Chapter 1

Nonlinear Equations of the
Atmospheric and the Oceanic Motions

There are usually two methods for predicting long-term weather and cli-
mate. First, by statistical methods, we can use the current climate, the his-
torical record and numerical analysis to predict the future climate and the
possible global climatic changes. Second, because air is compressible, and
seawater is incompressible, by dynamical methods, we consider that the fu-
ture status of climate is a consequence determined by the current status and
the physical principles dominating these changes, thus we study equations
and models describing the atmospheric and oceanic motions. Regarding
weather prediction as an initial-boundary value problem in mathematical
physics, we can establish numerical weather prediction models based on
mathematical physical equation.

Numerical weather prediction is an outstanding applied research
achievement of atmospheric science in the 20th century, of which theoretical
foundation is the atmospheric dynamics. In 1922, Richardson introduced
the concept of numerical weather prediction for the first time ([183]). His
idea is that through solving the complete primitive equations governing the
atmosphere motions numerically, one can simulate the evolution process
of atmosphere, thus may predict weather quantitatively. Due to the weak
calculation ability at that time, the dream of numerical weather prediction
did not exist. Applying the long-wave theory and the scale-analysis the-
ory established by Rossby and others, Charney set up a two-dimensional
geostrophic model. With this model, he and his collaborators successfully
made true 24-hour numerical weather prediction on the ENIAV computer
of the Institute for Advanced Studies in Princeton for the first time. Along
with the boom of atmosphere science and the enhancing of data dealing
ability and numerical calculation ability of computer, researchers turn to
numerical weather prediction by the primitive equation models from 1960s
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([112,147,181,218)), greatly extend the time-range of numerical weather pre-
diction. Afterward researchers started to make long-term numerical weather
prediction, climate forecasting and numerical simulation of atmospheric cir-
culation by some primitive equation models of the atmosphere and oceans.

To actualize long-term numerical weather prediction, climate predic-
tion and numerical simulation of atmospheric circulation based on physical
methods, the first thing is to establish some atmospheric and oceanic dy-
namical models, which are the nonlinear partial differential equations with
initial-boundary value conditions which govern the atmospheric and ocean-
ic motion. In this chapter, we mainly present basic and primitive equations
and their boundary conditions which govern the atmospheric and oceanic
motion. For more detail see [220], and also [84,145,162,205,211].

1.1 Basic Equations of the Atmospheric and the Oceanic
Motions

1.1.1 Basic Equations of the Atmosphere

Regarding air and seawater as continuous media, one can use the Euler
method to describe the atmospheric and oceanic motions. In the inertial
coordinate frame (the coordinate axis is fixed with respect to the stellar),
according to the Newton second law, the momentum conservation equation
of the atmosphere is given by

d;Vr
di¢

1
= _;grad?;p + gr + D7

where V' is the absolute velocity of the atmosphere (velocity in the inertial

d;V oV
71 tI +(V1-V3)V is the absolute acceleration

(acceleration in the inertial coordinate frame), p is the density of air, p is

coordinate frame),

1
the atmospheric pressure, ——grads;p is the pressure-gradient force, gy is

the gravity, and D is a molecular viscous force (molecular friction force,
dissipative force), which is a dissipative force caused by air internal friction
or turbulent momentum transmission.

In general, researchers are concerned with the relative motions of the
atmosphere to the earth. So taking a coordinate frame rotating together
with the earth as a reference frame, researchers can observe atmospher-
ic relative motions. Suppose that the angular velocity of rotation in the
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rotating coordinate frame is €2 (that is the rotational angular velocity of

dVv
the earth), V is the atmospheric relative velocity, — is the atmospheric

relative acceleration in the rotating coordinate frame, then

Vi=V+Qxr,

d;V; dV;
1.0
dt a TV

where r is the radius vector. The proof of the second equation above ap-
pears in section 1.5 in [172]. According to the previous three equations,
we get in the rotating coordinate frame the atmospheric momentum

conservation equation

dv

1

where g = g; + 2°%r is commonly referred to gravity (12 is the value of the
earth rotation angular velocity), —2€2 x V is the Coriolis force, £2°r is the
inertial centrifugal force,

d 0

is the substantial derivative (often called the total derivative).
According to the mass conservation law, the continuity equation is
given by
dp
dt
In general, when describing large-scale motions of the troposphere and
the stratosphere, one may consider dry air as ideal gas, and can get the
atmospheric state equation

+ pdivsV = 0. (1.1.2)

p=RpT, (1.1.3)

where the vaporation in the atmosphere is negligible, 7" means the temper-
ature absolute term of the atmosphere, and R = 287 J-kg7'K~! is a gas
constant of dry air.

According to the first law of thermodynamics, the atmospheric ther-
modynamic equation is given by

dr =~ 45 dQ

“a TPa T
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d
where ¢, = 718 J')kg™'K~!, and d—? is the quantity of heat per unit mass
of air obtained from external environment per unit time. Applying (1.1.3),
we have
b4 1 1
ar_df_ i dp RTay 4
dt dt  pdt dt p dt dt’
Combining the above two equations together, we get
dT" RTdp dQ
_—— = 1.1.4
Pt p dt  dt’ ( )

where ¢, = ¢, + R is specific heat at constant pressure.
Equations (1.1.1)-(1.1.4) are called the fundamental equations of
dry air, where the unknown functions are V', p, p, and T in these equations.
d
If D and d—? are fixed, equations (1.1.1)-(1.1.4) are self-closed.

When one has to consider vaporation in the air, the moist air state
equation is

p = RpT(1+ cq), (1.1.5)

where ¢ = P is the mixing ratio of water vapor in the air, and p; is

the density of water vapor in the air. Here, ¢ represents positive constant
varying with context. ¢ = 0.618 in (1.1.5). The thermodynamic equation
of the moist atmosphere is

dT  RT(1+cq)dp dQ

- = 1.1.6
Pt P dt  dt’ ( )
the conservation equation of the water vapor in the air is
dg 1
— = -W1 + Wy, 1.1.7
i 1+ Wa ( )

where W1 is the condensation ratio of steam per unit volume, and W is
the volume change ratio of unit mass steam due to horizontal and verti-
cal diffusions. Equations (1.1.1), (1.1.2) and (1.1.5)-(1.1.7) are called the
equations of the moist atmospheric.

1.1.2 Basic Equations of the Oceans

Suppose that there are massless source-sinks within the oceans. In the
rotating coordinate frame, the equations of oceans consist of the following
equations:
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the momentum conservation equation

dv
pg = —gradsp + pg —2pQ2 x V + D,
the continuity equation
d
?f + pdivsV =0,
the state equation
p=f(T,S,p),
the thermodynamic equation
dT
E - Q17
and the salinity conservation equation
ds
E - QQa

where S is salinity, ()1 is the heat source per unit mass seawater derive from
the external environment in unit time, and )5 is the salt source per unit
mass seawater derive from the external environment in unit time.

Since the equations above are too complex, one has to do some simplifi-
cation. Generally, one takes Boussinesq approximation, that is, consider
p in pg and the state equation as unknown function, but p in other position
as constant pg. Moreover, we use the following approximation equation to
replace the above state equation

p = po[l = Br(T —To) + Bs(S — So)l,
where 81 and (g are positive constants, and Ty, Sy are the reference values
of temperature and salinity, respectively. Thus, we get the equations of
oceans as

dVv

v —gradsp + pg — 2po2 x V + D, (1.1.8)
divsV = 0, (1.1.9)
p=poll = Br(T —To) + Bs(S — So)], (1.1.10)
dT

= = (1.1.11)
ds

5= (1.1.12)

Remark 1.1.1. State equation (1.1.10) is an empirical equation, which
appears in [212]. The more general form is

P = po 1—5T(T—T0)+5S(5—50)+pf$ )

S
where ¢, is a positive constant, and this equation appears in section 2.4.1
of [205].
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1.2 Equations of the Atmosphere and the Oceans in the
Sphere Coordinate Frame

1.2.1 Equations of the Atmosphere in the Sphere Coordi-
nate Frame

The atmosphere moves on the rotating earth surface. To study the relative
motion of the atmosphere, assuming that the earth surface is simulated by
a sphere surface, we discuss the atmosphere motion in spherical coordinate
system.

Let’s deduce the basic atmospheric equations in spherical coordinate
frame. Setting the center of earth as the origin of the spherical coordinate,
0(0 < 0 < m) denotes the co-latitude of earth (it mutually complement to
latitude), (0 < ¢ < 2x) denotes the longitude of earth, r denotes the
distance between the center and point on the surface of the earth, eg, e,
and e, are the unit vectors in the directions of 8, ¢, r respectively, ey tends
to the south along the longitude, e, tends to the east along the latitude, and
e, tends outward along the radius. Using differential geometry symbols, we
have

eg—1? oL 0 _0
70000 P rsinfop’ T or
According to the definition of velocity, the air velocity V' is expressed as
V =weg +v,e, +vre,,

where
do . . de L dr .
vg = ra =710, v, = 7"81119& =rsinfy, v, = i .
In spherical coordinate frame, the substantial derivative of any vector F' is
given by
dF . 1
T Al]lfgl K[ (t+ At 0(t + At), p(t + At), r(t + At))
_F(t7 0( )7 (p(t)7 T(t))]
B < 0 ny - 0 +a .0 L .0 ) P
ot 00 6 or

0 vy 0O v, O 0
= (= vy F.
<6t T r 00 + rsin 6 dp v 87")
) 10 1 0

Since V3 _69;%+e¢7rsin9% I

the substantial derivative in spherical coordinate frame is
d 0
—=—+V.-V
TR T 5

+ e, in spherical coordinate frame,
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By direct calculation, we have

deg  w,cotd Vg
— = e

E - —e,,
dt T ¢ ro
de v, cot 0 v,
—F=—F——ey— Te,,
dt T
de, Uy

——e,+ —e
dt r 7 0

Angular velocity of earth rotation is given by € = —{2sinfley + {2 cosfe,.,
S0

—2Q x V = 282 cos Qv,eg + (—212 cos Bvg — 202 sin Ov,. e, + 2(2 sin bv,e,.
Using

1  Ovgsinf 1 % iar%r
rsing 00 rsinf dp 12 Or ’

diV3V=V3-V:

and
v d(vees + vyo€y + vre;)

dt dt
_ d te dup ‘e dvr Yo dey + dew Yo de,
T T T T T T ar

We rewrite equations (1.1.1)-(1.1.4) following the basic equations of atmo-
sphere in spherical coordinate frame

d 1 1

% + r(vrvg ,vi cot ) = 75% + 282 cosbv, + Dy,

d 1 1

% + ;(”rvw + vgu, cot B) = pr Smeg—i — 22 cos Ovg — 282 sin Ov, + D,
dv, 1 10p

T ;(Ug +U3>) = —;8— — g+ 2802sinbv, + D,,

dp < 1 Ovgsinb 1 v, iar ’Ur)_o
dt rsinfg 00 rsinf Op 12 Or
dT"  RT'dp _ dQ
YA p A&t At
p = RpT,
where D = (D, Dy, D,.) is viscosity term.
Because the thickness of the atmospheric layer to be studied (about 120

kilometers) is far less than the radius of earth a & 6,371 kilometers, we use
a instead of previous r which appears as coefficient in the above equations.
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. . 2up . . .
For the large-scale motions, the item — in the mass conservation equation

r
can be omitted. Thus we simplify the above equations as

dvg 1 1 8p

— 4+ —(vpvg — vi cot) = — + 282 cos v, + Dy, (1.2.1)
a

de pa 06
d 1 1
% + g(”rvap + v, cot 0) = 7,0a g STZZ — 282 cosQug — 22 sinbv, + D,
(1.2.2)
dv, 1 10p .
n —a(vg+vi) :—;E—g—kl(}sm&vg,—l—Dr, (1.2.3)
dp 1 Ougsind 1 Ov, Ov,
— — = 1.2.4
dt <asin9 00 asinf dp ~ Or 0 ( )
AT  RTdp dQ
- - _ % 1.2.
P p dt  dt’ (1.25)
p= RpT, (1.2.6)

where — = g Ueﬁ ve 0 4

&t a6 asmbop  ror

1.2.2 Equations of the Oceans in the Sphere Coordinate
Frame

Suppose that the velocity of seawater is V' = (u,v,w), and u, v, w are the
velocity of seawater respectively in the direction of 6, ¢, r. In spherical
coordinate frame, the equations of the oceans under Boussinesq approxi-
mation are

du 1 9 1 0Op

P - =———— 42N D 1.2.

g” + a(wu v” cot ) 20 90 + 280 cos v + Dy, (1.2.7)

dv 1 1 dp

Lz - =P —20si D

T + a(wv + uw cot 6) poasind 9y cos fu sin bw + D,,,

(1.2.8)

dw 1,5, 10p »p .

B L 1.2.

¥ a(u +v%) o o pog+2!2s1n9v+Dw, (1.2.9)
1 Ousind 1 Ov  Ow

asinf 00 + asin9%+a =0, (1:2.10)

p = poll = Br(T —Tp) + Bs(S — So)]. (1.2.11)

dT

— = 1.2.12

T Qr1, ( )

4 _ Q2, (1.2.13)

dt
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where D = (D, D,,, D,,) is viscosity term.
d 0 wud v 0 0

at 0t T a00 " asmoop  “or

1.3 Equations of the Atmosphere in Atmospheric Pressure
Coordinate Frame

The basic equations of atmosphere motions are so complicated that re-
searcher is not able to solve them numerically or theoretically at present.
Therefore, researchers have to omit the minor and medium scale factors,
and simplify the basic equations of atmosphere motions reasonably in order
to achieve numerical weather prediction. As the vertical scale of the atmo-
sphere is far smaller than horizontal scale, the most natural simplification
method is to adopt the hydrostatic approximation, that is, substituting
the hydrostatic equilibrium equation

dp

ar = —pyg
for the vertical momentum conservation equation. The hydrostatic equi-
librium equation demonstrates the equilibrium relationship between the
vertical pressure-gradient force and the gravity. It’s in conformity with
the weather observation data of the large-scale atmosphere, and also the
theoretical analysis.

Here we use the scale analysis to interpret briefly the rationality of the
hydrostatic approximation. For large-scale atmosphere motions, the hori-
zontal characteristic length scale of the motion is L ~ O(10), the vertical
characteristic length scale of the motion is D ~ O(10%), the characteristic
scale of horizontal velocity is U ~ O(10'), the characteristic scale of ver-
tical velocity is W ~ O(1072), 2 ~ O(10~%), and the characteristic scale
of atmospheric pressure is P ~ O(10%). Thus we know, in the vertical mo-

10
mentum equation, except —fa—p ~ 0(10'), —g ~ O(10"), scale of other
pOr

terms is all less than O(1073). So we can replace the vertical momentum
conservation equation by the hydrostatic equilibrium equation.

According to the hydrostatic equilibrium equation, we know that the
pressure p is a monotonic decreasing function of r, that is, the mapping
(0,p0,7;t) = (0, p,p;t) is one-to-one. Thus, we substitute a pressure coor-
dinate system (6, ¢, p;t) (also called the isobaric surface coordinate frame)
for the coordinate frame (6, p, r;t). Introducing a new pressure coordinate
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frame (6%, o*, p; t*), we have

t =1, 0" :97 90* =¥, p:p(aawarvt)

Now, let’s deduce the form of the atmospheric equations in the new pressure
coordinate frame (6%, ¢*, p;t*). Firstly, in the pressure coordinate frame,
the substantial derivative of any vector F is

dF(a .0

+0 TELANLA ¥
a \aer "7 a0 "7 apr Pap

(2 iy 2 52
“\arr "0 TPap T Pap)

To obtain a new form of the momentum equation in the new pressure

coordinate frame, we only compute a new form of the force here. In mete-
orology, usually substitute height z = r — a for r, thus, the original coordi-
nate is expressed as a function of the new coordinates t = t*, § = 0%, ¢ =

*

©*, z=1—a=z(0%¢" p;t*). So we have
p=p(0,¢,a+2(0%, 9" p;t"); ).
Differentiating the above function with respect to the variable p, we have
dpdr  Opdz
1 - = 5 = = 5
ordp  ordp
o o : dp
where, to distinguish derivatives in the two coordinate frames, we use — to
r
indicate the derivative of p with respect to r in the original coordinate frame,
0
a—z to indicate the derivative of z with respect of p in the new coordinates
p
frame. The following symbols in this section are defined similarly. Taking
differential quotient of #* and ¢* in the above relationship of p, we have

75‘;0 o0  dp or 75]9 dp Or

+ - = = + - 5
0000 ~ or 00 09  or 00*
o=2 00 [ OpOr _Op  Opor
0p Op* — Or 0p* 9y  Or Op*

Combining the above two equations with the hydrostatic equilibrium equa-

tion, we obtain

10p 109 1 Op 1 00

pad9  adb’ _pasiHG% T asinf* dp*’
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where @ = gz is generally called the geopotential. With the equation

Op 0
1=2L% and the hydrostatic equilibrium equation, we have
or Op
0P
— = —RT.
p ap

Therefore, we get the new form of momentum equations in the new pressure
coordinate frame as follows

d’l)g 1 * 109 *
- — a’UZCOtG = —5%4‘290050 'U<p+D67 (131)
dv 1 N 1 0P N
G ot = S g 2 es Pt Dy (152)
@
9P _ _pr. (1.3.3)

Pﬁfp =
According to the principle that Coriolis force does no work, we omit the
term —242sin 0*v,.. Similarly, because the scale of v, is very small to the
large scale atmospheric motions, we also omit —v,vg, —v,V,.

a

Next, let’s deduce a new form of the mass conservation equation in the
new pressure coordinate frame. According to the hydrostatic equilibrium

10
equation, we have p = —fé—p. Substituting this equality in (1.2.4), we have
g or

FL/ _ L
?r + @ 1 3vg~sin0 4 1 % n 8})7_ —o0
dt or \asin® 90 asinf gy Or

With the definition of substantial derivative in the original coordinate

(1.3.4)

i wd ow B
===+t —=+ : = T U=,
dt ot a9 asindgyp or

and
d_0p vwdp, v Op , Op
dt ot a9 asindgyp or

we obtain
i %

Or _ _dt 9w O v, Op _ Ovp (1.3.5)
dt or Or adf  Or asinf0p  Or Or
With the relationship between the pressure coordinate frame and the orig-
inal coordinate frame, we have
o opd 0 9 Opo O 0  9pd
or  ordp 00  00*  900p’ dp Op*  DpOp
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Thus,
~dp
O3 _ % _ ooy
or or or op’
dvg Op  Op Ougsind
dr ad9 ' dr asin 00
_ _519 ( dp Ovg B 57}951119)

Or \ add Op  asin0de

_ Ip [(’9}781}9 1 ( 0 +ap8> ’09511191

Cor lado Op  asin® \ 96* ' H9 op
B op ( Ovg sin 0* )
Ar \asind*96* )’
Or asinfdp  Or asinf0p
_ o (51’8”4’ _ 5W>
or \asin@dp Op  asinfdp

p dp Ovy, 1 0 op 0
- — = Y = & — N 7* + = = USD
Or |asinf0p Op  asind \ dp Oy 9p

_@ vy
~ 9r \asin@*op* )

In the process of verifying the first equality, we have used the relationship

_dp_ dp
P= a  dt
the continuity equation in the pressure coordinate frame from (1.3.4) and

(1.3.5)
ap 1 Ovgsin@*  Ov,\
dp T s < o6~ © &p*) =0 (1.3.6)

the thermodynamic equation in the pressure coordinate frame is
dT" RT . dQ
Par T p VT ar
The equations (1.3.1)-(1.3.3), (1.3.6) and (1.3.7) are known as the dry
atmospheric equations in pressure coordinate frame, where
d _ 0 4 G+ 0
dt* Ot 00

. Combining the above three equations together, we deduce

(1.3.7)
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With definitions of the substantial derivative and the hydrostatic equi-
librium equation in pressure coordinate frame, we get the vertical velocity
given by

dr dz 0z 0z ., Oz .0z
T T T 7 A pelt
3Z+Ui82+ v, 0z +]5%
at*  a 00*  asinp* Op* dp
0z vy 0z v, 0z P
ot a 90 * asing* dp*  pg’

1.4 Equations of the Atmosphere in the Topography Coor-
dinate Frame

In the practical case, researchers sometimes need to consider the variation
of topography of the earth surface. As the earth surface is not an isobar-
ic surface in this situation, we usually can’t take the pressure coordinate
frame, otherwise it’s difficult to give a reasonable lower boundary condition.
Therefore, we take the following topography coordinate (0, ¢, T;t), that is

=0 o= cp,ﬂ:n(p)
Ps

where p, (0%, ¢*;t*) denotes pressure of the earth surface, and 7 is a strictly
monotonic function of 2. Here 7(1) denotes the earth surface, and m(0)
S
denotes the upper boundary of atmosphere. Here, we suppose © = ( = Ly
S

Then, let’s deduce the form in the new topography coordinate (6, ¢, (;t)

of the equations of the atmosphere in the pressure coordinate frame

(0%, o*, p; t*), which appear in the above section. First, in the topography

coordinate frame, the substantial derivative of any vector F is

(2500 DY (DD gD D
at — \at a0 " Pag " ac ot T e, T
where
é PsD — pp‘,»
p?

Applying the relationship between the pressure coordinate frame and the
topography coordinate frame, we have

o 9¢o 190

9 _%90 _10 1.4.1
o~ Gpac  poc (L4.1)
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b 9, 90 9 (op o

50 — 00 90 9¢ 90  p, 00 9C’
9 9 o 0 (opd

(1.4.2)

= —+= = Sy
dp ~ 0p* ¢ Op  ps Op OC

(1.4.3)

Qi
5

0
To distinguish derivatives in the two coordinate frames, we use here g—g to

denote the derivative of ( with respect to p in the original coordinate, 8—C

to denote in the new coordinate. The following symbols are defined in a

0P
similar way. With (1.4.1) and equation pa— = —RT, we get
P

00 _
ac

We obtain the momentum equation in the new topography coordinate

—RT. (1.4.4)

frame. Here we only give the form of the pressure-gradient force. Using
(1.4.2), (1.4.3) and (1.4.4), we have

100 96 ¢ dp, 00 b RT dp,

Ta06" 400 ap. 960 OC a0 ap. 90

1 57415__ 0P ¢ 9Opsd® 99  RT dp,
asin@* dp*  asinfdp asinfp, dp Op  asinf@dyp asinfps Op

According to the above two equations, we get the horizontal momentum
equation in the new topography coordinate frame as

dvg 1, 0%  RT p,

—_— == t0=—— 2(2cos D 1.4.
a  a e’ (a@@ + aps 00 2k costue + Lo, (145)
dv, 00 RT  op,

—Jrl t0 = —
— Vg, cot O =
a?®

i ) — 202 cosOvg + D,,.

asin 0¢ + asinfpg 0p
(1.4.6)

Next, let’s deduce the mass conservation equation in the new topography
PsP — PDs

2
s

coordinate frame. With ¢ = , we have

b= Cps + Cbs.
Applying (1.4.1) and the above equation, we get

ap  dps Ips I P C Ips
wp_ % oPs _ 96 | Ps | & OPs 1.4.7
G op " dp 0 peoc (1L4.7)
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With (1.4.2) and (1.4.3), we have
1 (81}9 sin 0% N 8%)

a sin 0* 00* Jp*
1 [(8@9 sinf ¢ Ops dvg sm@) n (8% ¢ Ops (%(pﬂ

asin @ 00 ps 00  OC Op  ps Op OC
1 Ovg sin 0 n % B ¢ Ops Ovg sin 6 . Ips %
asin 00 Op asinfp, \ 80  9C dp OC )
(1.4.8)

Since ps(0*, p*;t*) = ps(0, ¢; t), we get the following system by the defini-
tion of substantial derivative in the topography coordinate frame

8175 UG apé Vo aps

Ps= "9t T 090 " asing oy’ (1.4.9)
£8ps o £ aps % &%
ps ¢ ps (a@@ ¢ * asin0dp OC (1.4.10)

Substituting (1.4.7) and (1.4.8) into (1.3.6), and applying (1.4.9) and
(1.4.10), we deduce the continuity equation in the new topography coor-
dinate frame as

Ops B 8psé 1 (8]951)(9 sin 6 n 8]951)@)

ot o  asiné 00 Op

(1.4.11)

According to p = (ps + (pPs, we obtain the thermodynamic equation in the
new topography coordinate frame

dT  RT dQ
pdt Cs(C +<ps)_dt'

We denote equations (1.4.4)-(1.4.6), (1.4.11) and (1.4.12) as the dry
atmospheric equations in topography coordinate frame, where

at — ot 89 8{ Ot a 00 asinf dyp o¢’

When studying the atmospherlc motions below specific barometric alti-
tude (supposing the upper bound of atmospheric pressure is p = pg, where
po is a positive constant), researchers use the modified topography coordi-
nate frame (6, ¢, T;t), where

(1.4.12)

P — Do

Ps —Po .

With the above methods, we can also deduce the atmospheric equations in
the modified topography coordinate frame.

t=t", 0=0" p=9¢", T=7(n), n=
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1.5 Equations of the Atmosphere and the Oceans in Local
Rectangular Coordinate Frame under 8-Plane Approx-
imation

For the oceanic motions, researchers sometimes are concerned with some
local areas containing no polar region. One can simplify the local earth
surface into a flat plane, then choose the local rectangular coordinate frame.
In the same way, studying the properties of local atmospheric motions, we
can also choose local rectangular coordinate frame. Now let’s discuss the
oceanic equations in local rectangular coordinate frame.

Let O as a point on the sea level (its co-latitude is 6y), the forward
direction of z-axis point to the south, y-axis to the east, z-axis vertically
upward, e;, e, and e, in the three-coordinate direction of local rectangular
coordinate frame {O; x, y, z} are respectively unit constant vectors in z, y, z
axis directions. According to the definition of velocity, the velocity V is
expressed as

V = ue, +ve, + we,,

where
dz dy _dz

AT A T @
In the local rectangular coordinate frame, the total derivative of any vector
Fis
dF
dt

= lim i[F(t + At z(t + At), y(t + At), 2(t + At)) — F(t, z(¢), y(t), 2(¢))]

At—0 At
(2440 4y 0 20 o (2000 100 Lw )
ot " Tor "oy T2 ) " T \or e Tay T Va2 )

As in the local rectangular coordinate frame, the gradient operator V3 =

8 ——+ey 88 +e, (,f the total derivative in the local rectangular coordinate
frame is
d 0
—=—+V.-V
& ot 5

To acquire the oceanic equations in the local rectangular coordinate
system, we have to find the approximate form of Coriolis force —2QxV in
the local rectangular coordinate frame. In the sphere coordinate frame,

—2Q x V = 202 cos Bveg + (—2£2 cos fu — 202 sin Bw)e,, + 242 sin Gve,..
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Because 22 sinfw < 22 cosfu, 2{2sinfv < g, in general situations,
one can omit 2§2sinfw, 2f2sinfv. Thus, we just have to find the ap-
proximate forms of 262 cos Qv, 22 cos fu in the local rectangular coordinate
frame, that is, we should deal with the Coriolis parameter f = 22 cos#f.
Using the Taylor expansion of f = 2{2cos@ at 6y, we get

5cos by
2!

38indp
30 +]

f =28cosf = 202[cos by—(0—0y) sin y—(6—09) +(60—00)

When 6 — 6 is small enough, there is

T
9—90%7,
a

where a is the earth radius. When Y < 1, we take
a

f = fo =2 cosby,

which means, the Coriolis parameter f can be considered as a constant.

So, when Yo 1, and (y)2 < 1. So we can take
a a

2(2sin 6
f =~ 282 cosby — mw = fo — Boz.
a
202 sin 0 2f2sin 6
Here 3y = 2779MP0 i the origin value of Rossby parameter g = sy
a

in the local rectangular coordinate frame. The above equation is usually
called -plane approximation. The Coriolis parameter can be considered as
a linear function of x in the local rectangular coordinate frame.

T
Remark 1.5.1. If O is a point on the sea level (its latitude is ¢g = B —bh),

the forward direction of z-axis point to the east, y-axis to the north, z-axis
vertically upward, then the S-plane approximation is given by

2(2 cos ¢g
a

f=20sin¢ ~202sin¢y +y = fo + Boy.

After taking Boussinesq approximation (except buoyancy term and den-
sity in the state equation, densities of other position are all considered con-
stant) and S-plane approximation, we get oceanic equations in the local
rectangular coordinate frame

du 1 0p

uv_ 2% D,, 1.5.1
1 0 0 + fav + (1.5.1)
dv 1 0p

—_— == D 1.5.2
dw_ 19 _»

=——_——-—g+D 1.5.3
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where fg = fo — Box, D = (Dy, Dy, Dy,) is the viscosity term, and

ou o0 v
or Oy 0z

p=poll = Br(T —To) + Bs(S — So)],
dT

E*Qla

ds

57Q27

At~ ot ox

1o, 0. 0, 0
N Ay 0z

(1.5.4)
(1.5.5)

(1.5.6)

(1.5.7)

In the same way, one can obtain the equations of the dry atmosphere

(without hydrostatic approximation) in the local rectangular coordinate

frame

where fg = fo — Box, D = (Dy, Dy, Dyy) is the viscosity term.

%:*%%JrfngrDu,
%:—%g—z—fgu—FDv,
p = RpT,

dT  RTdp dQ

Pa T p A dt’

(1.5.8)
(1.5.9)
(1.5.10)

(1.5.11)
(1.5.12)

(1.5.13)

1.6 Equations of the Atmosphere and the Oceans under

Satification Approximation

The inhomogeneous heating of sun to earth causes noticeable density vari-
ance of the atmosphere and oceans, thus the density statification in the
atmosphere and oceans. One observational property of statification is that,
in general, the large-scale atmosphere and oceans are always gravity stable,
that is, the lighter fluids are always above the heavier fluids. The atmo-
spheric density is almost monotonic decreasing with the height, and the

ocean density is almost monotonic increasing with the depth. The exis-

tence of stable statification in the atmosphere and oceans, which results in
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the inhibition of vertical motion, contributes to the formation of the almost
horizontal motions.

Basing on the existence of stable statification in the atmosphere,
researchers can think that the large-scale atmospheric motions are
that the oscillations occur near the average state ((vg,v,,p, ?,T) =
(0,0,0, @(p), T(p)), also called standard state), where @(p) and T'(p) satisfy

the hydrostatic equilibrium relationship, that is,
99(p) .
——— = —RT(p).
P 5 (p)
Next, let’s deduce the equations for perturbation states near the average
state (0,0,0, &(p),T(p)) from (1.3.1)—(1.3.3), (1.3.6) and (1.3.7).

Suppose

(”0,%715) = (O + Ut/% 0+ ’U:p, 0 +p/)7
d=0(p)+ &, T=Tp+T.
The equations (1.3.1)-(1.3.3) and (1.3.6) are written as

b P ootd” = —1 9+ 200050°0, + D, (L6.1)
dstfp + é”é”; cot 0% = _asilne*gj; — 20 cos0*vy + D, (1.6.2)
P aai/ = —RT', (1.6.3)
(?92;/ * asiil 0* (avéasgiil a 22%) =0. (1.6.4)

Substituting 7' = T'(p) + T" into equation (1.3.7), we have

T oT(p), RI@+T). _dQ

g +¢ ap D » =3
R(T T RT
As |T—T’|<<£,,we take (T(p) + )p% (p)p. Thus
Rp P p
1’ T(p) RT(p)\._ dQ
det+(cp o  p P="q
— T T
If T'(p) satisfies R (R (v) —pa (p)> = (C?, where C is a positive con-
Cp Op
stant, then

AT’ ,C? . dQ

@ prRPYT @

(1.6.5)
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Getting rid of “” and “*”, introducing viscosity to the equation, and

letting % = AT + Vgagp[(%)ﬂ;%] + F(0,¢,p), we write equations
(1.6.1)-(1.6.5) as
ov ov 0 gp\?0v|
E—I—Vq,v—&—wa—p—i—kav-i—grad@—,ulAv—ulap {(RT) 3]0} =0,
(1.6.6)
divo + g—: =0, (1.6.7)
09 bP
+ T =0, 1.6.8
o (1.6.8)
R% (0T orT R 0 gp \2 0T
S 4V T +we | — Sw— AT — LY =F
C? (625 v +w8p> pw he2 V26p {(RT) ap}
(1.6.9)
where w = p,
S (WO v 00w
Vot = (a 00  asinf Oy a cot ) eo

t 6

a 00  asinf Oy a )ew,
oo, 1 00

asin@@cpew

2cosf Ov Vg
A=Ay —7—"F+
Y ( v a?sin?6 Op a2 sin? 9) o

(Ug v, v, Ov, N v, Up

+ (Avp +

2cos 6 Ovy Uy )
a2sin?0 0  a2?sin?6) ¥’

1 Ovgsinf O
dive = div (vees + v,e,) = asinf ( U9;0m * ;;D) 7

vg 0T v, OT
’UTZ*i a
v a 00 +asin98g0

1 o (. 0T 1 0*T
AT = a?sinf [69 (bm969> * sinﬁacpz} ’

where v = vgeg + vgye,, and v = vpeg + v, e,. In the atmosphere science,
the equations (1.6.6)—(1.6.9) are also called the dry atmospheric primitive
equations.

For the ocean equations (1.5.1)-(1.5.7) in Boussinesq approximation,
ignoring salinity, taking p = po[1 — Br (T — Tp)], and introducing viscosity,
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we have the following equations

du 1 0p

=S 29 A
dt p08x+f’gv+y “
dv 1 0p

Dl A
i 20 Oy fau+ vAv,
dw 1dp p

e Sl Y A
@t~ pedz g VR
ou v ow_

or Oy 9z

dp

— = kAp.

at ~ "°F

(u,v,w,p, p) = (0,0,0,p(2), p(2)) is a solution of the above equations, which
is always denoted as an average state (or a standard state). Where p(z)
and p(z) satisfy the hydrostatic equilibrium relationship, that is,

ag(;) = —gp(2)-

Researchers can consider motions near the average state (0,0, 0, p(2), p(z)).
Next, let’s deduce equations for motions perturbed near the average state
(0,0,0,p(2), p(2)). Supposing

(w,v,w) = (0+u",04+0",0+w"), p=p(2)+p, p=p()+p,

we get the equations of oceans as follows

du’ 1 9p'

d% _ _;é + fau + vAY, (1.6.10)
0

dv’ 1 0y

d% _ _,Ta% — fou + VA, (1.6.11)
0

dw’ 1op o

= L oruaw 1.6.12

T P i A ( )

ouw o ouw

% Ty =0, (1.6.13)

dp/  dp d*p

r + LY= kAP + K2 (1.6.14)

’

oP
If we take the static approximation, that is, substituting — = p’g for

(1.6.12), and the equations (1.6.10)—(1.6.14) are called the ocean primitive
equations in the rectangular coordinate frame.



22 Infinite-Dimensional Dynamical Systems in Atmospheric and Oceanic Science

1.7 Boundary Conditions

The atmospheric and oceanic motions can not only be described by the
equations listed above, but also are under the influence of boundary. So,
in this section we discuss the boundary conditions of the atmosphere and
oceans.

1.7.1 The Lower Boundary Conditions of the Atmosphere

In the pressure coordinate frame, if the lower interface of the atmosphere
p = P (the approximate value of earth surface, seen as a constant) is con-
sidered as ideal rigid body, and it is a material surface, then the normal
velocity of the air is zero, that is,

Plp—p = 0. (1.7.1a)

In the same way, taking the spherical coordinate frame, and setting z =
r — a, z standing for the elevation, where a is the earth radius, we can
assume that the lower boundary condition of the atmosphere is

Up|—o = 0. (1.7.1b)

In the topography coordinate frame, the lower boundary condition of the
atmosphere is

{le=1 =0, (1.7.1c)
where ( = L 1f the viscosity of the lower boundary surface p = P is
considered, tlien the velocity is zero, that is,

’U@‘p:P = 0, U:,alp:P = O, plp:p =0. (1.7.2&)

In the spherical coordinate frame, if the viscosity of the lower boundary
surface z = 0 is considered, then the lower boundary conditions of the
atmosphere are

U9|z=0 = O7 Uw‘zzo = O7 'Ur|z=0 =0. (172b)

In the same way, in the topography coordinate frame, the lower boundary
conditions of the atmosphere are

119|(=1 = O, U99|C=1 = O, é|<=1 =0. (1.7.2C)

(1.7.1a)-(1.7.2c) are generally called kinematic boundary conditions.
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In the local rectangular coordinate frame, if the vertical motion of the
lower boundary surface is caused by the force of landform z = h(z,y), then
the lower boundary condition is given by

dh oh oh
w|z=h(x,y) = E = U% —+ 'Uaiy.
In the spherical coordinate frame, if the lower boundary surface is the sur-

face of the ocean, of which pressure is py(0, ¢, t), then the lower boundary
condition of pressure p is given by

p(97¢7zat)|z:0 :p0(97907t) (173&)

If the lower boundary surface has the topography hs (6, ), of which pressure
is ps(0, p,t), the lower boundary condition of pressure p is

p(&@uzatﬂz:hs(b‘,gn) :ps(97<p7t)' (173b)

(1.7.3a) and (1.7.3b) are denoted as dynamic boundary conditions.
In the pressure coordinate frame, the thermodynamic condition of the
lower boundary surface p = P can be briefly written as

Z%bzlj = —as(T' - Ts),
where «; is a parameter about turbulent thermal conductivity, which relies
on the properties of the lower surface, and T is the reference temperature
of the lower surface.
In the pressure coordinate frame, for @ in (1.3.3), the geometrical con-

dition of the lower boundary surface is

é‘p:P - Qs(ea Spat)

1.7.2 The Upper Boundary Conditions of the Atmosphere
First, in the real atmosphere, the upper boundary (z — +00) should satisfy

Second, since the total energy of vertical air column per unit section is
bounded, we get condition

+oo U2+U2
/ ( o 5 S(’—&—CUT—i—gz> pdz < 4o00.
0

Thus,
pvg,pvi,pT, pz — 0, as z — +o00. (1.7.4)



24 Infinite-Dimensional Dynamical Systems in Atmospheric and Oceanic Science

(1.7.4) is generally called a physical boundary condition.

In the practical case, researchers always use homogeneous atmosphere
models, such as barotropic models (shallow water models), two-dimensional
quasi-geostrophic models and multi-dimensional quasi-geostrophic models.
In these models, researchers divide atmosphere into some layers, which are
incompressible homogeneous fluids, where the upper surface of each layer
is free surface, denoted by z = h(x,y,t) in the local rectangular coordinate
frame. The boundary condition on that free surface is given by

dh  Oh oh oh

W,mp = pri E+“a?+”5y’
where w is velocity in the direction of z, and u, v are respectively velocities
in the direction of z, y. For the interface of two layers z = h(z,y,t), the

boundary condition on the interface is given by

dh  Oh oh oh
U7 + Vi )

at ot or oy
where 7 = 1,2. This condition is called a kinematic condition of interface.

wi|z:h =

1.7.3 The Boundary Conditions of the Oceans

In the local rectangular coordinate frame, boundary conditions of the sea
level are given by

ov

glz:o = h1, w|,—0 =0, (1.7.5)
oT i
&|z:0 =—a(T-T7), (1.7.6)

where v is the horizontal velocity, w denotes velocity in the direction of z,
h is the depth of ocean (supposed as constant), 7 is the wind stress of the
sea level, and T™ is the sea water parameter temperature at the sea level.
The first equation of (1.7.5) indicates the effect of wind stress of the ocean
surface to the sea water, and (1.7.6) indicates the energy alternation at the
sea level. The boundary conditions of the lateral ocean can be written as

ov
v-n—O,a—nxn—O, (1.7.7)
oT
5 =0 (1.7.8)

Here n denotes the external normal vector of the lateral ocean. (1.7.7)
indicates that the normal component of lateral horizontal velocity is zero,
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and horizontal velocity here is no-ship at the same time. (1.7.8) indicates
that there is no lateral heat flux. The boundary conditions of the bottom
ocean surface can be written as

ov oT

e = 0,wlae =0, 2= =0
82‘ h wl h 0z



