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This paper proposes two related extensions to APL: the exten-
sion of assignment to allow a name F to be assigned to a derived
function by an expression of the form F++.x, and the introduc-
tion of a dyadic operator V to apply to character arrays D and
M so that DVM produces an ambivalent function in which the
dyadic case is defined by D and the monadic case by M.

Before presenting the formal definition of the operator v, we
will discuss a number of examples that illustrate the main points.
Thus:

ROOT+'wx+a'V'wx+2!

ROOT2«¢'wx ' V' 2Aw"

FAC+' 'V ' wxAw-1010*w=0"!

FAC2+' 'V ' 4«1+B«0 O A«AxB«B+1 O +0,wpl!
FAC3«"' 'V 4«1+B«00) BOL : A«AxB+B+10~0 ,wpL"'
FACH«' 1V '>1+w=00wxAw-1010"

Fe ' 191 A«wOB+wx2A0KOAXBO

As in the direct definition on which it is based [1], o and w
denote the left and right arguments. Moreover, A refers to the
function being defined, allowing the use of one case in defining
the other (as in ROOT?2), and allowing self-reference in recursive
definition (as in FAC). Thus, FAC is the factorial function, and
ROOT and ROOT2 are equivalent functions such that ¥ ROOT X
yields the Nth root of X, and ROOT X yields the square root of
X.

The diamond is a delimiter which breaks the vector into seg-
ments S0, S1, etc, referred to by indices beginning with 0.
Execution consists of applying ¢ to certain of these segments, the
explicit result of the function being the result of the last segment
which yielded a result (in the sense that Z«¢S would not have
produced a value error).

The sequence of execution is determined by a sequence con-
trol vector, which is enclosed [2] to form the first element of
the line counter JLC. It is initially set to L,1L (where L is the
index of the last segment and where 0-origin is assumed in the
use of 1); it is reset to the argument of any branch. Thus in
executing FAC2 3 it is initially set to 2 0 1 and is immediately
reset to 0 1 1 1, causing one execution of segment 0 and three
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of segment 1. FAC2 is therefore an iterative definition equivalent
to the recursive definition used in FAC.

A segment beginning with a right parenthesis is a scope con-
trol segment; the name or names it contains are exempted from
the localization otherwise applied to0 any name appearing imme-
diately to the left of the assignment arrow in any of the remain-
ing normal segments of the particular case (monadic or dyadic).
Thus, FAC2 and FAC3 differ only in that B is global in the lat-
ter. The indexing of the normal segments is not affected by the
insertion of scope control segments.

The examples FAC4 and F illustrate how a final diamond
(which introduces a final empty segment) effectively causes exe-
cution to begin with the leading segment; FACH is therefore
equivalent to FAC, and F is similar to the familiar use of dia-
monds. A final segment L:+¢1L would cause the remaining seg-
ments to be executed from right to left.

FORMAL DEFINITION OF ¢

The dyadic operator V applies to character vectors or scalars
to produce an ambivalent function; the dyadic case is determined
by the left argument and the monadic case by the right. The
representation used in the arguments of V is defined as follows:

1. The symbols ¢ and w denote the left and right arguments
respectively; they are given full status as names, but cannot be
used to form longer names such as Ba or w2. Thus adBCw is
equivalent to o ABC w. The symbol A refers to the function being
defined.

2. Segments of the representation are delimited by diamonds not
in quotes. Any segment whose first non-space character is ) is
a scope control segment; the remaining normal segments are
referred to by indices beginning with zero.

A label in a normal segment becomes a local constant assigned
the value of the associated index, but an error occurs if the label
has already been localized (as another label, as an argument, or
because of assignment). A comment may occur in any segment.

3. Normal segments are executed in a sequence determined by
a sequence control vector (which enclosed forms the first ele-
ment of OLC); it is initially set to L,1L (where L is the index
of the last normal segment and 0-origin is assumed for L) and
is reset to the argument of any branch statement executed. Exe-
cution terminates when the sequence control vector is exhausted
or when an invalid index is encountered. A non-integer argument
of -+ produces an error.

4. The explicit result of the function (if any) is the explicit result
of the last segment executed which produced one (in the sense
that Z<2S is valid). Thus the dyadic case of the function
'19'w' has no explicit result.
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5. Localization of names is determined independently for the
monadic and dyadic cases. Any name (not in quotes) which
(except for possible intervening spaces) occurs immediately to the
left of an assignment arrow in any one of the normal segments
is localized unless it occurs among the names in one of the scope
control segments. The names a,w, and A are always localized.

6. Any suspension of the function F«AVB produces the display
F[.5], followed by 4 or B (according to the case in execution),
with an inferior caret to mark the point of suspension. A weak
interrupt causes interruption only at the complétion of a segment,
and the caret then appears just to the right of the segment next
to be executed. A branch during suspension behaves like a
branch in a segment.

7. If F+AVB, then JCR 'F' yields a vector of three enclosed
vectors, namely, (<4), (<B), (<'F'). In any implementation
which does not permit an enclosed vector as an element of
0LZC, it will be necessary to introduce another system function
(perhaps named [JLCI) such that OLCI yields the (theoretical)
value of >OLC[[1Z0], and to assign to JLC[0I0] the actual value
.5 . This fractional value will prevent unintended use of +[ILC
in resuming execution, and agrees with the display defined in
item 6 above.

COMPARISON WITH CANONICAL DEFINITION

The major points of comparison between the proposed opera-
tor V and the existing function definition primitive JFX may be
stated as follows:

1. OFX produces a named function, the name being embedded in
the argument of JFX. On the contrary, V produces an unnamed
function which may be applied without assigning it a name, or
may be given an arbitrary name by simple assignment. The
operator V therefore poses less problems of name conflicts in
establishing functions.

2. The operator provides for truly independent definitions of the
two cases of the function, including independent localization of
names. The facilities for localization are otherwise equivalent,
although the conventions for specifying it differ. The automatic
localization of names assigned values is extremely convenient.

3. Both modes provide essentially the same facilities for iteration
control, except that the operator allows statements to be repeated
any specified number of times without repeated tests and branch-
es (as illustrated in the function FAC2).

4. The operator provides particularly convenient recursive defini-

tion. Moreover, it can be implemented such that many recursions
(i.e., those in which the function being defined occurs only as
the root or last-executed function in the expression defining it)
can actually be realized as more efficient iterative functions,

5. The use of ¢ as the segment delimiter does not conflict with
its use in immediate execution or in canonical definition, but does
preclude its use in direct definition. This prevents the occurrence
within segments of a sequence of parts which is similar to, but
subtly different from, the sequence among segments.

The so-called ¥ form of definition is equivalent to JFX except
that it provides editing facilities as well. Functions for editing
the arguments of the V operator can be easily written (using the
functions @FX and @CR of the working model shown in a later
section) For example:

REVISE«'0 0p@QFXw,0pwl[al]«<EDIT>(w«QCRw)[o+3I0
+1=0] 'V 20180
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EDIT<«"'V'A((K+A=" /') /Ktw), (14KVA) , (K«+/M\A
21001 ) wOwdr0=p A, Op[«w!

REVISE
wkEa
,+1
wxrot+l

tROOT!

ROOT 64

1 REVISE
w*33
/I2

w*+2

'RoOT!

Editing and display functions can also be written to display
or edit the successive segments on separate lines. In particular,
if M is a matrix of expressions suitable as segments defining a
monadic function, then "'V (,M,'O!) defines the function.

A WORKING MODEL

The functions and variables shown below define a workspace
which permits one to define functions by simply entering expres-
sions of the form F«AVB as illustrated by the examples shown
at the outset. They are written for SHARP APL [3] and use
facilities (such as trap and enclosed arrays) which may not be
available on all systems. However, they should be rather easily
adapted to any APL system:

OTRAP«'A2 E [JER FIX [ER[1+0I0;]!

F«DY DEL MON
Fe('2',BUILD DY) ON '1',BUILD MON
Feta',('211,DY QN MON) QN F

F«N IS E;I

Be(r 2,0/ 0

Iq_'(ozmcl 'all)BuN SELE(_V ";N: 11t
NeFX('Bea' N, 'wsSELE') QN I QN '+0' QN E

CR«QCR N;I

I«1+pCR+CR N
>((S>T)V(I+'R(=+',Ip'at)v.2,(I,1)4CR)p0O
CR«+(<2+CR[OI0+3;]), (<24CRIOI0O+4;1),<,N

N«N QFX CR;B

+(0epCR)pL1
+((~BO<>B«''pCR),0=0NC 'N')/L1,L0
N>CR[[]10+2]

LO:CR«N IS(>CR[DI0]) DEL>CR[1+0I0]
-0

L1:N{FX CR

Beo A w

(0=[WC ‘'a') RUN SELF

B w

SL«,w ¢ OSIGNAL 999
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R«BUILD A;G;L;Y;0IOU;T
+>(2=ppR«A)p0

R« 1 0 p0I0«0

+((0epd)V' 'A.=,4)p0

L+«LCLS Re>'"'pY«EXPS '»B' IN A

G+ 0 1 +PVTOM ' O Mo w ', ',>Y[2]
Ye(T«Yv.2' ")4Ye>¥Y[1]

Ue,'5',Y ON L LESS Y QN G

UsU,, 0", Y, '+, % ((pT),1)pT+T/1pT
Re((U=z' ")/U) QN R

ER<ERRD ER;0I0

ER+(SELF,' VALUE ERROR') QN ER[1 2 +[10+0;]

S«EXPS S3T3I3J:M;,G

T+«(S HAS 'On') PYTOM S+'O',S,' !

S+ 0 1 +('a'2T[;0I01)4T

Mol /I«+/OV\DS HAS ':!
S+(I-M)9S, ((pI) ,M)p! !

Ge 0 1 $(J«')'=T[;0])4T«(+/A\"' 1=5)0S
S«(<(~)£(0,M)48), (<(~J)£S[; 141M]),<C

4 FIX W

We(W HAS '«V') PVTOM W«' 'K

>((" «V'A.= 3 1 tW)A3=14pH )40

4«(W NDO 0) IS(e14l NDO 1) DELe21+W NDO 2

ReA HAS W

Re(AeW)A=\""1124

AcA IN W

Ae(, (W HAS 1+A4)o.zu+1)/,W,($3,pW)pl1d! ',1}4

A<LCLS 43T

A<d "1 1 +(A HAS '«') PVIOM A<«,'O',A
Ae(+/A\" '=4)%4

TeA\Aeb4+86+JAV
A«(pA)pI\(I+,V\(OI)AAe54+86+[AV)/ , A«dA
Ac(Av.2' )A(+/A\A=" )4

L«L LESS G;I

+(0e(pL),pG)p0

I«(* ' 0AV)AL«G QN L

GHIO+"''p 241,0G
L«LL((I2G)A1,v/L[1+4T;12L0 14131)/13]

R«A FDo B;0I0
ReA[B+(I0+«0;]

R«R QN B;I
Re("24+ 1 1 ,pR)pR

B«("2+ 1 1 ,pB)pB

I+0, 14(pB)pR
R«((ITpRY*R),[0I0](ITpB)4B

R<B PVIOM VEC;T;V

+{(0=[NC 'B')pL0

B«VECe1t ,VEC

LO:R+((xR) ,Rex/pVEC)pVEC
+(0e(pB),pVEC)pO
Ve(14T)-"13T«(1,(1+(p,VEC)pB),1)/11+p ,VEC
T«Vo.2(AT/V)+~0I0

Re(pT)p (,TH\VEC

D RUN FN;RUN1

RUNO eBUILD AND FIX RUN1

RUN1 aRUN1 DOES LOCALIZATION
ARUN?2 RUNS VECTOR (DIRECT) DEFNS
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RUNO3S;010

0I0«0

FN« 5 1 V[JCR FN

FN« 0 1 +((1+D)=2," ' EN[1\11)/EN
S«EN[0;]11'0"

S<('RUN1 ',8+FN[0;]) QN 'O',S+EN[0;]
SH{FX S8 QN 'RUN2'

RUN2;(0TRAP;0ER;SL;SLO

SLe 10 1++\(14+pEN« 1 0 +EN)p1
RES:(TRAP+'V6 C -~ERRV999 C +RES'
CONT :~((0epSLIVV/SLe[lAV)p0
+>((8L0<0)V(SLo+"'pSL)214pFN)p0
SL+1+SL

B«2,EN N¥Do SLO

+CONT

ERR:~(*RUN2(6] 'v.#8p 1 0 +[ER)/ER2
~CONT

ER2:SARUN2+ERS,0p«ERRD OER
ERS:

ITERATIVE EQUIVALENTS OF RECURSION

If in the monadic definition of a function F the last element
of the argument of a branch is I, and if segment I is of the form
A G w, then the recursive use of F invoked by the self-reference
A can be replaced by executing w+G w followed by +ISC W,
where ISC«''7*' 10 1++\wpl', and ISC ¥ is the normal ini-
tial value of the sequence control vector for the function F con-
sisting of & segments.

The essential point is that A occurs as the root function (last
to be executed) in the last segment to be executed in F. Similar
remarks apply to the dyadic case.

We will treat the monadic case further by showing how any
definition can be modified (largely by appending segments of the
form JNR w«G w, where the function JR is defined by
NR«''9'" and prevents the formation of new explicit results due
to the execution of these segments) to produce an equivalent
definition that uses iteration instead of recursion wherever possi-
ble.

Briefly, a branch of the form B is replaced by the expression
+RS RI B, where

BI«'wO(T1vw),al0:1],18C 1pad +(T14pa)>I+al1+
0I0«0;117 1471, wewx 1xw21pa'V'!

and where RS is a matrix whose second row lists the indices of
those eligible segments for which iterative substitution is possible
(i.e., those of the form A G w), and whose first row lists the
indices of the corresponding new segments NE w+G w. For exam-
ple, if

Fe' ' 91 Aw-10w-20~7200w- 30241

then the eligible segments are 0 3, the corresponding added seg-
ments are 5 6, and the value of BS would be 2

2 p 5 6 0 3. The corresponding equivalent function G is there-
fore given by:

G+ 'V Aw-10w-20+FS BI ?200w-30+RS BRI 74 ONRw
«w-1 ONRuw+w-3 O>ISC 1pBS+«2 2p5 6 0 3!

The final segment of G (which is invoked first) establishes the
appropriate value of S and then sets the sequence control vector
to the initial value appropriate to F, that is, to the initial part
of G.
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A compile function which can be used in the form
'G' COMPILE 'F' to define G as the iterative form of F, and
in the form COMPILE 'F' to reassign to F its iterative form, may
be defined (using as subfunctions some of those used in the model
given earlier for the operator V) as follows:

ALGN
(a-M)dw, ((pa) M /a)p' !

BLK1

(~(10I)AT«wHAS' ")/w

BRFIX
(w, (+/B)p'BS RL "Y[A(1pw), (Bebx('R'21dw)AI«
wHAS'»*)/1ow]

coY
wOBLK1(BRFIXw),S EXTRAD TO+~0epT+(S5=0)#(5+
TATLS T)ALGN T+>''oEXPS w

CMON
wOBLKX1(BRFIXw),S EXTRAM TO+~0epT+(S«'A'=T[;
BI01)#T«>" ' oBXES w

COMPILE
aQFX(<CDY>w[0]) ,<CMON> (w+QCRw)[1+0I0+«0]
whw

DYIT
((5,15)p ' HRwe>(10)pP (<o), ((5,f /a)tw ), (((
S14pw),3)p'), <), ((0,1+[ /a)tw ), 'O!

ESG
'>ISC 1pRS«2 ', (¥+/w), o' ¥ ((pw)+1+/w),w/1pw

EXTRAD
tO, (,([/a)DYIT w),ESG az0

EXTRAM
1O, (L, (((14pw),4)p ' WRw"'),0 14w,'0'),ESCG o

PAREN
(xw)x1+we+/A\0z+\ (T1xw HAS *')')+w HAS ' (!

TAILS
Re((pS),2)+ (S+PAREN w)bw & Sx(R[;0]='A')A~R
[:1]e54486+404V0

I
1¢ 1++\wpl

NR«''9"!

BI - —_

O 1+w),al0311,I5C 1pal+>( 1tpa)>I«a[1+0I0+
03111471, wewx 1*w21pa

One simplifying assumption is made in this model, namely,
that the left argument of A in the dyadic case is always enclosed
in (possibly redundant) parentheses.

It is interesting to note that the function FAC does not permit
compilation into iterative form but that, because the root function
x is associative, one can define an equivalent function that does.
Thus:

Fe! (axw)Aw-10ad+w=01 V' 14w
The function G resulting from 'G' COMPILE 'F' is defined by:

G+ (axw)Aw-1000*AS BRI w=0 ONRw+>(10)pd(<a+(a
xw)),<w-1 O>ISC 1pRS+2 1p3 0'V'1bw!
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