattering matrices in terms of Dirichlet-to-Neumann or
Neumann-to-Dirichlet maps. As in Section 4 the strategy in the proofs is to apply the
general result Theorem 3.1 to suitable B-generalized boundary triples. Here we shall
assume for convenience that a simplicity condition for the underlying symmetric oper-
ator is satisfied; this condition can be dropped in which case Corollary 3.3 would yield
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a slightly more involved representation of the scattering matrix. We also refer the inter-
ested reader to Remarks 5.2, 5.5, and 5.7, where singular value estimates due to Birman,
Grubb and others are revisited.

5.1. Preliminaries on orthogonal sums and couplings of Schrodinger operators

Let - C R"™ be a bounded domain with C'°°-smooth boundary 02— and let
Q. = R"\ Q_ be the corresponding C*°-smooth exterior domain. Denote the com-
mon boundary of Q; and Q2_ by C := 9Q,. Throughout this section we consider a
Schrodinger differential expression with a bounded, measurable, real valued potential V'
on R™,

L =-A+V, VeL®R"). (5.1)

In the following we shall adapt the notation from Section 4.1 in an obvious way, e.g.
H?(Qy) and H"(C) denote the Sobolev spaces on Q4 and the common boundary (or
interface) C, respectively, the spaces HX (€2+), s € [0,2], are defined and equipped with
scalar products as in (4.2)—(4.3), and we shall use the notation

HL(R"\ C) = H5(Q4) x HL(Q.),  s€[0,2].

A function f : R™ — C is often written in a two component form f = {f*, f~}, where
f* : Q1 — C denote the restrictions of f onto Q4. The Dirichlet and Neumann trace
operators will be denoted by 'yE and fyﬁ, and we emphasize that the Neumann trace
is taken with respect to the outer normal of Q. In particular, 'yj\} [T +yf =0 for
a function f = {f*, =} € H?(R"). We also note that the mapping properties of the
Dirichlet and Neumann trace operators in (4.4) and (4.5) are valid for both domains Q4
and Q_, and the same is true for the extensions of Green’s identity in (4.6) and (4.7),
respectively. Furthermore, we shall use in the proofs in Section 5.2 and Section 5.3 that
'yg and 'y]j\t, admit continuous extensions

’yﬁ :HQ(Qy) — HY2(C) and fyﬁ : HR Q1) — H™32(C)
and that Green’s identity extends to fy € H*(Q4) and g+ € HR(€4) in the form

(—Afr.90) 200 — (frs —Agi)12(0y) = (VB fe,Va94) — (Vi fe,759+);  (5.2)

cf. [62] and [52, Chapter I, Theorem 3.3 and Corollary 3.3]. In (5.2) the inner products
(-,+) on the right hand side denote the continuations of the L?(C) inner product onto
H3/2(C) x H=3/2(C) and H'Y?(C) x H~/?(C), respectively, and in the following it will
always be clear from the context which duality is used; cf. (4.8)—(4.10).

The differential expression (5.1) induces self-adjoint operators in L?(R™). The natural
self-adjoint realization is the free Schrédinger operator,
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Afreef - g,ﬂ dom(Afree) - H2 (Rn)7 (53)

which is semibounded from below. Clearly the functions in dom(Agee) do not reflect the
decomposition of R™ into the domains Q2 and €2_. Furthermore, we will make use of
the self-adjoint orthogonal sum

Ap = A} @ A,

5.4
dom(Ap) ={f ={f*,f} e H* () @ H*(Q_) : v5fT =ypf~ =0}, o)

of the self-adjoint Dirichlet operators A% in L?(Q4) in (4.15), and of the self-adjoint
orthogonal sum

Ay = A © Ay,

5.9
dom(Ay)={f={f*.f" e H*(Q )@HQ(Q_):V;f+:7&f_=0}, (5:5)

of the self-adjoint Neumann operators A]iv in L2(24) in (4.15). We shall sometimes refer
to Ap as Dirichlet realization of .# with respect to C and to Ay as Neumann realization
of £ with respect to C. The properties of Ali) and Aﬁ extend in a natural way to
their orthogonal sums Ap and Ay in (5.4) and (5.5), respectively. In particular, the
Dirichlet realization Ap and the Neumann realization Ay of £ with respect to C are
both semibounded from below.

5.2. Scattering matriz for the free Schrédinger operator and the Dirichlet realization
with respect to C

We shall derive a representation for the scattering matrix of the scattering system

{Ap, Afree} in R%. Let Ali/z( z) : HY2(C) — H~'/2(C) be the Dirichlet-to-Neumann map

defined in (4.19) with respect to Q4, that is,

AL (VB fE = N fE (5.6)

holds for any solution f* € H'(Q4) of the equation —AfF 4+ VifFf = 2fF and z €
p(AL). Furthermore, define the operator-valued function A, /2(-) by

Avya(2) = A y(2) + Ay j(2) s HY2(C) — HTV2(C), z € p(Ap).  (5.7)
Theorem 5.1. Let Qi C R? be as above, let V € L>(R?) be a real valued function, and

let Ageo and Ap be the self-adjoint Schrédinger operators in L2(R?) in (5.3) and (5.4),
respectively. Moreover, let Ay/5(-) be given by (5.7) and let

MfrDee(Z) = _]_1A1/2(Z)]_17 S (CJ,-, (58)
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where 7 : H'/2(C) — L?*(C) denotes some uniformly positive self-adjoint operator in
L%(C) with dom(y) = HY/2(C) as in (4.8)~(4.9).

Then {Ap, Agree} s a complete scattering system. If the densely defined, closed, sym-
metric operator S := Ap N Agee has no eigenvalues then

L3R, d)\, Hy), Hy = ran(Im ML, (X +i0)),

orms a spectral representation of A% such that for a.e. A € R the scattering matriz
D
{S(AD, Afree; N) }acr of the scattering system {Ap, Anec} admits the representation

S(Ap, Atree; N) = Iy, — 2iy/Tm MP (A +i0) ME. (A +i0) 71 /Tm ME. (X + i0).

Proof. The closed symmetric operator S = Ap N Agee in L?(R?) is given by

Sf=21,

dom(S) = {f = (f*. "} € HAR) : 3 /* =15/~ = 0}. (5:9)

It is clear that S is a closed extension of the orthogonal sum of the minimal operators
ST @S~ associated to the restriction of £ onto Q4 and Q_ as in (4.14) and Lemma 4.2.
It follows that S is densely defined and since we have assumed that S has no eigenvalues
it follows from [21, Corollary 4.4] that S is simple. We claim that the adjoint S* is given
by

S'f=2F,
dom(S*) = {f = {f*,f7} € HA(R*\C) : 7 f T =pf "}
In fact, since S* C (ST)* @ (S7)* it follows that
dom(S*) ¢ HR(R?\ C) = dom(ST)* x dom(S™)*

and that S*f = Zf for f € dom(S*). Therefore, we only have to verify that f =
{f*,f~} € dom(S*) satisfies the interface condition

It =pf" (5.10)
Assume that for f = {f*, f~} € dom(S*) and all h = {h*,h™} € dom(S) we have
(Sh, f)r2zy = (hy S™f) L2(r2),
that is,

(=ARY, ) 20y + (AL, f7 )2
= (W, =Af )2+ (W, =AF )2 ).
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Then it follows from Green’s identity (5.2) and the conditions
'y%hi =0 and 'ﬁ\r,h‘*' +yyh” =0
that
0= (=ArY, [N 2,y — (W7, =AY 20,
+ (AL, f )2y — (B, =Af )2l
= (VI AN T) = R T v f) + ph T NS T) = vk )
= (wh™ ST =pf7)

holds for all h = {h™,h™} € dom(S). This implies (5.10).
Now we proceed in a similar manner as in the proofs of Theorem 4.3 and Theorem 4.7
in the previous section. We consider the operator T' defined as a restriction of S* by

Tf 2],
dom(T) = {f = {f*,f7} € HAR*\C) : 7 f" =pf ™},
and for f € dom(T) we agree on the notation
ol = AhIT =5t f={f" "} € dom(T). (5.11)

We claim that TP = {L?(C),T,T1}, where

Tof :=gypf and Tyf:=—y 1 (vif +nf"), f € dom(T),

is a B-generalized boundary triple with an &;-regular Weyl function given by (5.8) such
that

Ap =T [ ker(Ty) and Agee =T [ ker(I'y). (5.12)

In fact, for f ={f*, f~}, 9= {9",97} € dom(T) we compute with the help of Green’s
identity (4.7) and (4.10) that

(I'1f,Tog) — (Tof,T19)
= (=& ST = nf " 9) — (i fs =gt —ngT)
= (YhSTRe™) = AT be ) + (i Towe ) = o f T 1p97)
= (=Af ")~ (fF -Ag") + (=Af 7 g7) — (f7,—Ag7)
=(Tf.9) - (f,Tyg)
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and (4.4) implies ran(I'g) = L?(C) in the present situation; cf. the proof of Theorem 4.3.
Since T' | ker(I'g) and T' [ ker(I';) are both symmetric operators by (2.1), and contain
the self-adjoint operators Ap and Agee, respectively, it follows that (5.12) is satisfied.
Furthermore, as S = Ap N Agee it is clear that the self-adjoint operators Ap and Agee
are disjoint extensions of S. It follows from Proposition 2.9 that

(dom(Ap) + dom(Agec)) C dom(T) (5.13)

is dense in dom(S*) with respect to the graph norm. Hence T' = S*. Therefore IIP_  is
B-generalized boundary triple such that (5.12) holds.

Next we show that the Weyl function ME, () corresponding to I, is &;-regular
and has the form (5.8). Let f, = {f., f. } € ker(T — 2), z € p(Ap), and use (5.6) and
(5.7) to compute

=7 Ay 2(2)7 Do fz = —J_l(AT/g(Z) + Ay )2(2) " ) S
== YOS HwfD) =Tt
Hence the Weyl function is M2 () = —FAl/Q(z)fl. In order to see that ME () is

&;-regular we proceed in the same way as in the proof of Theorem 4.3. Let 72, (-) be
the ~-field corresponding to the B-generalized boundary triple ITZ _ and use

M&e(’z) = MfrDee(g)* + (Z - f)/yf?ee(f)*’ygee(z) (514)

(see (2.7)) with some & € p(Ap) N p(Afree) N (—o0,essinf V) and all z € p(Ap). For
h={h*,h=} € L*>(R") we have

Yivee§)h =T1(Ap —€)~'h (5.15)
= =1 (R (AH - TR + R (Ap )7 1hT)
and since dom(Ap) C H2(Q4) x H*(Q_) we conclude from (4.1) that
WAD =7 T +y(Ap = hT e H'2(C).

As in the proof of Theorem 4.3 it then follows from (5.15) and (4.12) with » = 1/2 and
n = 2 that

'Yf?ee (5)* € Sl (L2 (Rz)v L2 (C)) (516)
and v, (2) € 8§1(L?(C), L*(R?)) for all z € p(Ap). Hence (5.14) yields that

K (2) := Migeo(2) — Moo (€) € 61(L%(C)), 2z € Cy,
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where it was used that MP (£)* = ME (&). It follows that ME (¢) is a Fredholm
operator since 0 € p(MP (z)) for z € C;. On the other hand by Lemma 2.14 we
have ker(ME _(€)) = {0} for £ € p(Ap) N p(Agree) N (—00, essinf V). Thus MP (¢) is
boundedly invertible which shows that ME _(-) is &;-regular. Now the assertions follow
directly from Theorem 3.1. O

Remark 5.2. As in Remarks 4.4 and 4.8 it follows from (5.15) and (4.12) in the same
way as in (5.16) that for n > 2

’Ylgee(z)* € Sn—l (LQ(Rn)v LQ(C))

for z € p(Ap). This yields 72, (2) € S,—1(L*(C), L*(R")) for z € p(Ap) and hence
Krein’s formula in Proposition 2.7 (iii) implies

(Atree = 2) ™! = (A = 2) 7" = =Yoo () Mo (2) T Ve ()" € Suza (L (R™))

for all z € p(Agee) Np(Ap); cf. [24,54]. For further development with applications to the
scattering theory we also refer the reader to [33] and [79].

Remark 5.3. As in Remark 4.5 there is a particularly convenient choice of the operator
7 in (4.8)-(4.9) in the present context. Namely, since for any 2z < min{o(A%),o(A%)}
the self-adjoint operators

AT/Q(z) and Ay (2)

defined on H'/2(C) are non-negative and boundedly invertible in L?(C) it follows that

7= A () + A u(2) - HY2(C) — L3(C)
is a possible choice for the definition of the inner product {-,-) in (4.10).

5.8. Scattering matrix for the free Schridinger operator and the Neumann realization
with respect to C

In this section we consider the pair {Apy, Afee} consisting of the orthogonal sum
An = AE @ A}y of the Neumann operators in (5.5) and the free Schrédinger operator in
(5.3). We first define the Neumann-to-Dirichlet maps

Ni

£ p(2) s HTV2(C) — HY2(C), =€ plAw),

as extensions of the Neumann-to-Dirichlet maps on L?(C) defined in the beginning of Sec-
tion 4.4. More precisely, we recall that for ¢* € H=/2(C) and z € p(A]iV) the boundary
value problem
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ATV =2 T =67, (5.17)

admits a unique solution fF € HA (©4). The corresponding solution operator is denoted
by

Px(z): HY/2(C) — HA(C) C L*(C), ¢F v fF.

Note that the restriction of P (2) onto L?(C) coincides with the solution operator defined
in (4.28). For z € p(A%) the Neumann-to-Dirichlet map is defined by

N2 p(z): HY2(C) — HY2(C),  ¢F = 5P (2)6™ (5.18)

Clearly, ./\/'_i1 /z(z) is an extension of the Neumann-to-Dirichlet map defined in (4.29)

onto H~1/ 2(C), the operators in (5.18) map Neumann boundary values ﬁ\? [ of solutions
f+ € HA(Q4) of (5.17) to the corresponding Dirichlet boundary values v3 f= € H'/2(C).

In the next theorem we obtain an expression for the scattering matrix of the pair
{AN, Afree} in terms of the sum

N_1)2(2) = Nj1/2(z) + N (2) H™Y2(C) — HY2(C), =z € p(An), (5.19)
of the Neumann-to-Dirichlet maps in (5.18).

Theorem 5.4. Let Q1 C R? be as above, let V € L>®(R?) be a real valued function, and
let Agree and Ay be the self-adjoint Schrédinger operators in L2(R?) in (5.3) and (5.5),
respectively. Moreover, let N_q,5(-) be given by (5.19) and let

ME(2) == JN_12(2) 7, 2 € Cy, (5.20)

where 5 : H'/?(C) — L?(C) denotes some uniformly positive self-adjoint operator in
L%(C) with dom(y) = HY2(C) as in (4.8)(4.9).

Then {AN, Atree } is a complete scattering system. If the densely defined, closed, sym-
metric operator S := An N Apee has no eigenvalues then

LA(R,d)\, Hy), Hy = ran(Im MY (X +i0)),

orms a spectral representation of ASS such that for a.e. X € R the scattering matrix
N
{S(AN, Atree; A) Facr Of the scattering system {An, Afee} admits the representation

S(AN, Afree; \) = Ingy — 2iy/Tm ME. (A 4 i0) ML (A +40) ™1 /Tm MY, (X + i0).

Proof. The proof of Theorem 5.4 is very similar to the proof of Theorem 5.1, and hence
we present a sketch only. Consider the closed symmetric operator S = Ay N Agee In
L?(R?) which is given by
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Sf=2f,
dom(S) = {f = {f*, [T} € H*(R*) : 73 f* =y /™ =0}

It follows that S is densely defined, the assumption 0,(S) = 0 and same arguments as
in [21, Proof of Lemma 4.3] ensure that S is simple, and a similar consideration as in
the proof of Theorem 5.1 shows that the adjoint S* is given by

S f=2F,
dom(S*) = {f = {f*,f7} € HAR*\C) : 7} f* = f"}.
Next we consider the operator T' defined as a restriction of S* by

Tf=2F,
dom(T) = {f = {f*, f7} € HAR®*\C) : 7{f T =5/}

As in the proof of Theorem 5.1 one verifies that I}, = {L?(C), T, T}, where

free
Lof =gty f" and Tif =505 T —vpf"), [€dom(T),

is a B-generalized boundary triple with the Weyl function M{._(-) given by (5.20) such

free
that
AN =T [ker(Tg) and Agee =T | ker(T'y).

Let us show that the Weyl function MY, _(-) is &;-regular. Denote the y-field correspond-
ing to the B-generalized boundary triple IIY. by v{v..(-) and use

Mfr]\ge(z) = Mﬁl\ge(f)* + (Z - g)rYf];]ee(f)*fYﬁNee(Z) (521)

with some fixed £ € p(An) N p(Afree) N (—00,essinf V') and all z € p(Ay). From (4.1)
and dom(Ay) C H2(24) x H*(2_) we conclude for h = {h™,h™} € L?(R") that

T e h =T (A — &) 'h

(5.22)
=h(AL — O —yp(Ay — &R € HY2(0).

Since 37 (€)* € B(L*(R?), HY/?(C)), Lemma 4.1 applies with r = 3/2, s = 1/2 and
gives

T ee(6)" € S1(LA(R?), HY/(C))
and since j is an isomorphism from H'/?(C) onto L?(C),

Thee ()" € S1(L*(R?), L2(C)). (5.23)
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Therefore .. (2) € S1(L3(C), L*(R?)) for all z € p(Ay). Now it follows from (5.21)
that

K (2) == M{,o(2) — M{(€) € S1/2(L*(C)) € &1 (L3(C)), =€ Cy,

where we have used that MY (&) = MY _(€)*. It remains to show that MY (£) is invert-
ible, which follows from the same reasoning as in the end of the proof of Theorem 5.1.
Hence MY () is &j-regular and the assertions of Theorem 5.4 follow directly from
Theorem 3.1. O

Remark 5.5. As in Remark 5.2 the considerations in (5.22) and (5.23) together with
Lemma 4.1 show that for n > 2

Vheo(2)* € Sn1 (L2(R™), L2(C)),  Vheo(2) € Sno1 (L*(C), L*(R™))
for all z € p(An). Hence
(Afree - Z)il - (AN - Z)il = _Vgee(z)MfIXee(Z)ierf]Xee(z)* € 8% (L2<Rn))

for all z € p(Afree) N p(An). The latter gives another proof of a result of Grubb from
[54).

5.4. Schrodinger operators with §-potentials supported on hypersurfaces

In this third and last application on scattering matrices for coupled Schrodinger op-
erators we consider the pair {Agee, Asa}, where a € L(C) is a real valued function
and Aj o is a Schrédinger operator with J-potential of strength a supported on the
hypersurface C defined by

Asf =-AF+ V],

+ I =l (5.24)

domasn) = 47— (7) emP@neys 10T
aVDf = 'YNf + ’)’Nf

Such type of Schrodinger operators with singular interactions have attracted a lot of
attention in the past; cf. [39] for a survey and e.g. [16] for further references and an
approach via boundary mappings closely related to the present considerations. According
to [16, Theorem 3.5, Proposition 3.7, and Theorem 3.16] the operator A, in (5.24)
is self-adjoint in L?*(R™), semibounded from below and coincides with the self-adjoint
operator associated to the closed sesquilinear form

a5704[f7g] = (Vf’ Vg) + (Vfa g) - (Oé’yﬁf, Vég)Lz(C% f’g S Hl(Rn)

We define the Dirichlet-to-Neumann maps
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AT (2): HY(C) — L2(C), = € p(Ap),

as restrictions of the Dirichlet-to-Neumann maps on H/2(C) in (4.19); cf. Remark 4.5.
More precisely, for ¢+ € H'(C) and z € p(A%) the boundary value problem

SAfER VLR = 2fE Ah = 0F,

admits a unique solution fF € Hi/ 2(Qi). The corresponding solution operators are
denoted by

PH(z) : H(C) — HY*(C) C L2(C), ¢F — fE,

and it is clear that the restriction of PZ(2) in (4.18) onto H'(C) coincides with P (2).
For z € p(A%) the Dirichlet-to-Neumann maps AT (-) on H'(C) are given by

Af(2): HYC) — L*(C), o¢F = vEPE(2)07, (5.25)

and by construction AF(z) are the restrictions of the Dirichlet-to-Neumann maps Ali/2(z)
in (4.19) onto H'(C).

In the next theorem we obtain an expression for the scattering matrix of the pair
{Afree, A5 o} in terms of the sum

Ai(2) :=Af(2) + Ay (2) : HY(C) — L*(C), =z € p(Ap), (5.26)

of the Dirichlet-to-Neumann maps in (5.25). Theorem 5.6 and its proof can be viewed

as a variant of Theorem 4.7; in the same way as in Theorem 4.7 it is assumed that
a~t e L>(0).

Theorem 5.6. Let Q. C R™, n = 2,3, be as above, let V € L>°(R™) and oo € L*>(C) be
real valued functions such that o=t € L™ (C), and let Apee and As o be the self-adjoint re-
alizations of the Schrodinger expression given by (5.3) and (5.24), respectively. Moreover,
let A1(-) be as in (5.26).

Then {Apee, Asa} is a complete scattering system. If the densely defined, closed, sym-
metric operator S = Agee N As o has no eigenvalues then

L3R, d)\, Hy), Hy = ran(Im(A; (X +40)) 1),

forms a spectral representation of AfS. such that for a.e. A € R the scattering matriz

{S(Afree; As,a; M) }rcr of the scattering system {Apee, As o} admits the representation

S(Afree; Aé,a; A)
= Ipyy + 2i/Tm Ay (A +0) L (T — ay (A +0) ™) " /T Ay (A + i0) 1.
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Proof. Note first that the assumptions a~! € L°(C) implies that the closed symmetric
operator S = Apee N As,q is given by

Sf=%2F,
dom(S) = {f = {f, [T} € H*R") : v} fT =~pf™ =0}
and hence coincides with the one in (5.9) (in the case n = 2). It follows from [21,

Corollary 4.4] that the operator S is simple and as in the proof of Theorem 5.1 one
verifies that its adjoint S* is given by

S f=2Ff,
dom(5*) = {f ={f",f } e HHR"\C): 75 fT =pf"}.

Next we define the operator T by

Tf=2f,

dom(T) = {f={f".f}e HZ/Q(R” \C) bt =5 ) (5.27)

and for f = {f*, [~} € dom(T) we write ypf := 5 fT =vpf~ asin (5.11). We will
show that Hf{eae = {L?(C),To,I'1}, where

Lof =0 f"+anf", [ €dom(T),
and
1 o
Pif =vpf = —(WfT+wf7),  fe€dom(T),
is a B-generalized boundary triple such that
Agree =T [ ker(I'g) and Asq =T [ ker(T'y), (5.28)

and the corresponding Weyl function

1
Mo (z) = Ay ()" — ~  z€Cy, (5.29)

is G;-regular.

In fact, for f = {f*,f~}, g = {g7,97} € dom(T) we compute with the help of
Green’s identity (4.6) and the interface conditions v}, f* = v5f~ and v} 9" = vp9~
that
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(I'1f,Tog) — (Fof,T19)
= (wf = OF T NS ) ket +neT)
— (It Nt g — o (VT +ne )
= (whHng" +nvg") = (I +nf " 9)
= (b ke) = X bet) + 0 oneT) = (e Tp9 )
=(=AfT ")~ (fT - Ag ) + (AT g7) = (f7,-Ag7)
=(Tf,9)—(f,Tg),

which shows (2.1). In order to show that I'y is surjective we fix some Ag € R such that
Ao < min{o(Ap),o(An)} and note that the direct sum decomposition

dom(T) = dom(Ap) + ker(T — \g)

holds since A\g € p(Ap). It follows from (5.27) and (4.4) that vp maps ker(T — Ag) onto
HY(C). As A¥(M\g) = WE(No)) ! (cf. (4.29)) are uniformly positive self-adjoint operators
in L2(C), it follows that also A1 (o) = AT (Ag)+A] (No) is a uniformly positive self-adjoint
operator in L?(C). Let ¢ € L%(C), choose ¢ € H'(C) and f», = {f;;,f;O} € ker(T — Ao)
such that Aq(Ag)p = ¢ and vp f, = ¢. Then we have

Cofae = Y0 + 8 = M(Ro) 1D fre = Mi(ho)p = ¢

and this implies ran(I'g) = L?(C).

It is not difficult to check that dom(Agee) and dom(As o) are contained in ker(I'g)
and ker(T'q), respectively, and since Agee and As , are self-adjoint and T' | ker(I'y) and
T | ker(T';) are symmetric by Green’s identity (2.1) it follows that (5.28) holds. Since
S = Afree N As,o and

(dom(Agree) 4+ dom(As,4)) C dom(T) C dom(S¥),

free

Proposition 2.9 implies T = S*. Hence L5 is a B-generalized boundary triple such that
(5.28) is satisfied.

In order to show that the corresponding Weyl function is given by (5.29) let f, =
{fF,f7} €ker(T — z) and z € C,. Then we have

M (2)vpf: = AT+ AT () pfs =55 +nfs =Tof-

and since ker(A1(z)) = {0} we conclude

(81007 = 1) Tue =20 = (RS = 2f) =T
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This proves the representation (5.29). In order to see that the Weyl function M grf;e()
is G;-regular we argue in the same way as in the previous proofs. Denote the v-field
corresponding to the B-generalized boundary triple Hf{‘ff by ’yf{ff(-) and use

ME(2) = MPE(€)* + (2 — 75 (9) 15 (=) (5.30)

with some € € p(Agee) N p(As.a) NR and all 2 € p(Agree). For h = {hT,h™} € L*(R")
we have

’ygfgze(é—)*h = Fl(Afree — g)_lh = ’YD(Afree _ é—)—lh c H3/2(C)

and hence Lemma 4.1 applied with » = 3/2 and s = 0 yields

Vores (6)" € Sznony (L*(R™), L*(C)). (5.31)
As before we conclude
free 2 2 n
Vs, (z) € Sz(n:;m (L (), L*(R )), z € p(Afree)- (5.32)

It follows from (5.30) that
K(2) = My (2) = MEif(€) € Sut (L*(0)) € 61(L2(C)), 2 € Cy,

where Mgfge@) = ngge(g)* was used. Since the operator 1 is boundedly invertible
and ran(A;(€)~1) € H(C), the operator Mgge(f) is a Fredholm operator. Furthermore,
ker(Mnge(@) = {0} by Lemma 2.14 for £ € p(Apee) N p(Aso) N R. Hence Mgge(f) is
boundedly invertible and it follows that M[¢(-) is &;-regular for n = 2, 3.

The assertions in Theorem 5.6 follow from Theorem 3.1 and relations

Im M (2) = TmAy(2), MEC(z)"' = —(I—ahi(z)") ', z€Cy,
and
Im M (A +40) = Im Ay (X + i0),
MEEA+i0)" = —(I —ahi(A+i0)" )
fora.e. A€ R. O

Remark 5.7. As in previous remarks it follows from (5.31)—(5.32) and Krein’s formula in
Proposition 2.7 (iii) that

(Asa = 2)7" = (Aee = 2) 7 = =W () M5a(2) 7 15a’(2)" € Sz (LA(R™))

for all z € p(Apee) N p(As,a); cf. [16].



J. Behrndt et al. / Journal of Functional Analysis 273 (2017) 1970-2025 2017

Acknowledgments

The authors are indebted to Ludvig Faddeev, Boris Pavlov, and Andrea Posilicano
for useful discussions and remarks. Jussi Behrndt gratefully acknowledges financial sup-
port by the Austrian Science Fund (FWF), project P 25162-N26. The preparation of the
paper was supported by the European Research Council via ERC-2010-AdG no. 267802
(“Analysis of Multiscale Systems Driven by Functionals”). The publication was finan-
cially supported by the Ministry of Education and Science of the Russian Federation
(the Agreement number No. 02.A03.21.0008).

Appendix A. Spectral representation and scattering matrix
A.1. Spectral representations and operator spectral integrals

Let E(-) be a spectral measure in the separable Hilbert space £ defined on the Borel
sets B(R) of the real axis R. Further, let C' be a Hilbert—Schmidt operator in £. Ob-
viously, X(d) := C*E(§)C, § € B(R) defines a trace class valued measure on B(R) of
finite variation; cf. [12, Lemma 3.11]. The measure admits a unique decomposition

() =27() +2%()

into a singular measure ¥°(-) = C*E®(-)C and an absolutely continuous measure
Yee(.) = C*E*(-)C. From [12, Proposition 3.13] it follows that the trace class val-
ued function X(\) := C*E((—o00, A))C admits a derivative K () := %Z(A) > 0 in the
trace class norm for a.e. A € R with respect the Lebesgue measure dA such that

29¢(8) = /K()\)d)\, 5 € B(R).
5

By Hy :=ran(K(\)) C 9 we define a measurable family of subspaces in . The orthog-
onal projection P(\) from $ onto #H, form a measurable family of projections which
defines by

(PN == PNFN), e L*R,dA9),
an orthogonal projection from L2?(R,d),$) onto a subspace which is denoted by

L?(R,d)\,H,). Let us assume that the closed linear span of the sets E%(§)ran(C),
0 € B(R), coincides with H*¢ = E*¢(R)$H. Let

(@E*(0)CH)(N) == xs(MVEN)Sf, §€BR), feh,

where xs(+) denotes the characteristic function of 6 € B(R). Obviously, we have
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JI@E=@enmii - / IVEMdr = |E“(@)CS .

Hence ® : %€ — L?(R,d\, H,) defines an isometry from $% into L?(R,d\, H,). Let
us show that ® is onto L?(R,d\,H,). Let g € L*(R,d\, H,) such that

0= (BE*(8)Cf,g) = / (VEON/,g(0)ndA

)

for f € H?¢, 6 € B(R). Since ¢ is arbitrary we find (/K (A)f,g(A\))gs =0 for a.e. A € R.
Hence g(A) L H, for a.e. A € R which shows g(A) = 0 for a.e. A € R. Hence @ is an
isometry form $?¢ onto the subspace L?(R,d\, H.y).

Obviously, we have

(@E“(0)/)A) = xs(M(@f)(N), d€B([R), feh*™

Let A be a self-adjoint operator in $) and let E4(-) be the corresponding spectral measure,
ie. A= [ AdE4(X). Then M® = ® A% where M is the natural multiplication operator
defined by

(Mf)A) = Af(N),
fedom(M) = {f € L*(R,d\, Hx : A\f(\) € LA(R, d)\, Hy}.
If p(-) : R — R is a bounded Borel function then ¢(M)® = Pp(A).

Lemma A.1. Let A, Es(:), C and K(\) be as above and assume that the absolutely
continuous subspace H%¢(A) satisfies the condition

H°(A) = clsp { EY° () ran(C) : § € B(R) }.
Then the mapping

E“(6)Cf — xsWVEAN)f forae XeR, fe$n,

onto the dense subspace span{E%(d)ran(C) : 6 € B(R)} of H(A) admits a unique
continuation to an isometric isomorphism from ® : H%¢(A) — L*(R,d\, H,) such that

(PEZ(9)g) (V)

xXs(M)(@g)(A), g€ H*(A),

holds for any 6 € B(R).

Let us consider operator spectral integrals of the form [, dE*(y)C f(X), which are
defined whenever f(-) : R — $) is a Borel measurable function, cf. [12, Section 5.2]. From
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[12, Proposition 5.13] we find that this integral exists if and only if g, ||/ (1) f () ||3 dpe
exists and is finite. One verifies that

® [ B (Crn) | () = VEDSO. (A1)
R

A.2. Scattering

In the following let A and B be self-adjoint operators in 9, let J € £($) be a bounded
operator such that Jdom A C dom B. If

V:=BJ - JA, domV :=dom A,
is closable and its closure is a trace class operator then the wave operators

Wi(A, By J) =s— lim e'tB Jem A pac(A)

t—xoo

exist, see [12,71,73]. The scattering operator S is defined by
SJ(A7 B) = W+(A7 B; J)*W*(Aa B; J)

Usually the wave operators Wy (A, B;J) and the scattering operator S; are not the
quantities of main interest. The objects one is more interested in are the wave operators
Wi (A,B) :=Wy(A,B;I)and S(A, B) := S;(A, B). However, if the resolvent difference
of A and B is trace class, then the existence of W (A, B; J) with J = —(B—i)~}(A—i)~!
yields the existence of W4 (A, B) and both operators are related by

Wi(Av B; J) = _Wi<A7 B)(A - 7’-)_2'
In particular, this yields
S;(A,B) = S(A, B)(I + A*)~2. (A.2)

The following theorem was announced in [20, Appendix A] but not proved there. Below
the complete proof of this theorem is given.

Theorem A.2. Let A and B be self-adjoint operators in the separable Hilbert space § and
suppose that the resolvent difference admits the factorization

G1(9) 3 (B—1)7' = (A—i)~" = ¢(A4)CGC™ = QC, (A.3)

where C € G3(H,$), G € L(H), ¢(-) : R = R is a bounded continuous function and
Q = ¢(A)CG. Assume that the condition
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H%(A) = clsp { ES°() ran(C) : § € B(R)} (A4)

is satisfied and let K(\) = £C*E4((—00,)))C and Hy = ran(K (X)) for a.e. A€ R.
Then L?(R,d\,Hy) is a spectral representation of A and the scattering matriz
{S(A, B; \)}rer of the scattering system {A, B} has the representation

S(A, B;\) = Iy, +2mi(1+ X VK (N Z\)VE(N) (A.5)
for a.e. X € R, where

1 PN

Z(\) = A+Z,Q*Q+ G+ lim Q*(B— (\+ig))'Q (A.6)

O+ o

and the limit of the last term on the right hand side exists in the Hilbert—Schmidt norm.
Proof. Consider the scattering operator
S1(A, B) := Wi (A, B; J)*W_(A, B; J) : 5*°(A) — H(4),
where J := —Rp(i)Ra(i) and
Rp(€)=(B-&7"  Ra(&)=(A-¢&7 "
One easily checks that
V:i=BJ-JA=(B-i)'—(A-i)"' = ¢(A)CGC*

where we have used the assumption (A.3). We note that the scattering operator com-
mutes with A. From [12, Theorem 18.4] one gets the representation

SJ(AaB) - W+(A7Bv‘])*W+(A7BaJ) =

5 — 61_132011) - 7_11{114_0 —2mi / AEE(N) T(1;X)0(A; \)P(A) 7,
R

where
T(T;\) = JV —=V*Rg(A+in)V
and
5(A-)\)'—L(R (A+ie)— R ()\_>))_l;
e\ = omi A 1€ A 1€ _7T(A—/\)2_|_€2'

If condition (A.3) is satisfied, then
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Rp(i) = Ra(i) + 9(A)CGC™ = Ra(i) + QC”
and we get
J*V = —Ra(—i)Rp(—1)V

= —Ru(—1)CQ*V — Ra(—i1)*V
= —Ra(—1)CQ*V — Ra(—i)*¢p(A)CGC*.

Hence we find
T(m;7) = — (Ra(—9)CQ*Q + Ra(—i)?¢(A)CG + CQ*Rp(A + iT)Q) C*.

Using (A.1) we get

(@ / dE,‘ZC(M)T(T;M)&(A;M)P“(A)Ch) () =

R
— VKN Z(1;\)C* 5 (A; \)P(A)Ch,

where

PN
(A+1)?

1
Z(T;\) = —/\+iQ*Q+ G+ Q" Rg(A+1i1)Q.
We note that the limit Q*Rp(A+1i0)Q := lim,_, o @*Rp(A+i7)Q exists in the Hilbert—
Schmidt norm. Hence the limit Z(\) := lim,_, 19 Z(7; \) exists in the operator norm and
is given by

1 (N

ZN =359t e

G+ Q"Rp(A+1i0)Q.

This gives

<<I){s—lim w-lim | dES ()T (73 ). (A; p)P“%A)Ch}) () = —V/EMNZNE(M)h.

e—=+0 7—=+0
R

By the compactness of V we get that W (A, B; J)*W (A, B; J) = (I + A%)~2. Therefore
we have

(P(W(A, B; J)* W (A, B; ) f)(N) = (1 +X*) 72 f(N).

Hence ®S;(A, B)®* is equal to a multiplication operator with a measurable function
S7(A4, B;A) : Hx — Hy given by
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S7(A, B;A) = (1+ M) 2Dy, + 21i/ KA\ Z(W)VE(N).

Using (A.2) we find that ®S(A, B)®* is a multiplication operator induced by the mea-
surable function S(A, B;\) : Hx — Hx. Both functions S;(A4, B; \) and S(A, B; \) are
related by

Si(A,B;A) = S(A, B; A)(1+ A2
which yields the representation (A.5). O
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