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1 Introduction

The classical Riemann-Roch theorem is a fundamental result in complex analysis and algebraic geometry.
In its original form, developed by Bernhard Riemann and his student Gustav Roch in the mid-19th century,
the theorem provided a connection between the analytic and topological properties of compact Riemann
surfaces. This connection arises from relating data about the zeroes and poles of meromorphic functions on
a surface to the genus of a surface. In the 1930s, Friedrich Karl Schmidt realized that this result could be
proved in a purely algebraic context for smooth projective curves over arbitrary algebraically closed fields.

Theorem 1.1. (Riemann-Roch) Let C' be a smooth projective curve over an algebraically closed field k.
Then for any divisor D on C, we have

(D) —U(Kc — D) = deg(D) — g(C) + 1, (1.1)

where K¢ is the canonical divisor of C and g(C) is the genus of C, and for any divisor D, we denote by
deg(D) the degree of D and let £(D) = dimy H°(C, . £(C)) be the dimension of the corresponding Riemann-
Roch space.

In the 1950s, Hirzebruch generalized this result to higher dimensional complex varieties and arbitrary
vector bundles. Let E be a vector bundle on a smooth projective complex algebraic variety X, and denote
by & the corresponding locally free sheaf. We define the Euler-Poincaré characteristic of E to be

X(X,E) =Y (-1)"dim¢ H'(X, &). (1.2)
i>0
Note that dim¢ H*(X, &) < oo for all i, since dime H(X, &) = 0 for i > dim X.

Theorem 1.2. (Hirzebruch-Riemann-Roch) Let E be a vector bundle on a smooth projective complex alge-
braic variety X. Then

X(X,E) = /X ch(E) - td(Tx), (1.3)

where ch(-) is the Chern character, td(-) is the Todd class, and Tx is the tangent bundle to X (see Section
3.8 for relevant definitions).

Essentially, Hirzebruch’s theorem expresses a cohomological invariant of & in terms of appropriate char-
acteristic classes of X.

Let A*(X) be the Chow ring of a quasi-projective non-singular variety X and let K(X) be the ring
induced by Ko(X) = K°(X). See §§2-4 for an explanation of these objects. Our goal will be the following
theorem:

Theorem 1.3. (Grothendieck-Riemann-Roch) Let f : X — Y be a proper morphism and let X and Y be
quasi-projective non-singular varieties over an algebraically closed field k. Let x € K(X). Then the following
diagram commutes:

ch(-) td(Tx)

K(X) A*(X) @2 Q (1.4)
f*l if*
K)o = A7) €2 Q.
Equivalently,
fu(eh(z) - td(Tx) = ch(f.()) - td(Ty)). (1.5)



The discovery of the Hirzebruch-Riemann-Roch theorem was a crucial moment for future generalizations
of the classical theorem. Continuing in a purely algebraic setting, Grothendieck used this theorem to arrive
at Grothendieck-Riemann-Roch. According to his philosophy of turning absolute statements about varieties
into “relative” statements about morphisms, Grothendieck replaced the variety in Hirzebruch-Riemann-Roch
with a morphism of schemes and the vector bundle with a coherent sheaf.

We will consider the broad strokes of Grothendieck’s generalization. First, the base field C was replaced
by an arbitrary base field; in this setting the analytic approach of Hirzebruch is not applicable. Second, the
underlying cohomology ring was replaced with the Chow ring. Finally, all coherent sheaves were considered,
not only the locally free category. Moreover, Grothendieck developed many new concepts along the way,
e.g., a K-theory for schemes, and formulated new approaches to intersection theory and characteristic classes.

If we re-write Hirzebruch’s theorem for a morphism, we get the following setup: let X be a compact
complex variety and let f: X — {point}. Then

S (1) dim R f. & = f.(ch(&) - td(Tx)), (1.6)

i>0

where the morphism on the left-hand side is the direct image functor (global sections) and the morphism
on the right-hand side is the integration map. Now take X to be a projective smooth variety over arbitrary
field k£ with f : X — Spec(k). We want our new Riemann-Roch type theorem to be analogous to the above
equation. Start by embedding X into P} via a closed immersion ¢ : X < P}. Then, one must prove the
above equation by replacing f with ¢ and using facts about projective spaces. Grothendieck considered
morphisms f : X — Y of smooth projective varieties. This can be reduced to the above case, since f can
be factored as f = poi where p: Py — Y and ¢ : X — Py.. We shall see that this factorization property is
crucial to the proof of the theorem and further generalizations.

In what follows, all schemes will be connected, Noetherian, and quasi-projective over an algebraically
closed field k, unless otherwise noted. In particular, all varieties will be quasi-projective over k. The purpose
for these hypotheses will be discussed in the course of the essay.

1.1 Outline

We wish to prove the Grothendieck-Riemann-Roch theorem for non-singular quasi-projective varieties. This
requires a great deal of preparatory theory: the construction of the Chow ring, a discussion of characteristic
classes, and developing a K-theory for schemes. After dispensing with these requisite components, we will
prove the theorem, and then briefly discuss some generalizations and applications.

Section 2: Let X be a smooth scheme. Here we will construct the Chow ring A*(X) of algebraic cycles
on X modulo rational equivalence. This is the algebro-geometric analogue to singular cohomology in alge-
braic topology.

Section 3: Here we discuss characteristic classes, in particular Chern and Todd classes, with values
taken in the Chow ring. These are our basic algebraic invariants of vector bundles. At this point we could
state and prove the Hirzebruch-Riemann-Roch theorem.

Section 4: In this section, we introduce K°(X), the ring generated by equivalence classes of locally free
sheaves, and Ky(X), the group generated by equivalence classes of coherent sheaves, and show that for X
a smooth algebraic variety, there exists a group isomorphism KY(X) ~ Ky(X). This allows us to endow
Ko(X) = K(X) with the structure of a commutative ring. We then show that the Chern character, defined
in the preceding section, yields a ring homomorphism K(X) — A*(X).



Section 5: Here we complete the proof of Theorem 1.3.

Section 6: In this section, we discuss a general algebraic framework that is useful in the consideration
of Riemann-Roch type theorems.

Section 7: In this section, we briefly discuss some consequences of the Grothendieck-Riemann-Roch
theorem involving the ~-filtration.

2 Algebraic Cycles and the Construction of the Chow Ring

For any scheme X, we construct the associated Chow groups A, (X) and show that these have a commutative
ring structure under the intersection product. A variety we will be a reduced and irreducible scheme, and a
subvariety of a scheme will be a closed subscheme which is a variety. The classical reference for these results
is [2]; a more complete exposition can be found there.

2.1 Algebraic Cycles

Definition 2.1. Let X be a scheme.The group of k-cycles on X, denoted by Z; X, is the free abelian group
generated by the k-dimensional subvarieties of X. For each k-dimensional subvariety V' C X, we denote by
[V] the corresponding element of Z;X. A k-cycle & on X is an element of Z; X, i.e., a finite formal sum

Z ni[Vi] (2.1)

where n; € Z, and an algebraic cycle a on X is an element of the abelian group &, Z,X.

The group of k-cycles Z, X is rather large and cumbersome to work with. To remedy this, we define
the notion of rational equivalence, which gives rise to a subgroup Raty X C Z; X, which is the subgroup of
k-cycles that are rationally equivalent to zero. We recall that, for any (k + 1)-dimensional subvariety W of
X, and any f € R(W)*, the divisor of the function is

(f) = ordv()V], (2.2)

where we sum over all codimension one subvarieties V' of W. Here ordy is the order of the function on
R(W)*, the non-zero elements of the field of rational functions on W, defined by the local ring Oy .

Definition 2.2. An algebraic cycle a on X is rationally equivalent to zero, written as a ~ 0, if there are

subvarieties V7, ...,V of X and a rational function f; for each V; such that
k
a=> (f) (2.3)
i=1

in Zp X. Furthermore, we say that two algebraic cycles a1, as are rationally equivalent if a; — o is rationally
equivalent to zero.

From this, we can give the definition of the Chow group.

Definition 2.3. The Chow group of k-cycles on X, denoted by A (X), is the quotient of Z; X b the subgroup
Raty(X) of k-cycles rationally equivalent to 0. The direct sum

A (X) = P Ar(X) (24)
k



is called the Chow group of X. Furthermore, if n = dim(X), we let
AYX) = A"Y(X) (2.5)
for the classes of algebraic cycles of codimension i.

We have an alternate definition of rational equivalence to zero:

Definition 2.4. A cycle a in Z;(X) is rationally equivalent to zero iff there exist subvarieties V1, ..., V} of
X x P! such that the projection maps ; : V; — P! are dominant and

k
a = ([Vi(0)] = [Vi(co))) (2.6)

i=1
in Z X, where [V;(0)] and [V;(00)] are the scheme-theoretic fibers above 0 and co.

We can also give a definition of A,(X) that is of a more classical flavor: let X be a scheme and let
X1,..., Xk be irreducible components of X. Then each local ring €'x, x is zero-dimensional, i.e., Artinian,
and the length m; = lg, (Ox, x) as a module over itself is finite. We then define the fundamental cycle
of X as /

k
[X] = milXi], (2.7)
i=1

which is an element of Z,(X). However, by abuse of notation, we also write [X] for its image in the Chow
group. If dim X; = k for all ¢, then [X] € Z;X. In this case A, X = Z;X is the free abelian group on
[X41], .-y [Xk]

Let’s consider two simple examples:

Example 2.5. Since a scheme and its reduced scheme have the same subvarieties, the groups of cycles and
rational equivalence classes are isomorphic:

Ap(X) = Ap(Xved)- (2.8)

Example 2.6. If n = dim(X), then A,(X) is the free abelian group on the set of n-dimensional irreducible
components of X. Furthermore, if X is a variety, then A4,,_1(X) = Cl(X), the divisor class group of X.

2.2 Proper Pushforward of Cycles

Let f : X — Y be a proper morphism of schemes. For any subvariety V in X, the image f(V) is a subvariety
of Y with dim f(V) < dimY. Thus, we can define

v {deg(V/f(V)) V)] dim(F(V)) = dim(V) (29)

0 dim(f(V)) < dim(Z),

where deg(V/f(V)) = [k(V) : k(f(V))] is the degree of the corresponding extension of fields of rational
functions. Then we can linearly extend f, to a functorial homomorphism of abelian groups: f, : Zx X — Z,Y.

Theorem 2.7. Let f : X — Y be a proper morphism of schemes. Suppose that o € Zp X is rationally
equivalent to zero. Then f.(a) is rationally equivalent to zero on'Y.

Proof. Let us assume that o = (r), where r is a rational function on a (k4 1)-dimensional subvariety V' C X.
We replace X by V and Y by f(V), so we can take Y to be a variety and f surjective. Then we get our
desired result from the following lemma:



Lemma 2.8. Let f: X — Y be a proper, surjective morphism of varieties. Then

(N(r)) dim(Y) = dim(X)

0 dim(Y) < dim(X), (2.10)

ful(r)) = {

where N(r) is the norm of r. That is, for any field extension K — L, every element r € L determines a
K -linear endomorphism m, : L — L via multiplication by r. Recall that the norm N(r) = det(m,.).

For a proof of this lemma, refer to [2], Proposition 1.4. O
From this theorem we can conclude that there is an induced homomorphism
St Ap(X) — AR(Y), (2.11)

and that A, is a covariant functor for proper morphisms.

We will need the following notion for the Hirzebruch-Riemann-Roch theorem:

Definition 2.9. Let S = Spec(k) and let f: X — S be the structure map. By Theorem 2.7, we get a map
fo i Ap(X) — Ap(S) = Z, (2.12)

i.e., the degree of an algebraic 0-cycle, which we extend to A.(X) by setting f.(Ax(X)) =0 for k > 0.Then
we have the integration map

/ L AU(X) — L. (2.13)
X

Here the properness of f is crucial. Indeed, consider f : A — Spec(k). Clearly, any element of the affine
line is rationally equivalent to zero, but its pushforward is non-zero in

A, (Spec(k)) = Ao(Spec(k)) ~ Z. (2.14)

2.3 Pullback of Algebraic Cycles

Now that we have the pushforward map, we want to define the pullback on algebraic cycles, which will
induce a map on the Chow groups. Consider a morphism of schemes f : X — Y. In order to define the
pullback map f*: A*(Y) — A*(X), we require that f be a flat morphism of relative dimension n. Note that
we switch from A, to A* because the pushforward preserves the dimension of an algebraic cycle, whereas
the pullback preserves the codimension. We shall construct a few special cases of the pullback morphism in
increasing generality.

For a flat morphism f: X — Y and a subvariety V C Y, we set

Fvli=1twl (2.15)

where f~1(V) is the inverse image scheme, i.e., a subscheme of X with pure dimension dim(V) + n, and
[f~1(V)] is its associated algebraic cycle. This linearly extends to pullback homomorphisms

I Zk(Y) — Zpgn (X). (2.16)

We want a result analogous to Theorem 2.7 for the pullback operation in order to induce a map on the
Chow groups.

Theorem 2.10. Let f : X — Y be a flat morphism of relative dimension n, and o a cycle on Y that is
rationally equivalent to zero. Then f*(«) is rationally equivalent to zero as an algebraic (i + n)-cycle on X.



Proof. (Sketch) Here we use the second definition of rational equivalence and reduce to the case where

o = [V(0)] = [V(c0)] with V a closed variety of ¥ x P'. This amounts to proving a lemma that considers
the restriction of a divisor to the irreducible components of X, but doing so on the level of algebraic cycles.
See Theorem 1.7 of [2]. O

Thus, the pullback on the level of algebraic cycles induces a map on Chow groups:
o AR(Y) = Appn(X). (2.17)
Then A, is a contravariant functor for flat morphisms.

It is useful to consider the commutativity of the proper pushforward and flat pullback on the level of
algebraic cycles.

Theorem 2.11. Let g be flat and f proper. If the Cartesian diagram

x 21X (2.18)

N

yvi_ 9.y
commutes, then f' is proper and ¢’ is flat. Furthermore, f.Lg"™* () = ¢* f« () for all algebraic cycles o € Z,.Y".

Proof. We may assume that X,Y are varieties, f is surjective, and o = [X]. Let f.[X] = deg(X/Y)[Y].
We must show that f/[X'] = deg(X'/Y’)[Y']. We can do this locally: for fields L, K, let Spec(L) = X
and Spec(K) = Y, and for local rings A, B, let Spec(A) = Y’ and Spec(B) = X’ with A Artinian and
B = A®pk L. Then we simply apply the following lemma:

Lemma 2.12. Let A — B be a local homomorphism of local rings. Let d be the degree of the residue field

extension. A non-zero B-module M has finite length over A iff d < co and M has finite length over B, in
which case Lo(M) =d-Lg(M).

Proof. We can reduce to the case where M = B/m and m is the maximal ideal of B. If p is the maximal
ideal of A, then

KA(M):KA/p(B/m)Zd, (2.19)
since length and vector space dimension coincide on a field. O
We now have our desired result. O

Example 2.13. Let f/ : X’ — X be a finite, flat morphism. We know that each point x € X has an
affine neighborhood U,, such that the coordinate ring of f~1(U,) is a finitely generated free-module over the
coordinate ring of U. If the rank of this module is d for all neighborhoods U, then f is of degree d. Then,
for all subvarieties, V C X, f.f*[X] =d[V] in Z.(X). That is, the composition of maps
fr N
A X) —— A (X)) —= A(X) (2.20)

is simply multiplication by the degree d.

Finally, we close this subsection with a computationally useful proposition:



Proposition 2.14. (Localization Sequence) Let Y be a closed subscheme of a scheme X. SetU = X —Y
with inclusion map j: U — X. Then

A (V) = A (X) L= A (U) —>0 (2.21)
1S an exact sequence.

Proof. Any subvariety Z C U can be extended to a subvariety Z’ C X, so we have an exact sequence

. -
3

Ze(Y) > Zp(X) L Z,(U) —0 . (2.22)
Now suppose that, for any algebraic cycle o € Zi(X), j*« is rationally equivalent to zero. Then
a =), (2.23)
i=1

for a rational function r; on subvarieties W; of U. The function r; corresponds to a rational function r; on
W/ and

J* (a - Z(Ti)) = (2.24)

in Z(U). Thus,
a—Y (1) =i.p (2.25)

for some cycle 8 € Z,(Y), so we are done. O

2.4 Affine Bundles and Chow Groups

We now prove a proposition that allows us to compute the Chow groups over affine space. It will also be
essential to our development of characteristic classes. We consider affine bundles, a generalization of the
notion of vector bundles, in that there is no selection of linear structure on the fibers.

Definition 2.15. A scheme E with a morphism 7 : F — X is an affine bundle of rank n over X, if we can
cover X by opens U; and there are isomorphisms

N U;) =2 Uy x A", (2.26)
such that 7 |.-1(y,) is the projection from U; x A" — U;.
Proposition 2.16. Let 7 : E — X be an affine bundle of rank n. Then the flat pullback
7 Ap(X) — Apyn(E) (2.27)
is surjective for all k.

Proof. Take a closed subscheme Y C X such that U = X — Y is an affine open set over which F is trivial.
Then we have a commutative diagram

0 (2.28)

Nel



where the vertical arrows are flat pullbacks and the rows are exact by the preceding localization sequence. It
suffices to prove the theorem for E |x and E |y. By Noetherian induction, we may take X = U and assume
that £ = X x A”. We consider n = 1 since X x A" is a trivial A'-bundle over X x A".

We must prove that, for any (k + 1)-dimensional subvariety V C E, we can write

V1= n;[Z; x A"] (2.29)

as an element of A, (E), where the Z; are k-dimensional subvarieties of X. We replace X by the closure of
m(V'), so we may assume that X is a variety and 7 maps V dominantly to X so that V = X x AlorVisa
divisor.

Assume that V' is a divisor in E. Let A be the coordinate ring of X and K = k(X) is the field of rational
functions of X. Let p be the prime ideal of A corresponding to V', so the dominance of 7 gives that p K|t]
is non-zero, where K|t] is the coordinate ring of the generic fiber. Suppose that r € K|[t] generates p K[t] so

V=[] = Zn Vil (2.30)

as an element of A,(F), where the V; are (k 4 1)-dimensional subvarieties whose projections to X are not
dominant. Thus, V; = n71(Z;) for Z; = n(V;) C X. Therefore,

URICIES B! (2.31)

and we have the surjectivity of 7*. O

Under suitable conditions, the flat pullback 7* is an isomorphism (see §3.2 for the definition of ¢, the
first Chern class, and P(E)):

Proposition 2.17. Let E be an affine bundle of rank r = e+ 1 on a scheme X with projection 7 : E — X.
Let p: P(E) — X be the projectivization of E and O(1) the canonical line bundle on P(E). Then

1. The flat pullback is an isomorphism:
7 Ap_ (X)) =5 AR(E) (2.32)
for all k.

2. FEach element p € Ap(P(E)) is uniquely expressed as
¢ .
B=3 e (01) Np'(as) (2.33)
i=0
for all a; € Ag_eqi(X). Thus, the map
O : @ Ap—cri(X) — AL(P(E)) (2.34)
i=0

is an isomorphism.

Proof. To prove that g is surjective, we use the same inductive argument as above, in order to reduce E
to the trivial case. By induction on e, it suffices to prove that 6p is surjective when 0 is surjective and
F = E® 1, where 1 is the trivial line bundle X x A! — X.

We note that P(E®1) = P(E)UE where i : P(E) — P(E@1) is a closed embedding and j : E - P(E®1)
is an open embedding. Let ¢ : P(E' @ 1) — X be the projection. We modify our localization sequence:

10



AW(P(E)) — AW(P(E & 1)) ——> A(E) — 0 (2.35)

o
Ap—r(X)

We know that the top row is exact and that 7* is surjective. Thus, given any 5 € A(P(E @ 1)) there is an
a € Ag_(X) such that j*8 = 7*«. Hence, 8 — ¢*«a € ker j*. By the exactness of the top row, and since we
inductively assume that 8 is surjective, we have that

B—q'a=1i, (Z c1(Op(1)) ﬁp*(ozi)) ) (2.36)

=0
We note that i*(0'r(1)) = €g(1). Then by the projection formula (see below):

S a(@r) Nip () = 3 a(@pL) - e (@p(1) - g (o). (2.37)
1=0 1=0

This last step, namely that i.p*(a) = ¢1(0r(1))-¢* () holds because both sides are the effect of the pullback
of a to P(E @ 1) and then intersecting with the divisor P(E @ 1). That is, we have the following:
Lemma 2.18. For all o € A (X)

a(Or(1))Ng*a=ip*(a). (2.38)

Proof. Tt suffices to prove this for o« = [V] where V' is a subvariety of X. We know that &'r(1) has a section
vanishing on P(E), so the equality

a(Or()Nlg V] =[p V] (2.39)
follows from the definition of the Chern class. O

Hence, § lies in the image of 6, proving surjectivity. To prove the uniqueness of (2), suppose there is a
non-trivial relation

8= Z c1(0(1) Nnp*(a;) = 0. (2.40)
i=0

Let £ be the largest integer such that ay # 0. Then
pe(cr(0(1)* N B) = ay, (2.41)

which is a contradiction. Hence, 6 is an isomorphism.
Finally, to prove the injectivity of 7* we again let F = E® 1. If 7*«a = 0 with « # 0, then j*¢*a = 0, so
€ €
q o =i, (Z c(Op(1) ﬂp*ai) = Z a(0r(1)™ Nga; (2.42)
i=0 =0

by the previous lemma. However, this is a contradiction as we proved the uniqueness of (2) for E® 1. O

Corollary 2.19. The Chow groups of any open subset U C A™ are

0 otherwise.

A (U) = {Z 1=0 (2.43)

Proof. Apply the above proposition to A" — {point} to deduce the result for U = A". Then, using the
localization sequence, A,(A") surjects onto A, (U). O

11



2.5 The Chow Ring

From Proposition 2.17, we can define an important intersection operation: the Gysin homomorphisms. Using
these, we will construct the Chow ring. Refer to [2] for full details.

Definition 2.20. Let s be the zero section of a vector bundle E. Then s : X — F with mos =idx. The
Gysin homomorphisms

st AkE — Ak,,«X (244)
are defined by
s*(B8) = (7*)71(B), (2.45)

where § is defined in Proposition 2.17 and r = rank(E).

Note that, for any subvariety V' C E, or k-cycle 5 on F, regardless of how it intersects the zero section,
there is always a well-defined class s*(8) in Ax_,(X). By the surjectivity of 7*, the homomorphism s* is
determined by s*[7~1(V)] = [V] for all V C X, and the fact that s* preserves rational equivalence. Using
this, we will define a more general Gysin homomorphism.

Let i : X — Y be a regular embedding of codimension d, and let f : Y’ — Y be a morphism. Consider
the fiber square

X sy’ (2.46)
|l
and define homomorphisms
i ZpY — Ap_a X' (2.47)

explicitly by

i (Z n; [Vi]) =Y XV, (2.48)

where X - V; is the intersection product (see [2] 6.1). Now, we want i' to pass to rational equivalence, so we
give a slightly modified definition:

Definition 2.21. (Refined Gysin Homomorphism) We define i* as the composition

ZkY/ *a> ZkC/ — AkN i> Ak,dX/ (249)

where C' = C'x,Y" is a closed subcone of N = g*NxY, 0 : Z,,Y — Z,,C is the specialization homomorphism
defined by o[V] = [Cynx V] for any k-dimensional subvariety V of Y, and s* is the Gysin homomorphism
for zero-sections defined above. The specialization homomorphism o passes to rational equivalence ([2] 5.2),
so i' does as well.

The induced homomorphisms

i ALY — Ap_g X! (2.50)

are called refined Gysin homomorphisms. When Y’ =Y and f = idy these are called simply Gysin homomorphisms
and are denoted i* : AyY — Ap_gX.
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Let X be a smooth scheme of dimension n. Then the diagonal embedding A : X — X x X is a regular
embedding of codimension n. This gives a product operation:

ApX @ AgX —> Apy (X x X) —2 Ay g nX (2.51)

where A* is the Gysin homomorphism defined above. Taking the upper index, we get a global intersection
product:

AP(X) ® AY(X) —s APTU(X), (2.52)

Then A*(X) is a commutative graded ring, called the Chow Ring.
Now consider f : X — Y a morphism of smooth schemes. Let

I'y:={(z, f(z)):z e X} C X xY, (2.53)
be the graph morphism of f, which is a regular embedding. For z € A, X,y € A*Y, we define
-y =T%xxy) € AX. (2.54)

Then A, X is a graded module over A*Y . Finally, since both X and Y are smooth, we can define a general
pullback

ffFAYY — A'X (2.55)

by f*(y) = [X] - .
We should now make note of the projection formula mentioned in the previous section. For a morphism
f: X — Y, we can take both A*(X) and A*(Y) to be A*(Y)-modules. Then the proper pushforward

fe 0 AY(X) — A.(Y) is a homomorphism of A*(Y)-modules. Namely, we have a projection formula for
Chow groups:

f(f(y) - 2) =y fu(z) (2.56)
for all x € A*(X) and y € A*(Y).
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3 Characteristic Classes on the Chow Ring

Here we discuss the basic theory of characteristic classes taking values in the Chow ring. This is typi-
cally done over the category of smooth manifolds; however, we would like a more functorial description, and
follow [3] in our development. In our construction of characteristic classes we assume all schemes are smooth.

A characteristic class is an element a(E) € A,(X) associated to a given vector bundle E on a scheme
X. This association is compatible with the pullback operation, but not with the pushforward. Indeed, the
Grothendieck-Riemann-Roch theorem studies the failure of commutativity of a particular characteristic class
and the (proper) pushforward on the Chow ring.

3.1 Invertible Sheaves

Characteristic classes may be formulated in sheaf-theoretic terms, as we have a functorial correspondence
between vector bundles and locally free sheaves. We recall some useful definitions and demonstrate this
correspondence.

Definition 3.1. An O x-module .F is free if it is isomorphic to a direct sum of copies of &x. Also, F is
locally free if X can be covered by open sets U for which .Z |y is a free Ox |y-module. Then we define
the rank of % on such an open set U to be the number of necessary copies of the structure sheaf. If X is
connected, then the rank of a locally free sheaf is constant. A locally free sheaf of rank 1 is said to be an
invertible sheaf.

We now define a vector bundle and show that this is equivalent to the notion of a locally free sheaf of
finite rank.

Definition 3.2. Let Y be a scheme. Then a (geometric) vector bundle of rank n over Y is a scheme X and
a morphism f : X — Y, along with the data:

1. An open covering {U;};.; of Y.

2. Isomorphisms ¢; : f~1(U;) — Ay, such that for all 4, j and any open subset Spec(A) C U; N Uj, the
automorphisms ¢ = ¢, o %—1 of Spec A[z1, ..., x,] is A-linear.

Proposition 3.3. There is a one-to-one correspondence between isomorphism classes of locally free sheaves
on'Y of rank n and isomorphism classes of vector bundles of rank n over Y.

Proof. See exercise 11.5.17 of [6]. Roughly speaking, if % is a locally free sheaf of rank n, we can select a
set of n generators x1,...,x, for the &x(U)-modules of .#(U). They span an n-dimensional affine space
Alxy,...,2z,] over U, where A is the coordinate ring over U. We change to another set of generators over
another open subset and write down the transition functions. Thus, we associate to .# a vector bundle
structure. Conversely, if F is a vector bundle on X, locally we have % |y = U x A" with a basis x1, ..., x, of
A" over U. Then we can associate to & |y an O x(U)-module of rank n using z1, ..., z, as generators. [

Now we may use vector bundles and locally free sheaves interchangeably. Furthermore, we consider only
locally free sheaves of finite rank. Finally, the notions of tensor product, direct sum, exterior product, and
Hom agree with one another on vector bundles and locally free sheaves.

3.2 Chern Classes

Let X be a smooth scheme. Let Pic(X) be the group of invertible sheaves on X and let C1(X) = A*(X) be
the divisor class group. Every divisor D on X determines (up to isomorphism) an invertible sheaf &'x (D)
and every invertible sheaf is of this type. This induces an isomorphism Cl(X) — Pic(X).
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Definition 3.4. For every .Z € Pic(X), we define the first Chern class of £ to be ¢1(.Z£) = [D], where
[D] € CI(X) is such that Ox (D) = .% in Pic(X). Clearly, the homomorphism ¢; : Pic(X) — CI(X) is the
inverse of C1(X) — Pic(X). Recall that this isomorphism C1(X) =~ Pic(X) holds only when X is factorial,
e.g., if X is smooth.

Definition 3.5. Let E be a vector bundle with a corresponding locally free sheaf &. The associated
projective bundle (the projectivization of E) is defined as

P(E) = Proj(S(&)) — X, (3.1)

where the symmetric algebra is degree-graded. There is a canonical line bundle €(1) = Opg)(1) on P(E),
whose fiber over (z,p) is the line in E, corresponding to the point p.

Let p : E — X be a vector bundle of rank n and let 7 : P(E) — X be the associated projective bundle.
Note that the pullback 7* : A(X) — A(P(FE)) makes A(P(E)) into an A(X)-module.

Definition 3.6. Let u = ¢1(Op(g)(1)). There are unique elements ¢; € A*(X) with 1 <4 < n such that

u" —cy(B) - u""t 4 ep(B) - u"? — - 4 (=1)"c, (E) = 0. (3.2)
We call the ¢;(E) € AY(X) the Chern classes of E. Furthermore, we define the total Chern class of E to be
c(B)=1+c(E)+--+cn(E) € A"(X). (3.3)

Definition 3.7. We define the Chern polynomial ¢;(E) € A(X)[t] to be
a(B)=14c(E)t+--+cu(E)". (3.4)

In [5], Grothendieck developed a theory of Chern classes that assigns to a vector bundle E on a smooth
scheme X, a Chern class ¢;(E) € A%(X) for all i > 0. The ¢;(E) have the following properties:

Theorem 3.8. Let E be a vector bundle. Then the Chern classes satisfy:
1. ¢o(F)=1.

2. For an invertible sheaf O x (D), which is the line bundle corresponding to a divisor D, we have that
c(0x(D)) = [D].

3. (Pullback) For a morphism f: X =Y of smooth quasi-projective varieties f*(c;(E)) = ¢;(f*(E)) for
all 1.

4. (Whitney Sum) If we have an exact sequence of vector bundles
0 E E E" 0, (3.5)
ct(E) = ci(E e (E") in A(X)[t].
5. ¢i(E) =0 for all i > n where n = rank(E).

A key ingredient in the proof of this theorem is the Splitting Principle, which will be of great utility later
on:

Theorem 3.9. (Splitting Principle) Let E be a vector bundle of rank n over a smooth scheme X. Then
there is a smooth scheme Y and a flat morphism f:Y — X such that

ffiANX) — AY(Y) (3.6)
is a split monomorphism of abelian groups and there is a filtration
0OCE,C---CE,1CE,=f"E, (3.7)

where each E;/E;_1 is a line bundle.
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Before proving this theorem, we require a lemma:

Lemma 3.10. Let E be a vector bundle of rank n on a smooth scheme X. Let p : P(E) — X be the
corresponding projective bundle. Then for any o € Ap(X),

p(cr(G()" - p*a) = a. (3.8)

Proof. We first check compatibility with proper morphisms. Let f : Y — X be a proper morphism and let
7 be the projection of f*(P(E)), then

felmi(cr(O g pemy (D))" - 7% @) = puler(Op(y (1) - p* fula)). (3.9)
Thus, we may consider a = [X] and p*(«) = [P(E)]. Then we get
pu(cr(0(1))" ™ - [B(E))) = q[X], (3.10)

for some integer q. Now we prove a similar equality for flat morphisms. Let f : Y — X be flat. Then by
naturality:

mu(e1(Op-p(my(1)" " 7 f* () = fpuler(Opmy(1)" " (). (3.11)

We can show this locally since any local inclusion is flat. Take E to be the trivial bundle, i.e., P(E) =
X x P"7!. Then there is a section of @(1) with zero section X x P" 2, so

c1(01))-[X x P = [X x P"2]. (3.12)
Tterate n — 1 times to get that ¢ = 1 and we are done. O

We now prove the Splitting Principle:

Proof. Induct on the rank n of E. The base case is immediate. As before, take P(E) to be the projective
bundle associated to E. By the above lemma, 7* is injective on the Chow ring. We have an exact sequence

0——> 0(-1) ™E L 0, (3.13)

since the pullback bundle 7*E contains &(—1) as a rank 1 sub-bundle. Now consider L' = 7n'*L where
/

7w’ : P(L) — P(F) is the projection. Then the pullback of 7 o 7’ is injective and there is a filtration
L!,_, C L, = L’ with line bundle quotients. O

The main application of the Splitting Principle is in the following factorization of the total Chern class:

n

o(B) = [T+ er(L)), (3.14)

i=1

where the L; are the quotient line bundles from the proof of the theorem. This is merely a “formal”
factorization in that we really factor the pullback of E by f. From this factorization, we may write

n

c(E) = H(l + a;), (3.15)

i=1

where a; = ¢1(L;) are called the Chern roots of the splitting. Furthermore, note that ¢;(F) is the i-th
elementary symmetric polynomial in the Chern roots a1, ..., a,. In particular, ¢;(E) = a1 + -+ + @, and
¢n(E) = aj -+ ap. Thus, any symmetric polynomial in the Chern roots can be expressed in terms of Chern
classes and gives a well-defined invariant of E.
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Example 3.11. If the vector bundle E has a filtration with quotients L;, then its dual E* has a filtration
with quotients Ly _,. Then, if we have Chern roots a,...,a, for E, we will have Chern roots —aq, ..., ay,
for E*. Thus,

ci(E*) = (=1)'ci(E). (3.16)

Example 3.12. Again taking «q,...,a, to be the Chern roots of E, then

a(WE) = ] @+ (o +-+ai,)b). (3.17)
1< .. <ip
For the first Chern class:
a1 (A"E) =1 (E). (3.18)

Note that any exact sequence of vector bundles

0 L E E' 0 (3.19)

where L is a line bundle induces a short exact sequence

0—=N""E®L N E N E —=0. (3.20)

3.3 The Chern and Todd Characters
Definition 3.13. The Chern character ch(E) of a vector bundle E is an element of A*(X) ®z Q defined as

ch(E) = Z exp(ay) (3.21)

with exp(z) = Y_" ,2"/n! and the o; are Chern roots of E.

Here we have used A*(X)g in order to make sense of the 1/n! factors in the exponential series. Note that
ch(E ® E') = ch(E) - ch(E"), (3.22)

since the Chern roots of a tensor product add. Now consider a short exact sequence

0 E E E" 0. (3.23)

Theorem 3.8(4) tells us that if the Chern roots of E’ are ay, .. ., «, and the Chern roots of E” are 81, ..., Ok,
then the Chern roots of E are ay,...,qan,51,- .., Bx. Thus, we get

n k
ch(E) = exp(a;) + Y _exp(8;) = ch(E') + ch(E"). (3.24)
i=1 j=1

Since ch(F) is symmetric in the Chern roots, we can express it in terms of Chern classes:

1 1 1
ch(E)=r+c + 5(0? —2¢9) + é(c:{’ —3c1e0 +c3) + ﬂ(ciL —4c%co 4 4cres + 25 —dey) + -, (3.25)
where ¢; = ¢;(E) and r = rank(E). Here we have grouped the terms by equal degree in A*(X)g.

Now we define the Todd class of E-:
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Definition 3.14. The Todd class td(E) of a vector bundle E is given by

where Q(z) is the power series

xT > Bk
— — 1 _ k—1 ] 2k
Q)= 1= =1+ x+;( ) (2k)!
The By are the k-th Bernoulli numbers and «y, ..., «, are the Chern roots of E.

As with the Chern characters, we can express the Todd class in terms of Chern classes:

1 1 1 1
td(E) =14 —c1 + —= (2 +c2) + —crca + =—(—c} +4cica + 3¢+ crc3 —ca) + -+ .

2 12 24 720
The relation,

n k

td(E) = [ Q) - [T Q8;) = td(E) - td(E"),
1

i=1 j=

holds using the same short exact sequence of vector bundles.
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4 K-theory of Schemes

In this section we introduce the K-groups K°(X) and Ky(X) of a scheme X. These are abelian groups
constructed from the categories of locally free and coherent sheaves, respectively. Let Loc(X) be the category
of locally free sheaves, let €oh(X) be the category of coherent sheaves, and finally let Dtod(X) be the category
of 0 x-modules. The primary goal of this section will be the proof of the fact that K°(X) and Ky(X) are
equivalent on a non-singular quasi-projective variety.

Definition 4.1. Let A be a ring and M an A-module. We define the sheaf associated to M on Spec(A),

denoted by M in the following way: for each prime ideal p C A, let M, be the localization of M at p. Then,
for any open set U C Spec(A), we define

M@U):={s:U— U M, : s(p) € My, locally s is a fraction m/f withm € M and fe A,. (4.1)
peU

Proposition 4.2. Let A be a ring and let M be an A-module. Let M be the sheaf associated to M on
X = Spec(A) and let Ox be the structure sheaf of X. Then

1. M is an O x -module;
2. For each p € X, the stalks are localizations (M)p = M,.
Next, we recall the definition of a quasi-coherent sheaf:

Definition 4.3. Let X be a scheme. Then a sheaf of &x-modules .% is quasi-coherent if X can be covered
by opens U; = Spec(4;), such that for all ¢ there is an A;-module M; with & |y,2 M;. We write Qcob for
the category of quasi-coherent sheaves. Furthermore, .# is called coherent if each M; is a finitely generated
A;-module.

Since we will construct Ko(X) from the category €oh(X), we take all of our schemes to be Noetherian,
as coherent sheaves are well-behaved on Noetherian schemes only. We collect some useful properties of
quasi-coherent and coherent sheaves. See [6] IL.5 for proofs.

Proposition 4.4. Let X = Spec(A) be an affine scheme, f € A and let D(f) be the distinguished open
determined by f. For a quasi-coherent sheaf & on X:

1. If s €e T(X,.Z) is a global section of .F whose restriction to D(f) is zero, then there is some n > 0,
such that f*s = 0.

2. Given a section t € F(D(f)) of F over the open set D(f), then for some n > 0, f"t extends to a
global section of F over X.

Proposition 4.5. Let X be an affine scheme and let 0 — .F' — .F — F"” — 0 be an exact sequence of
O x -modules with .F' quasi-coherent. Then

0—=T(X,7)—>T(X,F) —=T(X,F") —=0 (4.2)
s exact.

Proposition 4.6. Let X and Y be schemes and f : X — Y a morphism of scheme. Then the following
hold:

1. The kernel, cokernel, and image of any morphism of quasi-coherent sheaves are quasi-coherent. As-
suming X is Noetherian, the result holds for coherent sheaves.
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2. If F is quasi-coherent sheaf of Oy -modules, then f* % is a quasi-coherent sheaf of O x-modules.
3. If X,Y are Noetherian, and if F is coherent, then f* % is coherent.

4. Assume either X Noetherian or f quasi-compact and separated. Then if F is a quasi-coherent sheaf
of Ox-modules, f.F is a quasi-coherent sheaf of Oy -modules.

Proposition 4.7. Let X be Noetherian and let U be an open subset of X. Let F be a coherent sheaf on U.
Then there is a coherent sheaf G such that 9 [y= F. Moreover, if there is a coherent sheaf 4 on X with
F C 9 |y, then there is a coherent sheaf F' on X which extends .F such that F' C 9.

We now recall the following result of Serre, which guarantees the existence of locally free resolutions for
coherent sheaves on quasi-projective schemes.

Theorem 4.8. (Serre) Let X C P" be a quasi-projective scheme over a Noetherian ring A. Then any
coherent sheaf F on X can be written as a quotient of a sheaf &, where & is a finite direct sum of twisted
structure sheaves O(n;) with n; € Z. In particular, we have an eract sequence & — F — 0 with & locally
free.

Proof. Consider X = P" with .% a coherent sheaf on X. We have an embedding i : X < P". Then there
is an extension .Z' of .# to X, the closure of X in P". Then .#’ is the quotient of a direct sum of twisted
Serre sheaves, which is locally free on X by the P™ case. Hence, the restriction of .Z’ to X is as well.

Now suppose that X = P" and write &x = Opr». If we can generate #(n) = .Z Q¢, O(n), for some
n € Z, by a finite number of global sections, then we are done. This would give

DL, Ox —> F(n) —>0. (4.3)

Tensoring with &(—n) gives the result. Now we need to show the existence of these global sections. Cover
X with the usual affines U; which have coordinate rings

A = {mo w”] (4.4)

) )
L Z;

We have assumed that .% is coherent, so %y, = ]\,\/.IjZ where the M; are A;-modules. For each ¢ we have a finite
number of elements s;; € M; that generate the module. Then for some 7, there is an z}'s;; that extends to a

global section t;; of #(n) by the above proposition. On each open affine U;, % (n) corresponds to some M/
and z' : F — Z(n) induces an isomorphism M; — M/, and hence the global sections ¢;; € I'(X,.% (n))
generate .% (n) everywhere. O

If X is a Noetherian scheme such that the last statement in the above theorem holds, we say that X has
enough locally frees.

4.1 Grothendieck Groups

Definition 4.9. Let ¥ be a full additive subcategory of an abelian category /. Recall that a category is
additive if:

1. For any objects X,Y € %, then Hom¢ (X,Y) has an abelian group structure.
2. For any objects X,Y,Z € €, the map Hom¢ (X,Y) x Homg (Y, Z) — Home (X, Z) is bilinear.
3. € has a zero object.

4. For any X, Y € ¥, X xY isin %.
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Furthermore, a category € is abelian if: every morphism in € has a kernel and cokernel, and every monomor-
phism is a kernel and every epimorphism is a cokernel.

We note that €oh(X) is abelian on any Noetherian scheme X, although £oc(X) is not. However, Loc(X)
is an exact category, i.e., a full additive subcategory € of an abelian category « such that if 0 - A" — A —
A" — 0 is a short exact sequence in &7 with A’ A” € €, then A € ¥.

Definition 4.10. Let Ob(%) be the class of objects of €, and let Q = Ob(%)/ ~ be the set of isomorphism
classes. Let F(%) be the free abelian group on @, namely, any element of F(%) can be written as a finite
formal sum

> nx[X] (4.5)
with [X] an isomorphism class of X € Ob(%) and nx € Z. Furthermore, to any sequence S

0 A B C 0 (4.6)

in ¥ which is exact in o, we associate the element G(S5), generated by the symbol [B] — [4] — [C] in F(%).
Let H(%) be the subgroup generated by the elements of G(S). Then the Grothendieck group, denoted by
K(%), is the quotient

K(%) = F(€)/H(?). (4.7)

Let G be an abelian group. Then a function ¢ : @ — G on the set of isomorphism classes of objects of
% is called additive, if for every short exact sequence 0 - A — B — C — 0, the relation

@(B) = ¢(4) + ¢(C) (4.8)
holds. The Grothendieck group K(%) satisfies the following universal property:

Proposition 4.11. Let ¢ : Q — G be an additive function. Then there is a unique abelian group homomor-
phism ¢ : K(€) — G, such that p = pom, where w: Q — K (%) is the canonical projection.

Let X be a Noetherian scheme. The two Grothendieck groups that will be of interest to us are:
K%X) = K(Loc(X)) = K(Dec(X)), (4.9)
where QUec(X) is the category of vector bundles on X, and
Ko(X) = K(Coh(X)). (4.10)

Note that by construction, we have the relation [#1 & %3] = [#1] + [#2] in both groups.

4.2 The Grothendieck Group of Coherent Sheaves

We establish some important properties of Ky(X) for a Noetherian scheme X. We should note that the
category €oh(X) is a full abelian subcategory in the category of & x-modules. If X = Spec(A4) is affine,
then the global section functor gives an equivalence of categories from €oh(X) to the category of finitely
generated A-modules (see [6] I1.5). Indeed, for a ring A, we write Ko(A) = Ko(Spec(A)) and Ky(A) is the
Grothendieck group associated to the category of finitely generated A-modules.

Let f : X — Y be proper morphism of schemes. Recall that for f : X — Y a continuous map of
topological spaces and any sheaf % on X, the direct image sheaf f,.% on Y is defined by

(f« Z)V) = F(fH(V)) (4.11)
for any open set V' C Y. Then f, is a functor from the category of sheaves on X to the category of sheaves

onY.
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Example 4.12. For a closed immersion f : X — Y, the direct image coincides with the extension by zero
of a sheaf. In this case, f. is exact. For a field k and f : X — Spec(k), the pushforward is precisely I'(X, -),
which is left exact only. Its right derived functors in the category of sheaves on X are the cohomology
functors H'(X,-).

Definition 4.13. For f : X — Y a continuous map of topological spaces and i > 0, the higher direct image functors
are defined to be the right derived functors

R'f, : Mod(X) — Mod(Y), (4.12)
of the direct image functor f..

Proposition 4.14. Let .F be a coherent O x-module. Then R!f.(F) is the sheaf associated to the presheaf
U H (f7YU), F 1p-1v)) (4.13)
onY.

Proof. (Sketch) We note that (X, .%) is the sheaf associated to the presheaf above. This is a -functor
(see [5] TIL.i) from the category of sheaves of abelian groups on X to the same category on Y. When i = 0,
f« F = #°(X,.F). Furthermore, for some injective object .#, the right derived functors vanish when i > 0.

Now .# | ;-1 for each open U is an injective object of 2b(f~(U)). Thus, #(X,.#) = 0 for i > 0.
Then by Theorem 1.3A in IILi of [5], we have a unique isomorphism R’ f,(-) ~ (X, -) of é-functors. [

Proposition 4.15. Again with X,Y topological spaces, and ¥ any quasi-coherent sheaf on X, let Y =
Spec(A) be affine. Then

P

R f.(F)= H(X,7F). (4.14)

Then Rif.(F) is quasi-coherent, even without Y being affine.

Proof. Quasi-coherence comes easily by looking at Y locally. Since the functor (-) from A-modules to Mod(Y)

is exact, both functors R’ f,(-) and Hi(-) are é-functors Qcoh(X) — 9Mod(Y). One can embed .Z in a flabby
quasi-coherent sheaf, so both functors are effaceable for i > 0. Thus, we have a unique J-functor isomorphism
between them. See [6] II1.8 for full details. O

Seeing that R'f,(.%) is coherent is a little more difficult (and this is not true for an arbitrary morphism),
so we let f : X — Y be projective rather than proper. From Chow’s lemma, we can see that projective
morphisms are reasonably similar to proper morphisms ([6] I1.iv Exercise 10). Now, in order to get coherence,
we must show that H(X,.7) is a finitely generated A-module when f : X — Spec(A) is projective. This is
a well-known theorem of Serre. We have a closed immersion ¢ : X < P" for some integer n. If .Z is coherent
on X, then i, % is coherent on P’y and the cohomology coincides. Thus, we may reduce to the case X = P.
In this case, we use Cech cohomology computations to show that H {(X,.F) is finitely generated for sheaves
Ox(r), r € Z. The same is true for direct sums of such sheaves.

For an arbitrary coherent sheaf .# on X, use descending induction on i. For i > n, H*(X,.7) vanishes,
since X can be covered by n + 1 open affines. Now consider the short exact sequence

0 H & F 0, (4.15)

where & is the direct sum of sheaves &'(r;) and £ is the kernel, which is also coherent. This gives a long
exact sequence of A-modules

o ——=HY(X,8)—— H (X, 7) ——= H™ (X, ) —— - (4.16)
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Now, since A is Noetherian, we need only prove the finite generation of the left and right modules above
to get that H'(X,.7) is finitely generated. Clearly, the left is finitely generated because & is the direct sum
of sheaves 0 x(r;). The right is finitely generated by the inductive hypothesis.

Of course, we want f : X — Y to be a proper morphism. Since we assume that X, Y are quasi-projective,
let i : X < P" be a closed immersion. Let 7 : P" XY — Y be the projection onto the first factor. Then for
any proper morphism f : X — Y we have the factorization

x B pryy oy (4.17)

which gives f as a closed immersion into P" xY followed by projection. Thus, f is a projective morphism.

Corollary 4.16. Let f : X — Y be a proper morphism of quasi-projective schemes. Then f is projective
and R f.(F) € Coh(Y) with F coherent on X.

We will always consider quasi-projective varieties, so we are always in the above situation. From the
preceding corollary, we get a number of essential facts. First, given any coherent sheaf .# on X, the element
[Rf.(F)] is well-defined in Ky(Y). Indeed, for any proper morphism f : X — Y and .# € €oh(X), we
define the pushforward on K as the homomorphism

foi Ko(X) — Ko(Y),  [Z] = S (-1R(F)]. (4.18)

i>0

This map is well-defined by Proposition 4.15, as there are only finitely many non-zero cohomology groups.
Furthermore, it is induced by the long exact sequence for right derived functors. However, we are not quite
finished, as we want to establish the naturality of f, on Ky, which is rather difficult. We appeal to the
Grothendieck Spectral Sequence to get this result. This spectral sequence will also be required in our proof
of the Grothendieck-Riemann-Roch theorem for a closed immersion. This spectral sequence is also used in
versions of the theorem where X,Y are not quasi-projective to establish that R’f,(.%) is coherent, and thus
the existence of f, on K.

Recall the definition of a cohomological spectral sequence:

Definition 4.17. A spectral sequence in an abelian category 7 consists of the following data:
1. A family {EP?} of objects of & with r > a and beginning with E,;
2. Morphisms d?9 : EP4 — EPTH4="+1 that satisfy dPT47 "+ o P9 = () where

ker(d:?)

()

p,q
Er+1

1

(4.19)

A cohomological spectral sequence is said to be bounded if there are only finitely many nonzero terms in
each total degree in E}*. Namely, for each p and ¢ there is an rg such that EP? = E for all r > ry. We
denote the stable value of the terms E?'? by EP:? and say that the bounded spectral sequence converges to
H* if we have a family of objects H™ of o, each having a finite filtration

0=F'H"C...FPY'H" C FPH™... C F*H" = H" (4.20)
such that
EPd = pryrta)prtl getd, (4.21)

We write EP*? = HP' for bounded convergence.
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Theorem 4.18. (Grothendieck Spectral Sequence) Let F : B — € and G : o/ — B be left exact functors
of abelian categories, where o/ | B have enough injectives. Suppose that G sends injective objects of </ to
F-acyclic objects of B. Then for each A € ob(), there is a first quadrant cohomological spectral sequence
with

EN? = (RPF)(RY(G))(A) = RFTI(GF)(A). (4.22)
Proof. See 5.7 and 5.8 of [9] for a proof using hyper-derived functors. O

From this theorem we have the naturality of f. on Ky. We conclude this section by noting that K is
a covariant functor from the category of Noetherian, finite dimensional schemes with proper morphisms to
the category of abelian groups.

4.3 The Grothendieck Group of Locally Free Sheaves

Let f : X — Y be a morphisms of Noetherian schemes. For a coherent & x-module ¢4 on Y, the pullback
f*¥ is also coherent. This is also true for local freeness. However, f* is only right exact in general, so it
does not descend to a pullback on Kj.

Lemma 4.19. The mappings & — f*& and f — f* form an exact functor Loc(Y) — Loc(X).

Thus, KY is a well-defined contravariant functor to the category of abelian groups. For [£] € K°(Y), we
write f*[&] for [f* &) € K°(X). Finally, naturality (g o f)* = f* o g* is immediate.

It is important to note that we have a ring structure defined on K°(X) by ®¢, .
Lemma 4.20. Tensor product of locally free sheaves makes K°(X) a ring.

Proof. The tensor product gives a ring structure to the free abelian group Z[Q(Loc(X))] on the elements of
Q(Loc(X)). Let 0 = A — B — C — 0 be a short exact sequence of locally free & x-modules. Then the
subgroup

# = 1{[B] - 4] - [C]} (4.23)

is an ideal in Z[Q(£oc(X))], since locally free € x-modules are flat. Hence, the quotient,
KO(X) = ZIQ(Loc(X)))/ # (4.21)
is a ring also. O

This also defines Ko(X) as a K°(X)-module under the same operation. Finally, note that the tensor
product commutes with pullback of sheaves, so that f* is a contravariant functor to the category of rings.

Remark 4.21. For any vector bundle £ on X, there is a locally constant map: rk : X — Z sending
xr € X to the rank of E,. This defines a homomorphism K°(X) — HY(X,Z). For a connected scheme,
ker(rk : K°(X) — Z) is the beginning of the y-filtration for K°(X). See §7.

Remark 4.22. All line bundles are invertible as elements of K°(X). That is, [£]™! = [#om(Z, Ox))].
Recall that an invertible sheaf on a ringed space X is a locally free &' x-module of rank 1 and that the Picard
group Pic(X) is the group of isomorphism classes of invertible sheaves on X under the operation ®g, . It
can be shown that Pic(X) = HY(X, 0%)
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4.4 The Equality of Ky(X) and K°(X)

We have an obvious homomorphism, called the Cartan homomorphism,
§: KY(X) — Ko(X) (4.25)
induced by the embedding £oc(X) — Coh(X).

We also have a K-theory analogue to the projection formula on Chow groups:

Proposition 4.23. (Projection Formula) Let f : X — Y be a proper morphism of schemes. Then
L (y) -x) =y fulz), (4.26)
where z € Ko(X) and y € K°(X).

Proof. 1t suffices to prove this for © = [#] and y = [¢], where .Z is a coherent sheaf on X and ¥ is a locally
free sheaf on Y. Note there is a natural isomorphism of coherent sheaves

(@ RF)=9f.(F). (4.27)

This is a local statement, so we let Y = Spec(A4) and 4 = 07.. Then, by the definition of f*, we have that
f*F = 0. This gives the above. Then, for any locally free sheaf ¢, the functor

E— fi(ff(Y)® &) (4.28)
is left exact and its right derived functors coincide with those of & — ¥4 ®f, &. Since ¥ is flat, we get
Rf(F)®ey, G =R f(TF 6, D), (4.29)

which implies the projection formula. Now let’s explicitly compute the formula:

(£ 1) =D (R (F(9) - F) = D _(-1)'[% @R f.(F))] (4.30)
120 i>0
=Y (-1)'¥]- [Rf.(F)] = 9] .[F]. (4.31)
i>0

The second equality follows from (4.29) and the third equality comes from the definition of the K°(X)-module
structure. O

With the Cartan homomorphism and the Projection formula in hand, we are now prepared to prove the
equality of K°(X) and Ky(X) for X smooth and quasi-projective.

Lemma 4.24. Let F € €oh(X). Select a finite locally free resolution 0 = 4, — -+ = Gy — .F — 0 and
consider

n

§F) =) (-1)'¥:] € K°(X), (4.32)

i=0
which is independent of the resolution and depends on F .

Proof. Let [4.] € K°(X) denote the value of {(.%) obtained by using the resolution ¢.. Then let 4. — F
and ¥’ — .Z be two finite locally free resolutions of .Z.

By Lemma A.6, there is a third resolution ¢ and surjections ¥4” — ¢., 4" — ¢’ which give the identity
map on Hy. By Lemma A.3, these have length at most n = dim(X). Thus, we must show that [¢] = [¢.].
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Let 41. = ker(9” — ¢.). By Lemma A.1, this consists of only locally free sheaves. In the induced
long exact homology sequence, H;(¥4"") = 0 and H,;(¥.) = 0, which cause H;(¢1,.) to vanish for all i. Thus,
[41.] =0 and

9" =[9]+ %] =19 (4.33)
O

Thus, we have a well-defined map £ : Q(€oh(X)) — Q(Loc(X)), given by [F] — > " (—1)[¥,]. This

map also respects exact sequences:

Lemma 4.25. For an evact sequence 0 — .F' — .F — .F" — 0 of coherent sheaves, we have that £(.F) =
§F) + (7).

This lemma tells us that ¢ descends to a homomorphism ¢ : Ko(X) — K°(X). We now prove that this
is the inverse to the Cartan homomorphism.
Theorem 4.26. For a non-singular quasi-projective variety X, the Cartan homomorphism § : K°(X) —
Ko(X) is an isomorphism.

Proof. Take .7 € €oh(X) and ¢ € Loc(X). We need only prove

(o) =[9], (608[F]=[7] (4.34)
Consider the resolution 0 - ¥4 — 4 — 0 of 4. Then we have that
((00)[¥] =¢[¥9] = ¥9]. (4.35)
Similarly, we choose a resolution 0 — %o — -+ — %o.% — 0 to see that
(00)[F]l=0(%0] — ...+ (=1)"[Fn]) = [Yo] — ...+ (=1)"[¥.] = [Z]. (4.36)
O

Therefore, since K°(X) has a ring structure given by the tensor product, Ko(X) inherits this structure
by the Cartan homomorphism. Thus, when X is a non-singular quasi-projective variety, Ko(X) = K°(X),
which we denote by K(X).

For 7,94 € €oh(X), we can now explicitly compute the product [F] - [¥] € K(X). Taking locally free
that is, projective) resolutions and taking the derived functor of the tensor product, we have
J g

[7]-[9) = 3 (-1 [Torf* (7,9)]. (4.37)
i>0

Some authors, in particular Borel-Serre, take this to be definitional.

We note that K (X) has what is called a A-ring structure. In essence, exterior powers descend to K (X).
For a locally free sheaf &4 on X, we define

NG = [N"¥9) (4.38)
and linearly extend this to K(X). We also define a map
A K(X) — K(X)[[t] (4.39)
by writing
MG =1+ Ng] -t (4.40)
i>1
In particular,
A [9) =19t + [N G)t? — -+ (=) [\ Y|t (4.41)

where 7 = rank(¥).
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5 Grothendieck-Riemann-Roch

We are now ready to prove the Grothendieck-Riemann-Roch theorem for non-singular quasi-projective vari-
eties over an algebraically closed field k; our exposition follows the original proof in [1]. We have introduced
K(X) as a more tractable alternative to the free abelian group of isomorphism classes of either coherent
O x-modules or locally free & x-modules, where both ch : K(X) — A*(X)g and td : K(X) — A*(X)q are
well-defined. Our theorem considers the naturality of the Chern character ring homomorphism with respect
to the proper pushforward, expressed as:

Theorem 5.1. (Grothendieck-Riemann-Roch) Let f : X — 'Y be a proper morphism, X and Y are quasi-
projective non-singular varieties over an algebraically closed field k. Let © € K(X). Then the following
diagram commutes:

ch(-) td(Tx)

K(X) A*(X) ©2Q (5.1)
f*l if*
K(Y) o= A°() ©2.Q.
Equivalently,
F(ch(z) - td(Tx)) = ch(f. () - td(Ty)). (5.2)

The proof of the theorem will be broken into two stages:
1. Establish that f: X x P" — X is projection onto the first factor.

2. Show that f:Y — X is an immersion onto a closed subvariety.

Lemma 5.2. Let X 5 Y —% 7 be proper morphisms. Let x € K(X) and set y = fi«(x). Then:
1. If GRR is true for (f,x) and for (g,y) respectively, then it is true for (fg,z).

2. If GRR is true for (g,y) and for (fg,x) and if g. is injective (on the Chow ring), then GRR is true
for (f, ).
Proof. 1. We have that

(fg9)«(ch(z) td(Tx)) = g«(ch(f«(x)) td(Ty)) (5.3)
= ch(g«(fi(z))) td(Tx), 5.4)

where the first equality is by the GRR for (f,z) and the second equality by GRR for (g,y).

2. Setting
u = fi(ch(z)td(Tx)), v = ch(y) td(Ty) (5.5)
we wish to prove that v = v. However, it suffices to prove that g.(u) = g.(v). We see that

g«(u) = (fg)+(ch(z) td(Tx)) (5.6)
= ch((fg)«(x) td(Tx)) (5.7)
= ch(g.(y) td(Tx)) (5.8)
= g«(ch(y) td(Ty)) (5.9)
= g«(v), (5.10)
where the second equality holds by GRR for (fg,x) and the fourth equality holds by GRR for (g,y).
O
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Taking two quasi-projective varieties X and Y, we write their product as X x Y. Consider the projections
XxY = X and X xY — Y. These define homomorphisms K(X) - K(X xY) and K(Y) - K(X xY).
These induced pullback homomorphisms give another map

K(X)® K(Y) = K(X xY) (5.11)

whose image consists of the tensor product = x y of two elements z € X and y € Y. We now prove a
statement analogous to Lemma 5.2 for this map.

Lemma 5.3. Let f: X =Y and f': X' = Y’ be proper morphisms, and let x € K(X) and o’ € K(X'). If
GRR is true for (f,x) and for (f',x'), then it is true for (f X f/,x @ a'), where f X f/ : X x X' =Y x Y.

Proof. The proof of this lemma is entirely analogous to the preceding one, but study how the pushforward
maps (K-pushforward and Chow pushforward) and the Chern character behave with the product map. Thus,
we have three statements to verify:

L (fx [z @) = fz) @ f.(2)
2. (fx fmen) = fn) e fi(n)
3. ch(z ® ') = ch(z) ® ch(z’),

where n € A*(X) and ' € A*(X").

To prove (1) we invoke Proposition 4.15 and use the Kiinneth formula for coherent sheaf cohomology.
Then the statement follows by the definitions of the product maps. To prove (2), take a cycle « € Z and
a cycle o/ € Z'. If either cycle is rationally equivalent to zero, then their product is rationally equivalent
to zero on the product variety. The third statement follows directly from the multiplicativity of the Chern
character on £oc(X). Thus, by these equalities, we have

(f x f)s(ch(z ® 2) td(Tx xx7)) = ch((f X f)+(z ® 27)) td(Ty xy). (5.12)
O

By Lemma (5.3), in order to prove that f: X x P" — X is the projection onto the first factor, we must
show that

1. The homomorphism K(X) @ K(P") — K(X x P") is surjective.

2. GRR is true for the case where P" is simply a point. That is, Hirzebruch-Riemann-Roch holds:

X(P", F) = / ch(Z) td(Ten) (5.13)

for any coherent sheaf 7.

In order to prove the surjectivity of K(X) ® K(P") - K(X x P"), we first need K-theoretic homotopy
properties.

5.1 Homotopy Properties for K(X)

Proposition 5.4. (Localization Sequence) Let X be a sub-variety (singular or non-singular) and let X' be
a closed sub-variety. Set U = X — X'. We define a map K(X') — K(X) by the extension of a sheaf on X’
by zero, and define a map K(X) — K(U) by sheaf restriction. Then the sequence

K(X') K(X) K({U)—=0 (5.14)

s exact.
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Proposition 5.5. If Y = Al then the pullback homomorphism p* : K(X) — K(X x Y) is bijective.

Proof. Consider O x to be a sheaf on X x Y. Then we have an exact sequence
0—Oxxy —> Oxxy —> Ox —>0. (5.15)

By the long exact sequence for Tor, Torf XY (O, F) =0 for p > 2, provided that .Z is a coherent sheaf
on X X Y. Thus, we have a well-defined homomorphism

T K(XxY)— K(X), (5.16)
given explicitly by
m(F) = Tord ¥ (Ox, F) — Tor! ¥ (Ox, F). (5.17)

The composition p*r = id, so p* is injective. We now consider K(X) C K(X x Y) via the pullback
homomorphism.

Let X' C X be a closed subvariety and let U = X — X’. We now demonstrate that K(X) ~ K(X xY)
by induction on n = dim(X). The following diagram is commutative with exact rows (by the Localization
Sequence):

K(X') K(X) K(U) 0. (5.18)

K(X'XY)—>K(XxY)—=KUxY)—=0

By hypotheses the left-most vertical arrow is an isomorphism. Thus, every element z € K(X x Y) with
zuxy € K(U) is inside K(X) C K(X x Y). This allows us to ignore subvarieties of X with dimension less
than n. In particular, we may suppose that X = Spec(A) is affine, non-singular, and irreducible. We then
make use of the following lemma:

Lemma 5.6. Let Z be an algebraic variety. The classes [Or] generate K(Z) when T C Z is an irreducible
subvariety.

Proof. For a completely torsion coherent & z-module %, supp(.-%#) C T. We need only consider Z = Spec(A4),
so then .Z = M, where M is an A-module. Then any torsion section m € M has support on Spec(A/(f)),
where fm = 0.

Now induct on dim(Z). Let X C K(Z) be the subgroup generated by the structure sheaves of the
irreducible subvarieties. Then, when % is a coherent & x-module, [T(%)] € X, where T'(.%) is the torsion
subsheaf. Consider

0 T(7) F % 0; (5.19)

we need to show that [¢] € X. Let k(Z) be the field of rational functions on Z. Then
F Kk(Z) 2 k(Z)" (5.20)
for some n, so 4 = 0%. Clearly, [0%] € k(Z) so we are done. O

Applying this lemma, it suffices to show that [0'7] € K(X) for all irreducible subvarieties T C X x Y.
By induction on n = dim(X), we consider the case where dim(7) = n and p(T) # X, where p: X XY — X
is the projection. Let A be the coordinate ring of X and let p be the prime ideal of the coordinate ing
Alt] of X x Y corresponding to T'. Since p(T') is dense in X, we have ANp = 0. Let S C A be the set of
invertible elements and K = Ag be the field of fractions of A. Note that A[t]s = K[t]. Since pNS = 0, we
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can write p = p’ NA[t] for some non-zero prime p’ of K[t]. Thus, there is an irreducible polynomial P(t) with
coefficients in A such that p is the set of polynomials in A[t] that are divisible by P(t) in K[t]. Then

q:= A[t]P(t) C p C Alt]. (5.21)

The sheaf &' corresponds to the module Aft]/p. Let .# be the sheaf corresponding to A[t]/q. By the
equivalence pg = qg, there is an invertible a € A such that a - (p /q) = 0, hence O is congruent, modulo an
element of K (X' xY) to . with dim(X’) < dim(X). This gives an exact sequence

0 Oxxy —o Gy F—0, (5.22)
which shows that [[#] =0 in K(X x Y). Then

[Or] € m(X'xY)=imK(X') C K(X), (5.23)
and we are done. O

Immediately, from induction on n = dim(X), we have:

Corollary 5.7. If Y = Al, then K(X) = K(X xY).

5.2 GRR for X xP" = X
We now prove the surjectivity of K(X)® K(P") — K(X x P").
Proposition 5.8. Let X be a variety. Then K(X)® K(P") —» K(X x P") is a surjective homomorphism.

Proof. We proceed by induction on n. The proposition is trivial for n = 0. For n > 0, let H be a hyperplane
of P" and let U = P" —H. Then the following diagram is commutative with exact rows:

K(X)® K(H) — K(X)® K(P") —= K(X) @ K(U) —>0 . (5.24)

K(X x H) ——> K(X xP") —— K(X x U) 0

Note that ¢y is surjective by the inductive hypothesis. ¢35 is as well, since Corollary (5.7) implies that
K({U)~Z and K(X x U) =~ K(X). Thus, ¢ is also surjective. O

To conclude the proof that f : X x P — X is projection onto the first factor, we verify a Hirzebruch-
Riemann-Roch type result for P™:

Proposition 5.9. Let .% be a coherent sheaf on P"*. Then

(P, F) = / ch(.F) td(Thn). (5.25)

n

Proof. Let x = [H] € AL(P™) be the class of a hyperplane. Then
xn+1

By Theorem 4.8, we can write [#] as a Z-linear combination of twisted structure sheaves. Thus, it suffices
to prove our formula for the divisor sheaf & (r) = .% associated to rH. Computing the Chern character, we
obtain:

ch(O(r)) = ch(0(1))" =€". (5.27)
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Remark 5.10. (Cohomology Computation) We recall that H*(P", €'(r)) is a vector space over a field k ([6]
I11.5) with the following properties:

1. dim HY(P™,0(r)) =0 for 0 < £ < n and all r € Z.

n-+r
>
2. dim HO(P", 6(r)) = < r ) r=0

0 else.
—r—1 < 1
r<-n-—
3. dim H*(P", 0(r)) = —n—r—1 -

Thus, the Euler characteristic is

Y(P", 6(r)) = dimy, HO(P", 6(r)) + (—1)" dimy, H™(P", 6(r)) = (” ; 7"> . (5.28)

Now, we need only show that

/n ch(F) td(Tpn) = /% _ (n : r) . (5.20)

Expressing this formula in terms of residues, and letting y = 1 — e™*, we obtain:

/ ch(6(r)) td(Tpn) = res,—o (uzml)nﬂdx) = res,—o (%dy) - (" N T) L (5.30)

O

Corollary 5.11. GRR is true for projection onto the first factor X x P" — X.

5.3 GRR for Divisors

From Corollary 5.11, it suffices to show that GRR holds for closed immersions. Here we prove the intermediate
case of the inclusion of a divisor. Then, we blow up along the divisor and prove that this is sufficient for the
general case of a closed immersion.

Let Y be a closed sub-variety of X, let ¢ : ¥ — X be the inclusion of ¥ in X, and let _# be the ideal
sheaf of Y. Then we have an exact sequence

0 §4 Ox —= Oy 0 (5.31)
where r : Ox — Oy is the restriction map. We write
c/V:e/VY7X:%OmﬁY(j//2,ﬁY) (5.32)

for the normal sheaf of Y in X. This is locally free since its dual A4 = ///2 is. We write p =
codim(Y, X).

Now, if D is a divisor on X, then &'(D) is the invertible sheaf determined by D. We construct this locally
on Spec(A) C X as the rank one subsheaf of the field of fractions sheaf of A. This is generated by the inverse
of a local defining function for D. The relation

c¢(0(D)) =1+ [D] (5.33)
holds.
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5.3.1 Algebraic Interlude: Koszul Complexes

Definition 5.12. Let A be a Noetherian ring. For any A-module M, x € A is M-regular if x : M — M is
injective. A sequence x1,...,x, € A is a reqular sequence for M if:

1. x; is regular as an element, and z; is (M/(x1,...,2;—1)M)-regular for all 7.
2. M/(z1,...,20)M #0.

Example 5.13. If F' £ 0, G # 0 are homogeneous polynomials of positive degree with ged(F,G) = 1 in
S = k[Xo,...,X,] then F,G are S-regular.

We use regular sequences to define the Koszul Complex of an A-module M and a sequence z1, ..., z, € A.
Let E be a free A-module with basis ey, ..., e,. Then the Koszul complex (for M) is the sequence
0—>MNE—>Mao\N 'E—s  —>M@E—>M (5.34)

with A-linear differential
d(eil JANCRRIVAY 67;17) = Z(_l)j_lxijeil VAN eip. (535)
J
When M = A the entire Koszul complex is exact. In general we have the following

Theorem 5.14. If x = x1,...,x, is an M-reqular sequence, then

0, p#0

M/(zM), p=0 (5.36)

Hy(K.(z, M)) :{

for Koszul compler K..

This construction is of consequence for our theorem because we can replace A by 0x and M by an
O x-module .%. We then obtain a locally free resolution of .%. In the following Proposition, we prove the
case F = Oy.

Proposition 5.15. Let Yi,...,Y,, be non-singular sub varieties of X such that
Yiin---NYhy (5.37)
meets Y; transversely for i =2,...,m. Then in K(X)

[Ovin-av,) = [[10%)- (5.38)

7
Remark 5.16. We say that two subvarieties Y;,Y; of X meet transversely if the set of defining functions
for both generate the maximal ideal of the stalk Ox , at any point x € ¥; NYj}.

Proof. By induction, it suffices to prove the case where two sub varieties Y, Z meet transversely. Definition-
ally, [Oy] - [07] is the alternating sum of Tor?* (Oy, 6 z). If Y N Z = 0, then both the left and right hand
sides of (5.38) are clearly zero.

Now take some a € Y N Z. Write local defining functions fi,..., f, for Y and g1,..., g, for Z about a.
We tensor the Koszul complex for &y with &z to obtain the exact sequence

0—= 0Oz, N'E—— - ——=0z0,LE— 07 . (5.39)

Aselementsof 0z, = Ox o /(g1,.-.,9q), the f; form aregular sequence. Thus, the Koszul complex homology
gives the derived functors Torliﬁ X(Oy,0z). By Theorem 5.14, all homology groups vanish except for p = 0,
which is precisely Oz, /(f1,--., fp) = Oynz,q- Hence

Torg = [Oy] - [0z] = [Oynz] (5.40)
as desired. O
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Corollary 5.17. Let Y be a non-singular hyperplane section of X and let k be the dimension of X. Then
(1~ [oy])+ =o.

Proof. We know that [@y,] = [Oy,] for any two non-singular hyperplane sections of X. Furthermore, by the
exact sequence

0—— ﬁ(Y)_l Ox Oy 0 (5.41)

we have [0y] = 1 — [0(Y)]™!. Applying the previous proposition, (1 — [€(Y)]"1)k¥*? = 0. Multiplying
through by +[0(Y )]k gives the desired result. O

Proposition 5.18. For any y € K(Y),
Fiu(y) =y A1 (A7) (5.42)
In particular, i*[Oy] = A_1(A™).

Proof. By linearity it suffices to prove for the case where y = [.#] for some locally free sheaf .%. Since % is
locally free i.[.#] = [ix Z], so we write

i [F] =) (~1) [Tor{*(Z, Oy)). (5.43)

>0

Also, by the freeness of .# and \!(_4*), we have
[(Z] A (A7) =[F] (L= [+ [N =) (5.44)
=[F] [F oy Nt + [ F ®Rpy NN — .. (5.45)

From the normal sheaf isomorphism A" ~ 7/ # 2. it suffices to prove
1. Toa?X(F,0y) = F @¢, 7] 7>
2. Tor?* (Z, Oy) = F @6y N Tor?* (Oy, Oy) = F @6, N (Tor?X(ﬁy, ﬁy)) .

The exterior product in (2) is well-defined by virtue of the local freeness of Tor?* (&y, Oy ); thus, (1) must
be proved first.
We apply the long exact sequence for Tor to (5.31) and obtain the exact sequence

0 ——Tor?*(F,Oy) — 7 @py F ——>F , (5.46)
where ¢ is given by ¢(u ® v) = uv. We know that .# is supported on Y and is annihilated by _#. Thus,
the middle arrow is an isomorphism. Furthermore, the image of #? ® .Z is zero in _# ® %, so we have an
isomorphism with % ®¢, #/_#2. Finally, the tensor product is unchanged over @y rather than 0x, so we
have (1).

To prove (2), we use the Koszul complex from the previous proposition. We know the homology groups
for the Koszul complex for the sheaf .# are precisely Tor? X(&F,0y) by the definition of Tor as a derived
functor. Now, the local defining functions for ¥ are the sections of _# and annihilate %, so the differentials
in the complex are all zero. This gives

Tor!*(F,0y) = F @, N'E = F @6, (0Oy @, \' E). (5.47)

That is, the homology groups and the terms of the complex are the same. We take .# = 0y and i = 1, so
we have Toriﬁx (Oy,0y) = Oy ®,E. From the above equality, we obtain

Tor! X (Z,0y) = F @, \ Tor{* (O, Oy). (5.48)

This completes the proof. O
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Proposition 5.19. Let D be a divisor on X and ¥ = O(D) |p. Then
1. =MD x.
2. [0p]=1—[0(D)] .
3 i, =y (1—[ZL]7Y) for ally € K(D).

Proof. 1. Let & = {U;},o; be an open cover of X such that the divisor D is given by f; = 0 on U; and
df; # 0 on D NU;. For U;; = U; NU;j take g;; = f;/f; as the transition function. Note that A4 is
trivial on U;, but df; = g;;df; on D NU;;, so A" is defined on U by gigl.

2. Consider the exact sequence

0 B4 Ox Op 0 (5.49)
and take ¢ = Z(D)*. The result follows immediately.

3. This is simply an application of the previous proposition and (1).

It remains to be shown that
ch(i(y)) = i (ch(y) - td(H) ), (5.50)

which is sufficient to demonstrate our case of the closed immersion. Indeed, from the following exact sequence

0——=0x ——=0Oxy My x 0 (5.51)
we have that * td(Tx) = td(Ty) - td(.#"). Thus, for any y € K(Y),
i (ch(y) - td(A) 1) = iu(ch(y) - td(Ty) - i* (td(Tx) 1)) = ix(ch(y) - td(Ty)) - td(Tx) 1, (5.52)
and (5.50) suffices. We prove this for the special case of Y = D and divisor on X.
Proposition 5.20. Equation (5.50) holds for Y = D a divisor on X and y = i*(x) where z € K(X).
Proof. We use the projection formula:
fely- (@) = fuly) - = (5.53)
and (2) in Proposition 5.19 to obtain
ch(i,i*(x)) = ch(z - i.(1)) = ch(z - (1 — [D]71)). (5.54)

Recall that  — ch(z) is a ring homomorphism and that (as noted above) ¢(&(D)) = 1+ [D]. Set y = i*(x),
so the left-hand side of (5.50) becomes

ch(i,(y)) = ch(x) ch(l — [¢(D)]™') = ch(z) - (1 — e~ 1P]). (5.55)

Furthermore, the right-hand side of (5.50) becomes

i (ch(i*(x)) - td(0) 1) = i, (i* ch(z) - i* td(0(D)) ™) (5.56)

= ch(z) -td(€0(D)) ™! -i.(1) (5.57)

= ch(x) - td(0(D))"" - [D). (5.58)

Finally, we know that td(¢(D)) = [D] - (1 — e~IP})~1, so we have (5.51). O

Remark 5.21. This final term [D] - (1 — e~ [P1)~1 is precisely the failure of commutativity of ch(-) and f,.
This accounts for the appearance of the Todd class in more general versions of GRR.
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5.4 Blowing Up Along the Divisor

Corollary 5.22. GRR is true for closed immersioni: Y — X where X =Y xP" andi mapsa € Y — (a,p),
where p € P".

Proof. By Lemma 5.3 and the fact that GRR is true for the identity ¢ : Y — Y, we need only prove the
proposition for i : {a} — P". Finally, since K({a}) ~ Z, we consider 1 € K ({a}).

By Proposition 5.20 we know that GRR holds for the divisor case (n = 1). Thus, by induction, we
consider the map u : {a} — H for some hyperplane H of projective space. It suffices to prove that GRR is
true for v : H — P". This will follow from the divisor case once we have that u.(1) € v*(K(P")).

Let Z be another hyperplane in P" and L a line in H such that {a} = LN Z N H. By Proposition 5.15,
we have that

[0y =[01] - [Onnz]. (5.59)

Then, by (2) of Proposition 5.19, we have [0 ynz] =1 — [0(H N Z)]~1. Furthermore, as Z is a hyperplane,
we have the identification 0(H N Z) = O(H) |g. Finally, (3) of Proposition 5.19 gives

us(1) = [Oy] = v v, [OL] (5.60)
with [Oy] € K(H) and v.[0] € K(P"). O
Corollary 5.23. If Equation (5.50) holds for 2dim(Y") < dim(X) — 2, then it holds in general.

Proof. We have that GRR is true for X — X x P". Form the composition ¥ — X — X x P" and use
(2) of Lemma 5.2 to see that GRR is true for Y — X. Simply select n sufficiently large enough such that
dim(X) +n —2 > 2dim(Y") to finish the proof. O

We consider the blow-up commutative diagram:

y L x (5.61)

I

y o x
where X is a non-singular variety, ¢ : ¥ — X is the inclusion of the nonsingular subvariety Y into X.
Furthermore, f : X’ — X is the blowup of X along Y, 7 : Y/ — X' is the inclusion of the exceptional divisor,
and ¢ is the restriction f |y/. As before, p = codim(Y, X), so g becomes a projective bundle with fiber PP -1
We denote the normal bundle of Y in X by N and N = g*N its pullback to Y’. Let L be the line bundle
corresponding to the exceptional divisor Y’ in X’. Finally, define F' = N /L, which is a locally free sheaf of
rank p — 1.

We will prove that GRR is true for a closed immersion 7 : Y — X of two non-singular, quasi-projective
varieties using a series of lemmata.

Lemma 5.24. Let G be a rank k vector bundle over a variety X. Then
ch(A_1G) = e, (G*)td(G*) ™! (5.62)

Proof. We write

(@) = H(l + a;) (5.63)
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by the Splitting Principle. Furthermore,

k
@) =JJ(0=a), and NG = [ (A+ai+-+a). (5.64)

i=1 ERSEEN
Thus, the top Chern class for G* is

e (G*) = (=DFay, ..., a. (5.65)
Finally, from the definition of the Todd class

k
ch(A_1(G)) = [J(@ = e*) = td(G*)ex(G"). (5.66)

i=1

The next four lemmata are particular to the blow-up diagram.
Lemma 5.25. We have that f.(1) =1 for f.: Ax(X') — A*(X). Then f.f* = ida-(x).

Proof. The map f : X’ — X is an isomorphism except at the exceptional divisor. As such, it has a local
degree 1. This tells us that f, maps 1 € A*(X') — 1 € A*(X), i.e., fundamental cycles to fundamental
cycles. O

Lemma 5.26. The proper pushforward g, : A*(Y') — A(Y') satisfies g.(cp—1(F)) = 1.

Proof. The pushforward g, lowers the geometric codimension, i.e., degree by dim(Y”)—dim(Y") = p—1, which
corresponds to integration on the fiber. Then the restriction of L to the fiber PP~! is isomorphic to kP — {0},
i.e., the principal fiber of the group k* with base PP~!. Then, the first Chern class is c1(L) = —[H] where H is
a hyperplane in the fiber PP~ We have that g, ([H]?~') = 1 and g.([H])" = 0 for 0 < i < p—1 by dimensional
computation. Recall that N/L = F, so ¢(N) = (1 — [H])e(F) and ¢(F) = g*c¢(N) - (1 + [H] + [H]? + ---).
Then

o(F) =c¢(N)- (1= [H]) ™" = g"c(N)- (1 + [H] + [H] +---). (5.67)
Hence,
cp-1(F) = [HPP ™ + g (ex(N) - [HIP 2 + - + g™ (cp-1(N). (5.68)
We apply the pushforward to obtain
9u(cp—1(F)) = gu([HIPH) + cr(N)gu ([HIP2) + -+ + cp1(N) g (1) (5.69)
Thus, ¢.(cp—1(F)) = 1. O
Lemma 5.27. For ally € K(Y), we have f*i.(y) = j«(g* () A_1(F™)).

Proof. We continue to write ¢ = _f#y for the ideal sheaf of Y C X and #’' = _#y- for the ideal sheaf of
Y’ C X'. Furthermore, ¢/ _#? is the sheaf of germs of sections of E* and #'/_#? is the sheaf of germs
of sections of L*. Finally, ¢/ #2 ®¢, Oy is the sheaf of germs of sections of ¢*(E*) = E'*. Taking an
element u € _#, mapping to uo f € #s-1(, defines a surjective homomorphism of &y /-modules

we S I Coy O — J') 77 (5.70)
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This corresponds to a map g’ : E’* — L* and thus an injection L < E’. We have that ker(u) is the sheaf
Oy (F™) of germs of sections of F*, which is locally free. Then E"™*/ker(u) = L* and [ker(u)] = [F*] in
K(Y"). Therefore, we have an exact sequence

0——= Oy/(F*)—= | 72 ®p, Oyr —— J'] §"* —0. (5.71)

By linearity, we need only prove the lemma for y = [¢], where ¢ is a locally free sheaf. Then g*(y) =
¢ ®¢, Oy] is locally free on Y’ and

g'(5) A1 (F7) = 318 @0y Oy @0y, Oy (NF)] (5.72)
i>0

= (' [F 0, Oy (N[F)]. (5.73)
i>0

Also, f*i.(y) is the alternating sum of Tor;ﬁ *(¥4, 0 x/). Thus, our proof of the lemma reduces to the following
Tor equalities:

1. Tor?*(Oy,Ox:) = N Tor?* (Oy, Ox) (i >1).

2. [Tor?X(Oy,Ox:) =[Oy (F*)]].

3. Torjﬁx(%,ﬁx/) =9 ®p, Torfx(ﬁy,ﬁx/) (Gj=1.
We prove (1) using the Koszul complex

We need only consider a neighborhood of ¥" € Y”, as both sides of (1) vanish outside of Y. We take U C X
open and containing b = g(b). The local coordinate expression of the blow-up is given by

U' = f1U) = {(2,y) : @i f;(y) — z;fi(y) = 0}, (5.75)
where f1,..., fp locally define Y NU in U and [zg : ... : x{,_l] are the homogeneous coordinates for fibers
PP~! of f. We let & = {U;} be the affine open cover of PP~* so then U! = f~1(U; N U) form an open cover
of U'. We take b’ € U} and observe that our Koszul complex becomes

OHﬁX/Q@kApElH"'HﬁX/, (576)

where E’ has basis {e}} and differential
diee)=fel dloe)= (fifjf”f> ®1, (5.77)

when i # j. Then the cycles of this complex (of exterior power s) are precisely

ZS:ﬁxr®k/\(e’1,...,€3,...,e;) (578)
and the boundaries are
Bs:fj.ﬁx@k/\(e’l,...,ég,...,e;). (5.79)
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Thus,

Tor{*(Oy,Ox/) ~ Oy @i \ (¢h,....€),...,€}). (5.80)

77 ’Tp

This proves (1).
We now prove (2). From the short exact sequence

0 B4 Ox Oy 0, (5.81)

we get
00— Tor?>(Oy,Ox)) — F @py Ox) —— Ox (5.82)
in the associated long exact sequence since Ox ®p, Ox = Ox/ and Tor?x (Ox,0x) vanishes. We want

to show that g in the above sequence is precisely our surjective homomorphism g. Note that
TOI"lﬁx(ﬁy, ﬁX/) ®0X, Oyr = TOI"lﬁx(ﬁy, ﬁX/) ®ﬁy, Oy = Toriﬁx(ﬁy, ﬁX/). (583)
Then the defining short exact sequence for #’, analogous to (5.82), has
Tory X' (f', Oy)) —=Tor{*(Oy, Ox/) G0, Oyi —= J @6y Ox1 @0, Oy —= J'®o,, Oy —=0
(5.84)

in its associated long exact sequence for Tor?x (-, @x.). Also, #' = Ox/([Y']~"), which is locally free, and

Toriﬁx' (7 ', Oy+) = 0. This, along with the above piece of the Tor long exact sequence and (5.84) gives the

short exact sequence
OHTOYiﬁX(ﬁY,ﬁX/)Hj(gﬁX ﬁy/$//®ﬁx/ ﬁy/ —0. (585)

Hence the image of /2 ®ex Oy in _Z ®e, Oy is zero as is the image of /’2 ®g,, Oy in /' Qe Oy
Then we have

j®ﬁx ﬁY/:j//2®ﬁy ﬁY’) //®ﬁx/ ﬁY’:j//jQ, (586)

thus verifying the equivalence of p and g. Finally, comparing this to (5.72) gives (2) as an equality of sheaves.
Finally, we prove (3). Let

TY,0x)=9R¢, Oy @ Ox/, (5.87)

which is functorial in 4 and €' x:.. We wish to compute the left derived functors L;T either in ¢4 or O x.
We use the Fs, spectral terms

EY = Tor{Y (Tor{*(0x/,0y),9),  Ef' =Torl*(Tor{¥(¥,0y),0x). (5.88)
Indeed, for some ¢ > 0, these terms will coincide. Thus,
EY = EJ° = L;T(¥4,0x). (5.89)

Finally, By = 9 ®¢, Tor{*(0y, Ox:) and EJ° = Tor{* (4,6 x:), so (3) holds.
O

We require one more lemma in order to finish our proof of GRR:
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Lemma 5.28. If p > dim(Y) + 2, then A_1(F*) =0 mod (1 — L*).
However, the proof of this lemma requires a further result on vector bundles:

Lemma 5.29. Let ¢ = dim(Y) and let G be a vector bundle of rank p = ¢+ k on'Y, where k > 0. Then
M([G]—k)=0 fors>q+1.

Proof. Let ¢ be the line bundle of a hyperplane section of Y. Then, by Proposition 5.15, we have that
(1 )"+ =0, (5.90)

hence [(] = 1+ u € K(Y) satisfies u¢™ = 0, and

[ = Zq: (7;) ul. (5.91)

M(ERCEEORS | P RD G (5.92)

Then we see that the respective coefficients are of the form
XN([G]- 10" = k) = By iPyi(n), (5.93)

i=1

where B, ; € K(Y) and the P ;(n) are polynomials with rational coefficients and integer values when n is
sufficiently large. A theorem of Hilbert states that the P ; can be expressed as a Z-linear combination of

(f) —a(z—1) - W’ (5.94)

So we write
SCRUEEE W] (5.95)
=0

where A;; € K(Y). For n > ng, the bundle G ® ¢ is ample, so it contains a trivial fiber of rank k. Hence,
we have the identification [G] - [¢(]™ — k = [G'] for some fiber G’ of rank ¢. Also, A*[G'] =0 for s > g + 1.
Now it suffices to prove the following: if

P(n) = ; A <T;> =0 (5.96)

with 4; € K(Y) for n > ng, then A; = 0 for all i. We induct on m and consider the difference between
consecutive values of P

P(n+1) — P(n) = ,i;Ai ((”;ﬂ) _ (?)) _ 2,4(17_11) :?AM(?). (5.97)

Since P(n + 1) — P(n) = 0 for n > ng, the A; vanish by the inductive hypothesis and the observation that
Ay =0. O

Proof. (Lemma 5.28) First we prove two necessary formulae:
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L9 1) = (-1)FA_1[9).
2. M([#]-(1-[£])) =1 mod (1-[Z]).
Let ¢ be a locally free sheaf of rank k on Y. Then
MG = 1) = MZ) A1) =09 - (L+ )P =N[F]- (1 —t+12 =2 4.0, (5.98)
Comparing terms of equal degree in ¢, we have (1). To prove (2), let .Z be an invertible sheaf on Y. Then
N([9)-[2) = [£2] - N[9) = N([¥] - [£]) = N'[¥] mod (1 [£)). (5.99)

Then we have (2). In particular, if 41,95 are both locally free sheaves on Y, the relation [¢;] = [¢]
mod (1 — [.#]) implies that \{[¢1] = \[¥3] mod (1 — [&]) for i > 1.
We now use these in our proof of the lemma. Applying (1) to F*,

(—)PINL[FF = NN [F] - 1). (5.100)
We have that A/ F* = £* so [F*]—1=[A4"*] -2 mod (1 —[£"]), and (2) then implies that
(—1)PINL[FF = (A" - 2) mod (1 - [£7F]). (5.101)

Finally, since \P~1([_47*]=2) = g*\P~L([.4"*]—2), it suffices to show that \P~1([.4*]-2) =0 mod (1-[-£7]).
This follows directly from the above lemma. O

Finally, we are in a position to prove:

Proposition 5.30. GRR is true for a closed immersion i : Y — X where X,Y are non-singular, quasi-
projective varieties.

Proof. By Corollary 5.23 and the preceding results, it suffices to prove
ch(i(y)) = i(ch(y) - td(#) ") (5.102)
when y € K(Y) and p > dim(Y) + 2. By Lemma 5.28, we have that ¢*(y) - A\_.1[F*] = mod (1 — [Z7]).
By Proposition 5.19, this lies in the inverse image j*(K(X')), so we apply the divisor case of GRR to
j:Y"— X'. Thus,
ch(j« (g™ (y) - A-1[Z7])) = Ji(ch(g™(y) - A1 [F7]) - td(2) 7). (5.103)
Now, in order to prove (5.104), we establish the following equalities:
L fulch(Gu(g™(y) - A1 [F7]))) = ch(in(y))
2. fi(§s(ch(g™(y) - A1 [F7]) - £d(L) 7)) = iu(ch(y) - td(A) )
By Lemma 5.27, we observe that the left-hand side of (1) is equal to
fe(ch(f in(y))) = fuf" (ch(is(y))) = ch(is(y)), (5.104)
where the last equality follows from Lemma 5.25. Proving (2) requires a little more work. First, we have
ch(g™(y) - A1 [F7]) = ch(g"(y)) - ch(A_1[F]) = g"(ch(y)) - ch(A_1[F7]), (5.105)
which, by Lemma 5.24, is equal to

g9*(ch(y)) - cp—1(F) - td(F) L. (5.106)
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Furthermore, 4"/ .% = % implies that
g (td(A)) = td(A") = td(A) - td(L). (5.107)
We apply this to (5.106):
ch(g” - A1 [F7] td(L)7) = ¢p-1(F) - g7 (ch(y) - td(A) 7). (5.108)
Now apply the proper push forward g, to the left-hand side and invoke Lemma 5.28
g-(ch(g*(y) - A_1[#7] - +d(£) ™) = ch(y) - td(A) L. (5.109)
Finally, we return to our commutative blow-up diagram, which yields fij. = i.g+«, and apply 7, to obtain
Fege(eh(g™ (y) - Aca[F7]) - £d(L)71) = iu(ch(y) - td(A) ), (5.110)
which gives (2), and therefore proves the proposition. O
Recalling the reduction of Theorem 5.1 (GRR) to the following components:
1. Establish that f : X x P" — X is projection onto the first factor,
2. Show that f:Y — X is an immersion onto a closed subvariety,
which were respectively established in Corollary 5.11 and Proposition 5.30, the Grothendieck-Riemann-Roch

theorem for non-singular, quasi-projective varieties is finished.

5.5 Applications

In this brief subsection, we continue to follow [1]; however, we provide further applications later in this paper.
Of course, we would be remiss to not include the necessary specialization of Theorem 5.1:

Corollary 5.31. The Grothendieck-Riemann-Roch Theorem implies the Hirzebruch-Riemann-Roch Theo-
rem: for any vector bundle E on a smooth, projective n-dimensional variety X, we have that

X(X,E) = /Xch(E) -td(Tx). (5.111)
In particular, x(X, Ox) = deg(td(Tx)).

Proof. We have already suggested the method of proof in the introduction. Let & be the locally free sheaf
corresponding to E. Consider f : X — Y and Y = {point} and apply the Grothendieck-Riemann-Roch
theorem. In this case, the pushforward f, on the Chow ring is simply the degree map [ - Now we need only
show that ch(f.[£]) = x(X, E). We know that K (point) = Z. Then

oA = SO (C1RI(8) = SO(-1[H (X, &), (5.112)

i>0 i>0

by Propositions 4.15. The Chern character takes the rank on Y = {point}. Thus,

ch(f.[6]) = Z(_Uirank(ﬂi(x, &) = x(X, E). (5.113)

O

The following application is due to Hirzebruch, regarding integration on a complex algebraic fiber bundle.
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Proposition 5.32. Let p: E — B be a complex algebraic fiber bundle with fiber F. Then

p«(td(TF)) = groad(F) - 1, (5.114)
where gio4d(X) is the Todd genus of a variety X, defined to be the degree of td(Tx).

Proof. Consider the short exact sequence

0 Te T T —=0. (5.115)
Using this and the naturally of the Todd class, we have td(Tx) = p*td(TB) - td(TF). Then
P« td(Tr) = td(TB) - p« td(TF), (5.116)
by the Projection formula. Now apply GRR to p and the trivial fiber 1 € K(X) on X:
p«(td(Tx)) = td(TB) - ch(p.(1)). (5.117)
From (5.110), we get
ch(p.«(1)) = p«(td(TF)). (5.118)

Now we wish to compute p,(1). Let U C B be an open affine for which p : X — U is trivial. Then,
HY(U,Oy) = 0 for i > 1. Invoking the Kiinneth formula,

HYU X F,0x)= Y H'(U,0y)® H(F,0p) = 0y(U)® H"(F,0F). (5.119)
i+j=q

The structure group G of our fiber bundle p : E — B acts trivially on H*(F, 0'r). Hence,
pe(1) = [05] - | Y (D) H*(F.Op)] ] . (5.120)
k>0
Since p.(1) is a linear combination of the classes of trivial vector bundles,

ch(p.(1)) =Y (-1)* dim H*(F, 0r) C Ay(B). (5.121)
k

Hence, giodad(F) = td(TF) - [F] = ch(p«(1)). O
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6 Riemann-Roch Algebra

In this section we follow the approach of [3] in formulating “Riemann-Roch functors,” i.e., covariant-
contravariant pairs satisfying particular axioms with a natural transformation between the contravariant
parts. In this approach Riemann-Roch type theorems can be proved in an entirely algebraic setting, inde-
pendent of underlying geometric considerations.

6.1 A General Situation

Consider two contravariant functors K and A from a category to the category of rings, and a natural
transformation ¢ : K — A. Since the Chern character considered in §5 is the most important example of
this transformation, any such homomorphism

ox  K(X) — A(X) (6.1)
is simply called a character.

For some morphism f : X — Y, we have pullback homomorphisms:
A KY) = K(X), fYAY) = AX). (6.2)

When acting as functors to abelian groups, K and A also exhibit covariant behavior with pushforward
homomorphisms

fr  K(X) = K(Y),  fa:AX)— A(Y). (6.3)

In general, these pushforwards do not commute with the character. However, we can construct an element
77 € A(X) such that the following commutes:

TEPX

K(X) A(X) (6.4)
fK\L fA\L
K(Y)———— = A(Y)

When this diagram is commutative a Riemann-Roch type theorem is said to hold. We have already noted
a common thread in Riemann-Roch theorems: for a morphism f : X — Y under consideration, we have a
factorization:

X*i>pni>y’ (6.5)

where 7 is a closed embedding and p the projection map. From this property we will construct an abstract
formalism of Riemann-Roch functors that allows us to deduce very general Riemann-Roch theorems from
the simple case of ¢ an elementary embedding and p a bundle projection.

6.2 Riemann-Roch Functors

Consider a category ¢ and simultaneously contra- and covariant functors H on . For each X € ob(%), H
associates a ring H(X), and for each morphism f : X — Y, homomorphisms

A HY)— H(X), fu:H(X)— H(Y). (6.6)

These homomorphisms satisfy the following axioms:
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A(1): X = H(X) is a contravariant functor from % to rings via f¥.

A(2): X — H(X) is a covariant functor from % to abelian groups via f.

A(3): For all morphisms f: X - Y and all z € H(X),y € H(Y), we have a natural projection formula:
fra(z - () = fu(x) -y (6.7)

In particular, fa (£ () = fu(L)y.
In our version of the Grothendieck-Riemann-Roch theorem, these homomorphisms were simply f* and

fe

Definition 6.1. A Riemann-Roch functoris a triple (K, ¢, A), where K and A are functors satisfying axioms
A(1)-A(3), and ¢ : K — A is a morphism of contravariant functors, i.e., where for each X, px : K(X) —
A(X) is a ring homomorphism, and

Fov(y) = ox (X)) (6.8)
forall f: X =Y, ye K(Y).

We call ¢ the Riemann-Roch character (the Chern character in the previous section). We say that
Riemann-Roch holds for a morphism f if, for some 74 € A(X), the following diagram is commutative:

K(X) 15 A(X) (6.9)
| |7
K(Y)—£= A®Y)
Equivalently, for all 2 € A(X),
oy [r(x) = falrs - px(2)). (6.10)

We call 7¢ the Riemann-Roch multiplier. This element is the measure of the failure of ¢ to be covariantly
functorial. Recall that in the case for non-singular quasi-projective varieties,

7 = td(Tx). (6.11)

In particular, when Y is a divisor D on X: td(€(D)) = [D] - (1 — e~[P1)~1,
The general conditions for Riemann-Roch to hold are given by:

Theorem 6.2. Let f: X =Y and g:Y — Z be morphisms. Assume that Riemann-Roch holds for f and
g with associated multipliers Ty and 7. Then Riemann-Roch holds for the composition g o f with multiplier

Toor = [A(19) - 75 (6.12)
Proof. Consider:
¢z(9x [k () = ga(7y - ¢y fi (2)) (6.13)
= ga(ry - falrs - x(2))) = gafa(fA(rg) - 77 - px (2)), (6.14)
where the equalities follow from Riemann-Roch for g, f, and the projection formula, respectively. O

This next theorem gives a means to determine Riemann-Roch multipliers for certain embeddings.
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Theorem 6.3. If fX : K(Y) — K(X) is surjective, and there is an element 7 € A(Y') such that

ey (fx(1)) = fa(l)T, (6.15)
then Riemann-Roch holds for f with multiplier
7 = fA(7). (6.16)
Proof. For some z € K(X), let x = f&(y), where y € K(Y). Then compute
ofr(z) = off5 () = (fr(1)y) = e(fr())e(y) = fa(1)To(y) (6.17)
= falf A (re) = fa(FA(T) o) = Fa(fA (D) f () = falrpe(@)). (6.18)
[

6.3 Chern Class Functors

We can specify Riemann-Roch functors to the case of Chern classes. A Chern class functor on € is a triple
(K,c,A) where K and A are functors satisfying axioms A(1)-A(3) for each X € ¥ and ¢ is a Chern class
homomorphism:
ex  K(X) — 14+ AX)™. (6.19)
This homomorphism must satisfy the following axioms:
C(1): Each K(X) is a A-ring with involution, and f¥ is a homomorphism of A\-rings.
C(2): Each A(X) is a graded ring, and f4 is a graded ring homomorphism of degree 0.
C(3): For f: X - Y and y € K(Y), we have
fe(y) = (5 (). (6.20)

We know that f4 and f¥ are ring homomorphisms, so when A is a Q-algebra, we have the functorial
rules

fAeh(y) = ch(fX(y),  fAtd(y) = td(f* (). (6.21)
Thus, if X — (K(X),cx,A(X)) is a Chern class functor, then
X — (K(X),chx, A(X) ®z Q) (6.22)

is a Riemann-Roch functor.

6.4 Elementary Embeddings and Projections
A morphism f: X — Y is an elementary embedding with respect to the Chern class functor (K, ¢, A) if
A K®Y) — K(X) (6.23)
is surjective, and there exists a positive element ¢ € K(Y") (the principal element) such that
f) =A@, fall) = cuopla). (6.24)

The surjectivity condition on fX holds when there is a morphism p : Y — X where po f = idx.

We can explicitly determine our multiplier using the principal element. For (K, ch, Ag) we have the
following:
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Theorem 6.4. Riemann-Roch holds for elementary embeddings, with multiplier
= td(f5qg") 7 (6.25)

Proof. This theorem follows from Theorem 6.3 and the fact that td(z)ch(A_1(2*)) = ciop(z) (see Lemma
5.24) for some positive element z. O

We can also consider the “dual” situation where f: X — Y is an elementary projection, which imposes
isomorphism conditions on fx : K(X) — K(Y). We will not go into a full exposition of this, but again we
can explicitly find the Riemann-Roch multiplier 7; for this case.

This section tells us that, to prove Riemann-Roch for a morphism f with respect to (K, ch, A), it suffices

to factor f = poi, where p is an elementary projection and i is an elementary embedding (or admits a basic
deformation to an elementary embedding).
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7 Grothendieck’s y-Filtration

In this section we explore a celebrated consequence of the Grothendieck-Riemann-Roch theorem: the Chern
character induces a multiplicative isomorphism

ch: Ko(X)®zQ — A*(X) ®2 Q. (7.1)

This can be generalized further; indeed, we consider the A-ring structure of K (X) and using Grothendieck’s
~-filtration, construct a graded object Gr K (X) such that we have the following isomorphism:

ch: K(X)®2,0Q = GrK(X) 27 0. (7.2)

This v-filtration was developed by Grothendieck in order to replace the more natural “topological”
filtration on Ko(X). Let X be a Noetherian scheme. Then, the topological filtration is given by F"X/Fntt X
where F X is the subgroup of Ko(X) generated by the classes of sheaves .% for which codim(supp(%#)) > n.
There are, however, two issues with the topological filtration:

1. It can be applied to K°(X) only when Ko(X) = K°(X).

2. Even when we have this equality, we do not know if it is compatible with the ring structure of Ky(X).
An affirmative answer is only known for varieties over a field.

Grothendieck tackled these problems by defining the y-filtration on K°(X). We shall describe this filtration,
construct a new graded K (X) associated to it, and finally prove that the Chern character is an isomorphism.
This could be done in the algebraic context of the above section; however, we restrict ourselves to the more
classical methods in [7].

Definition 7.1. There are operations 7¢ : K(X) — K(X) fori =0,1,2,... given by
z) = i’yi(x)ti = A (@) =) N@)(t++-) e 1+tK(X)[t]). (7.3)
i=0
Such operations also satisfy:
P(): iz +y) = 2(x) - %(y);

P2): w(l) =1+ 5 = n(-)=1-1

P(3): Let £ be the class of some invertible sheaf %#. Then
=1 = 0O =1+ = 1), w(1=0) =~ =300 (7.4)

Definition 7.2. There is a filtration on the ring K (X) given by
F'K(X) =ker(c: K(X) — Z), (7.5)

where € is the homomorphism that maps the class of a locally free sheaf on X to the rank of its stalk.
Furthermore, we define F"K(X) to be the Z-module generated by elements {y{z1,...,v, 2y} where z; €
FIK(X) and Y r; > n.

It is immediate that this is a filtration. Also, F™ is an ideal for all n since

oy (1) -y (k) = (2 — @)y (1) - () + (@) (), (7.6)

and the first term is in F™ L.
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Proposition 7.3. When the additive subgroup of the ring K(X) is generated by classes of invertible sheaves
on X

F'K(X) = (F'K(X))" (7.7)
Proof. Let £; be classes of invertible sheaves on X. We have that
(b =1)- (L= 1) =~ (= 1) -4 (l; = 1), (7.8)

so (F'K(X))! ¢ F'K(X). Conversely, we need only prove that v%(x) € (F!)? for all i > 1 and € K. This
is immediate by 77 (1 — £) and 7 (£ — 1), which were calculated in P(3). O

Example 7.4. Take ¢ = k(0(1)). Then F'K(P}) = ((¢ — 1)).
Proposition 7.5. Suppose there is an ample sheaf on X. Then F1K(X) is the nilradical of the ring K (X).

Proof. Tt follows from the Splitting Principle that we need only show that elements of the form ¢ — 1 are
nilpotent. We know there is an ample sheaf &x (1) on X where we have a twisting operation, so for a
sufficiently large integer n there is an integer m and an exact sequence

w2 (n) —0. (7.9)
Thus,
L&RO(—n) —= Ox — 0. (7.10)

Let 41 = [0x(1)]. Then the kernel of the final homomorphism above is locally free with rank m — 1. Thus,
in K(X), we have

0=A™(mlly" — 1) => (1) "X (mb; ™) (7.11)
=0
= (—1)AL ™) = (~1) Ao (6™ = (~1)™ (1 — 267 (7.12)
Finally we note that
1-0=1—07"400,™ - 1), (7.13)
and both summands are nilpotent if n is large enough. O

Corollary 7.6. If v € F1K(X), then () is a polynomial.
We now compute a specific example of this filtration:

Theorem 7.7. Let & € Loc(X) be of rank r + 1, and let x = [Op(s)(1))] — 1. Then
FFK(P(&) =Y FFK(X)a'. (7.14)
i=0
Proof. We begin by showing that this equality holds for the infinite sum

i FFMIK(X)2' = QP K (P(&)). (7.15)
=0
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QF is a filtration of the ring K (P(&)) and QF(K (P(&)) C FFK(P(&)). We must prove the reverse inclusion.
It suffices to show that

7*(y) € QK (P(8)) (7.16)

for all k> 1 and all y in a set of generators for F*K (P(&)).

For this system of generators we choose elements «(¢™ — 1) where a € K(X),£ =z + 1,m > 1, and
B e FIK(X).

It is clear that v*(K (X)) C Q¥K(P(&£)). Then we must show

(™ — 1)) € QK (B(&)). (7.17)

Let ¢1, 45> be the classes of two invertible sheaves %1, %5 on a scheme. Set x1 =¢; — 1, 20 = ¢, — 1 and
x1,2 = {12 — 1. Then, by P(3) and the fact that z1 2 = 122 + 21 + 22, we have

V(arms) =¥ (@a—w —w2) = D w1y~ (— ) (7.18)
ptqt+r=k
= Y (=3 (—22) + (mwe + o1+ 72) D (—21)U(—w2)" = Piglwr)zh, (7.19)
q+r=k q+r=k—1 =0

where the non-zero lowest term of the polynomial P; ; has deg > k —i. Now set o = Zj (EJI —1). Letting
xl — ¢ —1, by P(1) we have

o0

’Yk(a@) = Z Ql(x{)xé, (7.20)

=0

where Q; is the symmetric polynomial in the le such that the lowest non-zero homogeneous component has
degree > k —i. Let S,, be the n-th elementary symmetric function in the 2. Weight S,, by n to see that
Q7] can be written as a polynomial R;(S,) where each non-zero monomial has weight > k — 4. By P(1),
Sn =7"(a), so

(™ - 1)) = ZRi(vla, e - 1), (7.21)

where R;(vla, -+ ,7*a,---) € FF7'K(X). By the Splitting Principle, this is true for arbitrary a € K(X)
that represent classes of .% —rk(.#) with .# € Loc(X). These a generate the entire additive group K(X).
Finally, noting that

(™ =) =g+ 1) =2 f(2), (7.22)

where f is a polynomial with integer coefficients, we get
FFE(P()) =Y FFK(X)a'. (7.23)
i=0

Now to show that this infinite sum is equal to ZZ:O FFIK(X)x!, we use a polynomial identity for = over
K(X):

Lemma 7.8. For e = [&] and r + 1 the rank of &, we have that

r+1

Z(—l)i'yi(e —r -1z =0, (7.24)
i=0
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Proof. We have that

e —r—1)= 21y

Y (r +1)

and so yi(e —r — 1) is a polynomial of degree < r + 1. Thus,

r+1
Z'y DT =ty (e —r— 1) =

Setting t =1 — £ = —x, we have
r+1 r—+1
Z,yl(e_r_lx zr+1 1_2/\1
i=0

which proves the lemma.

Thus, for all £ > r + 1, we have

k—1
ab € Y FFIK(X)a!
=0

Inducting on k — r:

b €Y FFUK(X)z
=0

and we are done.

Corollary 7.9. In the same situation as above:

r+1

e) =Y N(ejt'(1L—t)
i=0

r+1

Z )\1 _ r+1—i.

r+1 1£r+1 T 0
- )

f(FFE(P(£))) ¢ FFTK(X).

Proof. By the Projection formula

folffy-a') = ful@?) -y

we have

f(FIK(X)-2%) € FIK(X).

Invoking the previous theorem, we have our result.

7.1 The Chern character isomorphism

We can associate a graded ring to the ~-filtration defined in the previous subsection:

CrK(X EBF’“ )/ FFE(X).

k=0

We write Gr* for the i-th graded component of F*/FF+1,

Our goal will be the following theorem:

50

(7.25)

(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

(7.32)

(7.33)



Theorem 7.10. The Chern character induces an isomorphism of K(X) ®z Q with Gr K(X) ®z Q.

In order to prove this result, we will define a generalized Chern character for this situation, show that it
is a ring homomorphism, and finally construct its inverse.

Definition 7.11. Let & € £oc(X). Then
ci(€) =~([&] —1k(&)) mod FITIK(X) € Gr'K(X) (7.34)
is the i-th Chern class of & for ¢ > 1.

This definition of the Chern class inherits all necessary properties of a characteristic class:

CC(1): For an invertible sheaf .Z on a scheme X, we have

(7.35)

— mo 2 ¢ =
Ci(g){gz] 1 mod F2K(X), ¢>1.

CC(2): For any morphism f :Y — X of schemes, we have
ci(f5(€)) = Grf*(ci(€)), (7.36)
where Grf* : GrK(X) — GrK(Y) is induced by the ring homomorphism f* compatible with the y-filtration.
CC(3): Setting ¢¢(&) =14 Y2, ¢;(&)t", we have
ci(&) = c1 (&) - (&), (7.37)
for any short exact sequence 0 — & — & — &" — 0.
CC(4): We have that
GrK(P(&)) = GrK(X)|[z] (7.38)
where = = [Op(g)] —1 mod F2K(P(&)) satisfies
r+1 )
D (—1)e(&)a’ =o. (7.39)
i=0
(7.40)
CC(5): When i > rk(&), ¢;(&) = 0. Also, the mapping & +— ¢;(&) can b extended to a group homomor-
phism
¢ K(X) — 1+ P Gr'K(X)t'. (7.41)
i=1

Note that all of these properties are simply reformulations of Grothendieck’s axiomatization of charac-
teristic classes.

Definition 7.12. The Chern character of a locally free sheaf & on a scheme X is the element

ch(&) € GrK(X) @2 Q (7.42)
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given by

ch(&) = Z exp(a;(&£)), (7.43)
where the «;(&) come from the identity

rk(&
(&) = 1(—[)(1 + o (E)t). (7.44)
i=1
Proposition 7.13. There is a ring homomorphism
ch: K(X) — GrK(X)®zQ (7.45)
uniquely determined by ch([&]) = ch(&) for all locally free sheaves & of finite rank on X.
Proof. From CC(3), for any exact sequence of locally free sheaves 0 — & — & — &" — 0, we have
ch(&) = ch(&') + ch(&"). (7.46)

By the Splitting principle and CC(1), we have

[T+ @e)t) =[]+ (&) + s ("), (7.47)
so ch(6' ® &") = ch(&') - ch(&"). O

In order to prove that the Chern character is an isomorphism, we must construct its inverse: the Adams
operation.

Definition 7.14. Consider a A-ring K. The Adams power series and Adams operations 17 : K — K are
given by

Yi(x) = e(x) — t% log A_¢(x) = Z I (2)t? (7.48)
§=0

Proposition 7.15. The Adams operations 7 satisfy:
1. I (0) = 07 if £ is the class of an invertible sheaf.
2. For all j, the map 7 is a ring homomorphism.
3. (I (x)) = ¥ (x) for all x € K and all i,j.

The properties are essentially immediate. However, the behavior of the Adams operations with respect
to the ~-filtration is much less trivial.

Proposition 7.16. Let j > 1. Let n > 0 be an integer. If x € F™, then
I (z) — j"x € F"TK(X). (7.49)

Thus, Gr™ K is an eigenspace for Gr? with eigenvalue 5.
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Proof. The result is trivial for n = 0. It suffices to prove the result for elements x = ™y where y runs
through an additive basis of the additive group X. We take classes of locally free sheaves for y and apply
the Splitting principle and Theorem 7.7, in order to reduce to the case where

ﬁ le — 1) (7.50)

and as usual ¢; are classes of invertible sheaves. Then

=[Te-v=TJw-v][@ "+ - (7.51)
k=1 j=1 k=1

We see that
A 4 4 1=5 mod FIK(X). (7.52)
Thus, ¥ (z) = j"r mod F"MK(X). O

Corollary 7.17. Let V,, be the subspace of K(X) ®z Q corresponding to the eigenvalue j™ of the Adam
operator |7 for j > 2. Then, if FIT1K(X) = 0 for some integer d, we have

d
X)2zQ=EP Vi (7.53)

and the V,,, is independent of j.

Proof. From the above proposition, it follows that

d

[[w —im =0 (7.54)

n=0

as an operator of K(X), and thus we can write the identity operator on K(X) ® Q as a decomposition of
direct sum pairwise orthogonal projections

d
ZH =M/ = ™). (7.55)

#n
Then the image of the m-th projection is just V,,.

To verify the independence from j, we write V,, as V;,, ;. From the above proposition,

[T —imw™ -k =0 (7.56)
m#n
for any k € N. Thus, Vj,, ; C Vi 1 and so Vi, j = Vi, i, = Vi, by symmetry. O

We now define a ring homomorphism
g:GrK(X)®Q — K(X)®Q. (7.57)

For each non-zero x € Gr'" K(X) ® Q with m > 1, let g(z) € K(X) ® Q denote the element g(z) €
FmK(X)® Q such that

1. 2 =g(r) mod F"MK(X)®Q
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2. YP(g(x)) =pTg(z), p=>2

Note that g is a well-defined ring homomorphism because g(z) is single-valued.
We can now prove out main result, Theorem 7.10, by showing that ch and g are ring homomorphisms
inverse to one another:

Proof. We consider elements x in the subring K(X) (resp. GrK(X)) generated by classes of invertible
sheaves. Let = £ —1 mod F?K(X) € Gr' K(X) with £ the class of an invertible sheaf. Then

o) =log(1 + (£ — 1)) = 3 (- =D

n=1

. (7.58)

It is immediate that the right-hand side mod F? is equal to £ — 1 in F'/F? = Gr'. Then, since ¢/ is a
ring homomorphism, we can apply 17 term-wise to get the eigenspace property for the expression on the
right-hand side.

Now, simply by definition,

ch(({—1)=e"-1eGrK(X)®Q, (7.59)

and so
goch({—1)=¢-1, chog(z) =z (7.60)
and we are done. O
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A Lemmata for §4.4

Here we collect a few results needed to prove the equality of Ko(X) and K°(X).

Proposition A.1. Let 0 — & — F — Z' be an exact sequence of O x-modules with F,.F' locally free
sheaves. Then & 1is locally free.

Theorem A.2. (Syzygy Theorem) Let A be a regular local ring of dimension n and M a finitely generated
A-module. Then M has a resolution by free A-modules of length n.

Lemma A.3. Suppose that X is non-singular with dim(X) = n. Let .% be a coherent sheaf and suppose
that

0 H G, o 2 G, F 0 (A1)

is an exact sequence of coherent sheaves, with 9, a locally free sheaf on X when 0 <i < k. Then J# € Loc(X)
whenever k >n — 1.

Proof. First, note that £ is coherent. We can localize the sequence and apply the Syzygy theorem to
conclude that J7; is a finitely generated free &'x ;-module when k > dim O x , —1. Finally, observe that

n— 12> codim({z},X) — 1 =dim Ox , —1 for all z € X. O
Corollary A.4. Let X be a non-singular quasi-projective variety and let # € Cob(X). Then there is a
finite locally free resolution of % . That is,

0—Y, ——>9Y,1 -9 F 0 (A.2)
with 4; € Loc(X) for all i.

Lemma A.5. Suppose that X is quasi-projective. Let of | B,% € Coh(X) andletw: of — B andv : € — B
be surjective morphisms. Then there is a locally free O x-module & and morphisms v’ : & — < and
v’ & — € such that the compositions uo v’ and vou' are surjective:

Ly (A.3)

&

Proof. Let 2 be the sub sheaf of &7 @ € of pairs (x, y) which have the same image in . Then the projections
92 — o and P — € are surjective, since u and v are, and form a commutative square. Furthermore, 2 is
coherent. Now by Serre’s theorem, write & as the quotient of a locally free sheaf & — 2, and define v’ and
v’ by composing the projections with the quotient map. O

Lemma A.6. Suppose that X is quasi-projective. Let0 — M — & — B —0and0 — A — & — B — 0
be two exact sequences in Mod(X) with &, & € Loc(X). Suppose that B’ € Mod(X) and we have surjections
B" — B and B"' — B'. Then we have a commutative diagram

0 M & B 0 (A4)
O ‘i// jl/ ;// O
0 M &' 4 0

where all rows are exact and all vertical morphisms are surjective.

Proof. This amounts to checking the requisite properties. See [1]. O

55



References

1]

[9]

Borel, A. and J.-P. Serre. Le théoréeme de Riemann-Roch. Bulletin de la Société Mathématique de France
86 (1958), pp. 97-136.

Fulton, W. Intersection Theory. Berlin: Springer, 1998.

Fulton, W. and S. Lang. Riemann-Roch Algebra. Grundlehren der mathematischen Wissenschaften 277.
New York: Springer-Verlag, 1985.

Grothendieck, A. Eléments de géométrie algébrique: III. Etude cohomologique des faisceaux cohérents.
Publications mathématiques de ’I H.E.S. 11 (1961), pp. 5-167.

Grothendieck, A. “La théorie des classes de Chern.” Bulletin de la Société Mathématique de France 86
(1958), pp. 137-154.

Hartshorne, R. Algebraic Geometry. Graduate Texts in Mathematics 52. New York: Springer, 1977.

Manin, Y. Lectures on the K-functor in algebraic geometry. Russian Mathematical Surveys 24, no. 5
(1969), pp. 1-89.

Matsumura, H., trans. M. Reid. Commutative Ring Theory. Cambridge, UK: Cambridge University Press,
1989.

Serre, J.-P. Faisceaux algébriques cohérents. Annals of Mathematics 61 (1955), pp. 197-278.

[10] Weibel, C. A. An Introduction to Homological Algebra. Cambridge, UK: Cambridge University Press,

1994.

56



	Introduction
	Outline

	Algebraic Cycles and the Construction of the Chow Ring
	Algebraic Cycles
	Proper Pushforward of Cycles
	Pullback of Algebraic Cycles
	Affine Bundles and Chow Groups
	The Chow Ring

	Characteristic Classes on the Chow Ring
	Invertible Sheaves
	Chern Classes
	The Chern and Todd Characters

	K-theory of Schemes
	Grothendieck Groups
	The Grothendieck Group of Coherent Sheaves
	The Grothendieck Group of Locally Free Sheaves
	The Equality of K0(X) and K0(X)

	Grothendieck-Riemann-Roch
	Homotopy Properties for K(X)
	GRR for X `39`42`"613A``45`47`"603APn X
	GRR for Divisors
	Algebraic Interlude: Koszul Complexes

	Blowing Up Along the Divisor
	Applications

	Riemann-Roch Algebra
	A General Situation
	Riemann-Roch Functors
	Chern Class Functors
	Elementary Embeddings and Projections

	Grothendieck's -Filtration
	The Chern character isomorphism

	Lemmata for x4.4

