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Exterior / Grassmann Algebra

Wedge product
« Combines dimensions that are present

« Add grades of operands
 Repeated vectors give zero:

ana=>_0

 Antisymmetric on vectors:
anb=-bAa
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Exterior / Grassmann Algebra

Duality means every product has an antiproduct

Antiwedge product V
« Combines dimensions that are absent

« Adds antigrades of operands
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Geometric Algebra

Geometric product

« Includes wedge product
« Plus more information
 For vectors:

aNa=aea

« Duality means there is a geometric antiproduct V
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Exterior /| Geometric Algebra

Wedge and antiwedge products perform
geometric manipulation

« Join objects into higher-dimensional objects
« Intersect objects at lower-dimensional objects
* Project one object onto another object

Geometric products and antiproducts perform transformations
« Rotations, translations, reflections, inversions
« Dilations (scales), conformal transformations
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Bivectors
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Trivectors
T

a

baranc
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Pascal’s Triangle
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Rigid Geometric Algebra

Projective algebra with one extra dimension

Contains points, lines, planes

Can perform rotations, translations, screw transformations
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Values Grade / Antigrade

] Type
BaSIS Scalar 1 0/4 DDDD

¢ 1000
Elements |, | DN
€ uoo

€3 =€ N €3 DIID
€31 =€3 A€ IDID
€r =€ NE, IIDD

Bivectors €, =€, A€, = DDII

€p =€4NE, I:lll:ll
€4y =€43 A€ I|:||:|I

832]=e3/\82/\21 III|:|

Trivectors / Hgm = S G4 Sy 3/1 I I I:I I
Antivectors €431 =€4 AN €3 ARG I I:I I I

€43 =€4 NEy NE3 I:IIII
Antiscalar l=e Ae, Ae;Ae 4/0 IIII
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Complements

Complement inverts dimensions

For basis elements a, ana=1 ana=1

Basis element a 1 [ e | e | €3 | €5 [€xn | €5 | €r| € | €pn | €4 | €3 | €| €45 |€us| 1

Right complement a 1 [€4| €431 | €412 | €321 |—€4|—€pp|—€u3|—€pp [ —€3 [—€x| —€4| —€5]|—€, | —€ | 1

Left complement a 1 [—€ss|—€us31|—€u12| €321 —€41 | —€u|—€u3|—€1 | —€3 [—€23| €4 | €3 | € | € 1
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Homogeneous Coordinates

Y p=(p Dy Ps DY)

w;/ ] .//pw /

.
>




Plucker Coordinates




Planes




Bulk and Weight
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Bulk of element a.

: PY All components without factor of e,.
l,e ,e,,e;,€;5,€;5,€,,€5,
Weight of element a.

Ao All components with factor of e,,.

€4,€41,€4,€43,€13,€43,€4, 1




Bulk and Weight

Bulk contains positional information
« Distance from origin

Weight contains directional information
« Line direction
 Plane normal
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Point

A 4D vector is a point
« Grade 1

P=DPx€ +pyez + p,€3+ p,€y

Pe = Px€ +pye2 + P €3

Po = Ppw€4
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The Origin

The origin is a point with no bulk
« Homogeneous coordinates (0, 0, 0, w)

P=PwC4
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Line

A 4D bivector is a line
« Grade 2

[ =1,e4 + lvy €n +1,€43+ 1, €3+ lmy €3+, €

le =13 + 13 +1,, e

lo =1 eq +1,,e4 +1, €43
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Plane

A 4D trivector is a plane
« Grade 3

2=gx€p31tg,€431 T 4-,€412 + £ €321

ge = w321

8o = 8x€423 +8,€431 + Z-€412
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Points at Infinity

A point with zero weight is a point at infinity
« Can be interpreted as a direction vector

P=DPx€ +pyeZ + P €3
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Lines at Infinity

A line with zero weight is a line at infinity

« Contains all points at infinity in directions parallel
to moment

l = lmx €3+ Imy €31 + lmz €12
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Lines at Infinity

o0
A\
l=1,ex+l,e5+1,e;
00
/ » m
0
Y.
o0
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The Horizon

The plane with zero weight is called the horizon
« Contains all points at infinity

g = 8w€ia21

The origin and horizon are duals of each other
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Bulk and Weight

If the bulk is zero, then the object contains the origin
If the weight zero, then the horizon contains the object

Ratio bulk/weight is 3D magnitude, distance from origin
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Norms

There are two dot products and two norms

~

Bulk norm laly =+aea

Weight norm |||, =+/a-a

~/
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Reverses

There are two reverse operations

Reverse a, reverses multiplication order of vectors
under wedge product

Antireverse a, reverses multiplication order of antivectors
under antiwedge product

Generalization of conjugates
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Norms

Iplle =vp: +p) +p? . et
Point p ” ". o ’ Ip||= \/p il |pp ! ‘ £ Distance from origin to point p.
Pllo =|Pw W
IL|| g = /m: +m? +m? D e
Line L IL|=,|———— Perpendicular distance from origin to line L.
LI, = 17 wvi 72
o 07 y z
Il =17 T y ~
Plane f ”f" ﬂ\/fz f2 5 | || = \/fz e Perpendicular distance from origin to plane f.
s x Ty tJ: ! 7 :
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Duality

homogeneous point

/ (pesPysP-2Pw)

homogeneous plane
(px,pybpzapw)

March 20-24, 2023 | San Francisco, CA #GDC23




Duality

Every object is really two things at once
 One thing in space
 The dual of that thing in antispace

When any operation is performed, something happens
in space, and something else happens in antispace
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Join Operation

Formula Illustration

Line containing points p and q.

PAQ=(Pugs = e ) e +(Py4: — P4, ) €23 , q
+(Pwdy = Pyqw ) €x2 +( P-4 — Pxq: ) €31 /”"p,\q

+(pqu —P:qw ) €43 +(pqu —Pyqx ) €p

Plane containing line / and point p.

lAp:(lvypz_lvzpy+lmxpw)e423 l/\p
+ lvz .r_lvx z+lmv w)€ g .p
(hep F yPw) €1 —
+(lvxpy _lvypx +lmzpw)e4}2

- (lmxpx +lmypy +lmz_pz )e32l
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Edge Extrusion

The wedge product of a point

and an edge’s line is the plane
extruded away from the point
through the edge

 Portals
 Occluders
« Shadow regions
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Meet Operation

Formula

Illustration

Line where planes g and h intersect.

th = (gzhy _gyhz ) €4 +(g.\'hw _gwhx)e23
+(g.rhz _gzhx)e42 +(gth _gwhy )e31
+(gyhx _g.rhy)e43+(gzhw_gwhz)e12

Point where line / intersects plane g.

gz[my - gylmz + gwlvx ) €
gxlmz _gzlmx + gwlvy ) €
gylmx _gxlmy + gwlvz ) €3

gVvi = (
+(
il
—Welo el s el e
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Line Crossing
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Ray Passes Through Triangle

Check that ray passes on same side of all three edges

Translate so that one vertex is at origin to optimize
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Connect Operation

Connect constructs the object containing one object
and orthogonal to another object

Uses weight complement of one object to extract
directional information
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Formula Illustration

C o n n e ct Line perpendicular to plane g and containing point p. +
P
go AP =(8yp:—8:Py)en : 'j
| ] +( sz_gxpz)eZH
peration g
-8

xDy =8y Dx ) €12
2 Pw€41 — 8y Pw€a2 — 8:-Pwea3

Plane perpendicular to line / and containing point p.

loAp
I_OA P= _[m'pwe423 _ltfvae431 _lvzpwe4|2
+ (lvxpx + lvypy + lv:pz ) €321
Y !
Plane perpendicular to plane g and containing line /. g0 Al
(o]

g_O Al = (g:lvy _gylvz ) €423
i (g.\'lvz = gzlvx ) €431

+( ,Vl"-\’ _gxlw)eﬂz ’
-

g
gxlmx + g_vlm)‘ + g::lm: ) €30
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P r u t i Projection of point p onto plane g.
OJec OI |s (gonp)ve=(gi+gi+gl)p

_(g.\'Px +g,Py +8:P: +gu’pW)(gxel +g,€ +g383)

Projection of point p onto line /.

(loAp)VI=(lups+lypy +lap.) v
+ (Lylme— sk ) Do
+ (Lo = lixduz ) Pwe2
+ (l‘,xlmy =t ) Pwes
4 (lvzx +i +13) puey

Projection of line / onto plane g.

(g_o/\l)Vg =(g‘3 +g; +g§)(lvxe4| +l, e+ e43) l&__
~(1agr +1y8y +1.8: ) (8001 + 8y €0 T 8:843) -
+ (I & +luy 8y +1:8: ) (823 + gy€31 + g:€12) T«
+(hy@: gy ) gwen +(hegs ~1ug: ) Bues i
i (l\u‘gy =l o ) gwep

March 20-24, 2023 | San Francisco, CA #GDC23




| . e :
A n t I Antiprojection of plane g onto point p.
|
(P_ng)/\P = Pi (gr€ss +g €4 +8-€412)

_(grpx +gypy +gsz)Pwe321

Antiprojection of line / onto point p.

(PoVI)AD = pi (Lweas + s +1-e43)
+ (lvzpy —lyp: ) Pwe2s
+(lxp: =12 Dx ) Pwen
+(lypx —lxpy ) Puer2

Antiprojection of plane g onto line /.

(IQVg) Al= (13.‘ +[3y +12 ) (8:9423 +g,€431 + g €412 )
_(lvxgx Tl g )(lvx €43+l €43+l ey )
4 &2 (Ladny =Tl ) 20
+ 25 (Fabme — bzl ) €331
+ 2. (Ll —lockmy ) €31
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[ Formula Interpretation
E u c I I d e a n Distance d between
points p and q.
2 2 2
\/(qxpw _pxqw) +(Q_VP“' _qu“’) +(qun' _P:qW) + l Pwdw | 1 q

Distances P

Perpendicular distance d
between point p and line /.

\/( ll{vpz _l\:p,\‘ =+ lmxpw )2 +(lvzp.r _l\'xp: +Ir111Pp\u- )2 +(l\-,rp)' _llj’p.r +lmzpn' )2

+1p2 (12 +12 +12)

U
=
~

Perpendicular distance d
between point p and plane g.

|Pegs+ Pygy + P=g-+ Pugw| +1\ o (85 + 25 + 87 )

]

Perpendicular distance d
between skew lines k and L.

|l|L\’kHL\’ i+ Ilj'kﬂi'_'l’ + ll’zkm: -+ kl',\'[m,r + k\j'lﬁr{\' ) k\‘: Imz |

L ﬂ\/( ll:rkr: _lv:kljr )2 +(lv:k\'.\' _Im;kr.' )2 +(ll'.rk13r _llj'kl’.\' )2

=
0
~
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Geometric Product

Traditionally implied by juxtaposition
However, there are two products, just like wedge/antiwedge

We use notation A and V for geometric product
and geometric antiproduct

“Wedge-dot” and “"Antiwedge-dot”
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Geometric Product

For geometric products, we define a metric:

e, Ae =1 el\'/e1:]1
e, Aep, =1 ez\'/ez:]l
e; Ae; =1 e3\'/e3=]1

e4/.\e4=O 94\764:0
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Geometric Product

Sandwiches with geometric product or antiproduct
perform transformations

Motor = MOtion operaTOR

Flector = reFLECtion operaTOR
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Motor

General form of a motor

Q — va €41 T ijy €p + sz €43 + va]1 + me €3 + me €31 + sz € + Qmw1

Performs any combo of rotations and translations
 Proper Euclidean transformations
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Motor




Flector

General form of a flector

F :prel +prez +sze3 +pre4 +nge423 +nge431 +nge412 +Fgwe321

Performs any combo of rotations and translations
plus an odd number of reflections

« Improper Euclidean transformations
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Flector




Motor Transforming Point

34 multiply-adds

Q 2 P \ Q |:(1 - 2Qv2y - 2szz)px + 2(vava - szva)py + 2(szva + vava)pz + 2(vasz - szme + vame - vaQmw)pw :| €
+ |:(1 - 2Qv22 - 2Q§x ))py + 2(vasz - vava)pz + 2(vava + szva )px + 2(szme - vasz + vame - vaQmw )pw :| €

+ |:(1 - 2Qv2x - 2Q§y ))pz + 2(szva - vava )px + 2(vasz + vava)py + 2(vame - vame + vasz - szQmw)pw i| €3

+pwe4

3x4 matrix transforming point only needs 12 mads
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Motor Transforming Line

93 multiply-adds

QVIVQ=[(1-207 =20 ) +2(QuQyy — Oy + 200z Oux + Oy Qu): |1
(1-20% =200y +2(0y iz = 0@z + 20 Qry + Qe Oui)x | €12

+

+

(l - 2Q3x - 2Qv2y )lvz + 2(szch - vava)lvx + 2(Q\/vaz + vava)lvy ] €43

+

+ _4(szsz + vame )lvy + 2(szme + vasz - vaQmw - vame )lvz + 2(vame + QVmex + szQmw + vasz )lvx + (1 - 2Qv27 - 2Q3x )lmy + Z(vasz - vava)lmz + 2(QVXQW + szva)lmx :' €3]

I
[
(400 Qs + 0OV + 20y O + Qox Oy = Que s = OO Yoy + 2(0rc O + OO + Oy Qo + OO Yoz + (1= 20 =202 Ve + 2(0uxQsy = o Qo My + 2(0rc Ore + Oy O s | €3
I
+[ (0O + 0 O )z + 20Oz + 0oz Oe = Ooy s = OosOoy Vs + 2oy Oz + 0rz Oy + OO + O Qo Moy + (1= 208 =203 Yz + 2010 = Ory Qo s + 2(0uy Qv + 20O My | 2

3x4 matrix transforming parametric line only needs 21 mads
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Motor Transforming Plane

48 multiply-adds

QVgvQ=[(1-207 —20%)g: + 2QuQy — 0:0)gy + 2 Q=0 + 0y ) | €123
+[(1-20% -200)g, +2(0y0:: — 0xOu)g: + 200y + 0z )gx | €131
+[ (1-207% —207)2: +20:0u = 0y Qi) &x + 2Oz + 000 €y | €ar2
+[2(00 Oz = 0Oy + Qe Ooms = Qo O )€ + 201z O = OOz + Oy O = Qoo )+ 2(Qx Oy = Oy O + oz O = QO )8 + &1 €321

3x4 matrix needs to be inverted (30 mads + 1 div),
then 12 mads to transform plane
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Motor to Matrix
M=A+B M '=A-B

[1-2(05, +02)
20,0,

20,:00
0

0

20,: O

_2vava
0
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2va va 2sz va 2(va sz - sz me)
1- 2(Q3z + ng) 2vasz 2(szme - vasz)
2Qvaz 1- 2(szx + Q\gy) 2(vame - vame)
0 0 1
_2QVZ va 2vava 2(vame - va Qmw ) 1
0 _2vava 2(vame - vaQmw)
2vava 0 2'(vasz - szQmw)
0 0 0 ]




Motor Composition

Multiply motors together, 48 multiply-adds

RvQ-= (vava +OuRyy — Oy R, + O, R, ) €41
+ (vaRvy +OuRy: + O R,y — O R, ) ()

(O g = (Dol A= (Dl (O i ) €43
OB =Ry = Oy Ry —02R,2 ) 1
Dot 3= Dy =Dy F Dy 2 D T (Dheln =Dy A Uiy |22
Dy A2 Doy A2 DRy = e, A By 3 U R 3 D Ry =00 R ) B
R O R O R O R O R A= O R SR O R E ORI el
Oy = e = Loy =D, A DRy =Dl =Dy =D )1

+ 4

+

+

+

(
(
(
(
(
i

Composing two 3x4 matrices needs 39 multiply-adds

March 20-24, 2023 | San Francisco, CA #GDC23




Matrix Advantages

Faster to transform objects

Faster to compose

Can read off origin and axis directions in transformed space
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Motor Advantages

Smaller storage requirements
« Can get down to six floats

Inversion trivial
« It's just the reverse

Interpolates nicer
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Reciprocal Transformations

Sandwich with geometric antiproduct preserves horizon
Sandwich with geometric product preserves origin
Two transformations always happening simultaneously

Switching products swaps operations happening in
space and antispace
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Reciprocal Rotation

When rotation happens in space, a reciprocal rotation
happens in antispace

Dual of rotation axis preserved
Line through origin parallel to rotation axis preserved

Points follow orbits of constant eccentricity with respect to
directrix given by dual of rotation axis
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Reciprocal Translation

When translation happens in space, a reciprocal translation
happens in antispace

Performs perspective projection!
Translation distance corresponds to focal length

Unfortunately, doesn’t project in the way needed by GPUs
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+4

+4 —+ — R -
+3 +3
+2

+2

+1 +1

0 x0 x
4—(‘—4—4—-1(//////’ 4 L N R e
= | =1 = ,r,r,r,r;//fl/// A A f '( \ RORORRR R R Y Y v v = [
////////////ff \\\\\\\\\\\\
P P A | N
) o Jrrr xR : K\\\\\\\\\\\x_
AA A A A LTSS X
AAAAAASAS A
HAAAXN LSS S
A A AT A AT d AR v X
=5 -%—7//ﬂ/ff~!f#ff il G
/f//// AP A BN RO NN NN NN
//// /////fffff}%*\ﬁ\\\&‘\\\\\\
G i R T T T
4 4 ﬂ///M/ﬂfoffoff**t\H\\\M\\\M\\\

—4 -3 =3 -1 0 +1 +2 +3 +4 —4 —3 —2 —1 0 +1 +2 +3 +4
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. Geometric
Antiproduct

Geometric

Transformation * W
Grou PS i

B

Euclid Mo €
uclidean i

I 1
: 1
! RSE (n ) |
: Recipr;)cal |:r,,,< t} :
! Specia : |
: Euclidean Euclidean 0 1 :
’ :
’ :
: Y \ 4 !
I 1
; RT (n) 7(n) :
: 1
| Reciprocal . | R |
] Translation Translation { 5 |
’ :
: I
; 1
I 1
: 1
I 1
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Conformal Geometric Algebra

Projective algebra with two extra dimensions

Contains all of rigid geometric algebra
« Flat points, lines, planes
« Rotations, translations, screw transformations

Has same projection as RGA, plus another
stereographic projection
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Conformal Geometric Algebra

Contains round points, dipoles, circles, spheres

Can perform dilations, inversions in spheres, and all the
conformal transformations derived from those
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The
Horosphere

March 20-24, 2023 | San Francisco, CA #GDC23



Origin and Infinity

Five basis elements

Origin = €4

Infinity = es




Object Types in CGA

Flat Object Representation
Flat point p ®

Line / /
Plane g
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Round Object Real Imaginary
Round point a @
I. I.
Dipole d .
'y o
Circle ¢
Sphere s




Joining
Points
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Flats

Flat Point p

(Bivector) @
oD

P=p €5+ pyers+ p.ess+ peys

Flat Line I

(Trivector)

1D

I=1,eq5+1 €45+, €45

Flat Plane g
(Quadrivector)

2D

g =g €435 + Zy€4315 + €425 + Z1€3215

lvxlm.t +1\j;vlm_r 15 I\P:lmz = 0
T lmxe235 o+ lmye315 g lmz €125

Dual P’ =—Ppins—Pyeys— Po€ps+ puen Dual U =l exn+iyes +h€+lmes + e+l s Dual g =-g.e g e;—g.e;+gues
Attitude att(p)=pVess = p.es Attitude att(I)=1Vesys =lyeps +1y e+l €35 Attitude att (g)=gVess =g.€xns +gy€s +g-€s
Flat Bulk Pa = Pi€is+ Py s+ poess Flat Bulk In = leess + 1y eyis + D105 (moment) Flat Bulk gm = Zweinis (position)
Flat Weight | po = p.ess Flat Weight | Ig =/ €45+ €05+ €45 (direction) Flat Weight | go=g.€s35+g, €415 +g-€4125  (normal)
Position [ Position LI [ Fosition lela _ | &
Nom 1 pl, Nomn | Wl ~V 2+ 12 Nom | Belo
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Round Point

Round Point a >0 _
a=p.e + Py€2 + p-ez+ey
(Vector) 2 2
p +r p = position
+——e85
r’ <0 2 r =radius
— Attitude
a=a.e +a,e)+a.e;+a,e,+a,es
: ‘ Ly att(a)=aVvess
Carrier Point Infinity ( 1
(when a, =a, =a. =a, =0) =Aw
cen(a)=—acr(a)va L
Center = (identity)
=d.dye ta,a,e; +a.d,e; +aest+a,a,es
. con(a)=car(a) Aa
Container > 55 s
=@ €1234 T A0 €035 Ay 84315 A0 €405 F (ﬂu-ﬂu —ay—a,—a; ) €315
Dual a' =—a, ey +aeps+ a,€4315 +a-€4105 — Ay €3215
Carrier car(a)=aAes =a,es+a,ex +a.e35 +d,eus (flat point)
Anticarrier acr(a)=a"Aes; =-qa,l1 (volume)
Round Bulk e =a.€ +a,e;+a.e; Centot [all, a? +a> +a’
Round Weight | ao =a,.e, Nom | ja), \ a2
Flat Bulk Am =a,€5 Radius | [a, [2a.4,-a;-a;—d:
Flat Weight | ag =0 Hofm [[allo ay
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Dipole

Dipole d
P o | d=n.eq+n,e+n.es;5+(pyn.—p.n,) ey +(p.n.—pen.)es +(psn, —pyn.)ep p=(ps, pys p. ) = center
(Bivector) o 5 b irecti
ot pl4r n=(n,,n,,n. )= direction
1 D P +(p-n)(peeis+ pyers + p-ess +945)——2 (nyeis +nyexs +n.ess) s
Anticarrier Normal Anticarrier Position Anticarrier Container dpydy: —d ey —d oty =0

dp:dm' = dpxdvz - dpwdmy =0
dp.\'dlfl’ i dp)'d\vx - dpu'dmz =0
d,m‘dmx =t dp_vdm_\-' et dp:dm: =0

d= d.,,e41 A dvy €+ dw €43 + d,,;x'623 S d,,,ye31 A d,,,zeu + dp,e15+dwe;5+ dyﬂﬁs +dwe45

Carrier Line Flat Point
(\\'I]CI] c/‘r = d'h = (i'\: = (l’,,,. = (f,m = u’,,“ = U) d\i\'dm_\‘ =+ diydm_r < 5 dv:dm: = 0
Center cen (d)=—acr (d)Vd =(dydy: —d\dyy +dud p, ) € + (et —dyaddy: +dyd ) € +(duny — dyydp +doed ) 3 +(dl +diy +d3 ) es +(d i —dud p —doydy —dod ) ) e
Dual d’ :—dmeus—d\;rem —d, e +dpwe32l —duclus —dm,re«us —d - €435 —dpxez35 _dpye3lﬁ _dp:eIZS con(d}=car(d)' Ad=—(d.i +a'51, +d\zz)81234
Carrier car(d)=dAes =d eqs+d,ens +d,eqs +dyerss +dyy €35 +d,z s (flat Tine) E, e~ Aoy £l s TOuzes
Anticarrier acr(d)=d"Aes = —di eq3s —dyy 4315 — d\z€ans +d puiais (flat plane) g +(d\ed e = + Ay Y1315
S
Round Bulk de =d,,,_\.ez3 +d,,,,,23l +d,,,_,e12 att(d) =dve;ss © +(dvxdm_r _dv:rd»u‘ +dr:dpu-)e4125
- Attitude dactide vds hdid et dd o dd
Round Welght do =d, . eq + d‘:|,€42 +d..ey = d\!\' € + d\:\'ez + dv: €3+ dpu'ei _( me my R Px +dyy py +a: P% ) €3215
FlatBulk | da=d,eis+dpess+dpess P dl, _ a2 +d2, +d2 +d2, Radius Norm | 190o _ [dow —dine —dny —di: =2 (d s +d iy +djed: )
Flat Weight | do =d,,es5 ldlo \  di+di+dl ], a2 rdt ok
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Circle

€ = Cgr €423 +Cgy€43) +Cg- €412 +Cgy€32) +

Carrier Plane Flat Line

(when ¢y =g = g = ¢y =0)

Anticarrier ——,

Circle ¢
C=n,@y; +Ny€43; t N €4 + (Py"z — P:hy ) €415 +( P2y — Pinz ) @ans + (pxny — Pyl ) €135 p=(p.,p,,p.)=center
(Trivector) 5 2
p-r n =(n,,n,,n.)=normal
2D +(p-n)(preas+ pyess +Pz9125—9321)——2 (nr@35 + 1y €315 +n-€125) e AT
Anticarrier Direction Anticarrier Moment Carrier Container Colome— Cpn Oy = G glie =0

CozCmx — CgxCmz — Cgulay = 0
¢ grc my cg)'clm - Cgu-‘c\'z =0
CoxCx + CoyCoy FTCCpz = 0

CorCoi kOl HC 0 =0

2 2 2 T e
Center cen (c) =—acr(e) Ve =(CpCi —Crlry —CoCew ) €11 (CorCix —CoxCiz —CoyCaw ) B2 +(CaxCiy— CapCox —CipCi ) €3+ ( Coe tCotHCH ) ey + ( Ce + Gy Cos + € Coiz + CyCins + CgsConiz ) es
Dual c':c,.e +Cpy €42 +Cpz €43 +Cie €23+ C 1y €31 + €2 €12 + Ciix €15 + Copyp €25 + Cpyz €35 — Cpy €
gx'val gy v42 gz b43 we ©23 w31 vz Y12 mx ©15 my ©25 mz ©35 awtas con (C) = car(c)‘ AC= —(C;\- +c;“ +C§; )81234
Carrier car (€) =CAes =g 4035 +Cp 4315 + Co-€4125 + Corv€3215 (flat plane) 2 (€ —E i~ kg s
. . - - oy o
Anticarrier acr(c) =C Aes = Cgr€u1s T Cqp€an5 +Cy- 35 +C €235 + €y €315 28125 (flat line) -g +(cg:cvx —CgxCiz _cgycgw)ell]ls
S
Round Bulk | ce =cg,e3 A att (€) =€ Vess = o3 +Cgy €31 +Carlia o +(CarCiy —CgyCox —CazC ) €a125
1 (< 2
Round Welght €0 = Cgr@u3 +Cp€u3) +Cy- €y + € €15 + €y €25 + €2 €35 +(Cg.\-C‘m.r F CgpCmy + CgzCriz — Cyy ) €3215
= 2
Flat Bulk Cm = Cir €235 T Ciy €315 T Criz €125 Center Norm ”c"(D B céw s ci“ + (_"?J_ +c,- Radius Norm "c“o B ICE:\' 4 5‘2]_ + ci_ = c;‘" +2 (cg.\'cm_r +CpyCon +CorCi )
. - 2 2 2 - 2 2 2
Flat Weight | co = cieyys + 0y €05 +Cz€a35 lello Cox +Coy +Cy llello V Cox +Cpy +Cp
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Sphere

Sphere s —
P $ = Py€yr3s + Pyeys3is + P-€4jas —€1234
(Quadrivector) 2 D)
P p = center
‘ —————€3315
: 2 r = radius
- Attitude
§=5,€234 +|
att (S)= SVesss
Carrier Space Flat Plane = Sy€321 +5.€35
(when s, =0) +5,€35+ 5155
cen(s)=—acr(s)vs
Center 5 3y g
=855, € — SySu €r —5.5,€3+5,€4+ (s.\' + Sy 52 =85Sy ) €5
. con (s)=car(s) As o
Container R (identity)
=8, €1234 — 5x5u€4235 — 85, €4315 — 528, €4125 — SwSu €3215
Dual § =—5,.€— 5,8, —5.€3+5,€4 5,85
Carrier car(s)=sAes=s,1 (volume)
Anticarrier ﬂCl'(S)=S’/\eS =—5y€|5 —5,€35 —5-€35 + 5,845 (ﬂat pOil‘lt)
Round Bulk | se =0 Center | [s], ’sf +57 +87
Round Weight | so =s,€234 Norm | |s| s
Flat Bulk Sm = S35 Radius | [s], [si+s)+s2-2s,s,
Flat Weight S0 = Sy€4235 +5,€4315 + 5-€4125 hlomm lsl S
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Round and Flat Parts

Round part = all components without e factor
Flat part = all components with e; factor

If round part zero, then it's a flat object
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Norms

Two major norms giving radius and center magnitude

Radius norm: ||x||, =+/XeX =4/—X*X
Center norm: |[|x[, =y/X*X =4/—X°X
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Reflected Reverse

>

Reflected reverse = X

Same as reverse except e: factor is negated

Used only in center norm
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Norms

Type

Center Norm

Radius Norm

Round point a

al|, =yal+a’+al
lall, v

lall, =2ava, a2 —a -

Dipole d

ldllg = ez +d2, +d2 +d2,

Vo =id2 —di — a3, — a2 —2(dpdy + d iy +d )

pw

Circle ¢

lello =/c2, +c% +cd +c2

lell, = \/cﬁ\ + cfy +ct —céw +2(CoxCme +CoyComy +CgzCmz )

Sphere s

S|, =2 +52 +52
Isllo )

Isllp = v/sz +57 +52 = 25,5,
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Round Norms
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Type Round Bulk Norm Round Weight Norm
Round point a lally = a2 +a’ +a? lallo =]aw]|

Dipole d ldll, =2 +d2, +d ld|l, =yd2 +d2 +d2
Circle ¢ lelle = ez lelo =vez: +¢z +cz
Sphere s Islle =0 Isllo =15

#GDC23




Duals

Type Dual

Flat point p P’ = pues — peens —Pye3is — pP-es

Line / I" =1, e+l +1,ep +l, 05+, e+, e
Plane g g =-g.€ —8y€x—g-€3+ 8,65

- #
Round pointa [ a" =—a, €234 +a, €435 +a, €43;5 +a; €415 — Ay €3215

*®
d =-d, es —dvye43l —d,-e4 +dpwe321

Dipole d
—dpx €415 _dmye425 o 4 Cs _dpy €315 _dpze125
. *
Circle ¢ ¢ = Cgx €41 +ng €4 +ng €43 +C €23 +c,,ye31 +Cz€12 +Cpx €5 +Cmy825 R G € —CgW945
Sphere s $*=—5,€ —5,€ —5,€3+5,€4 +5,€5
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Carriers

Carrier is lowest-dimensional flat containing object
Anticarrier is carrier of dual
car(X)=XAes

acr (x)=x" Aes
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Carriers

Type

Carrier

Anticarrier

Round point a

car(a) =dy€5 +a,€5 +a,€35 +a,€s5

acr(a)=-a,l

car (d)=d, ey s +d, €45 +d,. €435

acr (d): _dvx €4235 — dvy €4315 — dv;- €4125

Dipole d
+ dmx @235 +dmy €315 +dpmz €125 +d s
. car(c)=che4235 +Cgy €4315 T Cg: €415 acr(c)= Cgr €415 + Cqy €425 +Cp €435
Circle ¢
+ Cqy 3215 + Cyy €235 +Cy €315 TCpz €125
Sphere s car(s)=s,1 acr (8)=—s,€5 — 5,55 —S5,€35 +5, €45

#GDC23




Centers

Center is round point with same position and radius

Intersect anticarrier with object itself

cen(x)=-—acr(x)Vvx

March 20-24, 2023 | San Francisco, CA #GDC23



Centers

Type Center
. _ 5
Round point a cen(a)=a.a.e +a,a,e, +a.a,e;+a,e; +a,a,es
cen(d)= (diydu —didmy +ddpy) e
i (dvzdrm' - dvxdmz + d\{vdpw ) €
Dipole d
P + (dv.\'dmy _dvydrnx +dvzdpw)e3
2 2 2 2
+(dn+dy, +dL )es+(dpy —dud e —dyd,, —dod,: ) es
cen(C)= (Cntn—Culy—Culiy )€
+ (Cnti —CriCin — CoyCry ) €3
Circle ¢
(0o Cpi— Gt = ) €
2 2 2 2 2 )
+ (o +ch +ch ) eq+(ch + oy +Ch +Couls + CoyCmy +Coslms ) €5
_ 2 7. & 0
Sphere s cen (§) =—5,5,€ —5,8,€2 —5,5,€3+5, €4 + (s_r +55 +8; — 5,8, ) es
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Containers

Container is sphere with same center and radius

Join dual of carrier with object itself

con(x)=car(x) AX
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Containers

Type Container

. 2 2 2 2
Round point a con (a) =—dy €34 H A Ay Cyn35 T A,A,,€4315 +AA €425 +(awa,, —dy —ay,—da: )33215

con (d) =— (di\ +d3'y +d32 )61234

+ (dvydmz - dvzdmy + durdpw ) €4235
Dipole d + (dvzdnur - dvxdmz + dvydpw ) €4315
+ (dvxdmy - dvydmx =E dvzdpw ) €4125

2 2 2
- (dmr ot dmy + dmz + dvxdpx + d\rydpy + dvzdpz ) €3215

con(c)=— (céx +ch, +ch )e1234

+ (ngcvz Bk ngcvy i ngcgw ) €4235
Circle ¢ + (cgzcvx —CoxCyz —CgyCay ) €4315
it (chcvy - ngcvx - cgzcgw ) €4125

2
I (ngcmx +ngcmy +ngsz “ng)e3215

2
Sphere s con (S) =8, €1234 — 8,8, €4235 — 538, €4315 — 525, €4125 — 5,5, €325
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Partners

Partner is same round object with same center,
but real or imaginary radius is swapped

Intersect carrier with container of dual

par (x)=car(x)Vcon(x")
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dariners

Type

Partner

Round point a

par (a) =a,ane, +a,‘,a,2,,e2 +a,ales+ale, +(a§ +a§ b — s )awes

Dipole d

2 2 2
par(d) == (dvx +dvy +dvz )(dvxelil +d|{ye42 +dvz €43 +dmxe23 +dmy €3 +dmze12 +dpwe45 )
2 2 2 2
h (dmx + dmy + dmz _dpw +dvxdpx +dlg:dgv +dvzdpz ) (dvx €15 +dvye25 +dvz €35 )

i (dmydvz _ dmzdvy ) dpw €5 + (dmzdvx - dmxdvz ) dpwe25 +(dmxdvy - dmydvx ) dpw €35

Circle ¢

2 2 2
par(c) = (ng tCgy +ng)(ch €423 +Cgy €431 +Cgz €412 +Cyy €321 T Cx €415 +Cy €425 +C2 0435)
2 2 2 2
+ (ng —Cix _va —Cyz _cg:\*cmx _cgycmy _ngcmz )(ng €235 + ng €315 +ng €125 )

+ (CuyCar — CzCay ) Caw®235 +(C1oCox — CinCar ) Caw®31s +(CuxCy — CipCar ) Coweins

Sphere s

3 2 D 2 3 5 9
par(s) =85, €1234 — 88, €4235 — 5,8y, €4315 — 525, €4125 +(SwSu —8y =8, —S; )Su €3215

March 20-24, 2023 | San Francisco, CA #GDC23




Attitude

Attitude operation extracts directional information

att (x)=xV e




Attitude

Type Attitude

Flat point p att(p) = p.es

Line/ att(l)=1I.es+1,e+1.e55

Plane g att (g) =g exns +g,e3s +g- €25

Round point a att(a)=a,1

Dipole d att(d)=d, e, +d, e, +d,,e; +d,,es

Circle ¢ att (€) =cg e +Cgpe31 +Cgr @1y +Cpplys +Cpp €25 +Cyp 835
Sphere s att (8) = s, €31 + S, €235 +5, €315 + 5, €125
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Formula Hlustration

Dipole containing round points a and b.

o I n aAb=(a,b, —ab,)ey+(ab, —a,b,)ep+(ab. —a.b,)es
+(ayb: —a:b, ) ex +(ab, —asb. Yey +(ab, —a,b.) e \

+(a.b, —a,b, )e;s + (a_rbu = b, )525 aAb
=+ ( ﬂ':b" - ﬁ,,b_. ) €35 + ( tl“.b" o a,,b“. ) €ys

Line containing flat point p and round point a.

P
pAa=(p.a,—pua,)eqys+(p.a,—pya.)esns 0
pAa
+ (pyatn — putty ) ess +( poa: — p.a, ) eys

+ ( p:aw = Pwa: ) €435 + ( P,ra,w = pxa‘r ) €125
Circle containing dipole d and round point a.
draa=(d,a.—d.a, +dya,)en +(d.a, —dya. +d,a,)es
+( dvra\ o dn ay + dm"ah )e4l2 = (dmra ok drm al +dm’a ) €331

e dAa
+(d ety —d oty +dpa, ) eqs +(da, —d a: +dya, ) exs
(dpla\l dp\\a +dnau)e425 +(dpta' d,ma +dnnau}e3IS ’_.a""
( pzah = pn - +dl‘:aﬂ )e435 +(dp_rax _dp.\'aj' +dm:=au )9125 S
Plane containing line / and round point a. o I

Aa
If\a :{lv-ar 71:1'“‘ 7!m.vau' )e4735 +(”1-ra~ 7]|_a‘ 7[m'|'aw)e43]5
(I Ay ﬁl ﬂ ﬁ[mzﬂ“ )e4|25 +([mra +"fll|a +[m:a. )e32l5

Plane containing dipole d and flat point p.

dap =(dyp-—d=p, +d,.p,)es
+(dep—dup. +dup)eais
+(dupy —dypi+dupy) eans
—(dwepx +duypy +dyp-) €315
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oin
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Formula

INustration

Sphere containing circle ¢ and round point a.

CAR= —(Cplly +Cplly +Ceall: +Cpuy ) €123
+( €y — €@z + Coelly — Celly ) €425
F(Cl: =€l + Coplly — @y ) 4315
(Ol = Crnlly +Coty — Czlyy ) €a125

+(cmxax +cmya_r + O +cg|rau )e32E5

Sphere containing dipoles d and f.

AAT == (dy S +dy Sy + iz frne + e fox + oy fry + e [ ) 1234
+(dyyfpe = e Sy + s fiop = py frz + e f o+ d o fonr ) €235
+ (e fie = e e o= e e - gy Lo + L il Y €431
+(duefpy =iy Ppc +dpy frx = pe fi + dis [+ e fz ) €2125
= ( dm-r./.w + dm‘fp)‘ + dm:f;p-’ + dprm +dp.l‘fm.l‘ i dp:fm: ) €3215

#GDC23




Meet
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Formula

Ilustration

Circle where spheres s and t intersect.

SVE = (8,0 =5t ) eqps + (8,0, — 5,1, ) ey
+ (Su2- =528, ) €g12 + (5,0 — Syl ) €32
+ (520, =5, ) eqys + (il =50, ) eaps +(5,0 =542, ) €ass

+ (sr[n‘ =Sl }e235 +(s‘\‘{w _Ju‘l‘\' ) €35 +(5:fu- "'Sn'tz ) €2

Circle where sphere s and plane g intersect.

SVE=ys5,8 €3 +5ugy€a31 +5,8:-€312 T Suguwei2)
+(5:2y —5,8: ) Cars + (528 —5:2x ) €azs +(5,8x —5:8y ) €azs

+(5:8w —Sugx ) €235 + (5,80 — 508y ) €315 + (5280 —5008: ) €125

Line where planes g and h intersect.

gvh =(g.h, —g b Yeys +( g, —guh ) exss
+(g.Jr; —g:h, ) €45 +(8;»kn- -g\.-h_.- ) €315
+(g,rh.r _ S.J?,\- ) €435 "'(g:h\r i gwh: )eIZS

Dipole where sphere s and circle ¢ intersect.

SVe = (8,Cp —5:C + 5,00 ) 4 +(5Cor — SxCon +5yCinc ) €23
+ (2650 —5xCg +5uC1y ) Caz +(S0Cgy —SyCn +5uCmy ) €31
+ (SxCoy —5yCox +5utiz ) a3 + (SuCer — S:Co +5uCimz ) €12
+ (8:Cny =8, Coz + 500 ) €15 +(8:Co = $:Cox 5,0y ) €25

+ (83 = SxCmy + 50z ) €35 = (8300 + 5,00y +5:02 ) s

Dipole where plane g and circle ¢ intersect.

gve=(gCu —8:Co ) €a1 +(8uCor —&rCon ) €23
+(8:Con — 816y ) a2 +(8ulry —8yCen ) €11
+(8eCq — 8yCar ) €3 +(EnCez — Z:Con ) €12
+(g:Coy = &yCinz + G ) 15 +( ZiComz — E2Cunx + Zuliy ) 25

+ ( gll'(’m,\‘ By gx':'in\‘ + 8wl )935 — ( gl + g_.-c‘,,- + 8:Cy: ) €45
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Formula

Niustration

Dipole where sphere s and line / intersect.

sVI=sl e +s,dyentsdzeq
+ Sulme €23 + Syl €31 + 50 l- €12
+ (5l — Sl + 50 ) @15+ (Salie — 5l + 8l ) s

=+ (S_n-"mr el Sl ) €35 —(sv{v.r sl el )245

Flat point where plane g and line / intersect.

gV = (geluy —8ylne + 8ulix ) €15 +(Zulme — Golme + Zudy ) €25
+{( @yl = iluy + Gl )€ — (8 + &Ly + 22l ) ess

Round point contained by circles ¢ and o.

€V O = (CrOmy —CoyOpz + CuyOgz — CpizOy + CrxOpy +Cr 0 ) €
+ (CiOmr — COmi ¥ Cos O — Ca Ot G0 +Ciui Oy ) €3
+ (€4 Ome —CpxOmy + CuaeOgy — CouyOgs + Cr O + €01z ) €3
— (Cax0u + €0y + €0y +CriOpc + €10y + €120 ) €4

= (o O Gy Oyt Gz O+ Cox O T G0y Cru O ) €5

cvo

Round point centered on line / and contained by circle ¢.
eVI = (gl —Colum: + gl ) @1 + (Coelme —Cgelw +Eguliy €2
+{Colne — Corlup +Cnlve ) €3 —(Caili H el +Cializ ) 04

— (Corlir F Caply + Crulie + Conlir F by + Cirlis Y5

cvil
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Formula Iustration
Round point contained by sphere s and dipole d. svid
sV = (5, =52y —5,d, +5,d ) €
e
+ (S:dmx = Srdm: = ‘!“"d"&' + Sudm- )22 \\
d

+ (Sedmy =5yl — 5l +5,dp: ) €3
+(5:dn +5,dyy +5.d,. +5,d ) €4
—(sudp +5,dp, +5.d

et By ) es

Round point centered in plane g and contained by dipole d.

gvd =(g,dp: —g:dyy —gudy ) &
+ (g — Zelm: — guiy ) €3
+(&xlmy — 8ylme — gl ) &
+(gdu+g,d,+g.d.)e,
= (grdﬂr +g,l'dm' G g:d,,; + g“'dﬂ“' ) €s

#GDC23

Round point centered at flat point p and contained by sphere s.

SVP=5,pc +5,py€2+5,p.€3+5,D, €4

—(Sepu 5Py +5:p-+Supu)es




Connect
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Formula

Illustration

Dipole orthogonal to sphere s and containing round point a.

s'Aa = (5., +8,a, ) ey +(s.a, —s,a. ) exn
+(s,a.+s.a, ) en +(sca-—s.a, ) ey
+(s:ay +5,a: ) g +(5,a, —5.a, ) e
= (scay +5,a, ) €15 —(s,a, +5,a, ) €5

= (50, +5ya; ) €55 + (5,0, —suay ) ess

Dipole orthogonal to plane g and containing round point a.

g'Aa=ga.ey +(3:3.- —g,a: )921
+ g,anep +(ga. —g.a.)ey
+ g.a.en+(g,a,—g.a,)en
= (g.\au +gwdy )EIS _(8,\‘“u + 2wy ) €25
—(g-a, +gua-)ess —gua,eys

g Aa

Circle orthogonal to sphere s and containing dipole d.

STAd =(5,d,. —5:dyy + 5,8 ) €ars +(5:0 — 5., +5,8,0 ) 031
+(8edyy =Sy + 5yl ) g1 +(Scly + 5y + 5242 ) €33
+ (85t o + Sy + 53 e ) €a1s +(5:d =5, e + S ) €235
+(5yd py +5udyy + 5,4, ) €425 +( 50 o —5:d i +5,d ) €315

+(j:dp|| e+ Syl )9435 +(5yd px — 55l py + Sy ) €25

Circle orthogonal to plane g and containing dipole d.

g'ad :(S,l'd\': ~g:dy ) ey +(g:dy —gudiz ) eat
*(gxdw —gydw )E»uz +(31dmr tgpd, Hgady ) €3
+(3.wd,~m +g“dm)e-us +(g:dpy —g,dp: +gudm)ezjs
+(8ydp +8udyy ) x5 +(8ud p: — 82 + Gy ) €315
+(gadpy + gudy: ) eass + (80 e — godpy + gudi: ) €125

S




Connect
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Formula

Hlustration

Line orthogonal to sphere s and containing flat point p.
STAP = (Sepu+5upy )eurs +(5:py =5y p: ) ens

+ (8ypu+5upy ) s +(S2p-—5-pe ) €ais

+ (82w 3P ) €ass +(S,0e —Sc Py ) @i2s

RSy

Line orthogonal to plane g and containing flat point p.
gAP = gePvens +(g:py — gy p:) ens

+ gyPuwesss (8P = g:py) 35

+ 8:Pwens +(&y Py — 8Py ) i

Sphere orthogonal to sphere s and containing circle c.

5TAC = (SuCqw —5:Cox —SyCgr — §:C5: ) €234
+ (800 = 5:Cp = 53Cgx + 5uCmy ) €235
+(8:€0 = $4Ciz = SuLyy +SiCuy ) Baais
+ (55 = 5y = SuCer + 81 Cmz ) €a125

+ (Sxt‘m + 8y Cmy + 520z — SwCow )Ems

Sphere orthogonal to plane g and containing circle c.

gAC = —(gelp +8iCp +8:Cx ) ens
+ (g0 — 820y — 8Cox ) Razss
+ (8200 — 8160z —8wCry ) Cazts
+(&eCry — 810 — 8o ) Cans

+ (&xCous + 8yComy + 8:Cim: — BuCiw ) €215

Plane orthogonal to sphere s and containing line /.

S AL = (sydz =5 by + 8l ) €azas + (820 =5z + Sulwy ) €231

+ (Selyy =Syl +8ulin: ) @aras +(Sele +8 by + 5215 ) €315

Plane orthogonal to plane g and containing line /.

g A= (gohe = g:hy ) Canss + (8 — 8z ) et
+ (gehy — gyl ) €ar2s +(Gelna + 8ylmy + 8:le Y €315




Connect

Circle orthogonal to circle ¢ and containing round point a.
.
€' A2 =(0g: —Cay +0nay ) +(Ca —Cpa: +0uay ) 0a3)
+( ey —Cply + 020, ) €312 —(Cntty +enay +¢zaz ) sy

+(Cmuttis +Cpnlly +Coety ) €415 +(Cinrdy = Coz +Caty ) €235

+(my @ +Conlly +Cry ) €425+ (Cmellz =z +Cyly ) €315

+ (Emeltyy + Couliz + gy ) azs +(Cpyllc — Cos@y + €128, ) B2

Circle orthogonal to line / and containing round point a.

I'Aa =l,a,e +iga,en +l.a,eq o !

- ("nﬂr +lya, +".:ﬂ:)93:|
+ et @is +(heay —lyyaz +1a, ) exs
+ lny@y€ans +(‘,mraz o 10, H'._wﬂu )9313

+ -y €435 +(i‘m_. ay —ImQy +lza, ) €125

Plane orthogonal to circle ¢ and containing flat point p.

c'f\p = (Cg.\ P:—Cg Py +Cu Py )342_\5
+(Cor Py —Coxp: + P ) €anis
+(CoePy —CopPx € P ) €as
- (C\‘.rpt +Cy Py P ) €315

Plane orthogonal to line I and containing flat point p.

UAp =lapyeins +lypyeas +lepeans
—(lepy +lypy +hzp: ) €315
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Connect

Sphere orthogonal to circle ¢ and containing dipole d.

ad=—(c.d, +c,d, +e.d, +Cprlme + Cpplmy + Cpll: Y €1234
+(('md“. =Cuylie +Czd py + Coyld pe — Cad py — Crotline ) €435
+(Cmcdy: —Cratl o+ Cpp — Ol —Epnluy ) Ran1s
+(Cy i = Coyllyy F Coal puy + Cptl i~ Cy gy = Cgiogs ) €135

~(Cuid e+ ey iy + Coad pr + Coigim + Cog iy + otz ) €321

Sphere orthogonal to line / and containing dipole d.

Al == (Lt e bl Bisng f
+(lneliy — byt + 1l i) €a235
+(Tned e — ey +1yd gy ) esis
+(fm'..db., by Hlad e ) €a2s
= (Ll + 1y py + 1zl g+ D + Ly oy + Iz ) €315

Sphere orthogonal to dipole d and containing round point a.

d'Aa=(da,+dya, +d.a. —d,a,)enss
+ (dwya- —dya, +dpa, —dga, ) ess
+ (d,,,:a,,r ~dmza; +dpyay~dya, )eu.;
+ (dway —dya, +d,.a, —da, ) eqs

* (dp..-ﬂ.. ~dpa:—dya,—da, )'53115

Sphere centered at flat point p and containing round point a.

P Ad=—p,a, e+ Pe@y s + Py eyys + Poay@q10s

+ (pway — pra. — pyay, — p.a; )ess
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Projections

Same as rigid geometric algebra

To project a onto b, calculate connect b™ A a

Then intersect result with b: (b* A\ a) Vb
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Real Point Imaginary Point

R*>0

R*>0

Points
Contained
by Sphere

Real Sphere

r*>0 R*<0
5]
g
=
=5
7
)
o
<
=
‘Bb
«
E
L)
Impossible
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Points Contained by Sphere




Parametric Geometries

Generalization to non-scalar parameters

Round objects can be expressed as center point plus multiples
of attitude by u, where u has lower grade by 2

p(u)=cen(x)+u” Vvatt(x)
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Parametric Geometries

Dipole has scalar parameter
Circle has vector parameter
Sphere has bivector parameter

p(u)=cen(x)+u” Vvatt(x)
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Parametric Dipole




Sphere-Line Intersection

Calculate the points a and b where
a line [ intersects a sphere having
center ¢ and radius 7.
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Conventional Methods

Geometric Algebra

Let/(¢)=p+1v be a parametric line containing
the point p and running parallel to the direction
vector v. Assume the direction is normalized so
that || v||=1.

Let / be a flat line with direction /, and moment
1,,. Assume the line is weight normalized so that
7] = 1. Assume the sphere is weight normalized
so that s, =—1.

Translate the center of the sphere to the origin.
Translate the line by subtracting ¢ from p.

Translate the center of the sphere to the origin so
it is given by s = —e334 + % 2e3y15. Translate the
line by subtracting ¢ x [, from its moment /,,.

The goal is to solve the equation (p +rv)* =r*
for values of 7 and plug them into the line p +7v
to obtain the points a and b.

The goal is to calculate endpoints of the dipole
d =sV/, the meet of s and /. These are the points
aand b.

Expanding the quadratic equation, recognizing
that v* =1, and collecting terms in powers of ¢,
we have

2 +2(p-v)t+pP-ri=0

Applying s, =5, =s. =0, the dipole d is given by
d=—l.eq —1 e — 1[04 10— €3 —1,.€;
+-12—r2 (l,,xels ar lvy825 + lvzeg,s )

The discriminant & of the polynomial is given by
d=(p-v) -p’+r

If 6 < 0, then the line does not intersect the
sphere.

Using /; =1, the squared radius of the dipole is
given by

ldle =r* -1
If |d|5 <0, then the line does not intersect the
sphere.

The parameter values where the line intersects
the sphere are given by 1 =—p- v /8. Plugging
these into the line 7 (¢), the points a and b are
obtained with

a=q~V\/gandb=q+V\/E,

where q =p—(p-v) v +cis the midpoint
between them.

The center of the dipole is given by
cen () = (1l =l )1 + (Lalm = rcdms ) 2
+ (Lapy =Lyl ) €3 + €4 + 21
The points a and b are obtained with
a=q-/,|dl, andb=q+/, |d[,

where q =cen (d )+ ¢ is the midpoint between
them.

#GDC23



Are Two Circles Linked?

Given two arbitrarily oriented circles,
how can we tell if they are linked?

Simply take antiwedge product to give round point

Radius of point is real if linked, imaginary otherwise

March 20-24, 2023 | San Francisco, CA #GDC23




Are Two Circles Linked?
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